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Abstract We present a loosely coupled partitioned method for the numerical sim-
ulation of a class of fluid-structure interaction problems in hemodynamics. This
method is based on a time discretization by an operator-splitting scheme of the
Lie’s type. The structure is assumed to be thin and modeled bythe Koiter shell
or membrane equations, while the fluid is modeled by the 3D Navier-Stokes equa-
tions for an incompressible viscous fluid. The fluid and structure are coupled via
a full two-way coupling taking place at the moving fluid-structure interface, thus
giving rise to a nonlinear moving-boundary problem. The Liesplitting decouples
the fluid and structure sub-problems and is designed in such away that the resulting
partitioned scheme is unconditionally stable, without theneed for any sub-iterations
at every time step. Unconditional stability of the scheme isdiscussed using energy
estimates, and several numerical examples are presented, showing that the scheme
is first-order accurate in time. Implementation simplicity, computational efficiency,
modularity, and unconditional stability make this scheme particularly appealing for
solving FSI in hemodynamics.
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1 Introduction

We consider the flow of an incompressible, viscous fluid in a 3Ddomain, see Fig-
ure 1, with compliant (elastic/viscoelastic) walls, whichare assumed to be thin. The
fluid flow is modeled by the 3D Navier-Stokes equations, whilethe elastodynamics
of the structure, i.e., the elastic walls, is modeled by the Koiter shell, or membrane
equations. The fluid and structure are coupled via a two-way coupling: the fluid in-

Fig. 1 Domain sketch and notation.

fluences the motion of the structure via the normal fluid stress, while the structure
influences the motion of the fluid through the motion of the fluid domain boundary.
This coupling is assumed through two coupling conditions: the kinematic coupling
condition stating the continuity of velocity at the fluid-structure interface (the no-
slip condition), and the dynamic coupling condition stating the second Newton’s law
of motion describing the elastodynamics of the thin structure loaded by the normal
fluid stress. The resulting fluid-structure interaction (FSI) problem is a nonlinear
moving-boundary problem.

This is a classical problem in hemodynamics describing the interaction between
blood flow and elastic/viscoelastic arterial walls. The main difficulty in studying this
problem stems from the fact that the fluid and structure have comparable densities,
which is associated with the well-known added mass effect. The structure moves
within the fluid as if an additional mass was added to it due to the presence of
the surrounding fluid. Mathematically, this gives rise to a highly nonlinear moving-
boundary problem, where the geometric nonlinearity due to the motion of the rela-
tively light structure driven by the fluid of comparable density, needs to be resolved
carefully. It is now well-known that this is the main reason for the instabilities in
Dirichlet-Neumann loosely coupled schemes that are based on numerically solving
this FSI problem by iterating once between the fluid and structure sub-problems
[14], employing the Dirichlet boundary condition in the fluid sub-problem. The
added mass effect, the associated geometric nonlinearities, and the multi-physics
nature of the problem incorporating different physical effects (wave propagation
v.s. diffusion) taking place at disparate time scales, are the main reasons why this
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class of FSI problems remains to be challenging, both from the computational as
well as theoretical points of view.

The development of numerical solvers for fluid-structure interaction problems
has become particularly active since the 1980’s [70, 71, 26,34, 56, 62, 41, 40, 43,
42, 23, 48, 47, 54, 55, 74, 73, 3, 76, 25, 27, 52, 53, 20, 33].

Until recently, only monolithic algorithms seemed applicable to blood flow sim-
ulations [33, 36, 69, 79, 7, 8]. These algorithms are based onsolving the entire
nonlinear coupled problem as one monolithic system. They are, however, generally
quite expensive in terms of computational time, programming time and memory
requirements, since they require solving a sequence of strongly coupled problems
using, e.g., fixed point and Newton’s methods [58, 69, 22, 28,47, 60].

The multi-physics nature of the blood flow problem strongly suggests to employ
partitioned (or staggered) numerical algorithms, where the coupled fluid-structure
interaction problem is separated into a fluid and a structuresub-problem. The fluid
and structure sub-problems are integrated in time in an alternating way, and the cou-
pling conditions are enforced asynchronously. When the density of the structure is
much larger than the density of the fluid, as is the case in aeroelasticity, it is suf-
ficient to solve, at every time step, just one fluid sub-problem and one structure
sub-problem to obtain a solution. The classical loosely-coupled partitioned schemes
of this kind typically use the structure velocity in the fluidsub-problem as Dirich-
let data for the fluid velocity (enforcing the no-slip boundary condition at the fluid-
structure interface), while in the structure sub-problem the structure is loaded by the
fluid normal stress calculated in the fluid sub-problem. These Dirichlet-Neumann
loosely-coupled partitioned schemes work well for problems in which the struc-
ture is much heavier than the fluid. Unfortunately, when fluidand structure have
comparable densities, which is the case in blood flow applications, the simple strat-
egy of separating the fluid from the structure suffers from severe stability issues
[14, 61] associated with the added mass effect. The added mass effect reflects itself
in Dirichlet-Neumann loosely coupled partitioned schemesby causing poor approx-
imation of the total energy of the coupled problem at every time step of the scheme.
A partial solution to this problem is to iterate several times between the fluid and
structure sub-solvers at every time step until the energy ofthe continuous prob-
lem is well approximated. These strongly-coupled partitioned schemes, however,
are computationally expensive and may suffer from convergence issues for certain
parameter values [14].

To get around these difficulties, and to retain the main advantages of loosely-
coupled partitioned schemes such as modularity, implementation simplicity, and low
computational costs, several new loosely-coupled algorithms have been proposed
recently. In general, they behave quite well for FSI problems containing a thin fluid-
structure interface with mass [4, 9, 11, 44, 69, 29, 32, 30, 31, 1, 2, 5, 73, 67, 22, 21].

Recently, a novel loosely coupled partitioned scheme, called the Kinematically
Coupledβ -Scheme, was introduced by Bukač,Čanić et al. in [9, 11], and applied to
2D FSI problems with thin elastic and viscoelastic structures, modeled by the mem-
brane or shell equations. This method was then extended to thick structure problems
modeled by the equations of 2D elasticity [12], to 2D FSI problems with compos-
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ite structures composed of multiple structural layers [65,57], to 2D FSI problems
with multiple poroelastic layers [10], FSI problems involving endovascular stents
[63], and to an FSI problem with non-Newtonian fluids [59, 49]. This scheme deals
successfully with the stability issues associated with theadded mass effect in a way
different from those reported above. Stability is achievedby combining the struc-
ture inertia with the fluid sub-problem to mimic the energy balance of the contin-
uous, coupled problem. It was shown in [78] by considering a simplified problem,
first used in [14] to study stability of loosely-coupled schemes, that our scheme is
unconditionally stable for all 0≤ β ≤ 1, even for the parameters associated with
blood flow applications. Additionally, Muha anďCanić showed that a version of this
scheme withβ = 0 converges to a weak solution of the fully nonlinear FSI problem
[64]. The caseβ = 0 considered in [64] corresponds to the classical kinematically-
coupled scheme, first introduced in [44]. Parameterβ was introduced in [9] to in-
crease the accuracy of the scheme. A different approach to increasing the accuracy
of the classical kinematically-coupled scheme was recently proposed by Fernández
et al. [29, 32, 30]. Their modified kinematically-coupled scheme, called “the incre-
mental displacement-correction scheme” treats the structure displacement explicitly
in the fluid sub-step and then corrects it in the structure sub-step. Fernández et al.
showed that the accuracy of the incremental displacement-correction scheme is first-
order in time. The results were obtained for a FSI problem involving a thin elastic
structure.

These recent results indicate that the kinematically-coupled scheme and its mod-
ifications provide an appealing way to study multi-physics problems involving FSI.

While all the results so far related to the kinematically-coupledβ -scheme have
been presented in 2D, here we show that this scheme, in combination with the Ar-
bitrary Lagrangian-Eulerian approach, can successfully be extended to three space
dimensions, and to problems without axial symmetry. We consider a FSI problem
which consists of the 3D Navier-Stokes equations for an incompressible, viscous
fluid, coupled with the linearly elastic Koiter membrane/shell equations. We show
an energy estimate for the fully coupled nonlinear problem with β = 0, which, to-
gether with the convergence result of Muha andČanić in [66], implies unconditional
stability of the scheme. Using FreeFem++ [45, 46] we implemented the scheme for
a few examples in 3D geometries: a 3D straight tube, a 3D curved tube, and a com-
plex stenotic geometry which is not axially symmetric. We tested our solver against
a monolithic solver on a 2D benchmark problem in blood flow [35], showing ex-
cellent agreement. Based on numerical results we show that the scheme has at least
1st-order accuracy in time both in 2D and 3D.

2 Model description

We consider the flow of an incompressible, viscous fluid in a three-dimensional
cylindrical domain which is not necessarily axially symmetric. See Figure 1. We
will be assuming that the lateral boundary of the cylinder isdeformable and that
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its location is not knowna priori. The motion of the lateral boundary is fully cou-
pled via a two-way coupling to the flow of the incompressible,viscous fluid oc-
cupying the fluid domain. Furthermore, it will be assumed that the lateral bound-
ary is a thin, isotropic, homogeneous structure, whose displacement depends on
both the axial variablez and on the azimuthal angleθ , thereby accounting for both
axially-symmetric and non-axially symmetric displacements. Additionally, for sim-
plicity, we will be assuming that only the radial component of displacement is non-
negligible. The radial displacement from the reference configuration will be denoted
by η(t,z,θ ). See Figure 1. This is a common assumption in blood flow modeling
[74]. Neither the fluid flow, nor the displacement of the lateral boundary of the fluid
domain will be required to satisfy the conditions of axial symmetry.

