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We study a 3D fluid-structure interaction (FSI) problem between
an incompressible, viscous fluid modeled by the Navier-Stokes equa-
tions, and the motion of an elastic structure, modeled by the lin-
early elastic cylindrical Koiter shell equations, allowing structure
displacements that are not necessarily radially symmetric. The prob-
lem is set on a cylindrical domain in 3D, and is driven by the
time-dependent inlet and outlet dynamic pressure data. The cou-
pling between the fluid and the structure is fully nonlinear (2-way
coupling), giving rise to a nonlinear, moving-boundary problem
in 3D. We prove the existence of a weak solution to this 3D FSI
problem by using an operator splitting approach in combination
with the Arbitrary Lagrangian Eulerian mapping, which satisfies
a geometric conservation law property. We effectively prove that
the resulting computational scheme converges to a weak solution
of the full, nonlinear 3D FSI problem.
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1. Introduction

This manuscript was motivated by a conversation with Marshall Slemrod.
Marshall suggested to study a fluid-structure interaction problem between
an incompressible, viscous fluid and an elastic structure, motivated by ap-
plications in blood flow and cardiovascular disease, in which the cylindrical
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Figure 1: Domain sketch and notation.

fluid domain is not necessarily radially symmetric, since cardiovascular dis-
eases do not typically respect the mathematical property of axial symme-
try. The present manuscript is a step in this direction. We study a full 3D
fluid-structure interaction (FSI) problem between an incompressible, viscous
fluid modeled by the Navier-Stokes equations, and the motion of an elastic
structure, modeled by the linearly elastic cylindrical Koiter shell equations,
allowing structure displacements that are not necessarily radially symmet-
ric. The problem is set on a cylindrical domain in 3D, and is driven by
the time-dependent inlet and outlet dynamic pressure data. See Figure 1.
The coupling between the fluid and the structure is fully nonlinear (2-way
coupling), giving rise to a nonlinear, moving-boundary problem in 3D. This
model problem is a good approximation of blood flow in elastic human ar-
teries. We prove the existence of a weak solution to this 3D FSI problem
by using nontrivial extensions of the ideas based on an operator splitting
approach that has been implemented in computational solvers applied to 2D
radially symmetric cases (see e.g., [30, 7, 43, 6, 31, 40]).

This is an extension of our earlier results in which the existence of a
weak solution to a 2D problem respecting radial symmetry was proved [43].
The novelties of the present work include dealing with a Koiter shell model
in which the shell displacement depends on both the axial, as well as the
azimuthal variable, dealing with the lower regularity of the fluid-structure
interface which is not necessarily Lipschitz, making sense of the trace of the
fluid velocity at the fluid-structure interface, and using appropriate compact-
ness arguments in 3D that provide the existence of a weak solution. Another
difference with the 2D radially symmetric case is in the construction of the
appropriate Arbitrary Lagrangian Eulerian (ALE) mapping to deal with the
motion of the fluid domain. An ALE mapping had to be constructed to sat-
isfy the so called geometric conservation law property, see [24], which in our
case guarantees that the energy of the semi-discretized, partitioned problem,
mimics the energy of the fully coupled continuous problem. This was crucial
for the proof of the existence of a weak solution.

The results of this manuscript effectively show that the partitioned nu-
merical scheme based on the operator splitting approach presented in this
paper, converges to a weak solution of the full, 3D nonlinear FSI problem.
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1.1. Background

Fluid-structure interaction problems arise in many applications. The widely
known examples are aeroelasticity and biofluids. In aeroelasticity, where the
structure (wing of an airplane) is much heavier than the fluid (air), it is
sometimes of interest to study small vibrations of the structure in which
case linear coupling between the fluid and the structure may be sufficient
to capture the main features of the solutions. In that case the fluid domain
can be considered fixed, and the structure displacement is calculated based
on the normal stress exerted by the fluid onto the structure. The fluid af-
fects the motion of the structure, but the structure does not significantly
affect the motion of the fluid and so it can be neglected (one-way coupling).
In biofluidic applications, such as the interaction between blood flow and
cardiovascular tissue where the density of the structure (cardiovascular tis-
sue) is roughly equal to the density of the fluid (blood), the coupling between
the fluid and the relatively light structure is highly nonlinear. Both the fluid
and the structure are strongly affected by the fluid-structure interaction,
and a full coupling based on the contact forces exerted by both the fluid and
the structure must be taken into account (two-way coupling). It has recently
been shown that the classical “partitioned” time-marching numerical algo-
rithms, which are based on subsequent solutions of the fluid and structure
sub-problems, are unconditionally unstable in the blood flow application
[8]. The exchange of energy between a moving fluid and a structure is so
significant, that a mismatch between the energy of the discretized problem
and the energy of the continuous problem causes instabilities in classical
“loosely coupled” partitioned schemes. The difficulties associated with the
significant energy exchange and the high geometric nonlinearity of the fluid-
structure interface are reflected not only in the design of numerical schemes,
but also in the theoretical studies of existence and stability of solutions to
this class of problems. A comprehensive study of these problems remains to
be a challenge due to their strong nonlinearity and multi-physics nature.

1.2. A brief literature review

Fluid-structure interaction problems have been extensively studied for the
past 20 years by many authors. The field has evolved from first studying FSI
between an incompressible, viscous fluid and a rigid structure immersed in
a fluid, to considering compliant (elastic/viscoelastic) structures interacting
with a fluid. Concerning compliant structures, the coupling between the
structure and the fluid was first assumed to take place along a fixed fluid
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domain boundary (linear coupling). This was then extended to FSI problems
in which the coupling was evaluated at a deformed fluid-structure interface,
giving rise to an additional nonlinearity in the problem (nonlinear coupling).

Well-posedness results in which the structure was assumed to be a rigid
body immersed in a fluid, or described by a finite number of modal func-
tions, were studied in [5, 16, 19, 20, 21, 25, 26, 46]. FSI problems coupling
the Navier-Stokes equations with linear elasticity where the coupling was
calculated at a fixed fluid domain boundary, were considered in [23], and
in [2, 3, 35] where an additional nonlinear coupling term was added at the
interface. A study of well-posedness for FSI problems between an incom-
pressible, viscous fluid and an elastic/viscoelastic structure with nonlinear
coupling evaluated at a moving interface started with the result by daVeiga
[4], where existence of a strong solution was obtained locally in time for an
interaction between a 2D fluid and a 1D viscoelastic string, assuming peri-
odic boundary conditions. This result was extended by Lequeurre in [38, 39,
where the existence of a unique, local in time, strong solution for any data,
and the existence of a global strong solution for small data, was proved in
the case when the structure was modeled as a clamped viscoelastic beam.
D. Coutand and S. Shkoller proved existence, locally in time, of a unique,
regular solution for an interaction between a viscous, incompressible fluid in
3D and a 3D structure, immersed in the fluid, where the structure was mod-
eled by the equations of linear [17], or quasi-linear [18] elasticity. In the case
when the structure (solid) is modeled by a linear wave equation, I. Kukavica
and A. Tufahha proved the existence, locally in time, of a strong solution,
assuming lower regularity for the initial data [33]. A similar result for com-
pressible flows can be found in [34]. A fluid-structure interaction between
a viscous, incompressible fluid in 3D, and 2D elastic shells was considered
in [11, 10] where existence, locally in time, of a unique regular solution was
proved. All the above mentioned existence results for strong solutions are lo-
cal in time. We also mention that the works of Shkoller et al., and Kukavica
at al. were obtained in the context of Lagrangian coordinates, which were
used for both the structure and fluid problems.

In the context of weak solutions, the following results have been ob-
tained. Continuous dependence of weak solutions on initial data for a fluid
structure interaction problem with a free boundary type coupling condition
was studied in [29]. Existence of a weak solution for a FSI problem between a
3D incompressible, viscous fluid and a 2D viscoelastic plate was considered
by Chambolle et al. in [9], while Grandmont improved this result in [28] to
hold for a 2D elastic plate. These results were extended to a more general
geometry in [37], and then to the case of generalized Newtonian fluids in
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[36], and to a non-Newtonian shear dependent fluid in [40]. In these works
existence of a weak solution was proved for as long as the elastic boundary
does not touch “the bottom” (rigid) portion of the fluid domain boundary.

