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Section 8.3 Hyperbolas

Definition: A hyperbola is the set of all points, the difference of whose distances from two fixed
points is constant, Each fixed point isCalled atocus (plural =Toc). -

The focal axis is the line passing through the foci.

Visualize_\rows it is louilt)

Ciross — s.gc'ﬁ'on

P » dj_d,_ =2a

= %a W’“"g Sl lor Stfs-'}em 05 n pasaleclas or e,“{(lscs ) we 3n.t = 0lt b




The laea.bd‘é &{-M&pu-\,,g[@_g s thet the 129‘:" anol the corners

\ { b o2
O-p"HnL re_Ct-'A&lg_ ore. v~ o circle. This eccwrs cceu
I~

-~

ol»

”
e
'f
’l —
= = g
hl -
. -
bt -
~ -~
-
-
-
-

D | foaS
(60f

t

N
.
.
- ;
ol S LN
~ %
\\
!
*as
-~

A|(0,¢) ‘
forus \S"‘-\

f\ln'p$t§ U:5 HY Pu—\aolQS

. haa\aﬂin:hm ded, = 2a0 |- by definiion ul:_d?"\ :“Za\
. Foa eqwifen 1=0~?—-\0L * Foct E?u.nifaz\ C =6 + IDL

uiod we odbween Vertices) (foci o \“}'O“‘i Vestioeg )
* Vestice s < \ertices
—horiz ontal (a,0), (=5.,0) _\10,—'120,\“}61 (a‘o) ) (-6, 9)
___VErt.'La.L (0,0\.) | (0’_&) 'VQJ‘t'CO.L LO.&.) ) (O, -—a.)
L] Nlador B S — 20. - W«\S\rerse_ oxX.S = 2o-
wameo'tf- Verkices ) ( conneds \ro_rtices.)

e Minor SRR —_zb v Conéugacte_ AX{S ""'"-Zb




E-“{’Dse.g \s Ha_rpe_r-loﬂn.s (continued )
HonZoni‘a_L EthSc o Horizontal H@PU‘W‘\
L 2
X A KT 2 -\
oI o %?—_—

2 2
X4 -
W A
“ X
{.e. P S
‘éz R .
J E\If’pg s iasiole te
@ cton 3 Qe_ /?-";"
TN | 24

® Veyt C,jﬁ Ha{ per laold\

A

0 b~

hofiZOil‘d
‘Ha\oe.r\oda\ \S QE




2 2 [ L
5! l !‘be'v-\' _X_..——%-:-_L or— 'L_-#_‘-:L
~—
—2
n tL
r-?bcd £ Wi o
Basic “vertical” hyperbola:
y2 2
Equation: —-—=1
q a’ b? _aX
c a)’ b
a
Asymptotes: y:in —b b
b
a@uu 5 &.__../Con(juﬁaie_ ax's
Foci: (0,+c), where "\ =2b

Vertices: (0,%a)

Eccentricity: ¢ (G0
a

(0,—c) @
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Basic “horizontal” hyperbola:

2 2

Equation: x_z_y_ =1
a

b2

Asymptotes: y=+—Xx

o | T

Ctlu..r =)
Foci: (+c,0), where{ ¢ =a’+b? ;

Vertices: (+a,0)

Eccentricity: ¢ (G0
a

a

'I.'mn.sve.rs e ous

tramsverseax
= l&

conisgale Qxi¢
LE;_E

Note: The transverse axis is the line segment joining the two vertices. Theigonjugatesaxis’is the
line segment perpendicular to the transverse axis, passing through the center and extending a
distance b on either side of the center. (These terms will make more sense after we do the

graphing examples.)
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The_uf the hvperbola is the line segment through the center of the hyvperbola

and perpendicular to the transverse axis with endpoints (0, —54) and (0, &)

\\

208

Center: (0.0}

Foci: (—c.00 and (.0, wherec™ =a~ +8&

Vertices: I7(—a2. 0 and I%({a,0)

Transverse Axis: [0 Length of Transverse Axis: la
Conmugate Axis: AB Length of Conjugate Axis: 25
The eccentricity of a hvperbola is given by the formula e = —.
E— a

o

Thelines 1= — x and v =— — x are slant asvmptotes for the hyperbola since it can

b
be shown that as |1‘| becomes large, v = T —x.
a



Graphing hyperbolas: M's alr-'.hon SMQ La dob;g %f‘-rle_ 1.