Remark on notation: We will be using(z,x,y) to denote the Cartesian coor-
dinates of points inR3, and(z, r,θ ) to denote the corresponding cylindrical coor-
dinates. We will be working with the fluid flow equations written in Cartesian co-
ordinates, while the structure equations will be given in cylindrical coordinates. A
function f given in Cartesian coordinates defines a function

f̃ (z, r,θ ) = f (z,x,y)

defined in cylindrical coordinates. Since no confusion is possible, to simplify nota-
tion we will omit the superscript ˜and both functions,f and f̃ , will be denoted by
f .

The structural problem: Consider a clamped cylindrical shell of thicknessh,
lengthL, and reference radius of the middle surface equal toR. See Figure 1. This
reference configuration, which we denote byΓ , can be defined via the parameteri-
zation

ϕ : ω → R
3, ϕ(z,θ ) = (Rcosθ ,Rsinθ ,z)t ,

whereω = (0,L)× (0,2π) andR> 0. Therefore, the reference configuration is

Γ = {x = (Rcosθ ,Rsinθ ,z) ∈ R
3 : θ ∈ (0,2π),z∈ (0,L)}. (1)

The associated covariantAc and contravariantAc metric tensors of this (undeformed)
cylinder are give by:

Ac =

(
1 0
0 R2

)

, Ac =

(
1 0
0 1

R2

)

,

and the area element along cylinderΓ is dS=
√

ady :=
√

detAcdy = Rdy. The
corresponding curvature tensor in covariant components isgiven by

Bc =

(
0 0
0 R

)

.

Under the action of force, the Koiter shell is deformed. The displacement
from the reference configurationΓ of the deformed shell will be denoted by
ηηη = ηηη(t,z,θ ) = (ηz,ηθ ,ηr). We will be assuming that only the radial compo-
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nent of the displacement is different from zero, and will be denoting that com-
ponent of the displacement byη(t,z,θ ) := ηr(t,z,θ ), so thatηηη = ηer , where
er = er(θ ) = (cosθ ,sinθ ,0)t is the unit vector in the radial direction.

The cylindrical Koiter shell is assumed to be clamped at the end points, giving
rise to the following boundary conditions:

η =
∂η
∂n

= 0 on∂ω .

Deformation of a given Koiter shell depends on its elastic properties. The elas-
tic properties of our cylindrical Koiter shell are defined bythe following elasticity
tensorA :

A E =
4λ µ

λ +2µ
(Ac ·E)Ac +4µAcEAc, E ∈ Sym(M2), (2)

whereµ andλ are the Lamé coefficients. Using the following relationships between
the Lamé constants and the Young’s modulus of elasticityE and Poisson ratioσ :

2µλ
λ +2µ

+2µ = 4µ
λ + µ

λ +2µ
=

E
1−σ2 ,

2µλ
λ +2µ

= 4µ
λ + µ

λ +2µ
1
2

λ
λ + µ

=
E

1−σ2σ ,

(3)
the elasticity tensorA can also be written as:

A E =
2Eσ

1−σ2(Ac ·E)Ac +
2E

1+ σ
AcEAc, E ∈ Sym(M2).

A Koiter shell can undergo stretching of the middle surface,and flexure (bending).
Namely, the Koiter shell model accounts for both the membrane effects (stretch-
ing) and shell effects (flexure). Stretching of the middle surface is measured by the
change of metric tensor, while flexure is measured by the change of curvature tensor.
By assuming only the radial component of displacementη = η(t, r,θ ) to be differ-
ent from zero, the linearized change of metric tensorγγγ, and the linearized change of
curvature tensorρρρ, are given by the following:

γγγ(η) =

(
0 0
0 Rη

)

, ρρρ(η) =

(
−∂ 2

z η −∂ 2
zθ η

−∂ 2
zθ η −∂ 2

θ η + η

)

. (4)

With the corresponding change of metric and change of curvature tensors we can
now formally write the corresponding elastic energy of the deformed shell [16, 17,
18, 51]:

Eel(η) =
h
4

∫

ω
A γγγ(η) : γγγ(η)Rdzdθ +

h3

48

∫

ω
A ρρρ(η) : ρρρ(η)Rdzdθ , (5)

whereh is the thickness of the shell, and : denotes the inner product

A : B := Tr
(
ABT) A,B ∈ M2(R) ∼= R

4. (6)
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Given a forcef = f er , with surface densityf (the radial component), the loaded
shell deforms under the applied force, and the corresponding displacementη is a
solution to the following elastodyamics problem for the cylindrical linearly elastic
Koiter shell, written in weak form: Findη ∈ H2

0(ω) such that∀ψ ∈ H2
0(ω):

ρKh
∫

ω
∂ 2

t ηψRdzdθ +
h
2

∫

ω
A γγγ(η) : γγγ(ψ)Rdzdθ +

h3

24

∫

ω
A ρρρ(η) : ρρρ(ψ)Rdzdθ

=

∫

ω
f ψRdzdθ .

(7)
The operator accounting for the elastic membrane and shell effects in the above
equation will be denoted byL :

∫

ω
L ηψRdzdθ :=

h
2

∫

ω
A γγγ(η) : γγγ(ψ)Rdzdθ +

h3

24

∫

ω
A ρρρ(η) : ρρρ(ψ)Rdzdθ , (8)

for all ψ ∈ H2
0(ω), so that the above weak formulation can be written as

ρKh
∫

ω
∂ 2

t ηψ Rdzdθ +

∫

ω
L ηψ Rdzdθ =

∫

ω
f ψ Rdzdθ , ∀ψ ∈ H2

0(ω). (9)

A calculation shows that the operatorL , written in differential form, reads:

L η =
h3µ

3R3(λ +2µ)

(

(λ + µ)∂ 4
θ η +R4(λ + µ)∂ 4

z η +2R2(λ + µ)∂ 2
z ∂ 2

θ η

− R2λ ∂ 2
z η −2(λ + µ)∂ 2

θ η +(λ + µ)η
)

+
4h
R

(λ + µ)µ
λ +2µ

η .
(10)

In terms of the Youngs modulus of elasticity, and the Poissonratio, operatorL can
be written as:

L η =
h3E

12R4(1−σ2)

(

∂ 4
θ η +R4∂ 4

z η +2R2∂ 2
z ∂ 2

θ η −2∂ 2
θ η + η

)

+
h3Eσ

6R2(1−σ2)
∂ 2

z η +
hE

R2(1−σ2)
η .

(11)

Thus, the elastodynamics of the cylindrical Koiter shell with only radial displace-
ment different from zero, and without the assumption of axial symmetry, is modeled
by

ρKh
∂ 2η
∂ t2 +L η = f , (12)

whereL is defined by (11), andη and f are functions oft, z, andθ , whereη
denotes the radial component of displacement.

If only the membrane effects are taken into account, the resulting cylindrical
Koiter membrane model is given by:
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ρKh
∂ 2η
∂ t2 +

hE
R2(1−σ2)

η = f . (13)

It was stated in [69, 19] that the general Koiter membrane model in Cartesian
coordinates, with only normal displacement different from zero, takes the form:

ρKh
∂ 2η
∂ t2 +Cη = f , (14)

whereη here is the normal component of displacement in Cartesian coordinates,
and the coefficientC is given by

C :=
hE

1−σ2(4κ2
1 −2(1−σ)κ2), (15)

whereκ1 andκ2 are the mean and Gaussian curvature, respectively.
We mention one more reduced (thin-structure) model which has been used in

modeling fluid-structure interaction in hemodynamics. Themodel was introduced
in [33] by integrating the equations of linear elasticity defined on a cylindrical do-
main in 3D, with respect to the radial direction, after assuming that the material
is homogeneous, isotropic, and that all the physical quantities, including the radial
stress, are constant in the radial direction. In [33] this model was included in the fluid
solver and solved using the so calledcoupled momentum method. The model was
also studied in [13, 77]. It was shown in [77] that this model is well approximated
by the following simplified membrane shell model:

ρKh
∂ 2η
∂ t2 +Cη − Eh

2(1+ σ)

∂ 2η
∂z2 = f , (16)

whereC is given by (15), andη denoted the normal component of displacement
in Cartesian coordinates. The model captures the membrane effects in Cartesian
coordinates by the “spring term”Cη , as well as wave propagation modeled by the
second-order derivative term.

While the membrane models (13), (14) do not allow any boundary conditions to
be imposed on the displacement at the “inlet” or “outlet” boundaries of the tube,
model (16) requires two boundary conditions. This model will be considered in
Section 5 where we impose zero displacementη = 0, both at the inlet and outlet of
the tube.

The fluid problem: The fluid domain, which depends on time and is not known
a priori, will be denoted by

Ωη(t) = {(z,x,y) ∈ R
3 :
√

x2 +y2 < R+ η(t,z,θ ), z∈ (0,L)},

and the corresponding lateral boundary by

Γη(t) = {(z,x,y) ∈ R
3 :
√

x2 +y2 = R+ η(t,z,θ ), z∈ (0,L)}.
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The corresponding reference cylinder is

Ω = {(z,x,y) ∈ R
3 :
√

x2 +y2 < R, z∈ (0,L)}.

The lateral boundary of this cylinder,Γ , is defined in (1). The inlet and out-
let sections of the fluid domain boundary will be denoted byΓin = {0}× (0,R),
Γout = {L}× (0,R). See Figure 1.