Muha and Canié recently proved the existence of weak solutions to a class
of FSI problems modeling the flow of an incompressible, viscous, Newtonian
fluid flowing through a 2D cylinder whose lateral wall was modeled by either
the linearly viscoelastic, or by the linearly elastic Koiter shell equations [43],
assuming nonlinear coupling at the deformed fluid-structure interface. The
fluid flow boundary conditions were not periodic, but rather, the flow was
driven by the dynamic pressure drop data. The methodology of proof in
[43] was based on a semi-discrete, operator splitting Lie scheme, which was
used in [30] to design a stable, loosely coupled partitioned numerical scheme,
called the kinematically coupled scheme (see also [7]). Ideas based on the
Lie operator splitting scheme were also used by Temam in [49] to prove the
existence of a solution to the nonlinear Carleman equation. These results
were recently extended by Muha and Canié¢ to a FSI problem with two
structural layers [42]. This was a first step toward modeling the FSI between
blood flow and arterial walls which are known to be composed of three main
layers, separated by thin elastic laminae, each with different mechanical
characteristics. In both works, however, a 2D radially symmetric problem
was studied, in which the forcing and the displacement of the structure was
assumed to be radially symmetric.

In the present manuscript we extend those results to 3D, and we allow the
structure displacement to depend on both the axial and azimuthal variables,
without assuming any radial symmetry in the problem.

2. Model description

Motivated by modeling blood flow in human arteries, we consider the flow
of an incompressible, viscous fluid in a three-dimensional cylindrical domain
of reference length L, and reference radius R, see Figure 1. We will be as-
suming that the lateral boundary of the cylinder is deformable and that
its location is not known a priori, but is fully coupled to the motion of a
viscous, incompressible fluid occupying the fluid domain. Furthermore, it
will be assumed that the lateral boundary is a thin, isotropic, homogeneous
structure, whose dynamics is modeled by the cylindrical Koiter shell equa-
tions. Additionally, for simplicity, we will be assuming that only the radial
component of displacement is non-negligible. This is a common assumption
in blood flow modeling [44]. In contrast with our previous works, in this
manuscript the problem is set in 3D, and the displacement of the structure
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is not assumed to be radially symmetric. Neither the fluid flow, nor the dis-
placement of the lateral boundary of the fluid domain will be required to
satisfy the conditions of axial symmetry. As a consequence, the displace-
ment 1 will depend not only on the axial variable z plus time, but also on
the azimuthal variable 6. Therefore, the radial displacement from the refer-
ence configuration will be denoted by 7n(t, z,0). See Figure 1. Therefore, in
this manuscript for the first time, we provide a constructive existence proof
based on the Lie operator splitting approach for the full three-dimensional
fluid-structure interaction problem between an incompressible-viscous fluid
and a linearly elastic Koiter shell, defined on a cylindrical domain which
is not mecessarily azially symmetric. The operator splitting strategy can be
used in the construction of a loosely-coupled computational scheme which we
show converges to a weak solution of the underlying FSI problem.

2.0.1. Remark on notation We will be using (z,z,y) to denote the
Cartesian coordinates of points in R, and (z,,6) to denote the correspond-
ing cylindrical coordinates. We will be working with the fluid flow equations
written in Cartesian coordinates, while the structure equations will be given
in cylindrical coordinates. A function f given in Cartesian coordinates de-
fines a function

f(Z,T’, 0) = f(Z, J:vy)
defined in cylindrical coordinates. Since no confusion is possible, to simplify
notation we will omit the superscript “and both functions, f and f , will be
denoted by f.

The structural problem: Consider a clamped cylindrical shell of thick-
ness h, length L, and reference radius of the middle surface equal to R. See
Figure 1. This reference configuration, which we denote by I', can be defined
via the parameterization

0:w—R3  ¢(z,0) = (Rcosh, Rsinb, )",

where w = (0, L) x (0,27) and R > 0. Therefore, the reference configuration
is

(2.1) I'={x = (Rcosf,Rsinf,z) €R> : € (0,2r),z € (0,L)}.

The associated covariant A, and contravariant A¢ metric tensors of this
(undeformed) cylinder are give by:

1 0 e (10
acfom)oa=(o 4,
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and the area element along cylinder I' is dS = y/ady := \/det A.dy = Rdy.

The corresponding curvature tensor in covariant components is given by

0 0
B.—(o 1)

Under the action of a force, the Koiter shell is deformed. The displace-
ment from the reference configuration I' of the deformed shell will be denoted
by n =n(t, z,0) = (1,19, n,). We will be assuming that only the radial com-
ponent of the displacement is different from zero, and will be denoting that
component of the displacement by n(t, z,0) := n,(t, z,6), so that n = ne,,
where e, = €,(0) = (cosf,sin6,0)" is the unit vector in the radial direction.

The cylindrical Koiter shell is assumed to be clamped at the end points,
giving rise to the following boundary conditions:

= g—z = 0 on Jw.

Deformation of a given Koiter shell depends on its elastic properties. The
elastic properties of our cylindrical Koiter shell are defined by the following
elasticity tensor A:

A
AN +2u

(2.2) AE (A°-E)A° +4uA°EA°, E € Sym(May),
where 1 and A are the Lamé coefficients. Using the following relationships
between the Lamé constants and the Young’s modulus of elasticity £ and
Poisson ratio o

20U\ o A+p FE 20\ Adpl A E

2_ = = — =
Mo PPN T T v M oueatas 127

the elasticity tensor A can also be written as:

AE = %(AC E)A° 4 12+—EUA"’EAC, E € Sym (M).
A Koiter shell can undergo stretching of the middle surface, and flexure
(bending). Namely, the Koiter shell model accounts for both the membrane
effects (stretching) and shell effects (flexure). Stretching of the middle sur-
face is measured by the change of metric tensor, while flexure is measured
by the change of curvature tensor. By assuming only the radial component
of displacement n = n(t, r, 0) to be different from zero, the linearized change
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of metric tensor -, and the linearized change of curvature tensor p, are given
by the following:

(23) ()= < 8 Ign > - P = ( g;en —598772+77 >

With the corresponding change of metric and change of curvature tensors
we can now formally write the corresponding elastic energy of the deformed
shell [14, 12, 13, 32]:

3
(2.4) Eea(n) = %/A’Y(U) ¥(n )R+Z—8/Ap(n) 1 p(n)R,

where h is the thickness of the shell, and : denotes the scalar product
(2.5) A:B:=Tr (AB”) A,B e M,(R) = R"%

Given a force f = fe,, with surface density f (the radial component),
the loaded shell deforms under the applied force, and the corresponding
displacement 7 is a solution to the following elastodyamics problem for the
cylindrical linearly elastic Koiter shell, written in weak form: Find n € Hg(w)
such that

3
20 ot [ Obmor+5 [ Avtiawir 57 [ Apt
:/fi/JR, Vi) € HE(w).

We define an elastic operator L:

h3
[ e =5 [ vy ar+ 3 [ Ap o). v < B
so that the above weak formulation can be written as
(2.7) pich [ amor+ [ Lnw= [ for v e Hw).

A calculation shows that the operator £ written in differential form reads:
(2.8)
h3

_ 4 4 4y 4 9R2 292
Ln SO+ o )<(A+u)8en+R (A + )00 + 2R (A + p)9z9n
4h (A + p)p

2 2 SN TR
RN = 200+ ) + b ) + 50
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In terms of the Youngs modulus of elasticity, and the Poisson ratio, operator
L can be written as:

h*E

_ 4 404 209292 2
29 Ln = —12R4(1_02)(3977+R 9.n+2R°0;0pm 23977+n)
' N h?Eo o2y
6R2(1— o) T T R (1 —02)"

The fluid problem: The fluid domain, which depends on time and is
not known a priori, will be denoted by

Q) ={(z,2,y) € R®: /224142 < R+1(t, z,0), z € (0,L)},

and the corresponding lateral boundary by

Iyt ={(z,z,y) € R?:\/22 4+ 92 = R+n(t, 2,0), z<€ (0,L)}.

The inlet and outlet sections of the fluid domain boundary will be denoted
by i = {0} x (0, R), T'out = {L} x (0, R). See Figure 1.

We are interested in studying a dynamic pressure-driven flow through
2,(t) of an incompressible, viscous fluid modeled by the Navier-Stokes equa-
tions which are given in Cartesian coordinates:

(2.10) prlomt e = T b oy, te 0.1,

where py denotes the fluid density, u fluid velocity, p fluid pressure,
o= —pl+ 2urD(u)

is the fluid Cauchy stress tensor, ur is the kinematic viscosity coefficient,
and D(u) = 3(Vu + V'u) is the symmetrized gradient of u.

