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Significance	and	Novelty	

	

1. A novel extended ALE method is proposed for fluid-structure interaction 
(FSI) problems with large structural displacements. 
 
2. An optimal mesh is constructed based on a variational mesh optimization 
technique, combined with an additional constraint imposed to enforce the 
alignment of the fluid mesh with the structure, without changing connectivity. 
 
3. The main features of the method include: 
* High solution accuracy near the interface (i.e., due to the mesh alignment, 
pressure discontinuity along an immersed interface is captured with high 
accuracy). 
* non-trivial boundary conditions (e.g. Robin boundary conditions) can be 
easily implemented, allowing for stable and efficient Domain Decomposition 
methods.  

4. Several numerical examples involving 2D FSI problems with large 
displacement.  
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Extended ALE Method for fluid-structure interaction problems with large
structural displacements
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Abstract

Standard Arbitrary Lagrangian-Eulerian (ALE) methods for the simulation of fluid-structure interaction
(FSI) problems fail due to excessive mesh deformations when the structural displacement is large. We
propose a method that successfully deals with this problem, keeping the same mesh connectivity while
enforcing mesh alignment with the structure. The proposed Extended ALE Method relies on a variational
mesh optimization technique, where mesh alignment with the structure is achieved via a constraint. This
gives rise to a constrained optimization problem for mesh optimization, which is solved whenever the mesh
quality deteriorates. The performance of the proposed Extended ALE Method is demonstrated on a series
of numerical examples involving 2D FSI problems with large displacements. Two way coupling between the
fluid and structure is considered in all the examples. The FSI problems are solved using either a Dirichlet-
Neumann algorithm, or a Robin-Neumann algorithm. The Dirichlet-Neumann algorithm is enhanced by
an adaptive relaxation procedure based on Aitken’s acceleration. We show that the proposed method has
excellent performance in problems with large displacements, and that it agrees well with a standard ALE
method in problems with mild displacement.

Keywords: Mesh optimization, Arbitrary Lagrangian-Eulerian formulation, Fluid-structure interaction,
Domain decomposition methods.

1. Introduction

The focus of this work is on the numerical simulation of the motion of an elastic body immersed in
an incompressible, viscous fluid, with the structure undergoing large displacements. A motivating example
is the interaction between heart valves and blood flow. The difficulties associated with accurate numerical
simulation of this class of fluid-structure interaction problems are: (1) large changes in the fluid domain that
occur due to the large structural displacements; (2) accurate approximation of the hydrodynamic force at
the fluid-structure interface; and (3) added mass effect, which is known to cause various numerical difficulties
when the fluid and structure have comparable densities [58, 15]. Several numerical approaches have been
proposed in the literature for this class of problems, each dealing with the above-mentioned difficulties in a
different way.

To deal with the fluid domain motion associated with structural displacements, numerical methods can
be classified into the methods with fixed meshes and the methods with moving meshes. The fixed mesh
methods include the Immersed Boundary Method (IBM) [48, 50, 49], the Fictitious Domain Method [34, 33],
the level set method [19], and the so called Eulerian FSI methods [23, 54, 63]. These methods rely on a fixed
fluid mesh used in a fluid solver, while the presence of the structure is implemented in different ways. For
example, in the Immersed Boundary Method the fluid feels the structure through external forces acting on
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the fluid, where the coupling between the (fixed) fluid mesh and a (Lagrangian) structure mesh is performed
via Dirac Delta functions. To get around the difficulties associated with the discretization of the Dirac
Delta, and the low accuracy it causes in the calculation of the hydrodynamic force, modifications of the
IBM were introduced. They include the extended Immersed Boundary Method [61], and the Immersed
Finite Element Method [64]. On the other hand, in the Fictitious Domain Method, the coupling between
the fluid and structure is enforced via Lagrange multipliers (imposing continuity of velocity, or the no-slip
condition). This approach was applied first to problems with rigid particles and later to problems with
flexible structures, where Lagrange multipliers were located along the structure surface [2, 38, 59, 60]. In
all the cases discussed above, adaptive mesh refinement typically needs to be used to obtain reasonable
accuracy in the calculation of the hydrodynamic force acting on the structure.

The moving mesh methods are typically based on Arbitrary Lagrangian-Eulerian (ALE) approaches, first
introduced in [40, 20]. Instead of being fixed, the fluid mesh follows the motion of the elastic body via a
mapping, called the ALE mapping, which is calculated based on the current location of the structure (e.g., as
a harmonic extension of the current interface position onto the fluid domain). ALE methods were proved to
be accurate and robust for hemodynamics applications involving small mesh displacements (see, e.g., [27]).
Although these methods offer many advantages provided by the explicit representation of the fluid-structure
interface [39, 58, 5], problems arise whenever strong deformations or even topological changes of the interface
lead to a degeneration of the computational mesh. To deal with large structural displacements, remeshing
was introduced in [22, 45, 44].

Mixed ALE and fictitious domain formulations have also been proposed [37, 21]. These approaches
also require adaptive mesh refinement for an accurate calculation of the viscous shear stresses on the solid
boundary.

For completeness, we also mention a mesh-free Lattice-Boltzmann method [41, 26, 24], which has also
been used for the simulation of FSI problems with large structural displacements.

In the present work we propose a method which is a variant of an ALE approach, but it elegantly cap-
tures large structural displacements without changing mesh connectivity. The method retains the positive
features of the ALE approaches, such as the accurate approximation of the fluid-structure interface and
accurate representation of the hydrodynamic forces, without the need for adaptive mesh refinement. The
method is based on a fixed ”base” mesh that is adapted to approximate the interface via an ALE-type
mapping, while maintaining mesh connectivity (nodes or elements are neither inserted nor removed). The
fundamental building block is a variational mesh optimization approach that does not rely on any combina-
torial considerations. Alignment of the optimized mesh with the structure interface is stated as a constraint
of a mesh optimization problem thanks to a level set description of the geometry. In contrast with the
strategy proposed in [62, 8, 9], in our approach the variational alignment procedure is only performed when
the mesh becomes too distorted, making our methodology closer to a standard ALE approach, which is why
we call it Extended ALE Method. The main features of the proposed Extended ALE approach are:

- Non-degenerate meshes of provably optimal quality;

- The alignment of the mesh with the interface, which allows for a simple definition and efficient im-
plementation of problem-specific finite element spaces, such as the elements allowing discontinuities
across the interface;

- Fixed mesh connectivity, which makes the method easy to implement in an existing standard ALE
code.

Our approach is similar in spirit to the methods proposed in [11, 18, 4] (the fixed-mesh ALE approach),
and also to the methodology based on “universal meshes” recently proposed in [31, 30]. However, none
of the methods mentioned above uses a mesh optimization technique, and mesh alignment is performed
differently. Our method is an extension of the techniques introduced in [62, 8, 9] for two-phase flows and
one-way coupled FSI problems (i.e., the structure moves with a prescribed law).