The flow of an incompressible, viscous fluid inΩη (t) is modeled by the Navier-
Stokes equations, which read, in Cartesian coordinates, asfollows:

ρ f (∂tu+u ·∇u) = ∇ ·σ ,
∇ ·u = 0,

}

in Ωη (t), t ∈ (0,T), (17)

whereρ f denotes the fluid density,u the fluid velocity,p the fluid pressure,

σ = −pI +2µFD(u)

is the fluid Cauchy stress tensor,µF is the kinematic viscosity coefficient, and
D(u) = 1

2(∇u+ ∇tu) is the symmetrized gradient ofu.
At the inlet and outlet boundary we prescribe the normal stress via:

σσσnnnin = −pin(t)nnnin onΓin × (0,T), (18)

σσσnnnout = −pout(t)nnnout onΓout× (0,T), (19)

wherennnin andnnnout are the outward normals to the inlet and outlet fluid boundaries,
respectively. Even though not physiologically optimal, these boundary conditions
are common in blood flow modeling [4, 68].

Another set of boundary conditions, often helpful in the analysis of this FSI prob-
lem, is the dynamic pressure data with zero tangential velocity:

p+
ρ f

2
|u|2 = Pin/out(t),

u×ez = 0,

}

onΓin/out, (20)

wherePin/out ∈ L2
loc(0,∞) are given. It was shown in [66] that the FSI problem we

study in this chapter, with the dynamics pressure data givenby (20), has a weak
solution.

Remark on the inlet and outlet data:In this chapter we will be using the normal
stress inlet and outlet data in all the numerical examples, while the analysis of the
stability of the scheme will be performed with the dynamic pressure inlet and outlet
data.

The coupling between the fluid and structure is defined by two sets of bound-
ary conditions satisfied at the lateral boundaryΓη(t). They are the kinematic and
dynamic lateral boundary conditions describing continuity of velocity (the no-slip
condition), and balance of contact forces (i.e., the SecondNewton’s Law of motion).
Written in the Lagrangian framework, with(z,θ ) ∈ ω , andt ∈ (0,T), they read:
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• The kinematic condition:

∂tη(t,z,θ )er(θ ) = uuu(t,z,R+ η(t,z,θ ),θ ), (21)

whereer(θ ) = (cosθ ,sinθ ,0)t is the unit vector in the radial direction.
• The dynamic condition:

ρKh∂ 2
t η +L η = −J(t,z,θ )(σn)|(t,z,R+η(t,z,θ)) ·er(θ ), (22)

whereL is defined by (10), or equivalently by (11), and

J(t,z,θ ) =
√

(1+ ∂zη(t,z,θ )2)(R+ η(t,z,θ ))2 + ∂θ η(t,z,θ )2

denotes the Jacobian of the composition of the transformation from Eulerian to
Lagrangian coordinates and the transformation from cylindrical to Cartesian co-
ordinates.

System (17)–(22) is supplemented with the followinginitial conditions :

u(0, .) = u0, η(0, .) = η0, ∂tη(0, .) = v0. (23)

For regularity purposes, used in the existence proof presented in [66], we will be
assuming that the initial data satisfies the following compatibility conditions:

u0(z,R+ η0(z),θ ) ·n(z,θ ) = v0(z,θ )er(θ ) ·n(z,θ ), z∈ (0,L), θ ∈ (0,2π),
η0 = 0, on∂ω ,

R+ η0(z,θ ) > 0, z∈ [0,L], θ ∈ (0,2π).
(24)

Notice that the last condition requires that the initial displacement is such that the
fluid domain has radius strictly greater than zero (i.e., thelateral boundary never
collapses).

In summary, we study the following fluid-structure interaction problem:

Problem 1. Findu = (uz(t,z,x,y),ux(t,z,x,y),uy(t,z,x,y)), p(t,z,x,y), andη(t,z,θ )
such that

ρ f
(
∂tu+(u ·∇)u

)
= ∇ ·σ

∇ ·u = 0

}

in Ωη(t), t ∈ (0,T), (25)

u = ∂tηer ,
ρKh∂ 2

t η +L η = −Jσn ·er ,

}

onΓ , t ∈ (0,T), (26)

σσσnnnin = −pin(t)nnnin,
σσσnnnout = −pout(t)nnnout,

}

onΓin/out, t ∈ (0,T), (27)

u(0, .) = u0,
η(0, .) = η0,

∂tη(0, .) = v0.






att = 0. (28)
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This is a nonlinear, moving-boundary problem in 3D, which captures the full,
two-way fluid-structure interaction coupling. The nonlinearity in the problem is rep-
resented by the quadratic term in the fluid equations, and by the nonlinear coupling
between fluid and structure defined at the lateral boundaryΓη(t), which is one of
the unknowns in the problem.

2.1 Energy inequality

To simplify notation, we introduce the following energy norms defined by the mem-
brane and flexural effects of the linearly elastic Koiter shell:

‖ f‖γ :=
∫

ω
A γγγ( f ) : γγγ( f )Rdzdθ , ‖ f‖σ :=

∫

ω
A σσσ( f ) : σσσ( f )Rdzdθ . (29)

Notice that norm‖.‖γ is equivalent to the standardL2(ω) norm, and that norm‖.‖σ
is equivalent to the standardH2

0(ω) norm. Assuming sufficient regularity, and the
inlet and outlet data given by a prescribed dynamic pressure, see (20), the following
energy inequality holds:

Proposition 1. Assuming sufficient regularity, and the inlet and outlet data given
by a prescribed dynamic pressure, the solutions of(25), (26), and (28) satisfy the
following energy estimate:

d
dt

(Ekin(t)+Eel(t))+D(t)≤C(Pin(t),Pout(t)), (30)

where

Ekin(t) :=
1
2

(

ρ f ‖u‖2
L2(Ωη (t)) + ρKh‖∂tη‖2

L2(Γ )

)

,

Eel(t) :=
h
4
‖η‖γ +

h3

48
‖η‖σ ,

(31)

denote the kinetic and elastic energy of the coupled problem, respectively, and the
term D(t) captures viscous dissipation in the fluid:

D(t) := µF‖D(u)‖2
L2(Ωη (t)). (32)

The constant C(Pin(t),Pout(t)) depends only on the inlet and outlet pressure data,
which are both functions of time.

The proof of inequality (30) is standard (see, e.g., [64]), so we omit it here. This
says that if a smooth solution to the coupled fluid-structureinteraction problem (25)
- (28) exists, then it satisfies the energy inequality (30). This inequality states that
the rate of change of the kinetic energy of the fluid, and the elastic energy of the
structure, plus the viscous dissipation of the fluid, is balanced by the work done by
the inlet and outlet data.
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2.2 ALE Formulation

Since the fluid-structure coupling studied here is preformed along the moving fluid-
structure interface, the fluid domainΩ(t) is not fixed. This is a problem from many
points of view. In particular, defining the time discretization of the time derivative
∂u/∂ t, for example∂u/∂ t ≈ (u(tn+1, .)−u(tn, .))/(tn+1− tn), is not well-defined
sinceu(tn+1, .) and u(tn, .) are not defined on the same domain at two different
time-steps. To resolve this difficulty, a classical approach is to map the fluid domain
Ωη(t) onto a fixed, reference domainΩ via a smooth, invertible ALE mapping [23]:

Aη : Ω → Ωη(t).

An example of such a mapping is the harmonic extension of the boundary∂Ωη (t)
onto the fluid domain. This will be used in our numerical simulations. By using the
chain rule, one can see that the the time derivative of the transformed fluid velocity
will contain an additional advection term with its coefficient given by the domain
velocitywη := (Aη)t ◦ (Aη)−1, where(Aη )t denotes the time derivative ofAη .

Another example is an ALE mappingAη defined by:

Aη(t) : Ω →Ωη(t), Aη(t)(z, r,θ ) :=





z
(R+ η(t,z,θ ))r

θ



 , (z, r,θ )∈ Ω , (33)

where(z, r,θ ) denote the cylindrical coordinates in the reference domainΩ . We will
be using this explicit formula for ALE mapping in the energy estimate associated
with the stability of our splitting scheme, proved in Section 3.2. Since we work with
the Navier-Stokes equations written in Cartesian coordinates, it is useful to write an
explicit form of the ALE mappingAη in Cartesian coordinates as well:

Aη(t)(z,x,y) :=





z
(R+ η(t,z,θ ))x
(R+ η(t,z,θ ))y



 , (z,x,y) ∈ Ω . (34)

MappingAη(t) is a bijection, and its Jacobian is given by

|det∇Aη(t)| = (R+ η(t,z,θ ))2. (35)

Composite functions with the ALE mapping will be denoted by

uη (t, .) = u(t, .)◦Aη(t) and pη(t, .) = p(t, .)◦Aη(t). (36)

The derivatives of composite functions satisfy:

∇u = ∇uη (∇Aη)−1 =: ∇ηuη , ∂tu = ∂tuη − (wη ·∇η)uη ,

where the ALE domain velocity,wη , is given by:
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wη = ∂tη





0
x
y



 . (37)

The following notation will also be useful:

ση = −pη I +2µDη(uη ), Dη(uη ) =
1
2
(∇η uη +(∇η)τuη ).

Finally, the mapped fluid equations inΩη read:

ρF (∂tu+((u−wη) ·∇η)u) = ∇η ·σσση

∇η ·u = 0

}

in Ωη(t)× (0,T). (38)

Here, the notationσσση reflects the dependence ofDη(u) = 1
2(∇η u + ∇η Tu) on η .

