Lecture Notes from September 1, 2022

taken by Lukasz Krzywon

Last time
e Dual Spaces
e Riesz Representation Theorem
e Summability

Warm up:
1.25 Question. Why does x € 1%([0, 1]) have at most countably many non-zero elements?

Consider a positive sequence of real numbers converging to zero monotonically. E.g. {1/n}.
Let Jn ={j € [0,1] : Ix;]* > 1/n}. Then,

U Jn =0 €10,1]: by > 0).
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By the definition of || - || in 12([0, 1]), for any n € N,
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Because x € 1%2([0,1]), |Ix|[* < oo, so Jn must be finite. Since each [J, is finite, UnenJn is
countable. Hence, there are at most countably many non-zero elements of x.

1.26 Definition. For a family of Hilbert Spaces (H);c s we define
H= @ =1{(x)jes € HH]' : Z ||Xj||3-[j < oo}}
jes je jeg

to be the direct sum of the Hilbert spaces (#;)jcs



1.27 Remark. The sum ) ._.H; of H;'s is given by finite linear combinations of

eJ
H; = {(xx)kes @ for each k # j,xi = 0} C H.

This is not the same as H, but Zjej H; is a direct sum and it is dense in H. We observe that
the summability of (|Ix;||*)jc.7 implies that only countably many x; are non-zero.

Proof. Let x € Hy and y € H, for k # 1. Then, by Lemma 1.18,

Y =D (X, Yj)ay; = (X, O)ag,, + (0, y)ag, = O
j
Thus, Hy L Hy, so ) H; is a direct sum. (Addition and scalar multiplication of elements may
be evaluated componentwise.)

Let &; : H; — Y H; C H be the inclusion map and suppose x € H. Then, x = (x;)
and Zjej”Xj”szj < oo. By the warm-up, only countably many x; are nonzero. WLOG order
them so x = (xi)icn, where we simply are ignoring the entries where x; = 0. We will show
x = 21 di(xi). For a finite number of terms,

=) dEalF =(x—> dx)yx— ) bxi))
=1 =1 =1
= Z«X - Z (xi))jy (x — Z $(xi))j)n; by Lemma 1.18
=4 i=1 i=1
= Z (xi,Xi)3, Recall x; =0 for all but countable j.
i=n+1
Thus, lim, e lIx — Y1 d(x)IIF = Y i1 (XiyXi), = 0. Therefore, 3~ H; = H. O

1.28 Corollary. Let J be a set and C7 contain each functionx : J — C,j — x;j. Then,

lz(j) :{X eC’: Z |X]'|2 < OO}
jeJ
is a Hilbert space with inner product (x,y) = Zjej X;Yj and norm ||x|| = (Zjej Ix;|*)1/2.
This is a special case of Lemma 1.18 from August 30.

1.29 Theorem. Let 7, C7 be as defined above. Then,

N(J)=fxeC’:) Ixl<oo)

jeg
is a Banach space with norm ||x||; = Z].ej Ixj].
Proof. Follows the same strategy as the proof for the Hilbert space case. O

1.30 Remark. If 7 ={1,...,} then 1*(J) = CY and if 7 = N then ’(J) = 1%.
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Towards orthonormalbasis.

1.31 Definition. A family (X;);c7 in an inner product space H is an orthogonal family if Vj, i € J
i#j = %; L xi. Furthermore, if |[x;|| =1 Vj € J then it is an orthonormal family.

1.32 Lemma. An orthogonal family, (xj)jc7, in an inner product space H is summable if and
only if (I[x;/1*)jcs is summable in R. In this case, || Zjej xill* = Zjej Ix;|I* and {j : x; # O} is
countable.

Recall the definition of summability of (x;): Ix € H such that Ve > 0 3F, finite subset of J
such that if Fe C F, 3 . x; € Be(x).

Proof. Suppose F C 7 is finite. Then, the orthogonality of (x;) implies || 3~ x;I1* = 3. IIx;]|* by
repeated application of Pythagoras.