To show that our approach has the desired features, we consider the interaction of an elastic beam with a
2D incompressible fluid. Although dealing with a simplified model, the problem under consideration retains
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important physical features common to more complex models: large displacement and added mass effect.
We show that the Extended ALE Method allows to easily capture the pressure discontinuity across the
interface, which coincides with the 1D elastic structure. Methods based on non-aligned fixed meshes cannot
capture such a discontinuity, unless further techniques are used, such as, e.g., the enrichment of the function
spaces as in X-FEM, see [29]. Moreover, thanks to the mesh alignment with the interface, the kinematic
coupling condition is easily enforced.

Once a mesh has been obtained from the above mentioned constrained optimization problem, the FSI
problem is solved with classical Domain Decomposition algorithms (see, e.g., [53]): either the Dirichlet-
Neumann method, which is combined with an Aitken’s acceleration technique [42], or the Robin-Neumann
method. It was shown in [3] that when the structure lies on part of the fluid domain boundary, the Robin-
Neumann method features excellent convergence properties: it always converges without any relaxation and
its convergence is almost insensitive to the added-mass effect. To the best of our knowledge, the Robin-
Neumann method has never been applied to FSI problems involving an immersed structure.

The outline of the paper is as follows. In Section 2 we state the problem. The constrained optimization
approach, which is at the core of our Extended ALE Method, is explained in Section 3. We describe the
Domain Decomposition algorithms in Section 4, and summarize the numerical methods that we use for the
time and space discretization of the fluid and structure problems in Section 5. In Section 6, we present
numerical results obtained on a series of numerical tests carefully chosen to highlight the main features of
the method. Conclusions are drawn in Section 7.

2. Problem definition

Consider a domain Ω ⊂ R2 containing an elastic beam forming a 1D manifold Γ(t) ⊂ Ω whose location
depends on time. The beam is surrounded by an incompressible, viscous fluid occupying domain Ω, defining
the time dependent fluid domain Ωf (t) := Ω \ Γ(t). The beam can be periodic (closed curve, see Fig. 1(a))
or non-periodic (open curve, see Fig. 1(b)).

(a) Periodic beam (b) Immersed beam

Figure 1: Computational domain for (a) the periodic beam case and (b) the immersed beam case.

2.1. The fluid problem

The fluid flow is governed by the Navier-Stokes equations for an incompressible, viscous fluid:

ρf

(
∂u

∂t
+ (u · ∇)u

)
−∇ · σ = 0 in Ωf (t), (1)

∇ · u = 0 in Ωf (t), (2)

for t ∈ (0, T ], where ρf is the fluid density, u is the fluid velocity, and σ the Cauchy stress tensor. For
Newtonian fluids σ has the following expression

σ(u, p) = −pI + 2µε(u),
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where p is the pressure, µ is the fluid dynamic viscosity, and ε(u) = (∇u + (∇u)T )/2 is the strain rate
tensor. Equations (1)-(2) need to be supplemented with initial and boundary conditions.

In order to describe the evolution of the fluid domain, we begin by adopting an Arbitrary Lagrangian-
Eulerian (ALE) approach [40]. More precisely, let Ω̂f ⊂ R2 be a fixed reference domain. We consider a
smooth ALE mapping

A : [0, T ]× Ω̂f → R2,

A(t, Ω̂f ) = Ωf (t), ∀t ∈ [0, T ].

For each time instant t ∈ [0, T ], A is assumed to be a homeomorphism. The domain velocity w is defined as

w(t, ·) = ∂tA(t,A(t, ·)−1).

For any sufficiently smooth function F : [0, T ]× R2 → R, we may define the ALE time derivative of F as

∂F

∂t

∣∣∣
x̂

=
∂F

∂t
(t,A(t, x̂)) =

∂F

∂t
(t,x) + w(t,x) · ∇F (t,x),

where x = A(t, x̂), x̂ ∈ Ω̂. With these definitions, we can write the incompressible Navier-Stokes equations
in ALE formulation as follows:

ρf
∂u

∂t

∣∣∣
x̂

+ ρf (u−w) · ∇u−∇ · σ = 0 in Ωf (t), (3)

∇ · u = 0 in Ωf (t), (4)

for t ∈ (0, T ].

2.2. The structure problem

For the structure problem, we consider two structural models, both based on a linearly elastic beam
equation:

- a periodic beam (PB) described by a linear beam equation, which results in balloon-type FSI problems;

- an inextensible beam (IB) giving rise to a non-linear problem, where the nonlinearity comes from the
inextensibility condition.

In both cases, we assume negligible torsional effects for the beam. Let us denote by ρs the linear density
(i.e. mass per unit length), by L the length, and by EI the flexural stiffness of the beam. We will use the
following notation, with s denoting arc length and t time:

y′ =
∂y

∂s
, ẏ =

∂y

∂t
, y′′ =

∂2y

∂s2
, ÿ =

∂2y

∂t2
.

2.2.1. A periodic beam (PB) model

Consider a periodic beam (closed curve). Its dynamic behavior is governed by the Euler-Lagrange
equations:

ρsẍ+ EIx′′′′ = f in (0, L), t ∈ (0, T ], (5)

where x = x(t, s) is the parametric curve defining the beam position and f denotes the force acting on the
beam. In our case, f is the hydrodynamic force, which will be specified in Sec. 2.3. Problems similar to (5)
were considered, for instance, in [16, 17] and the references therein. Equation (5) has to be supplemented
with initial and boundary conditions. We enforce periodic boundary conditions:

x(0) = x(L), x′(0) = x′(L). (6)

4



2.2.2. An inextensible beam (IB) model

In the second case, we consider a non-periodic (open curve), inextensible beam [35, 32, 21]. The structural
model is based on equation (5) with an additional constraint of inextensibility, i.e. the beam cannot shrink or
stretch during its interaction with the fluid. The resulting structure problem is non-linear, and the numerical
treatment of this problem is much more challenging than the problem described in Sec. 2.2.1.

Using the virtual work principle, the beam motion for t ∈ (0, T ] is modeled by the following. Find
x(t) ∈ K such that: ∫ L

0

ρsẍ · yds+

∫ L

0

EI x′′ · y′′ds =

∫ L

0

f · yds, ∀y ∈ dK(x), (7)

with

K =
{
y ∈ (H2(0, L))2, |y′| = 1, y(0) = a, y′(0) = b

}
, (8)

dK(x) =
{
y ∈ (H2(0, L))2, x′ · y′ = 0, y(0) = 0, y′(0) = 0

}
, (9)

and boundary conditions

x(0) = a, x′(0) = b, x′′(L) = x′′′(L) = 0. (10)

The conditions at s = 0 are called the essential boundary conditions, describing a clamped beam, while the
conditions at s = L are called the natural boundary conditions. The non-linear inextensibility condition for
the beam, |x′| = 1, is embedded into the set K.

2.3. The coupled fluid-structure interaction problem
We consider two-way coupling between the fluid and structure: the motion of the beam is driven by

the contact force exerted by the fluid, while at the same time the motion of the beam influences the fluid
motion. The coupling conditions are described by the following. Let us denote the interface by

Γ(t) = {x(t, s), s ∈ [0, L]} .