Existence of a weak solution for problem (38), (26), (20), (28), was shown in [66].
In this chapter we focus on the design of a computational scheme for this problem.
The computational scheme will follow the main steps in the proof, presented in [66],
which is based on the Lie operator splitting approach.

The actual numerical simulations at each time step are typically performed on the
current (fixed) domainΩη(tn), at a given fixed timetn, with only the time-derivative
calculated onΩ , thereby avoiding the need to calculate the transformed gradients
∇ηηη . The corresponding continuous problem in ALE form can be written as follows:

Problem 2. Findu, p, andη such that:

ρF (∂tu|Ω +((u−wη) ·∇)u) = ∇ ·σσσ
∇ ·u = 0

}

in Ωη(t)× (0,T), (39)

u = ∂tηer ,
ρKh∂ 2

t η +L η = −Jσn ·er ,

}

onΓ , t ∈ (0,T), (40)

σσσnnnin = −pin(t)nnnin,
σσσnnnout = −pout(t)nnnout,

}

onΓin/out, t ∈ (0,T), (41)

u(0, .) = u0,
η(0, .) = η0,

∂tη(0, .) = v0.






att = 0. (42)

Here,∂tu|Ω denotes the time derivative calculated on a reference domain Ω .
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3 The Splitting Scheme

3.1 Description of the Splitting Scheme

To solve problem (39)-(42), we use the Lie or Marchuk-Yanenko splitting strategy.
The Lie splitting is particularly useful for multi-physicsproblems like the one we
are studying here. The coupled problem is split so that the different physics in the
problem can be solved separately. The main difficulty is to design the Lie splitting
strategy so that the resulting numerical scheme is stable and sufficiently accurate.
We present here a splitting which leads to an unconditionally stable loosely coupled
partitioned scheme. This splitting was first designed in [9]where a 2D benchmark
problem was solved. In this chapter we extend this scheme to 3D problems, which,
additionally, do not have to satisfy the property of axial symmetry.

It follows from [37] Chapter 6, that the Lie splitting schemecan be described
as follows, the differential problem being written as a first-order system in time,
namely:

∂φ
∂ t

+F(φ) = 0 in (0,T), (43)

φ(0) = φ0, (44)

whereF is an operator from a Hilbert space into itself. OperatorF is then split, in a
non-trivial decomposition as

F =
I

∑
i=1

Fi. (45)

The problem is discretized in time by choosing the time step△t > 0 and denoting
tn = n△t, andφn = φ(tn). The initial approximation is given by the initial data
φ0 = φ0. Forn≥ 0, φn+1 is computed by solving

∂φi

∂ t
+Fi(φi) = 0 in (tn,tn+1), (46)

φi(t
n) = φn+(i−1)/I , (47)

then setφn+i/I = φi(tn+1), for i = 1, . . . .I . Thus, the value att = tn+1 of the solution
of thei-th problem is taken as the initial data for the(i +1)-st problem on(tn,tn+1).

This method is first-order accurate in time. More precisely,if (43) is defined on
a finite-dimensional space, and if operatorsFi are smooth enough, then‖φ(tn)−
φn‖ = O(∆ t) [37].

To solve the FSI problem (39)-(42), we split the problem intotwo sub-problems
as follows:

1. An elastodynamics problem for the structure, and
2. A fluid problem with suitable boundary conditions involving structure velocity

and fluid stress at the boundary.
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The structure and the fluid sub-problems are defined in such a way that the energy
of the discretized problem approximates well the energy of the continuous problem.
To achieve this goal, a key role is played by the kinematic coupling condition, which
will be enforced implicitly in both steps of the splitting scheme, keeping the two sub-
problems tightly coupled at all times. Indeed, we show belowan energy estimate
of the semi-discretized problem which is associated with unconditional stability of
the scheme, and shows that the energy of the discretized problem mimics well the
energy of the continuous problem.

More precisely, we begin by rewriting our coupled problem infirst-order form
with respect to time. For this purpose we introducev to denote the trace of the fluid
velocity at the moving interfaceΓ (t):

ver := u|Γ (t).

The kinematic coupling condition (no-slip) then reads∂tη = v. The system in ALE
form is now rewritten by using the above-mentioned notation, and by employing the
kinematic coupling conditionin the thin structure model. This way the kinematic
coupling condition will be enforced implicitly everywhere, in all the steps of the
splitting scheme. The resulting coupled problem in first-order ALE form is given by
the following:

Problem 3. Findu, p, η , andv such that:

ρF (∂tu|Ω +((u−wη) ·∇)u) = ∇ ·σσσ ,
∇ ·u = 0,

}

onΩη(t), t ∈ (0,T), (48)

u = ver ,
v = ∂tη ,

ρKh∂tv+L η = −Jσn ·er ,






onΓ , t ∈ (0,T), (49)

σσσnnnin = −pin(t)nnnin,
σσσnnnout = −pout(t)nnnout,

}

onΓin/out, t ∈ (0,T), (50)

uη (0, .) = u0,η(0, .) = η0,v(0, .) = v0, at t = 0. (51)

We are now ready to split the problem. For this purpose, observe that the portion
ρKh ∂tv=−Jσσσn ·er of the dynamic coupling condition is formulated in terms of the
tracev of the fluid velocity onΓ (recall thatσσσ depends onv); we can, therefore, use
this as the lateral boundary condition for the fluid sub-problem. This observation is
crucial because keeping the structure inertia termρKh∂tv together with the inertia
of the fluid in the fluid sub-problem is of paramount importance for designing a sta-
ble and convergent scheme. This mimics the added mass effectassociated with the
coupled physical problem, in which the coupled FSI solutiondynamics corresponds
to structure having combined fluid and structure inertia.

To achieve higher accuracy, we apply the following strategy: the normal fluid
stress is split into two parts:
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σσσn = σσσn+ β pn
︸ ︷︷ ︸

(I)

−β pn
︸ ︷︷ ︸

(II )

,

whereβ ∈ [0,1], and part (I) is used in the fluid sub-problem, while part (II)in the
structure sub-problem. The higher accuracy forβ > 0 is achieved because the new
splitting enhances the communication between the fluid and structure by loading the
structure with aβ portion of the normal fluid stress, which is not present forβ = 0.
For β = 0 we recover the classical kinematically-coupled scheme, first introduced
in [44]. In this chapter,β = 1 is used for the numerical simulations since it provides
the highest accuracy. The choice ofβ does not influence the stability of the scheme
[9].

The operatorsF1 andF2 in the operator splitting scheme are defined by the fol-
lowing two differential sub-problems:

Problem F1 : STRUCTURE
∂tη = v,

ρKh∂tv+L η = β p̂n,

}

onΓ ,

Problem F2 : FLUID
∂tu|Ω +((û−wη) ·∇)u = ∇ ·σσσ ,

∇ ·u = 0,

}

in Ωη(t),

u|R+η = ver ,
ρKh∂tv+Jσσσn|R+η = −β p̂n|R+η .

}

onΓ .

Hereû is the value ofu from the previous time step, ˆp is the value ofp from the
previous time step, andwη , which is the domain velocity (the time derivative of the
ALE mapping), is obtained from the just calculated Problem F1. The initial data for
u in the fluid domain is given by the solution from the previous time step, while the
initial data for the tracev of the fluid velocity onΓ in ProblemF2 is given by the
just calculated velocity of the thin structure∂tη in ProblemF1. The corresponding
operator splitting scheme is given by the block diagram shown in Figure 2.

This is different from the classical loosely coupled schemes. In classical Dirichlet-
Neumann loosely coupled scheme, the boundary condition forthe fluid subproblem
is the Dirichlet condition for the fluid velocityv onΓ given in terms of the structure
velocity∂η/∂ t, namelyv= ∂η/∂ t, where∂η/∂ t is calculated at the previous time
step! This inclusion of the structure inertia from the previous time step (explicitly)
makes the fluid subproblem unstable for certain parameters values [14]. The main
reason for this is that the kinetic energy at this time step includes only the fluid ki-
netic energy from the current time step, and not the structure kinetic energy, since
the thin structure velocity enters in an explicit way.

Therefore, our above-mentioned splitting strategy, that is to keep the thin struc-
ture inertia together with the fluid inertia in the fluid sub-step, respects the physical
property of added mass effect in FSI problem where the fluid and structure have
comparable densities, and will give rise to the kinetic energy of the discretized prob-
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Fluid Domain Update:Ωηn

Problem F1 (STRUCTURE)

ρKh∂ttη +L η = βJpnn ·er

∂tη = v

}

on Γ × (tn, tn+1)

ηn+1/2 = η(tn+1)
vn+1/2 = v(tn+1)

Calculate ALE mappingAηn+1/2

and domain velocitywn+1/2 :=
∂tAηn+1/2 ≈ (ηn+1/2 − ηn)/∆t

Problem F2 (FLUID )

∂tu|Ω +(un −wn+1/2) ·∇)u = ∇ ·σσσ
∇ ·u = 0

}

in Ωη (tn)× (tn, tn+1)

ρKh(∂tu ·er)|R+ηn +Jσσσn|R+ηn = −β pnn|R+ηn ·er

u|R+ηn = ver

}

on Γ

un+1 = u(tn+1), pn+1 = p(tn+1)
vn+1 = v(tn+1),ηn+1 = ηn+1/2(tn+1)

n = n+1

Start:
un, pn,ηn

Fig. 2 A block diagram showing the main steps of the Kinematically Coupledβ -Scheme.

lem which approximates well the kinetic energy of the continuous problem, as we
will show next.
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3.2 Unconditional Stability of the Splitting Scheme

We will show that the nonlinear FSI problem (39)-(42), semi-discretized via the Lie
operator splitting described above, and summarized in the block diagram, shown
in Figure 2, satisfies an energy estimate associated with unconditional stability of
the operator splitting scheme. Combined with the compactness argument obtained
in [66], which shows that the approximating (sub-)sequences of this splitting al-
gorithm converge to a weak solution of problem (39)-(42), this estimate provides
unconditional stability of the splitting scheme. This stability estimate is obtained
for the problem containing the dynamic inlet and outlet pressure data (20).