At the inlet and outlet boundaries we prescribe zero tangential velocity
and dynamic pressure p + &£ |u|? (see e.g. [15]):

(211) u2><| e’ _ Ozn/out( ) on Fin/outa
z = )

where Py, /o, € Ll20 .(0,00) are given. Therefore the fluid flow is driven by a
prescribed dynamic pressure drop, and the flow enters and leaves the fluid
domain orthogonally to the inlet and outlet boundary.
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The coupling between the fluid and structure is defined by two sets of
boundary conditions satisfied at the lateral boundary I'y(t). They are the
kinematic and dynamic lateral boundary conditions describing continuity
of velocity (the no-slip condition), and balance of contact forces (i.e., the
Second Newton’s Law of motion). Written in the Lagrangian framework,
with (z,0) € w, and t € (0,T), they read:

e The kinematic condition:
(2.12) on(t,z,0)e.(0) = ul(t,z, R+ n(t, z,0),0),

where e, (0) = (cosf,sin6,0)" is the unit vector in the radial direction.
e The dynamic condition:

(213) pKhatzn + /377 = _J(tv 2, 6)(0—n>‘(t,z,R+n(t,z,6)) : er(ﬁ),

where £ is defined by (2.8), or equivalently by (2.9), and

J(t,2,0) = /(1 + 0.n(t, 2,0)2) (R +n(t, 2,0))% + dgn(t, z,0)2

denotes the Jacobian of the composition of the transformation from
Eulerian to Lagrangian coordinates and the transformation from cylin-
drical to Cartesian coordinates.

System (2.10)—(2.13) is supplemented with the following initial condi-
tions:

(2.14) u(0,.) = ug, 7(0,.) =no, n(0,.) = vy.

Additionally, we will be assuming that the initial data satisfies the fol-
lowing compatibility conditions:
(2.15)
ug(z, R+ n0(2),0) -n(z,0) = vy(z,0)e.(0) -n(z,60), =ze(0,L), 6e€(0,2n),
no =0, ondw,
R+mn9(2,0) >0, z€]0,L], € (0,2m).

Notice that the last condition requires that the initial displacement is such
that the fluid domain has radius strictly greater than zero (i.e., the lateral
boundary never collapses). This is an important condition which will be used
at several places throughout this manuscript.

In summary, we study the following fluid-structure interaction problem:

Problem 2.1. Find u = (u.(t,z, 2,y),uz(t, 2,2,9),uy(t, 2,2,9)), p(t, 2,
x,y), and n(t, z,0) such that



3D fluid-structure interaction 367

(2.16) pridm (a7 = X'U}i“%@»te@T»
u‘R-H? = atneh
(2.17) pchdin+ Ly — —Jon e, } on (0,T) x w,
Prl2 — P
(218) p +u2x|ue’ _ OP’UL/Out(t)? } on (0, T) % Fin/out,
u(0,.) = uy,
(2.19) n(0,.) = mno, patt=0.
8t77(0, ) = 9.

This is a nonlinear, moving-boundary problem in 3D, which captures
the full, two-way fluid-structure interaction coupling. The nonlinearity in
the problem is represented by the quadratic term in the fluid equations, and
by the nonlinear coupling between the fluid and structure defined at the
lateral boundary I';)(t), which is one of the unknowns in the problem.

2.1. Energy inequality

Assuming sufficient regularity, we formally derive an energy inequality for
the coupled FSI problem summarized above in Problem 2.1. To simplify
notation, we introduce the following energy norms defined by the membrane
and flexural effects of the linearly elastic Koiter shell:

@20) W= [ A v OR e = [ Ao (DR

Notice that norm ||.||y is equivalent to the standard L?*(w) norm, and that
norm |||, is equivalent to the standard HZ(w) norm.

Proposition 2.1. Assuming sufficient reqularity, solutions of Problem 2.1
satisfy the following energy estimate:

d
(2.21) = (Brin(t) + Ea(t) + D(t) < C(Pin(t), Pout(1)).
where

()= 2 2 )
(2.22) Bein(t) = 5 (psluliaqa, o) + erchldmlia )

h h?
Ea(t) = Zllnlly + Zglllo.
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denote the kinetic and elastic energy of the coupled problem, respectively,
and the term D(t) captures viscous dissipation in the fluid:

(2.23) D(t) := pr|DW)|72q, 1)-

The constant C(Pyy,(t), Pout(t)) depends only on the inlet and outlet pressure
data, which are both functions of time.

The proof of inequality (2.21) is standard (see, e.g., [43]), so we omit it
here.

Later in the manuscript, it will be rigorously shown that the weak so-
lutions constructed in this manuscript, satisfy the above energy estimate.
Namely, the goal of this manuscript is to show the following existence result
for weak solutions of Problem 2.1:

Main result. Let the model parameters satisfy py, pr, pr, h, p, A > 0.
Suppose that the initial data vy € L*(w), ug € L*(Qy,), and ny € H(w) are
such that the initial tube radius is strictly greater than zero: (R+no(z,0)) >
0, (2,0) € w. Furthermore, let Py, Py € LIQOC(O, 00).

Then there exist a T > 0 and a weak solution (u,n) of Problem 3.1 on
(0, T) in the sense of Definition 3.1 below, that satisfy the following energy

estimate:
¢ 2 2
(2.24) E(t)+/0 D(r)dr < Eo+C([|Pinllz2(0.4) + [ Poutll72¢0,)) ¢ € 10,71,

where C' depends only on the coefficients in the problem, Ey is the kinetic
energy of the initial data, and E(t) and D(t) are given by

P prh
B(t) = G0 + 5

D) = pr|DW)|Eq,):

2 h 2 h3 2
||atn||L2(w) + ZHWHV + EHT/HUa

W%:/A%ﬂwmﬁ Wm:/Aﬂﬂwum,

are the energy norms defined by the membrane and flexural effects of the
linearly elastic Koiter shell, where the elasticity operator A is defined in
(2.2). They are equivalent to the standard L*(w) and HE(w) norms, respec-
tively.
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Figure 2: ALE mapping.

Furthermore, one of the following is true: either

(1) T = o0, or
(2) limy 7 min,ep 1) (R +n(2)) = 0.

3. Weak solution
3.1. ALE mapping

To prove the existence of a weak solution to Problem 2.1 it is convenient to
map Problem 2.1 onto a fixed domain €2. In our approach we choose 2 to
be a cylinder of radius 1 and length L

Q={(z,z,9):2€ (0,L), 2> +9* < 1}.

We follow the approach typical of numerical methods for fluid-structure
interaction problems and map our fluid domain Q(¢) onto Q by using an
Arbitrary Lagrangian-Eulerian (ALE) mapping [7, 30, 22, 45]. We remark
here that in our problem it is not convenient to use the Lagrangian formu-
lation of the fluid sub-problem, as is done in e.g., [18, 11, 33], since, in our
problem, the fluid domain consists of a fixed, control volume of a cylinder,
which does not follow Largangian flow.

We begin by defining a family of ALE mappings A, parameterized by n:
(3.1)

[N

Ay(t) - Q= Qt), A )57 0) = | (R+n(t,z0)F |, (5760)cQ,

D+

where (2,7, 67) denote the cylindrical coordinates in the reference domain
Q). See Figure 2. Since we work with the Navier-Stokes equations written
in Cartesian coordinates, it is useful to write an explicit form of the ALE
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mapping A, in the Cartesian coordinates as well:

(3.2) A,()(Z,2,9) = | (R+n(

20)E |, (539) €
(R+mn(t, 2,60

1222
t,z,
Mapping A, (t) is a bijection, and its Jacobian is given by

(3.3) |detV A, (1) = (R+n(t, 2,0))2
Composite functions with the ALE mapping will be denoted by
(3.4) u’(t,.) =u(t,.) o Ay(t) and p"(t,.) =p(t,.) o Ay(t).
The derivatives of composite functions satisfy:

Vu=Vu'(VA4,) ' = V', Ju=adu’— (w" Vu',

where the ALE domain velocity, w”, is given by:

g O

(3.5) w' = 0

<

The following notation will also be useful:
1
o' = —p"T+2uD"(u"), D"(u") = i(V”un + (V1)Tu").