Let n1 be the unit normal vector pointing to the “left” (left with respect to the parameterization of x) and
n2 = −n1 is the unit normal pointing to the “right”, see Figure 1. Notice that the fluid-structure interface
coincides with the structure domain. The hydrodynamic force acting on the structure (beam) is given by
the jump in the normal fluid stress across the interface Γ(t):

fΓ = −σ1n1 − σ2n2, (11)

where σi(x) = limε→0− σ(x + εni), x ∈ Γ, i = 1, 2. Using this notation, we can now state the coupling
conditions. For t ∈ (0, T ], the fluid problem (3),(4) and the structure problems (PB) or (IB) are coupled
by the following two conditions:

1. kinematic coupling condition (continuity of velocity, i.e., the no-slip condition)

u = ẋ on Γ(t); (12)

2. dynamic coupling condition (balance of contact forces)

fΓ = f on Γ(t), (13)

where f is given by Eq. (5) for problem (PB), or by Eq. (7) for problem (IB).

Here, notation u = ẋ in (12) is used to express the relation u(t,x(t, s)) = ẋ(t, s), s ∈ [0, L] (analogously
for fΓ and f in (13)). Since x denotes the location of structure points and not the structure displacement,
both the structure and fluid are given in Eulerian coordinates.

For the purposes that will be clear below when we introduce the Robin-Neumann scheme, we remark
here that the coupling conditions (12)-(13) can be written in an equivalent form by introducing the constants
αf > 0 and αs > 0 (αf 6= αs), and writing:

αfu− fΓ = αf ẋ− f on Γ(t), (14)

αsu+ f = αsẋ+ fΓ on Γ(t).
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3. Numerical Representation of the Geometry

The main feature of our Extended ALE method is a variational mesh optimization technique combined
with an additional constraint to enforce the alignment of the structure interface with the edges of the
resulting triangulation. The mesh optimization, explained in Sec. 3.1, corresponds to a reparametrization
of the ALE mapping. In Sec. 3.2, we describe how the mesh alignment is treated.

3.1. Optimal triangulations

Let T be an initial triangulation of the domain Ω (not necessarily approximating the structure interface
at this stage). Following a variational mesh optimization technique introduced by M. Rumpf in [55], we
aim at finding an “optimal” triangulation Topt resulting from an optimal mesh deformation χopt of T , i.e.
Topt = χopt(T ). Deformation χopt belongs to the set D of piecewise affine, orientation preserving, and
globally continuous deformations:

D =
{
χ ∈

(
C0(Ω)

)2
: ∇χ|T ∈ GL(2), det(∇χ|T ) > 0, ∀T ∈ T

}
, (15)

with GL(2) = {A ∈ R2×2 : det(A) 6= 0}.
Deformation χopt ∈ D is “optimal” in the sense that it is the argument for which a certain functional F

attains its minimum value:

F(χopt) = min
χ∈D
F(χ). (16)

We assume that the functional in (16) can be represented by a sum of weighted, element-wise contributions
FT :

F(χ) =
∑
T∈T

µTFT (χ),

where µT > 0 denotes a positive weight with
∑
T µT = 1. Let RT denote the linear reference mapping from

a prescribed reference element Topt (an equilateral simplex with customizable edge length h) to T . Under
the assumptions of translational invariance, isotropy and frame indifference of the functionals, it can be
shown (see [55]) that in two dimensions FT may be expressed as a function of the invariants ‖∇RT (χ)‖2
and det(∇RT (χ)). Here, ‖ · ‖ denotes the Frobenius norm. Note that the quantity ‖∇RT (χ)‖2 measures
the change of edge lengths with respect to the reference element, and det(∇RT (χ)) measures the change in
area.

In order to rule out deformations with vanishing determinant, we need

lim
det(∇RT (χ))→0

FT (χ) =∞.

A classical example of function FT is given by

FT (χ) = (‖∇RT (χ)‖2 − 2)2 + det(∇RT (χ)) +
1

det(∇RT (χ))
. (17)

The optimally deformed simplex is obtained if χopt|T = I, i.e. if

FT (χopt) = FT (I) = (2− 2)2 + 1 + 1 = 2.

The variational mesh smoothing approach described above has several advantages:

- Minimization problem (16) yields triangulations which are optimal in the sense of the local measure
(17);

- These triangulations can be shown to be non-degenerate, i.e. no self-intersection of elements occurs;

- The element-wise representation of F provides built-in, local mesh quality control.

The price to pay for those advantages is that functional F in (16) is highly non-linear, non-convex, and
global minimizers may not be unique.
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Ωδ,1f (t) Ωδ,2f (t)

Ωδf (t)

n2

n1

Γδ(t)

(a) Tubular box Ωδf (t)

φ(xe,1) < 0

φ(xe,2) > 0

e

Γ(t)

(b) Fluid mesh intersected by Γ(t)

Figure 2: (a) Tubular box Ωδf (t) around the structure position x, zoomed in view of Fig. 1(b), and (b) Γ(t) intersecting elements

of the fluid mesh.

3.2. Interface aligned mesh

We are now interested in having a triangulation that is optimal (as explained in the previous subsection)
and aligned with the beam position Γ(t), i.e. we want the optimal triangulation edges to approximate Γ(t).
For this purpose, we introduce the following auxiliary tools:

- a “tubular box” around the structure of width δ, denoted by Ωδf (t) ⊂ Ωf (t), within which mesh
optimization with alignment will be performed, see Fig. 2(a);

- a continuous level set function φ : [0, T ] × Ωδf (t) → R whose zero level set includes the structure
position x:

Ωδ,1f (t) =
{
y ∈ Ωδf (t) : φ(t,y) > 0

}
,

Ωδ,2f (t) =
{
y ∈ Ωδf (t) : φ(t,y) < 0

}
,

Γδ(t) =
{
y ∈ Ωδf (t) : φ(t,y) = 0

}
,

(18)

where Γδ(t) denotes a “natural” extension of Γ(t) to the boundary of Ωδf (t), and Ωδ,1f (t) and Ωδ,2f (t)

denote the fluid sub-domains located on the “left” and “right” side of Γδ(t), respectively. See Fig. 2(a).

Notice that n1 (resp., n2) is the outward unit normal on Γδ(t) of Ωδ,1f (t) (resp., Ωδ,2f (t)).

Within Ωδf (t) we perform the following procedure. Let e be an arbitrary edge of the triangulation T
intersected by Γδ(t) as shown in Fig. 2(b), and let xe,1 and xe,2 be its endpoints. Due to continuity of φ
and assumption (18), we observe that

φ(xe,1)φ(xe,2) < 0

if and only if e is intersected by Γδ(t), provided that the mesh size h is sufficiently small to resolve the shape
of Γδ(t). We therefore define the triangulation to be linearly aligned with Γ(t) if

φ(xe,1)φ(xe,2) ≥ 0 for all e ∈ T .