To do this, we map the entire problem onto a fixed domainΩ via the ALE map-
ping (34), and perform the operator splitting, described above. The resulting struc-
ture elastodynamics problem and the fluid dynamics problem,written in weak form,
are given by the following.

3.2.1 Problem F1: The structure elastodynamics problem

The weak form of a semi-discrete version of Problem F1 reads as follows:
• In this problemu does not change, and so

un+ 1
2 = un;

• The functions(vn+ 1
2 ,ηn+ 1

2 ) ∈ H2
0(ω)× H2

0(ω) are defined as solutions of the
following problem, written in weak form, where we denote bydω the measure
dω = Rdzdθ :

∫

ω

ηn+ 1
2 −ηn

∆ t
φ dω =

∫

ω
vn+ 1

2 φ dω ,

ρKh
∫

ω

vn+ 1
2 −vn

∆ t
ψdω +

h
2

∫

ω
A γγγ(ηn+ 1

2 ) : γγγ(ψ)dω

+
h3

24

∫

ω
A ρρρ(ηn+ 1

2 ) : ρρρ(ψ)dω = 0,

(52)

for all (φ ,ψ) ∈ L2(ω)× H2
0(ω). The first equation is a weak form of the semi-

discretized kinematic coupling condition, while the second equation corresponds to
a weak form of the semi-discretized elastodynamics equation.

We will assume that the Lamé coefficients are such that operator A is coercive,
e.g.λ ,µ > 0. It was shown in [66] that the following existence result and energy
estimate hold for this problem.

Proposition 2. For each fixed∆ t > 0, problem(52) with λ ,µ > 0 has a unique

solution(vn+ 1
2 ,ηn+ 1

2 ) ∈ H2
0(ω)×H2

0(ω). Moreover, the solution of problem(52)
satisfies the following discrete energy equality:
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En+ 1
2 +

1
2

(

ρKh‖vn+ 1
2 −vn‖2 +

h
2
‖ηn+ 1

2 −ηn‖2
γ+

h3

24
‖ηn+ 1

2 −ηn‖2
σ

)

= En,

(53)
where En denotes the kinetic energy of the fluid and structure, and theelastic energy
of the Koiter shell of the n-th approximate solution:

En =
1
2

(

ρ f

∫

Ω
(R+ ηn)2|un|2dxxx+ ρKh‖vn‖2

L2(ω)
+

h
2
‖ηn‖2

γ +
h3

24
‖ηn‖2

σ

)

, (54)

while En+1/2 is defined by:

En+ 1
2 =

1
2

(

ρ f

∫

Ω
(R+ ηn)2|un+ 1

2 |2dxxx+ ρKh‖vn+ 1
2‖2

L2(ω)+
h
2
‖ηn+ 1

2‖2
γ +

h3

24
‖ηn+ 1

2‖2
σ

)

.

(55)

Notice how the three terms in (53) that are not included in theexpressionsEn

andEn+1/2 account for the kinetic and elastic energy due to the motion of the fluid
domain.

3.2.2 Problem F2: The fluid problem

We start by defining the solution space for the fluid velocity on the moving domain
Ωη(t) ([15, 39]):

VF(t) = {u = (uz,ux,uy) ∈ H1(Ωη (t))3 : ∇ ·u = 0,
u×er = 0 onΓ (t), u×ez = 0 onΓin/out},

(56)

and then define the solution space for the fluid velocity defined on the mapped, fixed
domainΩ by the following:

V
η

F = {uη (t, ·) = u(t, ·)◦Aη(t) : u ∈ VF(t)}.

It was shown in [66] thatV η
F is a Hilbert space with the scalar product:

(uη ,vη)
V

η
F

=
∫

Ω
(R+ η)2(uη ·vη + ∇ηuη : ∇η vη)dxxx

=

∫

Ωη (t)
(u ·v+ ∇u : ∇v)dxxx = (u,v)H1(Ωη (t)).

The weak form of a semi-discrete version of Problem F2 reads as follows:
• In this problemη does not change, and so

ηn+1 = ηn+ 1
2 ;

• The function(un+1,vn+1) ∈ V
ηn

F × L2(ω) is defined as a solution of the fluid
sub-problem, written in weak form:
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ρ f

∫

Ω
(R+ ηn)2

(

un+1−un+ 1
2

∆ t
·q+

1
2

[

(un−wn+ 1
2 ) ·∇ηn

]

un+1 ·q

−1
2

[

(un−wn+ 1
2 ) ·∇ηn

]

q ·un+1
)

dxxx+ ρ f

∫

Ω
(R+

ηn + ηn+1

2
)vn+ 1

2 un+1 ·q dxxx

+2µ
∫

Ω
(R+ ηn)2Dηn

(un+1) : Dηn
(q) dxxx+RρKh

∫

ω

vn+1−vn+ 1
2

∆ t
ψdzdθ

= Pn
in

∫

Γin

(qz)|z=0dx dy−Pn
out

∫

Γout

(qz)|z=Ldx dy,

with ∇ηn ·un+1 = 0, un+1
|Γ = vn+1er ,

(57)
for all (q,ψ) ∈ V

ηn

F ×L2(ω) such thatq|Γ = ψer .

HerePn
in/out =

1
∆ t

∫ (n+1)∆ t

n∆ t
Pin/out(t)dt andwn+ 1

2 , which is the domain velocity

defined via the ALE mapping (37), is given by

wn+ 1
2 = vn+ 1

2





0
x
y



 .

It was shown in [66] that the following existence result and energy estimate hold
for this sub-problem:

Proposition 3. Let ∆ t > 0, and assume thatηns are such that R+ ηn ≥ Rmin >
0,n = 0, ...,N. Then, the fluid sub-problem defined by (57) has a unique weaksolu-
tion (un+1,vn+1) ∈ V

ηn

F ×L2(ω). Moreover, the solution of (57) satisfies the follow-
ing energy estimate:

En+1 +
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn+ 1
2‖2

L2(ω)

+Dn+1 ≤ En+ 1
2 +C∆ t((Pn

in)
2 +(Pn

out)
2),

(58)

where Pn
in and Pn

out are the average inlet and outlet dynamic pressure data, given

over the time interval(tn, tn+1): Pin/out = 1
∆ t

∫ (n+1)∆ t
n∆ t Pin/out(t)dt, En is the kinetic

and elastic energy defined in(54), and Dn, the contribution from fluid dissipation is
defined by

Dn+1 = ∆ tµF

∫

Ω
(R+ ηn)2|Dηn

(un+1)|2dxxx, n = 0, . . . ,N−1. (59)

The constant C depends only on the parameters in the problem,and not on∆ t.

By combining these two results we obtain an energy estimate for the semi-
discretized problem in the following way. We begin by bounding the kinetic energy
and the elastic energy at time steptn+1:
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En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn‖2
L2(ω)

+
h
4
‖ηn+1−ηn‖2

γ +
h3

48
‖ηn+1−ηn‖2

σ +Dn+1

≤ En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn+ 1
2‖2

L2(ω)

+
ρKh
2

‖vn+ 1
2 −vn‖2 +

h
4
‖ηn+1−ηn‖2

γ+
h3

48
‖ηn+1−ηn‖2

σ +Dn+1.

We use the fact thatηn+1 = ηn+ 1
2 in the last line to obtain that the above expression

equals:

= En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn+ 1
2‖2

L2(ω)

+
ρKh
2

‖vn+ 1
2 −vn‖2 +

h
4
‖ηn+ 1

2 −ηn‖2
γ+

h3

48
‖ηn+ 1

2 −ηn‖2
σ +Dn+1.

From the energy inequality (58) we can estimate the first linein the above expression
by

En+ 1
2 +

ρKh
2

‖vn+ 1
2 −vn‖2 +

h
4
‖ηn+ 1

2 −ηn‖2
γ+

h3

48
‖ηn+ 1

2 −ηn‖2
σ

+C∆ t((Pn
in)

2 +(Pn
out)

2),

and by the energy equality (53), the above expression is equal to

= En +C∆ t((Pn
in)

2 +(Pn
out)

2). (60)

Therefore, we have just shown that the split, semi-discretized problem satisfies the
following energy estimate:

En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn‖2
L2(ω)

+
h
4
‖ηn+1−ηn‖2

γ +
h3

48
‖ηn+1−ηn‖2

σ +Dn+1

≤ En +C∆ t((Pn
in)

2 +(Pn
out)

2).

(61)

By using this estimate to further bound the right hand-side from the time level
n all the way down to 0, and by recalling thatPn

in andPn
out are the average inlet and

outlet data over the time interval(n∆ t,(n+1)∆ t), one obtains
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En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn‖2
L2(ω)

+
h
4
‖ηn+1−ηn‖2

γ +
h3

48
‖ηn+1−ηn‖2

σ +Dn+1

≤ E0 +C

{

∆ t
N−1

∑
n=0

(
1

∆ t

∫ (n+1)∆ t

n∆ t
Pin(t)dt

)2

+ ∆ t
N−1

∑
n=0

(
1

∆ t

∫ (n+1)∆ t

n∆ t
Pin(t)dt

)2
}

≤ E0 +C‖Pin‖2
L2(0,T)

+‖Pout‖2
L2(0,T)

.