We are now ready to rewrite Problem 2.1 in the ALE formulation. However,
before we do that, we will make one more important step in our strategy
to prove the existence of a weak solution to Problem 2.1. Namely, we would
like to “solve” the coupled FSI problem by approximating the problem using
time-discretization via operator splitting, and then prove that the solution
to the semi-discrete problem converges to a weak solution of the continu-
ous problem, as the time-discretization step tends to zero. To perform time
discretization via operator splitting, which will be described in the next sec-
tion, we need to write our FSI problem as a first-order system in time. This
will be done by replacing the second-order time-derivative of 7, with the
first-order time-derivative of the structure velocity. To do this, we further
notice that in the coupled FSI problem, the kinematic coupling condition
(2.12) implies that the structure velocity is equal to the normal trace of the
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fluid velocity on I'y(t). Thus, we will introduce a new variable, v, to denote
this trace, and will replace 9yn by v everywhere in the structure equation.
This has deep consequences both for the existence proof presented in this
manuscript, as well as for the proof of stability of the underlying numerical
scheme, presented in [50], as it enforces the kinematic coupling condition
implicitly in all the steps of the scheme.

Thus, Problem 2.1 can be reformulated in the ALE framework, on the
reference domain 2, and written as a first-order system in time, in the
following way:

Problem 3.1. Find u"(t, E,i,ﬂ),pn(t,2,5:,@),17(15,2,5), and v(t, %,0) such
that

pr (O + ((u" — w") - VNu') = V.07, | .
(3.6) Vioul = 0, in (0,T) x Q,
p+ BL |un 2 = Pzn out(t),
(37) u% |>< e’z = 0, / t( ) on (OaT) X Fin/out)
u’ = ve,,
(3.8) on = v, on (0,T) x (0, L),
pxhow+Ln = —Jon-e,

(3.9)  u"(0,.) =ug,n(0,.) =no,v(0,.) =vy, at t=0.

To simplify notation, in the text that follows, will drop the superscript
7 in u” whenever there is no chance of confusion.

3.2. Weak formulation

To define weak solutions of the moving-boundary problem (3.6)—(3.9) defined
on a fixed domain, we introduce the following notation and function spaces.

For the fluid velocity we would like to work with the classical function
space associated with weak solutions of the Navier-Stokes equations. This,
however, requires some additional consideration. Namely, since the fluid do-
main is also an unknown in the problem, we cannot assume a prior: any
smoothness that is not consistent with the energy estimates, and so the
fluid domain boundary may not even be Lipschitz. Indeed, from the energy
inequality (2.21) we only have n € H?(w), and from Sobolev embeddings,
by taking into account that we are working in R3, we get that n € C%*(w),
p < 1. Therefore, the energy estimates imply that €,(¢) is not necessar-
ily a Lipschitz domain. However, €,(t) is locally a sub-graph of a Hélder
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continuous function. In that case one can define the“Lagrangian” trace

T : CH (1) = C(w),

(3.10) I
e F v U(tv zZ,1+ 77(t> z, 9)’ 0)

It was shown in [9, 28, 41] that the trace operator yr() can be extended by
continuity to a linear operator from H'(,(t)) to H*(w), 0 < s < % For a
precise statement of the results about “Lagrangian” trace see [41]. Now, we
can define the velocity solution space defined on the moving domain in the
following way:

Ve(t) = {u=(usug,uy) € CHQ,1)*: V-u=0,
(3.11) uxe,=0onT(t), uxe,=0o0n T4/},

—H'Y(Q,
Vet) = Ve 0,

Using the fact that €,(¢) is locally a sub-graph of a Hoélder continuous
function we can get the following characterization of the velocity solution
space Vr(t) (see [9, 28]):

(3.12) Ve(t) = {u= (usug, uy) € H(Q(t)? : V-u=0,
uxe,=0onI(t), uxe,=0on1Tly,/u}

Before defining the fluid velocity space defined on a fixed, reference do-
main €, it is important to point out that the transformed fluid velocity u” is
not divergence-free anymore. Rather, it satisfies the transformed divergence-
free condition V" - u”7 = 0. Furthermore, since 7 is not Lipschitz, the ALE
mapping is not necessarily a Lipschitz function either, and, as a result, u” is
not necessarily in H'(€2). Therefore, we need to redefine the function spaces
for the fluid velocity by introducing

Vi ={u":ueVpt)},

where u" is defined in (3.4). Under the assumption R + n(t, 2,5) >0, zZ €
[0, L], we can define a scalar product on Vi in the following way:

(W13 = [ (R4 (w97 4+ s 97)
Q

:/ u.v—|—vuiVV:(uav)Hl(Qn(t))'
Q,(t)
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Therefore, u +— u” is an isometric isomorphism between Vr(t) and V?;, and
so V1 is also a Hilbert space.

The function space associated with the Koiter shell equations is stan-
dard:

Vi = Hg (w).
From this point on we will be working with the FSI problem mapped
via the ALE mapping onto the fixed, reference domain 2. Motivated by the

energy inequality we define the corresponding evolution spaces for the FSI
problem defined on €2:

(3.13) WE(0,T) = L=(0,T; L*(Q)) N L*(0, T; V),
(3.14) Wi (0,T) = Wh>(0,T; L*(w)) N L*(0, T; HE (w)),

The corresponding solution and test spaces are defined by:

(3.15)  W'(0,T) = {(u,n) € Wi(0,T) x Wk(0,T) : ujp— = diner, }.
(3.16) Q"(0,T) = {(a,%) € CL([0,T); Vi X Vi) : djp—1 = &, }.

We will be using b7 to denote the following trilinear form corresponding to
the (symmetrized) nonlinear advection term in the Navier-Stokes equations
in the fixed, reference domain:
(3.17)

1

i a) = 5 [ (Ren(aw) Vuwa—g [ (Renf((a-w)-Tau,

Finally, we define a linear functional which associates the inlet and outlet
dynamic pressure boundary data to a test function v in the following way:

(PO = Polt) [ 0= Poal) [ -

in out

Definition 3.1. We say that (u,n) € W"(0,T) is a weak solution of problem
(3.6)—(3.9) defined on the reference domain Q, if for every (q,v) € Q"(0,T)
the following equality holds:

(3.18) —pf</OT/Q(R+7])2u‘&gq—i-/OTb"(u,u,q))

+ 2up /OT /Q(R +7)*D"(u) : D"(q)
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— Py /OT/Q(RJrn)(@m)u-q—RpKh/OT/wamatzp
2B [ avw )+ B [ Apta ot

T
=A<mmmmw+lijm%m«m+mem

n

The weak formulation is obtained in the standard way by multiplying
the PDE by a test function and integrating by parts. The only term that
is not standard is the third term on the left hand-side of (3.18). This term
is obtained from integration by parts of one half of the nonlinear advection
term, and it corresponds to the integral —py fOT Jo(R+n)2(V7-whu - q.
We calculate
)

V1w =V w = 0, (O ——) + 0,0

R+n
o o
+ 40 +2 .
ny+n R+n

o
= 20,
v R+n

Now we notice that for any given function f that depends only on ¢, z and
0, for example f = 9yn/(R + n), the following holds

_ g Y v
afaxf—i—yayf—(?gfo_i_yQ +89fx2+y2 0.

Thus, we obtain

15) 15, 0 0
7] + yay 7] 4+ 92 1] —9 t1) ‘
R+n R+n R+n R+n

VT-wlh=V- -w=u1x0,

Plugging this expression for V7 - w' into —py fOT Jo(R+n0)?(VT-whu-q
gives the third term in equation (3.18).

4. Approximate solutions
4.1. Lie splitting

To define approximate solutions we use the time discretization via Lie split-
ting, also known as the Marchuk-Yanenko splitting scheme. The splitting can
be summarized as follows. Let N € N, At = T'/N and t,, = nAt. Consider
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the following initial-value problem:

d .

L rap=0 wO.T), 40)=0,

where A is an operator defined on a Hilbert space, and A can be written as
A= A1+ Aj. Set ¢° = ¢p, and, forn =0,...,N —1 and i = 1,2, compute
#"*2 by solving

d
Zoi+ A = 0 .
dt ¢(t ) _ (Zﬁn"‘% } n (tn7tn+1)7

and then set ¢""z = ¢;(t,41), for i = 1,2. It can be shown that this method
is first-order accurate in time, see e.g., [27].

We apply this approach to split the problem (3.6)—(3.9) into two sub-
problems: a structure and a fluid sub-problem defining the operators A; and
As.

Similarly as in [43, 42], we use semi-discretization in time to define a
sequence of approximate solutions to Problem 3.1. This approach defines a
time step, which will be denoted by At, and a number of time sub-intervals
N € N, so that

(0,7) = UNZ (" t™Th), " =nAt, n=0,..,N — 1.