We introduce a scalar constraint c : D → R+
0 , defined on D given by (15), such that:

c(χ) =
∑

e∈χ(T )

H(φ(xe,1)φ(xe,2)) where H(z) =

{
> 0 if z < 0,

= 0 otherwise.
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Only deformations χ for which c(χ) = 0 will give aligned triangulations. Thus, a linearly aligned triangula-
tion of optimal quality is obtained from the following constrained minimization problem:

min
χ∈D
F(χ) such that c(χ) = 0.

Given an aligned triangulation T , we may define a linear approximation of the interface as

Γh = {edges e ∈ T : φ(xe,i) = 0 and xe,i ∈ Γ for i = 1, 2} .

In order to obtain a more accurate representation of the structure, we also consider piecewise quadratic
approximations of Γ(t). We make use of quadratic isoparametric finite elements equipped with additional
degrees of freedom located at the edges. Details on the numerical implementation together with an evaluation
of the mesh, approximation quality, and computational costs can be found in [8, 6, 62].

In the following, for given a structure position Γ(t), we will denote the optimal interface aligned trian-
gulation obtained from the strategy outlined above by Topt(Γ(t)). The resulting computational domain is
given by:

Ωf,opt(t) =
⋃

K∈Topt(Γ(t))

K.

4. Partitioned methods for the fluid-structure interaction problem

The FSI problems described in Sec. 2 will be solved using two different partitioned strategies based on
Domain Decomposition methods [53]: the Dirichlet-Neumann (DN) and the Robin-Neumann (RN) algo-
rithms. Partitioned method are appealing for solving multi-physics problems such as those discussed in this
manuscript, because they allow the reuse of existing fluid and structure solvers with minimal modifications.
Because of the modularity of DN and RN algorithms, each physics sub-problem is solved separately, with the
coupling conditions enforced in an iterative fashion. In the DN algorithm the coupling boundary condition
(12) is imposed at the interface as a Dirichlet boundary condition for the fluid sub-problem, whereas in the
RN algorithm the fluid sub-problem is endowed with Robin interface condition (14). In both algorithms, the
structure sub-problem is supplemented with the Neumann “boundary condition” (13). Eq. (13) is a proper
Neumann boundary condition when the structure is thick; for thin structures Eq. (13) prescribes a load on
the structure.

To describe the DN and RN algorithms, we introduce the time-discretization step ∆t > 0 and set
tn = n∆t, for n = 1, . . . , N , with N = T/∆t. At every time tn, the DN and RN algorithms iterate over the
fluid and structure sub-problems until convergence. These are Richardson (also called fixed point) iterations
for the position of Γ(tn). Let k be the index for these iterations.

4.1. The Dirichlet-Neumann method

At time tn+1, iteration k + 1, assuming that Ωnf ,uk, pk, and xk are known, the following steps are
performed:

- Step 1: Solve the fluid sub-problem for the flow variables uk+1, pk+1 defined on Ωnf , with Dirichlet
boundary condition

uk+1 = ẋk on Γn. (19)

- Step 2: Solve the structure sub-problem for the structure position xk+1, driven by the just calculated
hydrodynamic force fΓ,k+1, i.e., fk+1 = fΓ,k+1 on Γn.
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- Step 3: Check the stopping criterion, e.g.

||xk+1 − xk||
||xk||

< ε, (20)

where ε is a given stopping tolerance. If violated, repeat Steps 1–3. If satisfied, set xn+1 = xk+1 and
pn+1 = pk+1.

- Step 4: Check the mesh quality of Ωnf :

- If good: Accept and set ũn+1 = uk+1 and Ω̃n+1
f = Ωnf .

- If bad: Apply mesh optimization to get Ωnf,opt, set Ω̃n+1
f = Ωnf,opt. Project data onto new mesh,

i.e.

ũn+1 = IΩn
f→Ω̃n+1

f
(uk+1). (21)

A mesh is considered to be “bad” if the maximum angle of the elements exceeds a certain value,
for instance 130 degrees.

- Step 5: Standard ALE update: From the new structure position xn+1 obtain Γn+1, and from the
intermediate fluid domain Ω̃n+1

f obtain:

Ωn+1
f = E(Γn+1, Ω̃n+1

f )

using an extension operator E (see comment below). Set un+1 = ũn+1 and move to the next time
step.

For our computations, we do not use a “standard” extension operator E (such as harmonic extension, or
operators stemming from linear elasticity), but use the variational approach based on (16), (17). In our
experience, this approach is superior to linear extension operators in terms of mesh quality.

The “inner” loop, in which the index k changes, corresponds to Steps 1–3 in the above iteration algorithm.
In those steps, the fluid domain is “frozen”, which allows for important saving of computational time.

A crucial point in the above algorithm is the choice of the mesh transfer operator IΩ̃f,n+1→Ωn+1
f,opt

appearing

in Eq. (21) at Step 4, needed whenever reparameterization is performed. In our case, this operator is the
Lagrange interpolation operator which was also proposed in [30]. However, it is known that dynamically
changing meshes may lead to spurious oscillations of the pressure for small time step sizes [12, 14]. Indeed, we
will observe those oscillations in our numerical results, as shown in Section 6.4.2. Transferring the solution
from one mesh to another without introducing these errors seems to be an open question.

It is well known that the convergence properties of the DN algorithm depend heavily on the added-mass
effect [15]. In fact, when the structure constitutes a part of the fluid domain boundary, the number of
DN iterations required to satisfy the stopping criterion (20) increases as the structure density approaches
the fluid density. Moreover, below a certain density ratio ρs/ρf , which depends on the domain geometry,
relaxation is needed for the DN algorithm to converge [46, 47, 15]. This is why we adopt a simple Aitken’s
acceleration technique, which is based on a relaxation approach, and is known to reduce the number of DN
iterations. This strategy, introduced in [42], was proposed for a setting similar to ours in [1]. The results
in [1] indicate that only a few accelerated DN sub-iterations are to be expected for FSI problems with an
immersed structure and large added-mass effect.

Dirichlet-Neumann algorithms, however, have been shown in [3] to fail for FSI problems with ballon-type
structures such as the periodic beam case (PB). This is because in the DN algorithm the coupling conditions
are satisfied asynchronously. As a result, the fluid sub-problem uses Dirichlet boundary condition uk+1 = ẋk
which is based on the velocity of the structure ẋk calculated from the previous sub-iteration. This ẋk may
not be consistent with the incompressibility condition (2), which requires that
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0 =

∫
Γn

uk+1 · n dΓn =

∫
Γn

ẋk · n dΓn. (22)

Since the last integral is not necessarily equal to zero for all ẋk, the fluid sub-problem in Step 1 is solved
with a velocity prescribed at the boundary that does not satisfy the integral equality above, giving rise to an
ill-posed problem at the semi-descrete level. Because of this limitation, in the next subsection we consider
a Robin-Neumann algorithm for the solution of the FSI problem involving the periodic beam case (PB).