(62)
We have just shown an energy estimate associated with the unconditional stabil-

ity of the splitting scheme for the semi-discretized nonlinear FSI problem. Namely,
the following theorem holds:

Theorem 1.Under the assumption that the diameter of the fluid domainΩη (t) is
greater than zero, the solutions of the semi-discrete splitting algorithm summarized
in the block diagram of Figure 2 satisfy the following energyestimate:

En+1+
ρ f

2

∫

Ω
(R+ ηn)2|un+1−un|2dxxx+

ρKh
2

‖vn+1−vn‖2
L2(ω)

+
h
4
‖ηn+1−ηn‖2

γ +
h3

48
‖ηn+1−ηn‖2

σ +Dn+1

≤ E0 +C‖Pin‖2
L2(0,T)

+‖Pout‖2
L2(0,T)

,

(63)

where the constant C> 0 depends only on the parameters of the problem , E0 is
the kinetic and elastic energy of the initial data, and En+1 denotes the kinetic and
elastic energy of the semi-discretized solution at tn+1 = (n+1)∆ t, defined by(54).

Combined with the compactness arguments in [66], which showthat the approx-
imating sequence of the Lie splitting scheme converges strongly to a weak solution
of the nonlinear FSI, the energy estimate (63) provides unconditional stability of the
splitting scheme studied in this chapter.

4 The Numerical Implementation of the Scheme

In this section we present the details of the numerical scheme. As mentioned in
Section 2 (Remark on the inlet and outlet data), in this section we use the normal
stress inlet and outlet data (18), (19), to drive the problem.

4.1 The Structure Sub-Problem

The structure problem is discretized using the Backward Euler scheme, giving rise
to the weak formulation of the structure sub-problem which is similar to the one
presented in (52), except that (52) is presented forβ = 0 for which unconditional
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stability is proved, and here we present this scheme for a generalβ ∈ [0,1]. More
precisely, the structure sub-problem reads:
• In this sub-problem the fluid velocity inΩ(tn) does not change, and so

un+ 1
2 = un.

• Using the notation introduced in (8), the weak formulation for the cylindri-
cal Koiter shell can be written as: Find(vn+ 1

2 ,ηn+ 1
2 ) ∈ L2(ω)×H2

0(ω) such that
∀(φ ,ψ) ∈ L2(ω)×H2

0(ω):

∫

ω

ηn+ 1
2 −ηn

∆ t
φRdzdθ =

∫

ω
vn+ 1

2 φRdzdθ ,

ρKh
∫

ω

vn+ 1
2 −vn

∆ t
ψRdzdθ +

∫

ω
L ηn+ 1

2 ψRdrdz=
∫

ω
β p̃nJnψRdzdθ , (64)

with vn = un|Γ n,

whereω is the reference domain for the structure,L is defined in (8), andJn is the
Jacobian of the transformation from Eulerian to Lagrangiancoordinates. Here, by
p̃n we denoted the trace of the fluid pressure, calculated at timetn, defined on the
reference configurationω via the ALE mappingAn : Ω → Ωηn(tn) as follows:

p̃n = pn◦An. (65)

In the numerical implementation of the scheme, however, to avoid calculating the
JacobianJn, the integral on the right hand-side can be calculated alongthe current
configuration of the structureΓ n = Γ (tn), so that

∫

ω
β p̃nJnψRdzdθ =

∫

Γ n
β pnψdSn, (66)

wheredSn is the surface element ofΓ n, and the functionsp and p̃, are related
through the ALE mappingAn via (65). The same holds for the test functions: the
ψ on the left hand side is defined onω , while the test functionψ on the right hand-
side is defined onΓ n.

In the case when the Koiter shell equations are reduced to themembrane equa-
tion, all the terms multiplyingh3/24 are considered negligible, and the only term
that survives is the non-differentiated termCη , so that the weak formulation reads:
Find (ηn+ 1

2 ,vn+ 1
2 ) ∈ L2(ω)×L2(ω) such that∀(φ ,ψ) ∈ L2(ω)×L2(ω):

∫

ω

ηn+ 1
2 −ηn

∆ t
φRdrdz=

∫

ω
vn+ 1

2 φRdrdz,

ρKh
∫

ω

vn+ 1
2 −vn

∆ t
ψRdrdz+

∫

ω
Cηn+ 1

2 ψRdrdz=
∫

ω
β p̃nJnψRdrdz, (67)

with vn = un|Γ n.
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whereω is the reference domain for the structure, andu|Γ n is the trace of the fluid
velocity on the fluid-structure interface calculated in theprevious time-step. For the
cylindrical Koiter membrane, the coefficientC is given by

C =
hE

R2(1−σ2)
.

For a smooth enough domain which isnot necessarily cylindrical, the weak form
in Cartesian coordinates reads: Find(ηn+ 1

2 ,vn+ 1
2 ) ∈ L2(Γ )×L2(Γ )

∫

Γ

ηn+ 1
2 −ηn

∆ t
φdS=

∫

Γ
vn+ 1

2 φdS, ∀φ ∈ L2
0(Γ ),

ρKh
∫

Γ

vn+ 1
2 −vn

∆ t
dS+

∫

Γ
Cηn+ 1

2 ψdS=

∫

Γ
β p̃nJnψdS, ∀ψ ∈ L2

0(Γ ), (68)

with vn = un|Γ n,

whereΓ is the reference configuration of the structure in Cartesiancoordinates, and
u|Γ n is the trace of the fluid velocity on the fluid-structure interface calculated in the
previous time-step. The coefficientC is given by (see [69, 19]):

C :=
hE

1−σ2(4κ2
1 −2(1−σ)κ2), (69)

with κ1 andκ2 being the mean and Gaussian curvature, respectively. Function η
here is the normal component of displacement written in Cartesian coordinates. As
before, to avoid calculating the JacobianJn, the right hand-side of equation (68) can
be calculated by converting everything to the current domain so that

∫

Γ
β p̃nJnψdS=

∫

Γ n
β pnψdSn. (70)

In the examples that follow, we will be using the membrane models, first in cylin-
drical coordinates, and then in Cartesian coordinates for astenotic geometry which
is not axially symmetric.

Since the structure displacement does not change in the fluidsub-problem, we
define:

ηn+1 = ηn+ 1
2 .

4.2 Calculation of the ALE Mapping and ALE Velocity wn+1

Using the just-calculated new position of the thin structure we calculate the ALE
mappingAn+1 associated with the new structure position as a harmonic extension
of the boundary to the entire fluid domain:
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∇2An+1 = 0 in Ω,

An+1|Γ = ηn+1,

An+1|∂Ω f \Γ = 0.

Using this ALE mapping we calculate the new ALE velocityw via

wn+1 =
∂An+1

∂ t
=

∂xxx
∂ t

≈ xxxn+1−xxxn

∆ t
,

which remains unchanged in the fluid sub-problem, below.

4.3 The Fluid Sub-Problem

We discretize the fluid problem using the Backward Euler scheme, giving rise to the
following weak formulation: Find(un+1, pn+1) ∈V f (tn)×Q(tn) andvn+1 ∈ L2(Γ )
such that for all(ϕϕϕ ,q) ∈ V f (tn)×Q(tn) and ψ ∈ L2(Γ ) satisfyingϕϕϕ |Γ n = [ϕϕϕ ◦
(An)−1]|Γ = ψnnnf , the following holds:

ρ f

∫

Ω f (tn)

un+1−un+ 1
2

∆ t
·ϕϕϕdxxx+ ρ f

∫

Ω f (tn)
((un+ 1

2 −wn+1) ·∇)un+1 ·ϕϕϕdxxx

+2µ f

∫

Ω f (tn)
DDD(un+1) : DDD(ϕϕϕ)dxxx−

∫

Ω f (tn)
pn+1∇ ·ϕϕϕdxxx+

∫

Ω f (tn)
q∇ ·un+1dxxx

+ρshs

∫

Γ

vn+1−vn+ 1
2

∆ t
·ψdS= −

∫

Γ
Jnβ p̃nψdS

+
∫

Γin

pin(t
n+1)ϕϕϕ|z=0 ·nnnf dx dy−

∫

Γout

pout(t
n+1)ϕϕϕ |z=L ·nnnf dx dy. (71)

Here, again, we can use (70) to simplify the calculation of the pressure integral
overΓ in terms of the integral overΓ n without the JacobianJn:

∫

Γ
β p̃nJnψdS=

∫

Γ n
β pnψdSn.

We employed FreeFem++ [45, 46] to solve this problem in 3D, using a finite el-
ement approach. Finite dimensional spaces of globally continuous piecewise affine
functions (P1) were used for the space approximation of the structure sub-problem
(written in terms of velocity). Concerning the space approximation of the fluid sub-
problems (the fluid advection and a quasi-Stokes problem), we proceeded as fol-
lows:

(i) Let us denote byTh the finite element mesh used to approximate the fluid sub-
problem (since we are in 3D,Th consists of tetrahedra).

(ii) We divided each element ofTh into four tetrahedra by joining its center of mass
to each of its four vertices, the resulting mesh being denoted byTh/4.
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(iii) To approximate the pressure (resp. the velocity) we used globally continuous
functions, piecewise affine over the elements ofTh (resp.,Th/4).