For every subdivision containing N € N sub-intervals, we recursively define
the vector of unknown approximate solutions

i i i iNT
(4.1) X’]@“:(u’jjau}‘vﬂ,ngﬂ) n=01,... ,N—1, i=12,

where ¢ = 1,2 denotes the solution of sub-problem Al or A2, respectively.
The initial condition will be denoted by

X? = (uoyvo,ﬁo)T

The semi-discretization and the splitting of the problem will be per-
formed in such a way that the discrete version of the energy inequality
(2.21) is preserved at every time step. This is a crucial ingredient for the
existence proof.

We define semi-discrete versions of the kinetic and elastic energy, orig-
inally defined in (2.22), and of dissipation, originally defined in (2.23), by
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the following:

nti 1 144 n+i n+i
@2) By =5 (or [ (R O 4 gl

h n—l—% 2 hg n+% 2
+ Sl F 2+ SR 1)),
(4.3) Dt = At,up/(R—F ™2 D" (W2, n=0,...,N—1,i=0,1.
Q

Throughout the rest of this section, we fix the time step At, i.e., we keep
N € N fixed, and study the semi-discretized sub-problems defined by the
Lie splitting. To simplify notation, we will omit the subscript N and write
("2, 0" 2 n"t2) instead of (uz,JrE,v]T\L,Jrg,n]anrE).

The splitting that “preserves” the energy estimate and provides a sta-
ble, convergent semi-discrete scheme is based on the following operators Al

and A2:

Problem A2 : FLUID in 2

Problem A1: STRUCTURE| | %1+ (A=W) 'ann)u -
on = v, onl . w =0
pkhow+ Ly = 0, onT with :
ur = ve,,
prhow + Jo"|p-e, = 0.

Here 11 is the value of u from the previous time step, and w, which is
the domain velocity (the time derivative of the ALE mapping), is obtained
from the just calculated Problem Al. Furthermore, V" is the transformed
gradient, which is based on the value of 1 from the previous time-step. The
initial data for u is given from the previous time step, while the initial data
for the trace of the fluid velocity v is given by the just calculated velocity
of the thin structure 9;n in Problem Al.

Notice the Robin-type boundary condition on I' for the fluid sub-problem,
involving structure inertia pgxh0;v. The inclusion of the structure inertia in
the boundary condition for the fluid sub-problem is the main reason why
the resulting operator slitting scheme is stable. This contrasts the classical
Dirichlet-Neumann partitioned schemes in which the boundary condition for
the fluid sub-problem is the classical Dirichlet condition, enforcing the fluid
velocity on I' to be equal to the velocity of the fluid-structure interface, ob-
tained from the previous time step. It was shown in [8] that this approach
gives rise to an unconditionally unstable partitioned, loosely coupled scheme
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when the fluid and structure densities are comparable. In this manuscript we
show that the splitting, proposed above, gives rise to a stable, convergent
scheme whose approximate, semi-discretized solutions converge to a weak
solution to the fully coupled, nonlinear FSI problem in 3D.

Details of the semi-discretized problems in weak form are given next.
As we shall see below, each of the semi-discretized problems, defined by the
splitting mentioned above, defines a linear problem of eliptic type, for which
the existence of a unique solution is guaranteed by the Lax-Milgram Lemma.
The main issue, however, is to show that the solutions of the semi-discretized
problems satisfy the energy estimates which, when combined together, give
rise to a uniform energy estimate of the coupled, semi-discretized problem. It
is this uniform boundedness that will give rise to convergent sub-sequences
whose limits (weak, or weak*) will define weak solutions to the coupled FSI
problem.

4.1.1. Problem A1l: the structure elastodynamics problem We write
a semi-discrete version of Problem Al (Structure Elastodynamics). In this
step u does not change, and so

1
u"tz = u”.

We define (U”J“é?n"*%) € HZ(w) x HZ(w) as a solution of the following

problem, written in weak form: for all 1) € HZ(w) solve
(4.4)

n+1 n
n 2= — n+% L2
[T [t se ),

nti _.n h 1 h3 1
pKh/w %wi/wm(n”*z) :v(w)+ﬁ[uAp(n”+2)ip(¢) =0.

The first equation is a weak form of the semi-discretized kinematic coupling
condition, while the second equation corresponds to a weak form of the
semi-discretized elastodynamics equation.

We will be assuming that the Lamé constants are such that operator A
is coercive, e.g. A, u > 0.

Proposition 4.1. For each fized At > 0, problem (4.4) with A, x> 0 has a
unique solution (V"3 n"t3) € HE(w) x HE(w).
Notice that the semi-discretized problem is a linear elliptic problem, and

so we can use the Lax-Milgram Lemma to show the existence of a unique
solution. See [43] for more details.
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Proposition 4.2. For each fized At > 0, solution of problem (4.4) satisfies
the following discrete energy equality:

(4.5)
n+1 1 1 h 1 h3 1
b L owchllo o2 4 Rt 2 g ) = B

where the kinetic energy EY is defined in (4.2).

The proof is similar to the corresponding proof presented in [43].

4.1.2. Problem A2: the fluid problem In this step 7 does not change,
and so

n+l _  n+i
n =n =

Define (u™*!,v"t1) € V]I x L*(w) by requiring that for all (q,%) € V} x
L?(w) such that qr = Ye,, the following weak formulation holds:
(4.6)

utl — un—i—% 1 . i
pf/(R+77")2 —Ar “q+ 3 [(u" —w't2). V" ] u"tl. g
Q
1 1 n n n+1 L
n+l _ ,n+i
+ 2#/(R+77n)2D" (u): D" (q) + RpKh/ v Atv ¥
Q : oL
= R(P [ (@m0~ Phu [ (@)e-0).
with V7" - utt =0, uft =",
where Py o, = A éZng)At Pinjout(H)dt and w™ts = v"+3 (0,7, §)".

The main differences between weak formulation (4.6) and the weak for-
mulation of the fluid subproblem in [43] are the spatial dimension, and the
Jacobian of the ALE mapping. In particular, this refers to the fourth term
in (4.6) which comes from our particular discretization of —py fOT Jo(R+
n)? (V- w")u - q. More precisely, V7 - w, was discretized as

n n+1
v .wl — <R+%>v”+ :

N =

taking into account the kinematic coupling condition d,n = v. This term
measures the change of volume of the fluid domain due to the motion of the
boundary. Notice that in this term we have a contribution of the Jacobian
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(unlike in the 2D case), which is discretized in a very particular way (R +
%) The importance of such a discretization will be revealed in the
proof of the discrete energy estimates. It is related to the discretization of
the Jacobian of the ALE mapping so that the resulting scheme satisfies the
geometric conservation law property. See [24] for more details on geometric
conservation laws and ALE mappings.

Proposition 4.3. Let At > 0, and assume that " are such that R+ n" >
Ruyin > 0,n = 0,..., N. Then, the fluid sub-problem defined by (4.6) has a
unique weak solution (0" ") € VI x L(w).

Proof. Notice again that this is a linear, elliptic problem, and the proof of the
existence of a unique solution is obtained by using the Lax-Milgram Lemma.
The continuity of the operator is proved by using the Sobolev embedding of
H(Q) into L*(£2), which is valid both in 2D and in 3D. Details of the proof
can be found in Proposition 3 in [43]. O

Proposition 4.4. For each fixed At > 0, solution of problem (4.6) satisfies
the following discrete energy inequality:

p prh L
B[ PR

+ DR < B CAN(PR)? + (P)?).

where the kinetic energy EY and dissipation DY, are defined in (4.2) and
(4.3), and the constant C' depends only on the parameters in the problem,
and not on At (or N).