To graph a hyperbola with center at the origin: -_M-'— kamu- ]n.al.._r
2 2 2 2 .
e Rearrange into the form %‘Z—zzl or %—2—2:1. ‘l’:o b%m '“

e Decide if it’s a “horizontal” or “vertical” hyperbola.
0 if x* comes first, it’s horizontal (vertices are on x-axis).
O If y* comes first, it’s vertical (vertices are on y-axis).

e Use the square root of the number under X” to determine how far to measure in x-
direction.

e Use the square root of the number under y2 to determine how far to measure in y-
direction.

e Draw a box with these measurements.

e Draw diagonals through the box. These are the asymptotes. Use the dimensions of the
box to determine the slope and write the equations of the asymptotes.

e Put the vertices at the edge of the box on the correct axis. Then draw a hyperbola,
making sure it approaches the asymptotes smoothly.

e | c® =a®+b?*|where a® and b? are the denominators.

e The foci are located c units from the center, on the same axis as the vertices.

When graphing hyperbolas, you will need to find the orientation, center, values for a, b and c,
lengths of transverse and converse axes, vertices, foci, equations of the asymptotes, and
eccentricity.
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Example 1: Find all relevant information and graph/;—G—yT =1.
Z R 1
V=26 =a=6 a o 1

bL:Zt = lo =2
C1= 0\1+\91=2*D =) C=\4g =200

Vertices: (GnO) ' (.- (,’9) |
Foci: @\ﬁ; ,o) ) (._ 2\fio, 0) :;:

. c _ 2Vie M
Eccentricity: e _6.9. =

Transverse Axis:iz e &%Men'l' ooml hing Vest ice
Length of transverse axis:
20=26=12
. . [N ¢
-‘ (I-LC' g&”‘”‘t dOl/l"l\"\g +LL '{b Poiah .
Length of conjugate axis:

z‘b =2.2=4

Slant Asymptotes:



Example 2: Find all relevant information and graph

b = =12 (ertiey)

Vertices: (0“.1) ) [0,-1)

Foci: (o, @), (D]—ﬁ)

Ay

can O
Eccentricity: "2

Transverse AXis: e Seame n* bo‘. r\;i\é \tefl'(f-fb

Length of transverse axis: Qo =2 -2 =4
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Length of conjugate axis: 9y = 2-2=[

Slant Asymptotes: N ey > o
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The equation of a hyperbola with center not at the origin:  Center: (h, k)

(x=h)* (y-k)*

2 2
o TR Gem?
b a b

To graph a hyperbola with center not at the origin:

e Rearrange (complete the square if necessary) to look like
(x=h)* (y-k)’ (y—k)* (x=h)’

Z =1lor Z =1.
e Start at the center (h,k) and then graph it as before.

e To write down the equations of the asymptotes, start with the equations of the
asymptotes for the similar hyperbola with center at the origin. Then replace x with
x—h and replace y with y—k .
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y—k=—migr—i y—k=(Bla)x — 1)
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The following list reflects the changes in translating the hvperbola — ——=1to the

a“ b
I: x— -'-::I 2 I:'l _ 11-_:| A )
hvperbola - - =1

a a

Center: The point (0,0) changes to the point (/2. &)
Foci: Thefoci change from the points (—c,0) and (¢, 0) to the points (—c+ /2. k)

and (c+ 7, %), where c*=a” +b7.
Vertices: The vertices change from the points ({—«.0) and (4, 0) to the points
(—a+h Kand (a+ kK.

Transverse Axis: T717 Length of Transverse Axis: la
Conugate Axis: AR Length of Conjugate Axis: 15

. . : b b ,
Equations of the Asvmptotes: The lines v=—xand y =—— x change to the lines

a a
1—1.'=il — /) and —1:—31 — )
a a
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Example 3: Write the equation in standard form, find all relevant information and graph

9x* —16y* —18x + 96y = 279. N
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4K —16 13X + 46w =279
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Example 4: Write an equation of the hyperbola with center a one vertex is avl
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Example 5: Write an equation of the hperbola if the vertices are (4, 0) and (4, 8) and the
L—v—x} —r—

Exercise  asymptotes have slopes +1.
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