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Section 5.2 - Graphs of the Sine and Cosine Functions

In this section, we will graph the basic sine function and the basic cosine function and then graph other sine
and cosine functions using transformations. Much of what we will do in graphing these problems will be the
same as earlier graphing using transformations.

Definition: A non-constant function f is said to be periodic if there is a number p > 0 such that
f(x+ p) = f(x) forall xin the domaln of f. The smallest ch number p is called the period of f.
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The graphs of periodic functions display patterns that repeat themselves at regular intervals.
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Definition: For a periodic function fW|th maximum value M and minimum value
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The amplitude of the function is:

In other words the amplitude is half the height.

Example 1: State the period and amplitude of the periodic function.

Period\ =T
A...Ijlilgu.do. =3 =

3
2




Example 2: State the period and amplitude of the periodic function:

‘)uiofl= b
Qh‘a\ll‘u.de = iz :'2_,

Note: For a periodic function f, the period of the graph is the length of the interval needed to draw one
complete cycle of the graph. For a basic sine or cosine function, the period is 27.

For a basic sine or cosine function, the maximum value is 1 and the minimum value is -1, so the amplitude
is ﬂ =1.
2



We’ll start with the graph of the basic sine function, f(x)=sin(x). The domain of this function is (- o, «)

and the range is [-1, 1]. We typically graph just one complete period of the graph, that is on the interval
[0, 27].

We’ll make a table of values:

A I A A A N A A e IR N A e A A - A B v R
6|4 |3 | 2| 31| 4| 6 6 | 4 3 2 | 3 4 6

sin 1001124311 |43|42|1L 1 N2 Bt VB V210

X 21 2| 2 2 | 2|2 2 2 2 2 2 2
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Then using these ordered pairs, we can sketch a graph of the function.

7

C,onf\uk Yo %"'"‘ 6N Smeo

Next, we’ll draw in a smooth curve:
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Drawing all of these points is rather tedious. We’ll ask you to learn the shape of the graph and just graph
Lfive basic points,|the x and y intercepts and the maximum and the minimum.
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Period: 27
Amplitude: 1
x-intercepts: z,27z
y-intercept: (0,0)

Big picture:  f(x) =sin(x)
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Period: 27

Amplitude: 1
x-intercepts: kz
y-intercept: (0,0)
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Now we’ll repeat the process for the basic cosine function f (x) = cos(x). The domain of this function is

(— 0, oo) and the range is [-1, 1]. Again, we typically graph just one complete period of the graph, that is on

the interval [0, 277].

Here is the table of values for f (x) =cos(x):

x |0\z \z |z |\ 7|2z 3z |5z |7\ Tz |5z |4z |3z |5z |1z | Uz 2%
6 4 3| 2 3 4 6 6 4 3 2 3 4
s |11 V3|2 1107 1) V2| J3t) V3| V2 110 11 }y2)43t
X 2 | 2|2 2| 2 2 2 2 | 2 2 | 2| 2
Now we’ll graph these ordered pairs.
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For the basic cosine graph, you’ll need to remember,the basic shape and graph the x and y intercepts as well
as the maximum and minimum points. five poin

_ Period: 27
‘mb\l\ Amplitude: 1
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Big picture:  f (x) =cos(x) Period: 27

Amplitude: 1
x-intercepts: % (kis an odd integer)

y-intercept: (0,1)
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Now we’ll turn our attention to transformations of the basic sine and cosine functions. These functions will
be of the form f (x) = Asin(Bx—C) + D or g(x) = Acos(Bx—C) + D. We can stretch or shrink sine and

cosine functions, both vertically and horizontally. We can reflect them about the x axis, the y axis or both
axes, and we can translate the graphs either vertically, horizontally or both. Next we’ll see how the values
for A, B, C and D affect the graph of the sine or cosine function.

\?&] =Sinx < 5]““\01 B(x) = (05X <& SQ""P&
Graphing f(x)= Asin(Bx—C)+ D or g(x) = Acos(Bx—C)+D = Aws[‘ﬂt%ﬂﬁb
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e The period of the function is: = ¥(:ﬂ - D\ Q\n\jb Lx @3}-*- A

e If A>1, this will stretch the graph vertically.
0 < A <1, this will shrink the graph vertically \/LD f'lZo
ht&&

If A <0, the graph will be a reflection about the x axis.
o . . 5\:\'\%% N
e |f B >1, this will shrink the graph horizontally by a factor of 1/B.
If 0<B<1, this will stretch the graph horizontally by a factor of 1/B. We GD.@;

e Vertical Shift: Shift the original graph D units UP if D >0, D units DOWN if D <0. E\MSL sk ic

e Phase shift: The function will be shifted % units to the right if %> Oand to the left if %< 0. The

number %is called the phase shift.