Proof. We begin by focusing on the weak formulation (4.6) in which we
replace the test functions q by u”*! and 1 by v" 1. We multiply the resulting
equation by At, and notice that the first term on the right hand-side is given
by
pEf (R+77n)2|un+1|2‘
Q

This is the term that contributes to the discrete kinetic energy at the time
step n + 1, but it does not have the correct form, since the discrete kinetic
energy at n + 1 is given in terms of the structure location at n + 1, and not
at n, namely, the discrete kinetic energy at n 4 1 involves

Pr n+1\2(, . n+12
R u .
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To get around this difficulty it is crucial that the advection term is present
in the fluid sub-problem. The advection term is responsible for the presence

of the integral
n+1

n
por (R T A
Q

which can be re-written by noticing that Atv"+s := (y*+1/2 — yn) which is

equal to ("t — 5™) since, in this sub-problem 5"+ = 5?*1/2, This implies

n+1

n
R R R I )
Q

2

_ P7f (R + nn+1>2’un+l|2'
Q
Thus, these two terms combined provide the discrete kinetic energy at the
time step n+1. It is interesting to notice how the nonlinearity of the coupling
at the deformed boundary requires the presence of nonlinear advection in
order for the discrete kinetic energy of the fluid sub-problem to be decreasing
in time, and to thus satisfy the desired energy estimate. The rest of the

proof is the same as that presented in [43], and is based on the use algebraic
identity (a —b) -a = (|a|® + |a — bJ*> — [b]?). O

We pause for a second, and summarize what we have accomplished so
far. For a given At > 0 we divided the time interval (0,7 into N = T'/At
sub-intervals (", t"*1),n = 0,..., N — 1. On each sub-interval (t",#"*1) we
“solved” the coupled FSI problem by applying the Lie splitting scheme. First
we solved for the structure position (Problem A1) and then for the fluid flow
(Problem A2). We have just shown that each sub-problem has a unique so-
lution, provided that R + n™ > Ry > 0,n =0, ..., N, and that its solution
satisfies an energy estimate. When combined, the two energy estimates pro-
vide a discrete version of the energy estimate (2.21). Thus, for each At we
have a time-marching, splitting scheme which defines an approximate solu-
tion on (0,7") of our main FSI problem defined in Problem 3.1, and is such
that for each At the approximate FSI solution satisfies a discrete version of
the energy estimate for the continuous problem.

What we would like to ultimately show is that, as At — 0, the sequence
of solutions parameterized by N (or At), converges to a weak solution of
Problem 3.1. Furthermore, we also need to show that R+ n"™ > Ry, > 0 is
satisfied for each n =0, ..., N — 1. In order to obtain this result, it is crucial
to show that the discrete energy of the approximate FSI solutions defined
for each At, is uniformly bounded, independently of At (or N). This result
is obtained by the following Lemma.
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Lemma 4.1. (The uniform energy estimates) Let At > 0 and N =

T/At > 0. Furthermore, let EX,+5, EK,H, and D{V be the kinetic energy and
dissipation given by (4.2) and (4.3), respectively.

There exists a constant C > 0 independent of At (and N ), which depends
only on the parameters in the problem, on the kinetic energy of the initial
data Ey, and on the energy norm of the inlet and outlet data ||‘Pin/0ut||%2 (0.7)
such that the following estimates hold:

(1) BN <C B < O, foralln=0,..,N — 1,
(2) 3L, Dy <C,
(8) Tolo (o (R + 12 unmt — a2 4 ot — ot 2,
+ [0t = o2, < C,
(4) Saso (™t =y + I+ =7 )lo) < C.

In fact, C = Ey + CN'(HPmH%Q(O,T) + HPOWH%?(O,T))’ where C' is the constant
from (4.7), which depends only on the parameters in the problem.

Proof. The proof is analogous to the proof of Lemma 1 in [43]. It is a con-
sequence of the energy estimates (4.5) and (4.7). O

5. Convergence of approximate solutions

Unlike in the radially symmetric 2D case studied in [43], the convergence
of approximate solutions to a weak solution of the full 3D problem without
radial symmetry requires the use of more sophisticated techniques than those
used in [43]. The main reasons for that are the fact that in 3D the fluid-
structure interface I' is not necessarily Lipschitz, and that different Sobolev
embedding theorems imply different regularity of solutions than in the 2D
case. While we omit details that are similar to those in the 2D case, in this
section we pay particular attention to the differences with the 2D radially
symmetric case and present the details whenever necessary.

We define approximate solutions of Problem 3.1 on (0,7") to be the func-
tions which are piece-wise constant on each sub-interval ((n—1)At, nAt], n =
1...N of (0,T), such that for t € ((n — 1)At,nAt], n=1...N,

n—

(5.1) uy(t,.) =uy, nn(t,.) =0y, on(t,.) = vy, vy(t,.) = vy

1
2

See Figure 3 left. Notice that functions vy = vﬁfl/ % are determined by
Step Al (the elastodynamics sub-problem), while functions vy = v}, are
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N A

Uy (N=T/At) iy (N=T/At)
. : : .

H H i ;t H " N i :t
0t t T ot Tty foot ot Rt T

Figure 3: A sketch of two different approximations of u used in the existence
proof: a piece-wise constant approximation uy (left), and a piece-wise linear
approximation uy (right).

determined by Step A2 (the fluid sub-problem). As a consequence, functions
vy are equal to the normal trace of the fluid velocity on I, ie., un =
vner. This is not necessarily the case for the functions vy,. However, we will
show later that the difference between the two sequences converges to zero
in L2.

Using Lemma 4.1 we now show that these sequences are uniformly
bounded in the appropriate solution spaces. We begin by showing that
(nN)Nen is uniformly bounded in L°°(0,T; H3(w)), and that there exists
a T > 0 for which R+n}% > 0 holds independently of N and n. This implies,
among other things, that our approximate solutions are, indeed, well-defined
on a non-zero time interval (0,7).

Proposition 5.1. Sequence (ny)nen is uniformly bounded in
L>®(0,T; H3 (w)).
Moreover, for T small enough, we have
(5.2) 0< Rmin < R+1nn(t,2,0) < Rpax, VN € N, (2,0) € w,t € (0,T).

Proof. From Lemma 4.1 we have that EY, < C, where C is independent of
N. This implies

Inn (D117 + lInx @)1 < C, vt € [0,7].
Therefore, from the equivalence of norms |||z and ||.||; we have

[ | 2 (0,72 (w)) < C-
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To show that the radius R+ ny is uniformly bounded away from zero for T'
small enough, we first notice that the above inequality implies

HUXI‘UOHHg(w) <2C,n=1,...,N, Ne N

Furthermore, we calculate

n—1 n—1
; ; ity
Imn = Mol 22wy < Z st = nivllzeqw) = Atz vy * 1122 (w)s
=0 1=0

where we recall that 7]9\, = 1. From Lemma 4.1 we have that EJT\L,JFE < C,

where C' is independent of N. This combined with the above inequality
implies

Imy —mollz2w) S CnAt < CT, n=1,...,N, NeN.

Now, we have uniform bounds for |3 — 7ol 2 () and |93 — 70| 72 (). There-
fore, we can use the interpolation inequality for Sobolev spaces (see for ex-
ample [1], Thm. 4.17, p. 79) to get

Inj = nollgarzw) < CTY*, m=1,...,N, N e N.

From Lemma 4.1 we see that C depends on 7' through the norms of the
inlet and outlet data in such a way that C is an increasing function of T
Therefore by choosing 7" small, we can make ||, — 0| gs/2(.) arbitrary small
forn =1,....,N, N € N. Because of the Sobolev embedding of H3/2(w)
into C(w) we can also make || — 70|l ¢(.,) arbitrarily small. Since the initial
data 7o is such that R+no(z,0) > 0 (due to the conditions listed in (2.15)),
we see that for a T' > 0 small enough, there exist Ryin, Rmax > 0, such that

0 < Rmin < R+nn(t,2,0) < Rpax, VN €N, (2,0) e w,t € (0, 7). O

We will show in the end that our existence result holds not only locally
in time, i.e., for small 7" > 0, but rather, it can be extended all the way until
either T' = 0o, or until the lateral walls of the channel touch each other.

From this Proposition we see that the L2-norm HfH%Q(Q) = [ f?, and the
weighted L?-norm HfH%Q(Q) = [(R+nn)*f?* are equivalent. More precisely,
for every f € L?(Q), there exist constants C1,Cy > 0, which depend only
on Rpin, Rmax, and not on f or N, such that

63) O [ R <l < Ca [ (R s
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We will be using this property in the next section to prove strong convergence
of approximate functions.

Next we show that the sequences of approximate solutions for the veloc-
ity and its trace on the lateral boundary, are uniformly bounded. To do that,
we introduce the following notation which will be useful in the remainder of
this manuscript to prove compactness: denote by 75, the translation in time
by h of a function f

(5.4) mf(t,.) = f(t—h,.), heR.

Proposition 5.2. The following statements hold:

(1) (vN)nen is uniformly bounded in L>=(0,T; L*(w)
(2) (vi)nen is uniformly bounded in L>°(0,T; L*(w)

(3) (un)nen is uniformly bounded in L°°(0, T; L?(£2)).
(4) (D™ (up))nen is uniformly bounded in L?((0,T) x Q).

Proof. The results follow directly from Statements 1 and 2 of Lemma 4.1,
and from the definition of (vn )nen, (Vi) ven and (un)nen as step-functions
in ¢t so that

).
).

T N—-1
/0 lon 2oyt = 3 10822 0.0) A O
n=0

Unfortunately, having the boundedness of the symmetrized gradient is
not sufficient to show that the approximate solutions coverage to a weak
solution of the coupled FSI problem. We need be able to control the behavior
of the gradient itself. For this purpose, we prove the following proposition.

