


Math 1330 - Section 2.3 
Rational Functions 

 

A rational function is a function of the form 
)(
)()(

xQ
xPxf = , where P and Q are polynomial 

functions and 0)( ≠xQ .  You’ll need to be able to find the following features of the graph 
of a rational function and then use the information to sketch the graph. 
 

• Domain 
• Intercepts 
• Holes 
• Vertical asymptotes 
• Horizontal asymptote 
• Slant asymptote 
• Behavior near the vertical asymptotes 

 
Domain:  The domain of f is all real numbers except those values for which .0)( =xQ  
 
 
 
 
 
x intercept(s):  The x intercept(s) of the function will be all values of x for which 

0)( =xP , but 0)( ≠xQ . 
 
 
 
 
 
y intercept:  The y intercept of the function is ).0(f  
 
 
 
 
 
Holes:  The graph of the function will have a hole at any value of x for which both 

0)( =xP  and 0)( =xQ . 
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Vertical asymptotes:  The graph of the function has a vertical asymptote at any value of 
x for which 0)( =xQ but .0)( ≠xP  
 
 
 
 
 
 
 
 
Horizontal asymptote:  You can determine if the graph of the function has a horizontal 
asymptote by comparing the degree of the numerator with the degree of the denominator. 
 
 
 
 
 
 

• if the degree of the numerator is smaller than the degree of the denominator, then 
the graph of the function has a horizontal asymptote at 0=y . 
 
 
 
 

• if the degree of the numerator is equal to the degree of the denominator, then the 
graph of the function has a horizontal asymptote at 

rdenominato oft coefficien leading
numerator of coefficent leading

=y  

 
 
 

• if the degree of the numerator is greater than the degree of the denominator, then 
the graph of the function does not have a horizontal asymptote. 

 
 
 
 
 
Note: The graph of a function )(xf  can never intersect the Vertical Asymptote. 
However, it MAY intersect the Horizontal Asymptote. 
 
 

2 
 



Example: Given 
1

2)( 2 −

−
=

x
xxf , find the point at which )(xf  intersects the HA. 

 
 
 
 
 
 
 
 

Example: Given 
xx

xxxf
−

+−
= 2

2 22)( , find the point at which )(xf  intersects the HA. 

 
 
 
 
 
 
 
 
 
 
 
Slant asymptote:  The graph of the function may have a slant asymptote if the degree of 
the numerator is greater than the degree of the denominator.  To find the equation of the 
slant asymptote, use long division to divide the denominator into the numerator.  The 
quotient is the equation of the slant asymptote. 
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Examples:  
 

x
x

x
xxf 44)(

2
+=

+
=  ;   the slant asymptote is: xy = . 

 
 

x
x

x
xxf 1212)(

2
+=

+
=  ;   the slant asymptote is: xy 2= . 

 
 

1
11

1
2)(

2

−
−+=

−
−

=
x

x
x

xxf  ; the slant asymptote is: 1+= xy . 

 
 

2
RemainderQuotient

2
)(

2

−
+=

−
+

=
xx

xxxf  ; the slant asymptote is: Quotienty = . 

 
 
 
Behavior near the vertical asymptotes:  The graph of the function will approach either 

∞−∞ or  on each side of the vertical asymptotes.  To determine if the function values are 
positive or negative in each region, find the sign of a test value close to each side of the 
vertical asymptotes. 
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Example 1:  Sketch the graph of: of 
23

82)( 2

2

+−
−

=
xx

xxf . 
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Example 2:  Sketch the graph of: 
4

3
16( ) xf x

x
−

= . 
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Exercise:  Find all of the features of and use them to graph the function. 
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