( = ) Suppose (x;) is summable and F C J is finite. Then, for e =1, ||} ;% — x| < 1.
Hence, [| Y pxll < X[+ 1 = Y ¢ IIxll> = I Zpx517 < (Xl + 1)

Therefore, supy 3¢ lIx;1I* < (IIxll + 1)? < 00, so (|Ixj|*)jes is summable.

(<= ) Suppose (|Ix;|[*);cs is summable. Then, by the warm up, only countably many x; are
nonzero and can be ordered (xi)ien. Let x =Y %% and S, = X" xi. Thus, for m <n € N,
ISy — Swll2 = || DI xi|l* = pI IIx:||> by orthogonality. By summability, (S,) is Cauchy
and hence converges in H to x. To satisfy the definition of summability, for all € > 0, there
exists N € N such that |[x — Sn|| < €. Therefore, we can choose F. = (xi)i<N- O

The summability properties give consequences for orthonormal families.
1.33 Theorem. Let (x;)jcs be an orthonormal family in a Hilbert space H. Then
1. foreachx € H (i.e. wefixanx), } ., [(x, %;)* < |Ix|[* (Bessel’s Inequality)
2. foreachx € H, x = i 7 (%, x5)%; iff 35 7 1{x, x;)[* = I[x||* (Parseval’s Identity).

Proof. 1) Let x € H. Let F C J be a finite set and let V = span({(x;) : j € F}) and P
be the orthogonal projection onto V. Then, by Theorem 1.12 ||Px||* < ||x||*>. Since Px € V,
Px =Y (Px, %)% = Y ¢{x,%;)%; (by 1.12 again). Thus, [| 3" (x,%;)xlI* = [[Px]|* < [Ix[[*. Since
this inequality is true for all finite F, supy > [(x, xj>|2 < |[x|]>. Therefore, by the definition of
summable, >~ [(x,%;)[* < [|x[|*.

2) Let x € H. Then, by (i), (I(x,x;)[?) is summable and hence has only countably many



nonzero terms. Reorder with (x;)icn. Thus, using the orthonormality of (x;),

0 <Ix— Z(x, xxill? = (x — .Z<X’ Xi)Xiy X — Z(X» Xi)Xi)
= <X» X> - <X - Z<X> X1>X1,X> - <X>X - Z<X>Xi>xi> + <Z<X>Xi>xi> Z<x» Xi>xi>

= (6, %) = 2Re({x,x = Y (6, xa)x0)) + 3 (%, %) (x, xi) (i, o)

i=1 i=1
n n

= IIXIP = 2Re(D_ (%, %) {x, %) + ) 1{x, %)

i=1 i=1

n
— WP = 3 1(x xo)P
i=1

Hence,
n

n
2 2 2
o= 3 e xll? = Ixl2 = 3 1 xR

i=1 i=1
Both sides of the equality are sequences of real numbers so LHS converges to zero if and only if
the RHS converges to zero. The LHS converging to zero is equivalent to ) °  (x,xi)x; = x —>
x =) ;c7{X,%;)x; since the ((x,x;))’s were the only nonzero elements. O

1.34 Definition. A subset B of a Hilbert space H is called total if span(B) = H. A family,
(%;)je, is called an orthonormalbasis (ONB) if Ujc 7{x;} is total and (x;);c is orthonormal.

1.35 Theorem. If (x;)jcs is an orthonormal family in a Hilbert space H, then the following are
equivalent:

~

(%;)jes is an ONB

2. (xj)jes Is a maximal orthonormal family
3. If(x,x;) =0Vj € J thenx =0
4

X EH, x = i (% %)%

O

- Vx,y EH, <X>y> - Zj€J<X,Xj><Xj,U> = Zjej(x,xj>(y,xj).

Proof. (4 <= 6) Immediate by the previous theorem.

(1 = 2) Suppose by contrapositive that (x;) is not a maximal orthonormal family. Then,
dz € H such that [|z|| = 1 and z L x; for all j € J. Thus, since H = span(x;) @span(xj){

and span(xj)L is nonempty, span(x;) # H so (x;) is not an ONB.
(2 = 3) Suppose by way of contradiction that x € H, (x,x;) =0 for all j € J and x # 0.




Then, x/|[x|]| has norm 1 and is also perpendicular to all x; where j € J. This contradicts the
maximality of (x;).