Proposition 5.3. The gradient (V™™ (un))nen s uniformly bounded in
L((0,T) x Q).

Proof. We use Korn’s inequality and the boundedness of the symmetrized
gradient to prove this statement. However, Proposition 5.2 shows the bound-
edness of the transformed symmetrized gradient, and not of the symmetrized
gradient itself. To deal with this difficulty, we temporarily map the problem
back onto the physical domain Qn;\lfl, where the transformed symmetrized
gradient becomes the standard symmetrized gradient, and apply Korn’s in-
equality in the usual way. However, since the Korn’s constant in general
depends on the domain, i.e., on the ALE mapping, we will need a result
which gives a universal Korn’s constant, independent of the family of do-
mains under consideration. Indeed, we use an approach similar to the one
presented in [42] (proof of Proposition 6.5, pp. 683-685) to find a universal
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Korn’s constant, independent of the ALE mappings, that can be obtained
under certain assumptions on the family of domains, which hold true in our
case. The calculation presented in [42] was done in the spirit similar to the
work of Chambolle et al. [9], Lemma 6, pp. 377, which was also done in
3D. Similar results, under slightly different assumptions can also be found
in [51, 43]. By using this result we can obtain a universal Korn’a constant,
which implies uniform boundedness of the sequence of gradients of uy on the
physical domains ana, which, after mapping everything back to the fixed,
reference domain €2 via the ALE mappings, implies uniform boundedness of
(V7 () e 0

From the uniform boundedness of approximate sequences we can now
conclude that for each approximate solution sequence there exists a subse-
quence which, with a slight abuse of notation, we denote the same way as
the original sequence, and which converges weakly, or weakly*, depending
on the function space. More precisely, we have the following result.

Lemma 5.1. (Weak and weak™ convergence results) There exist sub-
sequences (NN ) Nen, (VN ) Nen, (Vi) Nen, and (un)nen, and the functions n €
L®(0,T; H3(w)), v € L>®(0,T; L*(w)) N L?(0,T; H3(w)), v* € L*(0,T;
L?(w)), and u € L>=(0,T; L*(Q2)), such that

ny  — 7 weaklyx in L>(0,T; HZ(w)),
vy — v weakly in L?(0,T; L?(w)),
(5.5) vy — v weakly* in L>®(0,T; L?(w)),
’ v — 0" weaklyx in L>°(0,T; L*(w)),
uy — uweakly*in L>(0,T; L?(Q)),
Vmaivugy  — G weakly in L2((0,T) x Q).
Furthermore,
(5.6) v="0"

Proof. The only thing left to show is that v = v*. To show this, we multiply
statement (3) in Lemma 4.1 by At, and notice again that HUNH%z((O,T)Xw) =

N P . N
Aty HU%H%z(W)- This implies [[oy — vauiz((oj)x@ = Aty vy —
_1
v]T\L, 2|2 < CAt, and we have that in the limit, as At — 0, v = v*. O
Naturally, our goal is to prove that G = V"u, where 7 is the limiting
displacement determining the fluid-structure interface location. However, to

achieve this goal we will need some stronger convergence properties of ap-
proximate solutions. Therefore, we postpone the proof until Proposition 6.1.



386 Boris Muha and Sunéica Canié

5.1. Strong convergence of approximate sequences

To show that the limits obtained in the previous Lemma satisfy the weak
form of Problem 3.1, we will need to show that our sequences converge
strongly in the appropriate function spaces.

Theorem 5.1. Sequences (vn)nen, (Un)nen are relatively compact in
L?(0,T; L?(w)) and L?*(0,T; L*(Y)) respectively.

Proof. The proof is based on Simon’s theorem which characterizes compact
sets in LP(0,7T;X), where X is a Banach space [47]. See also [43] where
details of the use of Simon’s theorem in the proof of compactness in the 2D
radially symmetric case are presented. Simon’s theorem says that for a set F,
F — LP(0,T;X), with 1 < p < oo to be relatively compact in LP(0,T; X),
it is necessary and sufficient that the following two properties are satisfied:

() llmnf — fllzenrxy — 0 as h goes to zero, uniformly in f € F
(integral “equicontinuity” in time), and

(ii) {fttl2 f(t)dt : f € F} is relatively compact in X, 0 < t; <to <T
(spatial compactness).

To show the “integral equicontinuity” estimate in time, we need to show:
(5.7) IThvn — oN |20, 7xw) — 0, B — 0, uniformly € N.
Thus, we want to show that for each € > 0, there exists a § > 0 such that
(5.8) ||Thon — vNH%z(K;LQ(w)) <e, V|h| <4, independently of N € N,

where K is an arbitrary compact subset of €. Indeed, we will show that for
each € > 0, the following choice of d:

d := min{dist(K,00)/2,¢/(2C)}

provides the desired estimate, where C is the constant from Lemma 4.1
(independent of N). The uniform bounds on the kinetic energy due to the
motion of the fluid domain in time, presented in the third equality of Lemma
4.1, are the main reasons why the equicontinuity in time is satisfied by
the sequence of approximate functions. Namely, if we multiply the third
inequality of Lemma 4.1 by At we get that the “half-order derivative in
time” is uniformly bounded:

(5.9) Iraran = un 120,y x) + ITacon = 0N l172(0,7) %0y < CAL.
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This is “almost” the integral equicontinuity (5.7) except that in this estimate
¢ depends on At (i.e., N), which is not sufficient to show equicontinuity.
We need to show that estimate (5.7) holds for all the functions (vy)nen,
(uny)Nen, independently of N € N. This can be achieved in the same way
as in [43], Theorem 2 (see also [42]) by considering two cases (At > h and
At < h) that cover all the possibilities. The use of Lemma 4.1 gives again
the desired bounds as in [43], and so we omit the details here.

To complete proving relative compactness using Simon’s theorem what
is left to show is spatial compactness. The fact that we are working in 3D
requires the use of different arguments from those presented in [43]. Namely,
since the fluid-structure interface I' is not necessarily Lipschitz we need to
use the results about functions defined on a domain which is a sub-graph
of a Holder continuous function, to be able to obtain certain regularity of
uy and make sense of its trace on I', presented in [41]. First, from [41]
and statement 2 in Lemma 4.1 we get that sequence (uy)nen is uniformly
bounded in L%(0,T; H*(f)), s < 1. Then, we notice that

oy =unp, N €N,

and use the result about the trace on a domain which is not Lipschitz ob-
tained in [41] to conclude that the sequence (vy)nen is uniformly bounded
in L2(0,T; H%/?(w)), s < 1. We complete the proof by noticing that H*(Q)
and H*/?(w) are compactly embedded in L?(Q) and L?(w), respectively, 0 <
s < 1, thereby showing spatial compactness of the approximating sequences
(vn)Nen and (uy)nen in the spaces L2(0,T; L*(w)) and L%(0,T; L%(Q)),
respectively.

Combined with temporal equicontinuity, shown above, this proves the
relative compactness result of (vy)ney and (uy)yen in L?(0,T; L?(w)) and
L?(0,T; L?(£2)), respectively. O

To show compactness of (ny)yeny we introduce a slightly different set
of approximate functions of u, v, and 7. Namely, for each fixed At (or
N € N), define uy, 7y and 0y to be continuous, linear on each sub-interval
[(n — 1)At,nAt], and such that
(5.10)
uy (nAt,.) = un(nAt,.), on(nAt,.) = vy (nAt,.), nn(nAt,.) = nn(nAt,.),

where n = 0,...,N. See Figure 3 right. Using the same approaches as in
[43], Section 6, we can show the following strong convergence results:
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Theorem 5.2. There exist subsequences (NnN)Nen, (UN)Nen, such that

vy — wvin L*0,T; L*(w)),
Tauy  —  win L2(0,T; L3(9)),
Tatvny  — v in L2(0,T; L2 (w)),
(5.11) ny — nin L®(0,T; Hi(w)), s <2
TatnN  — nin L(0,T; Hi(w)), s < 2
ay — uin L2(0,T;L?*(%)),
on — wvin L%0,T;L3(0,L)).

From the Sobolev embedding H*®(w) into C(@), s > 1, we get the follow-
ing strong convergence results for the approximations of the fluid-structure
interface T

Corollary 5.1.

v — nin L2(0,T;C(w)),
(5.12) oo
Tamn = 1 in L(0, T35 C(w)).