Note: Horizontal Shift: If the function is of the form f(x) =sin(x—C)or f(x)=cos(x-C),
then shift the original graph C units to the RIGHT if C >0 and C units to the LEFT if C <0.



Vertical Stretching (A>1) or Vertical Shrinking (0<A<1): f(x) = A sin(x)

If A > 1, this will stretch the graph vertically. v A cosie)
0 < A <1, this will shrink the graph vertically ‘?(?‘) = R o5
If A <0, the graph will be a reflection about the x axis.
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Horizontal Shrinking (B>1) or Horizontal Stretching (0<B<1): f(x)=sin(Bx)

If B >1, this will shrink the graph horizontally by a factor of 1/B.
If 0<B<1, this will stretch the graph horizontally by a factor of 1/B.




f(x) = sin(2x) f(x) = sin(3] « peciod =

y = asin x

y = asin 2x y=a sin%_r y=asin%x




wVer‘tii:aI Shift:_f(x) =sin(x)+D or ‘g()‘ ) = COSX X D

Shift the original graph D units UP if D > 0.
Shift the original graph D units DOWN if D < 0.
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y =sin(x) + D, where D> 0
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Horizontal Shift: f(x)=sin(x-C) or f(x)=cos(x-C)

Shift the original graph C units to the RIGHT if C > 0.
Shift the original graph C units to the LEFT if C < 0.

C>=>0 C<0

y=sin(x - C) F = sin(x)

0 C 2n C+2r ¢ )

¥ = sin(x)

y=sin(x-C)
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Phase shift: f(x)=sin(Bx - C)=sin(B (x-C))

B
The function will be shifted C units to the rightif C > 0.
B B
The function will be shifted C units to the left if C <O0.
B B
The number C is called the phase shift.
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Example 3: Write down the transformations needed to graph:

f (x) =sin(4x)
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f (x) = -5sin (4&x+7z)
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fie Brsic Vits: How b qﬂ»@l P 1

It can be helpful to identify the starting and ending points for one period of the graph of a function that has a
phase shift. To do this, solve the equations Bx—C =0and Bx—C = 27.
f(x)=5cos(2x—7) ; starting point: 2x—7=0—>x== - f’l\&.ﬁt'_ 5L.H"

—> .Fmo\ ‘?e.nocl ending point: 2x— 7z =Yz — 2X _3;r—>x yz - f QM*

— divide idte %4 EJ,lq_al m‘l’.e.r\ra]..s, T &rrﬂl& ']:?u-rxs.?orw-.qj.‘tg,\s IH

You will need to identify the transformations required to change a basic sine or cosine function to the desired
one. You must know the five key points on a basic sine function and the five key points on a basic cosine
function. Using the information about the amplitude, reflections, vertical and horizontal stretching or

shrinking and vertical and horizontal translations, you will be able to correctly plot the translated key points
and sketch the desired function.

Example 4: Sketch over one period: f(x) = 4sin(x)
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Example 5: Sketch over one period: f(x) =—cos [gj
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Example 6: Sketch over one period: f(x)=4cos(2zx)-1
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Example 7: Sketch over one period: f (x) =sin (2x+EJ+1 ‘ U
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Example 8: Sketch over one period: f(x)=-2cos (%x—%j 5
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Exercise: Sketch over one period: f(x) = 25in(%x—%]—1
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Example 9: Consider the graph: Write an equation of the form f (x) = Asin(Bx—C) + D and an equation of
the form f(x) = Acos(Bx —C) + D which could be used to represent the graph. Note: these answers are not
unique!

T _T-l' 15 re i\g__ _?LU\C*I‘EFA:
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Example 10: Consider the graph: Write an equation of the form f(x) = Asin(Bx—C) + D and an equation
of the form f (x) = Acos(Bx —C) + D which could be used to represent the graph. Note: these answers are

not unique!
N\u =5, Yv-\ln =-3 'Y i% 1!90@ \l\ﬁf_ N (CoSine _?W\l'i[:o"\
)ALPCP_[}\ \ Lml)f u.fh = D=1 |
D=0+ _y
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e The d(}‘tw\ce. bdiwaeq M) M
andl rmaximum 15 ¥ ) {Luﬁ
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Exercise: Consider the graph: Write an equation of the form f (x) = Asin(Bx —C) + D and an equation of
the form f (x) = Acos(Bx — C) + D which could be used to represent the graph. Note: these answers are not

unique!
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