(1 = 4) We can use (3). By the previous theorem Y_ _ |(x,x;)|* < [[x[|* and is thus summable,
so at most a countable number of terms are nonzero. Since the order of the sum does not
matter, WLOG we may write Yo7, [(x,x;,)[* < lIx|[*. Let S, = Y 1 (x, %;,);,. Then, form <n
1Sn — Sl =11 20 (6 x50%5, 112 = 201 [{x, %5, ). Since the sum converges, this is a Cauchy
sequence. Thus, 3z € H such that z = ) %, (x, x;,)x;,. Claim: z—x L x; for all j € J. For the
j's already discarded, x L x; and since those x;'s do not appear in the sum, so z L x;. Also, for
k € N,

<Z _X>Xjk> = <Z<X) in>xji - X>Xjk> = <X> Xik><xik>xjk> - <X5 Xjk> = 0.
i=1

Thus, by 3, z—x=0sox =z =} (%)%, = X_jc 7 (% X})%j.
So far we have proved 1 implies 2,3, and 4.

(4 = 3) If we assume 4 and (x,%;) =0Vj € J thenx =} ,0=0.
(3 = 2) If we assume 3 then there can be no other norm 1 element to add to (x;) that would
be orthogonal to all currently given x; elements. Hence (x;) is a maximal orthonormal family.

(2 = 1) By contrapositive suppose (x;) is not an ONB for . Then, 3y € H — span(x;).

1 1 — 1
Thus, H = span(x;) € span(x;) , so span(x;) is nonempty. Hence, 3z € span(x;) and z/||z||
has norm 1 and is perpendicular to x; Vj € J.

So far we have proved 1,2,3,4,6 are all equivalent.

(4 = 5) If we assume 4 then, for x,y € H, x = ) ,(x,%;)x;, which is summable, so
as before, x = limp 00 3 1 (X, Xi)x;. Similarly for y. Thus, by the continuity of the inner
product,

(oy) = (Jim 3 (e xox lim 3 (y, )
i=1 k=1
m

= nh_{{.lo T&E}%JZ](X» Xi) X4, ;@Jy Xk) X

= nhj{)lo n}ggo Z Z <<X) Xi>xi) <y) Xk>xk>

i=1 k=1

= nh_{{)lo n}g%o Z Z <Xv Xi> <U) Xk) <Xi) Xk>

i=1 k=1

= lim Z(x, xi)(y, x;) by orthonormality

i=1

= Z(X)Xj><yax]’> = Z<X’Xj><xj’y>'

J J




(5 = 6) Let x € H. Choosing y = x in 5 gives

IxII* = (x,x) = Z (%, %)
J

=D _Ixx)F
J
O

1.36 Corollary. From the above, we see that if (x;)ics is an ONB then the map x — ({X,%;))jes
is an isometric isomorphism from H to 1*(J).

Proof. Let @ : H — 1*(J) be defined by ®(x) = ({x,%;)) 7.

By 6, |Ix||* = 271 x;)? = [|®@(x)I]>. Thus, @ is an isometry.

Suppose x,y € H and ®(x) = @(y). Then, (x,x;) = (y,%;) for all j € J. Thus, by 4
x =2 ;%) =2 ;{y,x5) =Y. Hence, @ is injective.

Suppose, (q;) € 1(J). Then, ZJ|CLJ~|2 is summable in R so >, ajx; is summable in . Let
X =) ;ax;. Then, ®(x) = (q;) so @ is surjective.

Let a,b € C and x,y € H. Then,

O (ax+y) = ({(ax+y,x5)) 7 = (a{x, %)) + (Y, %)) 7 = a((x, %)) 7+ ({y, %})) 7 = a®@(x) + O (y).

Thus, @ is linear.
By 5, we have that for x,y € H,

<®(X),®(U)> = <(<X>Xj>)5) ((X)Xj>)J> = Z<X XJ><y>X]> <X)y>'

jeg

Therefore, @ is an isometric isomorphism. O

Warm down:
1.37 Question. What is an ONB for 1%([0, 1])?

Choosing
1 r=j
x;(1) = {0 i

gives an ONB for 12([0, 1]).