These strong convergence results will be used to show convergence of our
approximate solutions to a weak solution of the fluid-structure interaction
Problem 2.1, as N — oo.

6. The limiting problem

Next we want to show that the limiting functions satisfy the weak form (3.18)
of Problem 2.1. In this vein, one of the things that needs to be considered
is what happens in the limit as N — oo, i.e., as At — 0, of problem (4.6).
Before we pass to the limit we must observe that, unfortunately, the velocity
test functions in (4.6) depend of N! More precisely, they depend on ny;
because of the requirement that the transformed divergence-free condition
V'~ . q = 0 must be satisfied. This is a consequence of the fact that we
mapped our problem onto a fixed domain 2. Therefore we will need to take
special care in constructing the suitable velocity test functions so that we
can pass to the limit in (4.6). This was done in [42], Section 7, and also
in [43, 9], and so we omit the details of construction here. Therefore, from
[42, 43, 9] we know that there exists a set of test function A"(0,T") which
is dense in Q"(0,7), in which the test functions are independent of N, and
are well approximated by the test functions qpu, satisfying the following
properties:

o X7(0,T) is dense in Q"(0,T),
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e For every (q,v¢) € X"(0,T) there exists a N, € N and a sequence
(an)n>n, such that gy € Wi"(0,T), and

(1) gy — q uniformly on [0,77] x €;
(2) V™2 (qy) — V(q) in L2((0,T) x w).

We are now almost ready to pass to the limit in the weak formulation of the
coupled FSI problem. The only thing left is to show that the gradients of
the approximate velocities converge to the gradient of the limiting velocity,
namely, it remains to identify the function G introduced in Lemma 5.1. We
have the following result:

Proposition 6.1. G = V"u, where G, u and n are the weak and weak*
limits given by Lemma 5.1.

Proof. The proof is analogous to the proof of Proposition 7.6. in [42]. Al-
though the proof in [42] is given is a different settings (2D vs. 3D) it essen-
tially relies on the following two facts that hold true in both scenarios:

e Uniform convergence of the sequence 7A;nny which is given by Corollary
5.1; and

e The proof uses the approximate fluid velocities and the limiting fluid
velocity transformed back onto the physical domains:

uV(t,) =un(t,.) o AL, (1), a(t,.)=u(t,.)o A (1),

TAtNN

as well as the fact that Vu? = V2 uy and Vi = V7u.

Both of these are satisfied in the present case. Since the proof is rather
technical we omit the details and refer the reader to [42]. O

To get to the weak formulation of the coupled problem, take the test
functions (qn(t),1(t)) (where qu is a sequence of test function correspond-
ing to (q,v) € X") in equation (4.6) and integrate with respect to ¢ from
nAt to (n+ 1)At. Furthermore, take () as the test functions in (4.4), and
again integrate over the same time interval. Add the two equations together,
and take the sum fromn =0,..., N —1 to get the time integrals over (0,7)
as follows:

(6.1)
T 1
Pf/ /Q(R + 7at MN)? (8tﬁN “gn + §(TAtuN —wy) - V= Nuy - qy
0
1

- i(TAtuN —wy) - Varivgy - uN)
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T
1 *
+Pf/o (R+ §(TAt77N+77N))/Q1)NuN-qN

T T

+ /0 /Q (R + 7amn) 205 D™ (ux) : D™ (qu) + Rpich /0 / Dr
Rh [T Rh3 [T

i N ECIORSTORE oy A PR

T 1 T 1
—r( [ Pde [ a0~ [ PNt [ et L),
0 0 0 0
with

V7ath.uy =0, vy = ((UT)N)|F7

(6.2) uN(O, ) = Uy, 77(07 ~)N = 1o, UN(Ov ) = Vo-

Here iy and oy are the piecewise linear functions defined in (5.10), 7a; is
the shift in time by At to the left, defined in (5.4), V72V is the transformed
gradient via the ALE mapping A defined in (3.5), and v}, un, vy and
nn are defined in (5.1).

Now we can use the convergence results from Proposition 5.1, Theorem
5.2, Lemma 5.5 and Corollary 5.1, and arguments analogous to those in [43],
to pass to the limit in (6.2) to obtain the following main result:

TAtTIN Y

Theorem 6.1. Let py, pr, pur, h, i, A > 0. Suppose that the initial data
vg € L*(w), ug € L*(Yyy,), and o € HE(w) are such that (R +no(z,0)) > 0,
(z,0) € w. Furthermore, let Py, Poyt € L1206<0,OO).

Then there exist a T > 0 and a weak solution (u,n) of Problem 3.1
on (0,T) in the sense of Definition 3.1, that satisfy the following energy

estimate:
t
(6.3) E(t) +/0 D(r)dr < Eo+C(|Pinll 204 + | Poutll72(0,)): € [0, 77,

where C' depends only on the coefficients in the problem, Ey is the kinetic
energy of initial data, and E(t) and D(t) are given by

prh
2
D(t) = MFHD(U)H%z(Qn(t)))y

p h h?
B(t) = Gl ) + "5 10l + 70l + g lnl3.

1£lly = / Av(F) v (DR, [flle = / Ao (f): o (f)R,
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are the energy norms defined by the membrane and flexural effects of the lin-
early elastic Koiter shell, where the elasticity operator A is defined in (2.2).
They are equivalent to the standard L*(w) and HE(w) norms, respectively.

Furthermore, one of the following is true: either

(1) T = o0, or
(2) hmt_>T minze[O,L](R + 77(2)) = 0.

Proof. Tt only remains to prove the last assertion, which states that our
result is either global in time, or, in case the walls of the cylinder touch
each other, our existence result holds until the time of touching. However,
the proof of this argument follows the same reasoning as the proof of the
Main Theorem in [43], and the proof of the main result in [9], p. 397-398.
We avoid repeating those arguments here, and refer the reader to references
[43, 9]. O

7. Conclusions

We proved the existence of a weak solution to a 3D FSI problem between
an incompressible, viscous Newtonian fluid, and a linearly elastic cylindri-
cal Koiter shell, allowing non-radially symmetric shell displacements. The
coupled FSI problem is defined on a cylindrical domain, and is driven by
the inlet and outlet dynamic pressure data. The main novelties are the fol-
lowing: the existence proof is constructive, it relies on a splitting algorithm
used in the design of a computational scheme applied so far to 2D radially-
symmetric problems [7, 43], and the proof in this manuscript is designed
for a full 3D problem, without requiring radial symmetry of the structure
displacement. New ideas had to be developed to extend the result from the
2D radially-symmetric case, to the full 3D problem. They include:

o A different ALE mapping, and a different discretization of the cor-
responding Jacobian had to be used to obtain a discretized problem
which satisfies the geometric conservation law property, and a discrete
energy estimate that mimics the energy estimate of the continuous FSI
problem. This part was crucial for the existence proof.

e The fluid-structure interface I" associated with the weak solution of the
3D problem is not Lipschitz, which gives rise to the various difficulties
related to the handling of the function spaces and making sense of the
trace of the fluid velocity on I'.
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e Different Sobolev embedding theorems had to be used than those used
in the 2D case, which implies different compactness arguments to show
strong convergence of approximate sequences.

e In contrast with the 2D case where we were able to prove the existence
of a weak solution by considering a FSI problem in which the struc-
ture had the lowest possible regularity, presented by the linear wave
equation, in this manuscript we had to include both the membrane
and flexural effects in the structure model (i.e., we had to include the
4-th order spatial derivatives and consider the full Koiter shell model)
to obtain the existence of a weak solution of the coupled FSI problem.
The full Koiter shell model provided enough regularity to make sense
of the trace of the fluid velocity on I', and to obtain a weak solution
in which the fluid-structure interface is at least Holder continuous.

The results presented in this manuscript show that the numerical scheme
based on the operator splitting approach constructed in this paper, converges
to a weak solution of the coupled FSI problem.

While the reference configuration for the fluid domain considered in this
manuscript is still a uniform cylinder of radius R and length L, we be-
lieve that the generalization to having an arbitrary, non-radially symmetric
cylinder as a reference configuration (pre-stressed or not) does not present
significant mathematical differences with respect to the problem presented
in this manuscript. The Koiter shell model in that case, however, is signif-
icantly more complicated (see, e.g., [48]), and the calculations in the proof
more involving. However, to study the influence of the non-radially symmet-
ric geometry of a native stenosed artery on the behavior of cardiovascular
devices such as stents, would require a numerical implementation of the full,
non-radially symmetric model, in which the reference configuration is not
radially symmetric, but rather it models the geometry of a given stenosed
artery.
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