The resulting approximation of the Stokes problem is known as theP1 + bubble/P1,
and does not require stabilization (a detailed discussion of the P1 + bubble/P1 ap-
proximation, for 2D incompressible viscous flow, can be found in e.g., [37]; see also
the references therein). For our simulations, the number ofelements ofTh was of
the order of 8,000.

However, for the first example presented below, which is a 2D benchmark prob-
lem, we used our custom-made code. For this 2D problem,P1 elements based
approximations were used for the structure sub-problem, while the Bercovier-
Pironneau method (also known, as mentioned before, asP1-iso-P2/P1) was used
to approximate the fluid sub-problem; again, no stabilization is needed with this
approach where each triangle of the pressure meshTh is divided into four sub-
triangles (by joining the edge mid-points) to define the twice finer meshTh/2 used
to approximate the velocity (see Chapter 5 of [37] for more details).

5 Numerical Examples

We begin by presenting a benchmark problem in hemodynamics.Our solver will be
validated on this benchmark problem against a monolithic scheme, and the classical
kinematically-coupled scheme (β = 0). We show that the accuracy of our operator
splitting scheme withβ = 1 is comparable to the accuracy of the monolithic scheme,
and has higher accuracy than the classical kinematically-coupled scheme (β = 0).
This benchmark problem is in 2D. The remaining examples presented here will be
in 3D.

5.1 Example 1: A 2D benchmark problem.

We consider a classical test problem proposed by Formaggia et al. in [35]. This
problem has been used in several works as a benchmark problemfor testing the
results of fluid-structure interaction algorithms in hemodynamics [6, 68, 5, 72, 44,
9]. The structure model for this benchmark problem is of the form

ρsh
∂ 2ηr

∂ t2 −kGh
∂ 2ηr

∂z2 +
Eh

1−σ2

ηr

R2 − γ
∂ 3ηr

∂z2∂ t
= f , (72)

with absorbing boundary conditions at the inlet and outlet boundaries:
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∂ηr

∂ t
−
√

kG
ρs

∂ηr

∂z
= 0 atz= 0 (73)

∂ηr

∂ t
+

√

kG
ρs

∂ηr

∂z
= 0 atz= L. (74)

HereG = E
2(1+σ) is theshear modulusandk is theTimoshenko shear correction

factor. The flow is driven by the time-dependent pressure data:

pin(t) =

{ pmax
2

[
1−cos

(
2πt
tmax

)]
if t ≤ tmax

0 if t > tmax
, pout(t) = 0∀t ∈ (0,T), (75)

wherepmax = 2× 104 (dynes/cm2) andtmax = 0.005 (s). The values of all the pa-
rameters in this model are given in Table 1. The problem was solved over the time
interval [0,0.012] s, which is the time it takes the inlet pressure wave to reach the
end of the tube.

Parameters Values Parameters Values

RadiusR (cm) 0.5 Length L (cm) 6
Fluid density ρ f (g/cm3) 1 Dyn. viscosityµ (poise) 0.035
Wall density ρs(g/cm3) 1.1 Wall thickness hs (cm) 0.1
Young’s mod.E(dynes/cm2) 0.75×106 Poisson’s ratioσ 0.5
Shear mod.G(dynes/cm2) 0.25×106 Viscoelasticityγ (poise cm) 0.01
Timoshenko factor k 1

Table 1 Geometry, fluid and structure parameters for Example 5.1.

Propagation of the corresponding pressure pulse in 2D is shown in Figure 6.
The numerical results obtained using the kinematically-coupledβ scheme with

β = 1 were compared with the numerical results obtained using the classical kine-
matically coupled scheme (i.e.,β = 0) proposed in [44], and the monolithic scheme
proposed in [72]. Figures 3, 4 and 5 show the comparison between tube diameter,
flow rate and mean pressure, respectively, at six different times.

These results were obtained with the same mesh as the one usedfor a monolithic
scheme in [72], containing 31×11 P1 fluid velocity vertices. More preciesely, we
used an iso-parametric version (thoroughly discussed in [37] Chapter 5; see also
[38]) of the Bercovier-Pironneau element spaces, also known asP1-iso-P2/P1 ap-
proximation of the Stokes problem in which a coarse mesh (mesh sizehp) is used to
approximate the pressure, and a twice finer mesh (mesh sizehv = hp/2) is used for
the velocity.

The time step used was△t = 10−4 which is the same as the time step used
for the monolithic scheme, while the time step used for the kinematically coupled
scheme in [44] was△t = 5×10−5. It is well-known that splitting schemes require
smaller time step due to the splitting error. However, the splitting studied in this
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Fig. 3 Example 1: Diameter of the tube computed with the kinematically coupled scheme (β = 0)
with time step△t = 5×10−5 (dash-dot line), implicit scheme used by Quaini in [72] withthe time
step△t = 10−4 (dashed line), and the kinematically-coupledβ -scheme (β = 1) with the time step
△t = 10−4 (solid line).
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Fig. 4 Example 1: Flow rate computed with the kinematically coupled scheme (β = 0) with time
step△t = 5×10−5 (dash-dot line), the implicit scheme used by Quaini in [72] with the time step
△t = 10−4 (dashed line), and our kinematically-coupledβ -scheme (β = 1) with the time step
△t = 10−4 (solid line).
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Fig. 5 Example 1: Mean pressure computed with the kinematically coupled scheme with time
step△t = 5× 10−5 (dash-dot line), implicit scheme used by Quaini in [72] withthe time step
△t = 10−4 (dashed line) and our scheme with the time step△t = 10−4 (solid line).
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Fig. 6 Example 1: Propagation of the pressure wave.

chapter allows us to use the same time step as in the monolithic method, obtaining
comparable accuracy, as it will be shown next. This is exciting since we obtain the
same accuracy while retaining the main benefits of the partitioned schemes, such as
modularity, implementation simplicity, and low computational cost.

Figure 7 shows a comparison between the time convergence of the kinematically-
coupledβ -scheme (withβ = 1), the classical kinematically coupled scheme (i.e.,
β = 0), and the monolithic scheme used in [72]. The reference solution was defined
to be the one obtained with△t = 10−6. We calculated the absoluteL2 error for the
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Fig. 7 Example 1: Log-log plot of errors for the three schemes. Left: Error for fluid velocity at
t=10 ms. Middle: Error for fluid pressure at t=10 ms. Right: Error for displacement at t=10 ms.

△t ||p− pre f ||L2 L2 order ||uuu−uuure f ||L2 L2 order ||ηηη −ηηη re f ||L2 L2 order

10−4 4.01e+03 - 5.97 - 0.003 -
(5.65e+04) - (136.32) - (0.0446) -

5×10−5 1.57e+03 1.35 4.05 0.56 0.0014 1.1
(3.36e+04) (0.75) (77.91) (0.80) (0.0264) (0.75)

10−5 296.36 1.04 1.0 0.87 3.17e−04 0.92
(7.27e+03) (0.95) (16.27) (0.97) (0.00576) (0.95)

5×10−6 134.33 1.14 0.46 1.12 1.45e−04 1.13
(3.3e+03) (1.14) (7.36) (1.14) (0.0026) (1.14)

Table 2 Example 1: Convergence in time calculated att = 10 ms. The numbers in the parenthesis
show the convergence rate for the kinematically coupled scheme (β = 0) presented in [44].

velocity, pressure and displacement between the referencesolution and the solutions
obtained using△t = 5×10−6,10−5, 5×10−5 and 10−4. Figure 7 shows first-order
in time convergence for the velocity, pressure, and displacement obtained by the
kinematically coupled scheme, monolithic scheme, and our scheme. Notice how the
error of our method is comparable to the error obtained by themonolithic scheme
on this 2D benchmark problem.
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5.2 Example 2: A 3D Straight Tube Test Case

Here we study the flow in a straight, compliant 3D tube, whose elastodynamics is
modeled by the cylindrical membrane shell equation (16). Notice that, in relation
to the previous example, since the reference configuration is a straight cylinder, this
model can be written as

ρsh
∂ 2η
∂ t2 −Gh

∂ 2η
∂z2 +

Eh
1−σ2

η
R2 = f , (76)

whereG = E
2(1+σ)

is the shear modulus, as in the previous example, andη denotes
the radial component of displacement. We impose the zero-displacement boundary
conditionsη = 0 at the “inlet” and “outlet” boundary of the cylinder.

The flow is driven by the time-dependent pressure (normal stress) data:

pin(t) =

{ pmax
2

[
1−cos

(
2πt
tmax

)]
if t ≤ tmax

0 if t > tmax
, pout(t) = 0∀t ∈ (0,T), (77)

wherepmax= 1.3333×104 (dyne/cm2) andtmax= 0.003 (s). The values of all the
parameters in this model are given in Table 3.

Fluid Parameters Values

Tube length L(cm) 5
Tube radius R(cm) 0.5
Fluid density ρ(g/cm3) 1
Fluid viscosity µ(poise) 0.035

Structure Parameters Values

Thicknessh(cm) 0.1
Density ρ(g/cm3) 1.1
Youngs modulusE(dyns/cm2) 106

Poisson ratioσ 0.5

Table 3 Example 1: The structure parameters for Example 1.

The value of the time step is∆ t = 10−4, and the finite element approximation
contains 8571 degrees of freedom.

In contrast with the previous example, the cylindrical membrane model does not
contain the bending rigidity term(s), described by the second-order spatial deriva-
tive term in (72), which is associated with wave propagationphenomena, making
equation (72) of hyperbolic type (assumingγ = 0). As a result, the pressure wave
and displacement look slightly different in this example when compared with the
previous example, as shown in Figures 8 – 11.

