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Last time:
e Banach Algebra with and without unit.
e We had proved most of the following.

Theorem 1. Let A be a Banach algebra with unit 1, then there exist a norm

|-|lo that is equivalent to on A and ||1||p =1, and for a,b € A

labllo < llallollblo

Proof: Consider L, : A — A defined by v — ax.

lallo = Il Loll = sup [laz|| < {lal| -
lell<1

Because of L,1 = a, the linear map L : A — B(A), a — L, is one-one.

First we prove the map L is linear as follows
Let a, € C and a, b € A then

L(aa + 5b) = L(anrﬁb) . (01)
Then for all x € A, we have

L(aa+ﬂb) (X) = (Oéa + ﬁb)l’
= aaz + fbr = a(az) + B(bx)
= (oL, + BLy)x



1. Properties of the embedding A — A when A is a C*—algebra 2

Thus, by equation (0.1)
L(aa + 5b) = L(aa—i—ﬁb) =al, + ﬁLb

This implies that L is linear. Now by norm properties of [|.||, we see that

|.]lo is a norm on A.
lallo=0 <= ||LJ =0 <= L,=0 <= a=0,

as L is one-to-one. Also, ||aallo = || Laal| = [|aLal| = |al|La|| = |e||allo for

all « € C and by linearity of L, we have
lla+bllo = [[Latell = I La + Loll < [[Lall + [[Zo]l = [lallo + [[bllo ,

= [la+0llo < llallo + [[bllo

So, |lallo = ||La|| is & norm on A.

Furthermore, [|1(|o = supy,<; [[1z|| = 1, and

labllo = [|Lall = [[LaLoll < || Zall[lLs[l = llallollbllo -

Now it is left to show that ||.|| and ||.||o are equivalent. To see this
lall = llaxll = 1 Lalll < I LalllIL]] = lalloli Tl < llafl[[1]] -
So,
Tl < lollo < ol
—lal| < lallo < ||al|
1]

Here , the equivalence of norms implies that the algebra with the new norms
is also a Banach algebra. From now on, we assume that if 1 is a unit in a
Banach algebra, then we can assume ||1|| = 1. Next we study C*—algebras,

where ||a|| = || L4]|| for each a € A.

1 Properties of the embedding 4 — A when
A is a C*—algebra
Theorem 2. Let A be a C*— algebra, then

1. If L, : © — ax as above, then ||a|| = ||La||. In particular, if 1 is a
unit, then ||1]] = 1.
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2. If A does not have a unit, then A becomes a C*—algebra if we define
(a,\)" = (a",})
and we choose the norm ||(a, \)|| = || Lan)||, where for x € A,

Lan® = ar + Az .

Proof: 1. We have

[ Lol = sup ||Lez|| = sup [[az| < [laf .

[l]| <1 flz]I<1
On the other hand

laa*|| = |lall* = llal[la*|
So,

| Lall = sup || Loz|| > [|La || |a || fal -
lefl<1 H | || I

We conclude, ||a|| = ||L4||. From 1 being unit Ly = idy,

1 =1Ll =1
2. L: A — B(A) be given by
L(a,\) = Ly & Lxr =ax + Av .

We show L is one-one. Let L(a,\) =0. If A =0, then L, =0 and so a = 0.
If A # 0, then by linearity

L(m,\)iL‘ =

ar +\x =
-1
- (T)ax—x =
1

— (_T) a is (left) unit. This contradicts our assumption that A does not

o o O

have a unit. Thus, L is one-one and ||(a, A)|| = || L, || is a norm on A.

To check the norm property, we only need to show for x € A,
lx]* < fl2*z]|

where the norm is defined by ||z|| = L,. If ||z|| = 0, then there is nothing to
show. If 0 < r < ||z||, by definition of norm on A, thereis y € A , |y <
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1, ||zy|| > r. For z € A and y € A, by the multiplication law zy € A.
Replacing x with zy gives,

[e*z]] = ly"z zyl|

= |[[(zy)*zy||
= Jay|® = r*.

So taking the supremum over r < ||z|| gives ||z*z| > ||z||*>. We conclude

with examples.

Example 3. Let X be a locally compact Hausdorff space that is not compact.
Let A= C(X), then A does not have a unit (why?) and A can be thought of

as continuous functions with a limit at infinity, with (0,1) = 1.

To justify this, we note A — Cy(X), (f,\) = f + Al can be thought of
as an isometry, where Cy(X) has the supremum.
We want (f,A\) = f+ AL. If we choose ||(f,A\)|| = ||fllc + |A| , then || f +
Moo < [|flloo + |A]- But equality may not hold. If instead we let ||(f, A)|| =
| LI, then Urysohn’s Lemma shows

ILCF M= 11+ Al -

Hence, we can think of Cy(X) as functions that have a limit at oo, equipped

with Sup. norm .

2 Examples of (*—algebra and spectra of

elements

Example 4. Let X be a compact Hausdorff space, A = C(X), f € A. What
iso(f) ?

We recall g € G(A) means there exists h € C(X) and gh = 1. So g(z) # 0
for each = € X.
Conversely, if g(x) # 0 for each z € X, then h(x) = ﬁ is in C'(X).
Next, to see what the spectrum is f — Al is invertible if and only if f(z) # A
at any = € X. Consequently , o(f) = f(X).

Example 5. Let X be a locally compact Hausdorff space, A = Cy(X), f € A.
What is o(f)?
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In order to invert a function in a bounded manner, assuming f € C(X)
and f has limit at co, then f(X) # 0 for each x, and lim, . f(z) # 0.
In notation of A, we need to embed A in A by f — (f,\), where (f,\) =
f+ Al and f(x) has a limit at co. So, (f,A) is invertible if and only if
f(z) # 0, for each x € X and A # 0. Hence, o(f) = f(X) U {0}.

Example 6. Let A C B(C™) be an algebra of n xn matrices containing 1. Let
x € A is invertible in A if and only if there is y € A such that yxr = xy = 1.

We show that if there is y € B(C") with zy = yx = 1, then y € A. To
see this, note L, : A — A. So, if x is invertible in B(C"), then y — zy is
one-to-one. Since, A is finite dimensional, L, is also onto. So, there is a yA
such that

L.(y)=ay=1.

Hence, y = 7! € A. Thus

G(A) = ANnG((B(CY))
= {a€ A: det(a) # 0}

From this, we deduce for a € A
ola)={AeC: a—A1¢ G(A)}.

Hence, the spectrum of a consists of the eigenvalues of a. It is interesting to
note, o(a) does not depend on the choice of A C B(C").
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