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Section 7.3 - The Law of Sines and the Law of Cosines Porme_ ,%Tﬂ an t‘-;o\ﬂg&,\
Sometimes you will need to solve a triangle that is not a right triangle. This type of o lon N
triangle is called an oblique triangle. To solve an oblique triangle you will not be able to C%

use right triangle trigonometry. Instead, you will use the Law of Sines and/or the Law of “x_ krolcs™

Cosines.
You will typically be given three parts of the triangle and you will be asked to find the ; &ik
other three. The approach you will take to the problem will depend on the information Y) 10{ —

[ -

that is given. /&_/

If you are given SSS (the lengths of all three sides) or SAS (the lengths of two sides and o U
. . . . (o) eS
the measure of the included angle), you will use the Law of Cosines to solve the triangle.
One sécL&)
If you are given SAA (the measures of two angles and one side) or SSA (the measures of
two sides and the measure of an angle that is not the included angle), you will use the o Pre s(d%g
Law of Sines to solve the triangle.

Recall from your geometry course that SSA does not necessarily determine a triangle. . “h‘-ro sides
We will need to take special care when this is the given information. one_ Mgt
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THE LAW OF SINES

Here’s the Law of Sines. In any triangle ABC, 8&0% bg Y —%

ﬁmbnA_ﬁnB_smc
a b c |

Comloine Yein b = A Sin B

(8% A b

USED FOR SAA, SSA cases!
SAA: One side and two angles are given ﬁn;]( Sin 5
SSA: Two sides and an angle opposite to one of those sides are given
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Example 1: Find x.

z_gw_, ,4_ Siaes
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——..-=‘> THE LAW OF COSINES

Here’s the Law of Cosines. In any triangle ABC,

Ta ‘aellobu' D~ ) opp < \95'\4’&
a.dd‘ = b cosA

T blue J—-\“"") ure r?a*aﬁ.aarea\

T 2
(b&iﬂA’) + C—\O&’bA) = O\L
@ 2 Mresn a? =b?*+c?—-2bccos A Sf”‘\"’l:&}
2 2 2
\ b* =a’+c®—2accosB ) T 2 e 2lbc s
6‘Dt ¢’ =a’ +b?* —2abcosC o= bre 2t

USED FOR SAS, SSS cases!
SAS: Two sides and the included angle are given
SSS: Three sides are given
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Example 2: In AABC, a=>5, b =8, and ¢ =11. Find the measures of the three angles to

L v '
= b +C —2be cos(A)

Lows
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the nearest tenth of a degree.
St B HllT — 28y -
25 = 135 — 126 wsp

lo

o = 176 => (esA= b0 _ 1o
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¢ = O:Lf \DL -20 cos C 7 wsC = _%:= -% => [C=¢o05 (3) = “.36
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‘[%: 1300-—(31-2) = 41.8°

121 =31 - B0 w5¢
2= —30 s

Example 3: In AXYZ, £X =26°, £Z =78°and y =18. Solve the triangle. Give exact

anNSWEers.

o Fird uale- 5-— B0 — (26°+%° ) = 76

e ) ;Ft.»ol X: SSA = fd side
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Example 4: In AABC, Z/A=50°,b=9and a=6. Solve the triangle and round all

o be  otiawed  on M"“‘*‘;;' ot /2.5

answers to the nearest hundredth.
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Example 5: Two sailboats leave the same dock together traveling on courses that have an
angle of 135° between them. If each sailboat has traveled 3 miles, how far apart are the

S /0( S sailboats from each other?
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Example 6: In AABC, #B=60°,a=17 and c = 12. Find the length of AC.

b = a (" — 2accos b0
b= 71 =2

L 284 « 4y — 204

o=\221 |
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A 5 ‘ ’D‘ ote: SSA case is called the ambiguous case of the law of sines. There may be two
solutions, one solution, or no solutions. You should throw out the results that don’t make

sense. That is, if sin A> 1 or the angles add up to more than 180°.

SSA Case (Two sides and an angle opposite to those sides)

In the last case (SSA) for solving oblique triangles, two sides and the angle opposite
one of those sides are given. Suppose that & is the given angle. The other given side

must be adjacent to &. We consider several cases.

Case 1: Suppose that & > 90°. Two possibilites arise.
(a) If opposite = adjacent, no triangle is formed. (Thereis no solution.)

(b) If opposite > adjacent, one triangle is formed. (Use the Law of Sines.)

Caze 1 Part (a) Case 1 Part (b)

\:{H opposﬂ:e 1"?“ opposite

™
N T ' |
O‘b’rl&/\% i ‘\ Ny 1 -]?Fl&n& &
adjacent adjacent .
‘x ¢ Yﬁ ~.

g =90’ g =90’

opposite = adjacent opposite > adjacent
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Case 2: Suppose that &< 90°. Four possibilites arise. Let iz be the length of the
altitude of the triangle drawn from the vertex that connects the opposite and adjacent
sides.

(a) If opposite < 1 < adjacent, no triangle is formed. (There is no solution.)

(b) If opposite =% < adjacent, one right triangle is formed. (Use right triangle
trigonometry to solve the triangle as in Section 7.1.)

(c) If =h < opposite < adjacent, two different tiangles are formed. This is called
the ambiguous case. (Use the Law of Sines to find two solutions.)

(d) If opposite = adjacent, one triangle is formed. (Use the Law of Sines.)

Case 2 Part (a) Case 2 Part (b)

opposite

adjacent adjacent _
i = (adjacent)sin &) A = opposite
g = (adjacent)smi &)
g = 9l & < 0l
opposite < /1 < adjacent ‘opposite = i < adjacent
Caze 2 Part () Case 2 Part ()
opposite 2
| oppostte 1
adjacent adjacent opposite
I.I = (adjacent)sind &) g
£ <90 F =90

1 < opposite < adjacent opposite = adjacent
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Example 7: In APQR, ZP =112°, p=5andq= 7. How many possible triangles are
there? Solve the triangle. Round the answers to three decimal places.
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Example 8: In AXYZ, £Y =22° y=7,x=5. How many possible triangles are there?

Solve the triangle and round all answers to the nearest hundredth. A Jc-;ugée
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