4.2. The Robin-Neumann method

At time tn+1, iteration k + 1, the following steps are performed:

- Step 1: Solve the fluid sub-problem for the flow variables uk+1, pk+1 defined on Ωnf , with Robin
boundary condition

αfuk+1 − fΓ,k+1 = αf ẋk − fk on Γn. (23)

- Step 2, 3, 4 and 5 as in Sec. 4.1

Recall that fΓ denotes the jump in the normal stress across the structure, as defined in (11), and f stands
for the left hand-side of the structure equation (5). Notice that the DN algorithm can be interpreted as a
particular case of the RN algorithm for αf →∞.

It was shown in [3] that when the structure constitutes a part of the fluid domain boundary for a suitable
choice of parameter αf the RN method features excellent convergence properties: it always converges without
any relaxation and its convergence is insensitive to the added-mass effect. To our knowledge, the RN method
has never been applied to FSI problems involving an immersed structure and a complex structure model
like (PB) or (IB). Our goals are: to check whether these improved convergence properties still hold when
the structure is immersed in the fluid domain, and to show that the RN algorithm can handle balloon-type
FSI problems.

In [3], αf is estimated by considering a simplified structure model. Here, we follow the same approach.
Under the hypothesis that the term EIx′′′′ (as well as the inextensibility condition when problem IB is
considered) is negligible, the structure model (5) reduces to a simple inertial model:

ρsẍ = fΓ, in (0, L), t ∈ (0, T ].

By discretizing this equation in time with the implicit Euler scheme (see, e.g., [52]) and by using the
kinematic coupling condition (12), at the time tn+1 we obtain:

ρs
∆t
un+1 − fn+1

Γ =
ρs

∆t2
(xn − xn−1), (24)

which is a Robin boundary condition for the fluid problem. Thus, when a simple inertial model for the
structure is adopted, the structure problem is not solved separately, but it is embedded in the fluid problem
in the form of the Robin boundary condition (24). This simplified problem motivates the choice for the
constant αf in (23):

αf =
ρs
∆t

(25)

for general structure models.
By plugging (25) into Robin condition (23) and taking into account Eq. (5) at iteration k, we get:

ρs
∆t
uk+1 − fΓ,k+1 =

ρs
∆t
ẋk − (ρsẍk + EIxk

′′′′︸ ︷︷ ︸
fk

),

10



This equation is discretized in time with the implicit Euler scheme to obtain:

ρs
∆t
uk+1 − fΓ,k+1 =

ρs
∆t
ẋk − ρs

ẋk − ẋn

∆t
− EIxk′′′′.

The two terms containing ẋk cancel out, and a further discretization of ẋn leads to:

ρs
∆t
uk+1 − fΓ,k+1 =

ρs
∆t2

(xn − xn−1)− EI(xk)′′′′. (26)

This is a semi-discretized Robin condition (14) with the choice of αf given by (25). Notice that Eq. (26)
is compatible with Eq. (24), the only difference being the presence of the flexural stiffness term that was
neglected in the simplified model.

5. The fully discrete problem

We present the fully discrete problem for the case of the fluid problem (3),(4) with Robin boundary
condition (23), and recall that a similar approach can be taken for the DN algorithm, since it is a particular
case of the RN algorithm. We will state the problem in weak form by including only the boundary condition
on Γ(t), since those on ∂Ωf (t)\Γ(t) are understood and do not affect the presented methododology.

5.1. The discrete fluid sub-problem

For any given t ∈ [0, T ), we define the following spaces:

V (t) =
{
v : Ωf (t)→ R2, v = v̂ ◦ (A)−1, v̂ ∈ (H1(Ω̂f ))2

}
,

Q(t) =
{
q : Ωf (t)→ R, q = q̂ ◦ (A)−1, q̂ ∈ L2(Ω̂f )

}
.

In the following we will use the notation V n := V (tn) and Qn := Q(tn) to denote the finite element spaces
at the time instant tn.

We introduce the following linear forms:

m(Ω;u,v) =

∫
Ω

(u · v) dΩ, a(Ω;u,v) =

∫
Ω

µ (ε(u) : ε(v)) dΩ,

c(Ω; w;u,v) =

∫
Ω

((w · ∇)u · v) dΩ, b(Ω; p,v) = −
∫

Ω

p∇ · v dΩ.

The variational formulation of the fluid problem (3),(4) with boundary condition (14) reads: given
t ∈ (0, T ], find (u, p) ∈ V (t)×Q(t) such that ∀(v, q) ∈ V (t)×Q(t) the following holds:

ρfm
(

Ωf (t);
∂u

∂t

∣∣∣
x̂
,v
)

+ ρfc(Ωf (t);u−w;u,v) + a(Ωf (t);u,v) + b(Ωf (t); p,v)

+m(Γ(t);αfu,v) = m(Γ(t);αf ẋ− f ,v),

b(Ωf (t); q,u) = 0.

Time and space discretization. The implicit Euler scheme is used to discretize the above weak
formulation in time. The convective term is linearized by a first order extrapolation formula. At time tn+1,
and at the (k+ 1)-st RN sub-iteration, the time discrete linearized fluid sub-problem reads as follows: Find
(uk+1, pk+1) ∈ V n ×Qn such that

ρfm
(

Ωnf ;
uk+1 − un

∆t
,v
)

+ ρfc(Ω
n
f ;uk −wn;uk+1,v) + a(Ωnf ;uk+1,v) + b(Ωnf ; pk+1,v)

+m(Γn;αfuk+1,v) = m(Γn;αf ẋk − fk,v), (27)

b(Ωnf ; q,uk+1) = 0, (28)
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for all (v, q) ∈ V n ×Qn.
For the space discretization of problems (27)-(28), we choose the inf-sup stable Taylor-Hood finite element

pair P2 − P1. However, while the velocity field is continuous at Γn, the pressure space should be able to
capture discontinuities across Γn, which are needed also for the correct evaluation of the hydrodynamic force
(11). In order to deal with pressure discontinuities that occur at Γk, we use “node doubling” at the interface
and apply a Subspace Projection Method to enforce the continuity of the velocity; see also [10, 9, 51] for a
description of these techniques.

The linear system resulting from linearization and discretization is solved with the direct solver PARDISO
[43, 56, 57].

5.2. The discrete structure problem

For the time discretization of problem (5) or (7), we will consider a generalized Crank-Nicolson scheme
[35]. At time tn+1, Dirichlet-Neumann iteration k+ 1, the time discrete structure problem (7) is as follows:
Find xk+1 ∈ K such that:∫ L

0

ρs
xk+1 − 2xn + xn−1

∆t2
· yds+ EI

∫ L

0

(αxk+1 + (1− 2α)xn + αxn−1)′′ · y′′ds

=

∫ L

0

(αfk+1 + (1− 2α)fn + αfn−1) · yds, ∀y ∈ dK(xk+1), (29)

where K and dK are defined in (8) and (9), respectively. Time discretization of problem (5) is similar. This
scheme is known to be second order accurate for linear problems. For the numerical results in Sec. 6, we
will set α = 1/4 since in linear cases this choice leads to an unconditionally stable scheme, which possesses
a very small numerical dissipation compared to other schemes, e.g., the Houbolt method [13, 7].