In particular, Fig. 8 shows the 3D tube with the corresponding pressure wave
propagation at four different times within the time interval from t = 0 until t =
14 milliseconds, which is the time it takes the pressure waveto reach the outlet
boundary. The corresponding values of the pressure along the symmetry axis of the
tube are shown in Fig. 9.

Similarly, Fig. 10 shows the magnitude of displacement along the 3D tube, at
the same four time snap-shots as used in Figs. 8 and 9. The corresponding values
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of the displacement along the symmetry axis of the tube are shown in Fig. 11. One
can see how the energy dissipates very quickly in this case, and the amplitude of
displacement decreases along the tube. The results in Figures 8 – 11 are very similar
to the results reported in [69], where a pressure wave propagation was shown in a
semicircular tube, modeled by the membrane model (14), (15).

(a) t = 2 ms (b) t = 6 ms

(c) t= 10 ms (d) t = 14 ms

Fig. 8 Example 2: Pressure wave propagation in a 3D cylindrical tube, modeled by the cylindrical
membrane equation (72).

We studied the time-convergence of the scheme solving this 3D problem by re-
fining the time step from∆ t = 10−4,5× 10−5,10−5, with the reference solution
corresponding to the one obtained with∆ t = 5×10−6. Figure 12 shows the log-log
plot of the error for the fluid velocity versus the time step. Atable with the cor-
responding numbers, showing an “almost” second order convergence, is given in
Table 5.2.

△t ||uuu−uuure f ||L2 Conv. Order

10−4 0.71614 –
5×10−5 0.201347 1.83

10−5 0.0122303 1.74

Table 4 Example 2: A table showing an “almost” second order convergence.
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(a) t = 2 ms (b) t = 6 ms

(c) t= 10 ms (d) t = 14 ms

Fig. 9 Example 2: Pressure along the axis of symmetry of the tube corresponding to Fig. 8.

(a) t = 2 ms (b) t = 6 ms

(c) t= 10 ms (d) t = 14 ms

Fig. 10 Example 2: Displacement of the 3D cylindrical elastic tube from Figure 8.
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(a) t = 2 ms (b) t = 6 ms

(c) t=10 ms (d) t = 14 ms

Fig. 11 Example 2: Displacement along the tube axis corresponding to Fig. 10.
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Fig. 12 Example 2: The time-convergence test showing the accuracy of order larger than 1. The
dashed line in the figure shows the slope corresponding to 1st-order accuracy.

5.3 Example 3: A 3D Curved Cylinder

Here we consider the structure model (16) withC given by (15), whereη denotes
the normal component of displacement. For completeness, westate the model here:
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ρKh
∂ 2η
∂ t2 − Eh

2(1+ σ)

∂ 2η
∂z2 +

hE
1−σ2(4κ2

1 −2(1−σ)κ2)η = f , (78)

whereκ1 andκ2 are the mean and Gaussian curvature, respectively. The reference
domain is now a semicircular tube, approximating an idealized geometry of the
ascending/descending aorta.

(a) t = 2 ms (b) t = 4 ms (c) t = 7 ms

Fig. 13 Example 3: Pressure wave propagation along the axis of symmetry of the curved tube.

(a) t = 2 ms (b) t = 4 ms (c) t = 7 ms

Fig. 14 Example 3: Displacement of the curved tube.

The diameter of the cylinder is constant and equal toR= 0.5cm, while the two
principal curvatures are given by 4cos(θ )/(2+ cos(θ )) for θ ∈ [0,2π) (Gaussian
curvature), and 2(1+ cos(θ ))/(2+ cos(θ )),θ ∈ [0,2π) (mean curvature) for the
portion of the domain that corresponds to a torus [50]. The other parameters are
the same as in the above example, and are given in Table 3. Figures 13 and 14
show the pressure and displacement in the curved cylinder. They are very similar to
the results obtained by Nobile and Vergara in [69] using the membrane model as a
Robin boundary condition in the fluid problem.

5.4 Example 4: Stenosis

In this example we consider a stenotic geometry which is not axially symmetric.
Fig. 15 shows two views of the geometry: the axial view and thecross-sectional
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view, cut by plane A, shown inFig. 15. The corresponding computational mesh is
also shown in this figure. The cross-section in Figure 15 (b) shows around 50%
stenosis of the vessel lumen.

(a) Axial view of stenotic domain. (b) Cross-section A.

Fig. 15 Example 4: Stenotic geometry and computational mesh: longitudinal view (left) and cross-
sectional view (right) obtained from the figure on the left bycutting the mesh geometry by the plane
denoted in the figure on the left by A, and looking at the mesh from the center of the longitudinal
axis, shown by the arrow in the figure on the left.

The structure elastodynamics is modeled by equation (79), where the coefficients
now depend on the spatial variablex, since the radius and curvature of the reference
configuration are not constant:

ρKh
∂ 2η
∂ t2 − Eh

2(1+ σ)

∂ 2η
∂z2 +

hE
1−σ2(4κ1(xxx)

2−2(1−σ)κ2(xxx))η = f , (79)

Thus, the structure model and the coupling conditions have to be modified ac-
cordingly, as studied in [75]. The remaining values of the fluid and structure param-
eters are the same as in the previous example, and are shown inTable 3. The time
step for the simulation is∆ t = 10−4.

Figs. 16, 17, 18, and 19 show the numerical solution for the velocity, pressure,
and displacement, at different times. In particular, Fig. 16 shows 2D velocity snap
shots taken at 4 different times. The 2D velocity snap shots are taken at the cross-
section of the 3D domain by the plane denoted by B in Fig. 15. Fig. 17 shows the
velocity at the throat, taken att = 7 ms when the velocity reaches its maximum
at the throat. The 2D velocity cross-section is taken in the plane denoted by A in
Fig. 15. Fig. 16 shows the beginning rush of fluid into the tube(t = 4 ms), the
acceleration of the fluid at the proximal throat location (t = 7 ms), the high velocity
region at the distal location of the stenotic throat (t = 10 ms), and the velocity ahead
of the pressure wave exiting the tube (t = 13 ms). The corresponding pressure wave
propagation is shown in Fig. 18.
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(a) t = 4 ms (b) t = 7 ms

(c) t = 10 ms (d) t = 13 ms

Fig. 16 A 2D cut of the 3D velocity through an asymmetric compliant stenotic region at four
different times. The 2D cut plane is denoted in Fig. 15 by B. The corresponding pressure plots are
shown in Fig. 18.

Fig. 17 A 2D cut of the 3D velocity at the stenotic throat att = 7 ms. The 2D cut plane is denoted
in Fig. 15 by A.

Finally, Fig. 19 shows the displacement of the structure at four different times.
Notice how due to the high pressure in the proximal region to stenosis, the highest
displacement can be observed exactly in that region. Withinthe stenotic region, the
smallest displacement is observed at the most narrow part ofthe channel in the
stenotic throat (visible at the bottom part of the stenotic throat in Fig. 19), where
the velocity is highest. Notice also that the overall displacement at the distal site to
stenosis if much smaller compared to that at the proximal region. The high pressure
and high displacement in the region proximal to stenosis is an important piece of
information from the clinical point of view. Namely, it has been reported in the
medical literature (see, e.g., [24]) that the region most prone to the vulnerable plaque
rupture is exactly the region proximal to the most stenotic region in a coronary
artery.
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(a) t = 4 ms (b) t = 7 ms

(c) t = 10 ms (d) t = 13 ms

Fig. 18 Pressure in the asymmetric compliant stenotic region from Fig. 15, shown at four different
times. The flow is from left to right.

(a) t = 4 ms (b) t = 7 ms

(c) t = 10 ms (d) t = 13 ms

Fig. 19 Displacement in the asymmetric compliant stenotic region from Fig. 15, shown at four
different times. The flow is from left to right.

6 Conclusions

In this chapter we presented a review of the kinematically-coupedβ -scheme as it
applies to 3D fluid-structure interaction (FSI) problems between an incompressible,
viscous, Newtonian fluid, and a thin, elastic structure modeled by the Koiter shell or
membrane equations. This class of problems arises in computational hemodynam-
ics modeling blood flow in compliant arteries. The proposed scheme is a loosely
coupled partitioned scheme, which is based on the Lie operator splitting approach
(or Marchuk-Yanenko scheme). Using this operator splitting approach, the multi-
physics FSI problem is partitioned into a fluid and a structure sub-problem, which
communicate in a way that makes the underlying partitioned scheme uncondition-
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ally stable, without the need for sub-iterations between the two sub-problems at each
time step. Using energy estimates, it was shown that the kinematically-coupledβ -
scheme is unconditionally stable, for all the parameters inthe problem, even in the
critical case of comparable fluid and structure densities. Several numerical exam-
ples were presented, including a 2D benchmark problem by Formaggia et al. [35],
a pressure wave driven flow in a 3D straight tube, a pressure-driven flow in a 3D
curved tube, and a problem describing a complex, stenotic geometry in 3D. Using
numerical simulations it was shown that the kinematically-coupledβ -scheme with
β = 1 is at least first-order accurate in time. Modularity, low computational cost,
and implementation simplicity make this scheme particularly appealing for the use
in biofluidic FSI problems. Future developments include extensions of this scheme
to study FSI with heart valves, FSI involving endovascular stents, and FSI involving
composite structures.
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DMS-0914788 (Glowinski).

References

1. M. Astorino, F. Chouly, and M.A. Fernández. An added-mass free semi-implicit coupling
scheme for fluid-structure interaction.Comptes Rendus Mathématique, 347(1-2):99–104,
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