NAME (please print):

Midterm Exam 1

1. (15 pts) Determine an equilibrium temperature distribution (if one exists).
For what values of § are there solutions? Explain physically.

Up = Ugg + 1, ’U,(J?,O) :f(l‘), ux(oat) =1, uw(Lvt) =p.

2. (10 pts) Is the following operator

0%u  Ou
_l’_ -

Llw) =105 + 5,

linear? Prove your statement.

3. Consider the heat equation u; = 10uy,, for € (0,1), t > 0, subject to the
boundary conditions u(0,t) = 0 and w(1,¢) = 0, and the initial condition

3mx | T
u(z,0) = 4 cos 7 sin—

describing heat transfer in a 1D rod.
(a) (10 pts) Write and solve the ODEs for the calculation of separated solutions.
What are all the eigenfunctions and eigenvalues associated with this problem?
(b) (5 pts) Is there an eigenvalue that is equal to zero?
(¢ ) (5 pts) Write the general solution satisfying the PDE and the boundary
conditions.
(d) (10 pts) Write the Fourier series for the initial datum u(z, 0) = 4 cos 27 sin Z£
in terms of the eigenfunctions found in part (a).
(e) (5 pts) Write the particular solution satisfying the PDE, boundary data,
and the initial data written above.
(f) (5 pts) What is the limit as ¢ — oo of the solution u(x,t)?

Hint: Use: 2sinacos 8 = sin(a + 3) + sin(a — 3).

4. (a) (20 pts) Solve the heat equation u; = kuy, for x € (0,L),t > 0 with the
boundary conditions
uzy(0,8) =0, w,(L,t)=0,

and the following initial data:

2 —471-36 + cos ™
T .

u(z,0) =1 —sin T

(b) (5 pts) What is the limit as ¢ — oo of the solution found in problem 4 above?
(¢ ) (10 pts) Calculate the total energy in the rod as a function of time. Is the
energy conserved?

Hint: Use the following trigonometric identity: cos2a = 1 — 2sin® av.
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