For the space discretization of problem (29), we use a third order Hermite finite element method [13].
To treat the inextensibility condition |y′| = 1 in problem (IB), we use an augmented Lagrangian Method
[13, 28, 32, 35, 21]. We refer to [7] and the references therein, for details.

5.3. Enforcement of the coupling conditions

To describe the enforcement of the coupling conditions reported in Sec. 2.3 we first recall that at every
time step the fluid mesh is aligned with the structure position. However, in general the fluid and structure
meshes do not coincide, since they are made up of different elements: cubic Hermite elements on the
structure side, and quadratic isoparametric edges on the fluid side. Due to the alignment, the fluid nodes
that approximate the interface are always located on the structure mesh, as shown in Fig. 3. In Fig. 3, we
denote by Γf,nh the approximation of the location of Γn given by the fluid mesh, and by Γs,nh the approximation
of Γn by the structure mesh.

Enforcement of the kinematic coupling condition, i.e., the Dirichlet condition (19). Denote
by UΓ,k and Ẋk the arrays of the nodal values of the corresponding fluid and structure velocities at the
interface. Let Bnfs be the interpolation matrix of the structure mesh at the fluid interface nodes. To impose
Dirichlet condition (19), we set

UΓ,k+1 = BnfsẊk. (30)

Enforcement of the dynamic coupling condition. The fluid load onto the structure is given by
the hydrodynamic force (11). The computation of the hydrodynamic force (11) is crucial for the numerical
stability and accuracy of Domain Decomposition FSI solvers [25]. In the setting considered in this paper (an
immersed beam), the quality of approximation of the pressure jump across the beam is of great importance,
as demonstrated by the results in Sections 6.1 and 6.2.

The load exerted by the fluid onto the structure fΓ can be computed as the variational residual R of
the momentum conservation equation for the fluid, tested with test functions v that are different from zero

12



Γf,nh

Γs,nh

Figure 3: Fluid triangulation (black) aligned with the structure mesh Γs,nh (blue). The fluid nodes are marked with dots, while

the structure nodes are marked with squares. Γf,nh (red) is the approximation of the interface given by an edge of the fluid
mesh.

on Γ(t):∫
Γ(t)

fΓ · v dΓ = −
∫

Γ(t)

σ1n1 · v dΓ−
∫

Γ(t)

σ2n2 · v dΓ

= −ρfm
(

Ωf (t);
∂u

∂t

∣∣∣
x̂
,v
)
− ρfc(Ωf (t);u−w;u,v)− a(Ωf (t);u,v)− b(Ωf (t); p,v)

= R(Ωf (t);u, p,v). (31)

Let ffΓ,k+1 denote the discrete hydrodynamic force at Γf,nh and sub-iteration k + 1. After time and space

discretization of (31), ffΓ,k+1 is calculated from:∫
Γf,n
h

ffΓ,k+1 · vh dΓ = R(Ωnf ;uh,k+1, ph,k+1,vh), (32)

where uh,k+1 and ph,k+1 are the discrete velocity and pressure at the DN or RN sub-iteration k+1, obtained
from solving system (27)-(28). By using matrix notation, eq. (32) can be written as follows:

Mn,f
Γ F fΓ,k+1 = Rk+1, (33)

where F fΓ,k+1 is the array of nodal values of ffΓ,k+1, Mn,f
Γ is the mass matrix at Γf,nh , and Rk+1 corresponds

to the known values of the combined residuals appearing on the right-hand side of equation (32). This
defines the hydrodynamic force, calculated at the fluid mesh nodes along the beam.

To enforce the dynamic coupling condition (13), this hydrodynamic force needs to be set equal to the
structural load f exerted onto the structure. For this purpose, we need to assign the values of the hydro-
dynamic force to the structure mesh nodes Γs,nh which do not necessarily lie on the structure discretization
defined by the fluid mesh, see Fig. 3. To do that, we first project the structure mesh nodes of Γs,nh onto the

fluid mesh interface Γf,nh . At the fluid mesh, the fluid loading onto the structure ffΓ,k+1 is defined by the

process described above. We take those values of ffΓ,k+1 and interpolate them first along the edges of the
fluid mesh at the projected structural nodes, and then we assign those values back to the original structure
nodes. More precisely, whenever the structural load fk+1(x) needs to be evaluated for some x ∈ Γs,nh (for
instance at the quadrature nodes needed to evaluate the right hand side of eq. (29)), we first define the
projected structure node

x̃ := arg min
y∈Γf,n

h

‖x− y‖
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and then let fk+1(x) = ffΓ,k+1(x̃). We use the following notation to summarize this procedure:

F sΓ,k+1 = BnsfF
f
Γ,k+1, (34)

where we used Bnsf to denote the extrapolation of the values of the hydrodynamic quantities at the fluid
nodes onto the the structure nodes. This defines the hydrodynamic force at the structure mesh nodes, and
enforces the dynamic coupling condition (13).

It is important to notice that in this numerical implementation of the dynamic coupling condition, the
power exchanged between the fluid and structure is not perfectly balanced, i.e., at the discrete level, the
energy imparted by the fluid onto the structure is not perfectly converted into the total energy of the
structure, and vice versa. This is due to the non-matching fluid and structure meshes. In the case of the
DN algorithm, this mismatch can be precisely quantified as follows.

At the time tn+1, after the convergence of the DN sub-iterations, the discrete power exchanged at the
interface from the fluid side is

P f,n+1 =

∫
Γf,n+1
h

ff,n+1
Γ · un+1

h dΓ = (Un+1
Γ )TMf,n+1

Γ F f,n+1
Γ = (Ẋn+1)T (Bn+1

fs )TMf,n+1
Γ F f,n+1

Γ , (35)

where for the last equation we used (30). Similarly, the discrete power exchanged at the interface from the
structure side is

P s,n+1 =

∫
Γs,n+1
h

fs,n+1
Γ · ẋn+1

h dΓ = (Ẋn+1)TMs,n+1
Γ F s,n+1

Γ = (Ẋn+1)TMs,n+1
Γ Bn+1

sf F f,n+1
Γ , (36)

where for the last equation we used (34). Thus, the power exchanged at the interface is balanced if

(Bn+1
fs )TMf,n+1

Γ = Ms,n+1
Γ Bn+1

sf .

Since Γf,n+1
h and Γs,n+1

h are aligned but do not coincide (Γs,n+1
h is a piecewise cubic globally C1 function,

and Γf,n+1
h is a piecewise quadratic interpolation) and the fluid and structure discretizations are based

on different elements, the balance equation is not necessarily fulfilled exactly. However, in Sec. 6.4.2 we
will show that the difference between P f,n+1 and P s,n+1 is very small (0.01% of the power value) in our
computations.

