Lecture Notes from October 13, 2022

taken by Anshi Gupta

Last Time

Banach— x — algebras and characters by examples.

Warm up: Consider 1'(Z) as Banach— x — algebra with x * y defined by convolution and
(x*) = (x_x) for x € 1'(Z),k € Z.

4.5 Question. What are the characters on this Banach— x — algebra?

Again, we use N : k — &y, then for f € '(Z), a (bounded) character ¥,

x(F) =x()_ flkn(k)
keZ

= > f(k)x(n(k)

kEZ

and by ||x|| < oo, (1'(Z))" = 1°(Z), we know that x o1} is bounded and x o™ is a character on Z
from the embedding of Z in the algebra.Hence, determined by xon(1) =z € S' ={w: w| = 1}.
Conversely, if v is a character on Z, then x(f) = > , ., f(k)y(k) defines a character on (7).

We summarize, U(/Z) =72=5

Consequently, we can map 1'(Z) to a space in C(S'), using that each character v of Z is of
the form k — Z¥, hence we can define f(z) = Y wen Tk)Z5 .
Next, we will see that we will see that we can relate Banach— x — Algebras with the Fourier
transform in a similar way.

4.6 Example. We first construct a algebra with involution. Let C.(IR™) be the space of continuous
functions with compact support. Define f*(x) = f(—x) and for x € R™f,g € C.(R");(f %
glx) = fRn f(y)g(x —y)dA(y), where A is a Lebesgue measure. For such f and g, f* g is
again in C.(R™). This is because, since g is continuous so for given € > 0,35 > 0 such that
Ix—yll <& = lg(x) —g(y)l <e.

Now, f is continuous on a compact set, this implies f is bounded. Therefore, AM > 0 such that



|1f(x)]] < M. Consider,

I g6x) = gly)ll = || fla)lglx—2) - gly —zar(z)]

<[ Irligix—2) gty ~ 2artz)

n

< MeJ dA(z)
= MeA(R")

since g being continuous and compactly supported is uniformly continuous. Therefore, f % g is
continuous. Also, Supp(f * g) C Supp(f*) USupp(g*), and since union of two compact sets is
compact, f * g is compact. Hence, fx g € C.(R™). This space forms a commutative involutive
algebra.

We show associativity,

(w*gwwwu)zﬁmfu*ynynux—ymxw)
:Lhkfumm—¢MMth—yMMw
“ﬁmj ﬂmj 9y — 2)h(x — y)dA(y) dA(2)
R
vz J f(z) J g(Wh(x — u — z)dA(w)dA(z)

= f(z)g * h(x — z)dA(z)

Moreover,

(fxg)x (x) = | fly)glx—y)dA(y)

= J i f(y)g(—x —y)dA(y)

=" J ) f(—u)g(—x + u)dA(u)

=j{mw¢m—uMMm
— (% "))



Together with,
(fg)x) = | flu)gly ~x)dA(y)
=" J f(—u)g(x + uw)dA(u)

W J ) g(w)f(x —w)dA(w)

= (g f)(x)

Hence, C.(R™) forms an involutive algebra.

Next, we define, ||f||; = [, [f(x)IdA(x) We claim this norm is sub - multiplicative. To see
this, consider f, g € C.(R")

gl =] 1] gt ylrwlare
<| | mwe-wiamane
" | | lglx - wldAIany)
= | rtwilghany

- ||g||1j f(y)ldA(y)
RTL
— gl 1l

We also observe, ||f*[|; = ||f|[:. Since
Il = | i)
Rﬂ.
:j H(—x)IdA(x)
=J () dA ()

= [Iflh

Now, taking L' (R™) to be the completion of C.(R™), then by continuity of L' (R™), we can extend
fxgand f — f* to L'(R") since if f, and g, are two Cauchy sequences in C.(R™) such that
f, — fand g, — g in L'(R™) and g, is continuous on B(0, 1) for some T > 0, we have

[fr* gn — fm % gml[1 = || JRH fa(y)gn(x —y)dA(y) —J fn(Yy)gm(x —y)dA(y)|s

n

< JRn [1fn(y) = fn(Wlgn(x —y) — gm(x —y)[l1dA(y)



This implies ||, * gn — fm * gm||[1 — 0 as 1 — oo as f, and g, are Cauchy. Hence, f, * g,
is Cauchy and convergent in L'(R™). Also, f,, * g, is uniformly continuous on B(0, 1) since it is
continuous and compactly supported. Restricting the the convolution to B(0,r), we get

fn(y)gn(x—y)dx(y)—j f(y)g(x —y)dA ()],

% gn— % glls = Hj
B(0,r)

B(0,r)

< J 1fn(y) = fFY)l[Ign(x —y) — g(x —y)[1dA(y)
B(0,r)

Since, f, — f and g, — g, we have f, * g, — f * g on B(0,7). It converges on L'(R"), by
taking the union of all the balls of radius r > 0 and,we obtain a Banach — x — algebra. This
algebra is also called the L'— algebra of R™.

Next, we want to study the characters of this algebra. We consider an example

4.7 Example.

X« :R* = §!
yr—e™
Then, X, is a continuous non trivial group homomorphism from R™ to S', hence a character

on R™. By boundedness of x,, we obtain x, = fRn f(y)e™*YdA(y) and we claim X, defines a
character on L'(R). Indeed,

%) = | Tglemiany

=y J' f(_u)e—tx.ud}\(u)

= J f(u)exudA(u)

= %(f)