Enforcement of Robin boundary condition (26).
We first evaluate the right hand side of the Robin boundary condition (26) on the structure mesh. Denote

by Sk the discretization of the right hand side at sub-iteration k. Then Sk is given by:∫ L

0

Sk · yds =

∫ L

0

ρs
xn − xn−1

∆t2
· yds− EI

∫ L

0

(αxk + (1− 2α)xn + αxn−1)′′ · y′′ds. (37)

Boundary condition (26) can be treated similar to (30) by interpolating Sk at the fluid interface nodes.
Thus, the Robin boundary condition (26) in matrix form reads:

ρs
∆t

Mf,n
Γ UΓ,k+1 −Mf,n

Γ F fΓ,k+1 = Mf,n
Γ BnfsSk. (38)

6. Numerical results

A series of numerical tests is presented that showcase the main features and performance of the Extended
ALE Method. In all the tests, the fluid density of ρf = 1 g/cm3 is considered, the structure mesh always
consists of 45 nodes (with cubic Hermite elements), and the stopping tolerance in (20) for the partitioned
schemes (either DN or RN) is always set to ε = 10−8. We use the SI unit system, and present all the
quantities in the centimeter-gram-second (CGS) units. If the units of a certain quantity are omitted for the
sake of simplicity, it is implied that they are in the CGS system.
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6.1. A stationary periodic beam

The goal of this first test is to show the importance of accurately capturing the pressure discontinuity
across the interface, and to validate our implementation of the Extended ALE Method and RN algorithm.
We choose a simple test case with a stationary solution, which can be calculated explicitly.

We consider the periodic beam model (PB) with EI = 1 g/(cm s2), ρs = 10 g/cm, and we take the
beam to be a circle of radius 1 centered at the origin:

x(s) = [cos(s) sin(s)]T , s ∈ [0, 2π], (39)

immersed in a viscous fluid with viscosity µ = 1 g/cm s, occupying a rectangular fluid domain Ωf =
(−2, 2)× (−2, 2). The fluid is at rest, i.e. u = 0.

The coupled FSI problem (3) through (6), plus (12) and (13), has a steady-state solution, which is given
by Eq. (39) for the structure position and

u = 0 in Ωf , p(x) =

{
EI if x ∈ Ω1

f ,

0 if x ∈ Ω2
f ,

(40)

where Ω1
f (Ω2

f ) is the fluid domain inside (outside) the beam.

We fix the time step size to be ∆t = 10−2 s and consider four different fluid meshes of mesh size

hj = 0.25 · 2−j , j = 1, . . . , 4.

We solve the time-dependent problem (3), (4), (5), (6), (12), (13), with the initial data (39) and u = 0. We
consider two different pressure approximations: a discontinuous and a continuous one. Table 1 reports the
errors for the velocity in the H1 semi-norm, and for the pressure in the L2 norm, after 100 time steps.

continuous p discontinuous p
ref. level j |uh − u|1 ‖ph − p‖ |uh − u|1 ‖ph − p‖

1 0.54681e+ 00 0.25786e+ 00 0.63169e− 05 0.43490e− 05
2 0.37705e+ 00 0.18234e+ 00 0.69300e− 06 0.25414e− 06
3 0.27219e+ 00 0.13316e+ 00 0.91836e− 06 0.20680e− 06
4 0.19135e+ 00 0.93794e− 01 0.93755e− 06 0.18234e− 06

Table 1: L2 errors for the pressure and errors in the H1 semi-norm for the velocity after 100 time steps obtained by using
continuous and discontinuous pressure approximations on four meshes with different refinement levels.

In the continuous pressure case, we observe a low convergence rate of about h1/2, which is to be expected
when approximating discontinuous functions using continuous functions (see for instance [36]). The same
holds for the velocity in the H1 semi-norm, indicating the presence of spurious velocities which often lead
to instabilities. When using a discontinuous approximation for the pressure, the approximation error is
reduced significantly. In fact, already for refinement level 2, we reach a value of the order of 10−6.

Figure 4 shows a warp of the pressure obtained with both continuous and discontinuous pressure approx-
imations for refinement level 2: spurious oscillations appear in the case of a continuous pressure approxima-
tion.

This example shows that our methodology captures the correct steady-state solution, and it emphasizes
the importance of accurate pressure approximation for this class of problems, motivating the use of a
discontinuous pressure approximation, which we employ in the rest of this work.

6.2. An oscillating periodic beam

The goals of this example are: (1) to show that for small structural displacements, the solution obtained
using our Extended ALE Method “coincides” with the solution obtained using the standard ALE approach,
and (2) to check the convergence behavior of our approach in time and space.
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(a) Continuous pressure approximation (b) Discontinuous pressure approximation

Figure 4: Warp of the pressure solution after 100 time steps for (a) continuous and (b) discontinuous pressure approximations
on the mesh with refinement level 2.

We consider the same fluid domain as in the previous test, but we decrease the fluid viscosity to µ = 0.2
g/cm s. The fluid is initially at rest. The initial shape of the beam is elliptic:

x(s) = [a cos(s), sin(s)/a]
T
, s ∈ [0, 2π], (41)

where a > 0 is a given parameter. The no-slip condition is imposed at the rectangular (rigid) boundary of
the fluid domain Ωf .

Due to elastic forces, we expect the beam to evolve towards the steady state solution of a circle, with a
surface area equivalent to that of the initial ellipse (41), i.e. a circle of radius 1. We choose the parameter
a = 1.5 such that the structure displacement is not too large, and the standard ALE method can be applied
to simulate the problem.

Fig. 5 shows the computed pressure and mesh deformation at times t = 1 s, 10 s, and 100 s for both
standard ALE and extended ALE methods. We see in Fig. 5(a) and (b) that the beam, initially elliptic,
oscillates. Then, at time t = 100 s it reaches a circular shape, shown in Fig. 5(c). These figures also show the
difference in the mesh deformation given by the standard ALE method and our Extended ALE approach.

Next, we track the maximum x-coordinate of the beam position over time for:

- two mesh sizes h = 0.25 · 2−j , with j = 0 (coarse mesh) and j = 1 (fine mesh), and

- four time step sizes ∆t = 0.1 · 2−j , j = 0, . . . , 3.

The maximum x-coordinate is expected to evolve towards 1 through damped oscillations, given that the
stationary solution for the beam is the circle of radius 1 centered at the origin.
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(a) t = 1 s

(b) t = 10 s

(c) t = 100 s

Figure 5: Pressure and (coarse) mesh deformation for the oscillating beam at time (a) t = 1 s, (b) t = 10 s, and (c) t = 100 s
for both the standard ALE (left) and extended ALE methods (right).
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(a) standard ALE, j = 0 (coarse mesh) (b) Extended ALE, j = 0 (coarse mesh)

(c) standard ALE, j = 1 (fine mesh) (d) Extended ALE, j = 1 (fine mesh)

(e) difference between standard and Extended for j = 0
(coarse mesh)

(f) difference between standard and Extended for j = 1
(fine mesh)

Figure 6: Maximum x-coordinate of the beam position (in cm) over time (in s) for (a) standard ALE and coarse mesh, (b)
Extended ALE and coarse mesh, (c) standard ALE and fine mesh, and (d) Extended ALE and fine mesh. (e) Difference in
absolute value between the curves in (a) and (b), and (f) difference in absolute value between the curves in (c) and (d).

Indeed, Fig. 6(a) and (b) display these damped oscillations computed with the coarse mesh for all the
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time steps under consideration by the standard and Extended ALE method, respectively. The corresponding
figures for the fine mesh are Figs. 6(c) and (d). For both methods, both meshes, and all the time steps,
the maximum x-coordinate evolves towards 1, as expected. Moreover, we see that the curves obtained with
the different time steps are almost superimposed over the whole time interval for both methods and both
meshes, indicating that we have reached time step size independence for a rather large interval of time.
Fig. 6(e) shows the difference in absolute value between the curves in Fig. 6(a) and (b), while the difference
in absolute value between the curves in Fig. 6(c) and (d) is reported in Fig. 6(f). From Fig. 6(e) and (f)
we see that there is a slight difference in amplitude between the oscillations computed by the standard and
Extended ALE methods. Such a difference should get smaller as the mesh gets finer. In fact, the maximum
difference in the maximum x-coordinate is around 1.3 · 10−4 for the coarse mesh and around 5 · 10−5 for the
fine mesh, indicating that the beam maximum x-coordinates computed by the two methods get closer with
mesh refinement.

6.3. Periodic beam advected by a channel flow

This example is designed to show that for FSI problems with large deformation, the standard ALE
method breaks down due to excessive mesh distortion, while the Extended ALE Method keeps the mesh
quality under control, and gives excellent results beyond the point of break down of standard ALE.

We consider the fluid domain to be a rectangular channel Ωf = (−12, 12)× (−2, 2) filled with a viscous
fluid of viscosity µ = 0.1 g/cm. At t = 0, the fluid is at rest, and the beam of circular shape, with radius 1, is
immersed in the fluid, with its center located at (−8, 0). See Fig. 7(a). The following structure parameters
are used in the simulation: ρs = 10 g/cm and EI = 1 g/(cm s2).

We study FSI between the periodic beam and the flow of a viscous, incompressible fluid, which is driven
by the boundary conditions imposed on Γin and Γout (see Fig. 1(a)). At Γin, we prescribe a non-zero x-
component of the fluid velocity, which is smoothly increased to 1 cm/s over time interval [0, 1], and is kept
equal to 1 cm/s until t = 20 s, when it drops to 0 cm/s:

u(t,x)|Γin
=


[−2t3 + 3t2, 0]T if 0 ≤ t ≤ 1,

[1, 0]T if 1 ≤ t ≤ 20,

[0, 0]T if t > 20.

At Γout we enforce a homogeneous Neumann boundary condition. The no-slip condition is prescribed at the
top and bottom channel boundary.

Due to the background fluid flow, the periodic beam is transported through the channel while undergoing
strong deformation as the fluid and structure interact via a two-way coupling. See Fig. 7(b) and (c). At
t ≥ 20 s when the inlet fluid velocity returns to zero, the viscous forces lead to a deceleration of the beam,
which stops and eventually returns to its original circular shape, as visible at around t = 100 s. See Fig. 7(f).

Figure 7 shows the beam position and mesh deformation computed at different times by the standard
ALE method (top panel in each subfloat) and the Extended ALE method (bottom panel in each subfloat).
The standard ALE is able to follow the deformation and transport of the beam until about t ≈ 18.45 s,
when mesh distortion becomes too severe. For this reason, the position of the beam in the top panels in
Figs. 7(d), (e), and (f), corresponding to times t = 25, 50, and 100 s, is not updated. As long as the two
simulations run, we observe very good agreement in the beam position and deformation computed by the
standard and Extended ALE methods. See Fig. 7(a), (b), and (c). A more detailed comparison between
the two methods is shown in Fig. 8. There, a comparison between the maximum x-coordinate of the beam
position computed by the two methods is given in Fig. 8(a), showing excellent agreement. Fig. 8(b) shows a
close-up view of Fig. 8(a) around the time when the standard ALE method breaks down. Notice that until
t ≈ 18.45 s the curves given by the two methods are almost superimposed. With the extended ALE method
we are able to carry out the simulation all the way until t = 100 s when the fluid velocity and beam motion
are almost zero, and the shape of the beam has returned to almost circular.

Fig. 7 shows that the mesh obtained with the standard ALE method gets severely distorted, while the
quality of the mesh computed by our Extended ALE method remains high throughout the entire time
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Standard ALE

Extended ALE

(a) t = 0s

Standard ALE

Extended ALE

(b) t = 5s

Standard ALE

Extended ALE

(c) t = 15s

Standard ALE

Extended ALE

(d) t = 25s

Standard ALE

Extended ALE

(e) t = 50s

Standard ALE

Extended ALE

(f) t = 100s

Figure 7: Beam position and mesh deformation for the periodic beam transported through a channel at (a) t = 0 s, (b) t = 5
s, (c) t = 15 s, (d) t = 25 s, (e) t = 50 s, (f) t = 100 s computed by the standard ALE method (top panel in each subfloat) and
the Extended ALE method (bottom panel in each subfloat).
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(a) Maximum x-coordinate of the beam (b) Zoomed view

Figure 8: (a) Maximum x-coordinate of the beam position over time (in s) computed by the standard and Extended ALE
methods and (b) close-up view around the time when the standard ALE method breaks down (t = 18.45 s).

interval. As a further proof of the different quality of the meshes given by the standard and extended
ALE methods, we report in Fig. 9 the maximum angle of the mesh elements over time. We see that the
maximum angle in the mesh given by the standard ALE method increases up to nearly 170 degrees, right
before the simulation crashes. On the other hand, the maximum angle for the mesh given by the Extended
ALE method never exceeds 132 degrees.

Figure 9: Maximum angle of the elements in the mesh given by the standard and Extended ALE methods versus time (in s).

6.4. An immersed beam

This test is aimed at assessing the performance of the DN algorithm, without and with Aitken’s acceler-
ation method, and the performance of RN algorithm. We consider the immersed beam model (IB), which
is more challenging than the periodic beam model (PB) due to the inextensibility constraint [21]. For this
test, we are going to use only the Extended ALE Method.

6.4.1. Comparison between the DN and RN algorithms

We consider a channel Ωf = [−3, 3] × [−0.5, 0.5] filled with a viscous, incompressible fluid of viscosity
µ = 0.01 g/m s. A beam of length 0.5 cm, with ρs = 5 g/cm and EI = 0.05 g/(cm s2), is immersed in
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the fluid, clamped at the mid-point x = 0 bottom of the channel Γdown. The beam is initially straight and
vertical, and the fluid is initially at rest. We consider a time-dependent FSI problem which is driven by the
time-dependent inlet velocity data: a time-dependent Poiseuille velocity profile, with maximum velocity

U(t) =
1

4

(
1− cos

(π
2
t
))

cm/s

is prescribed at Γin, which corresponds to x = −3. A homogeneous Neumann condition is enforced at Γout,
i.e., at x = 3. The no-slip condition is imposed on Γdown, and a symmetry condition is imposed on Γup.
See Fig. 10. The Strouhal number for this problem is 0.5. The inlet boundary condition and the structural
parameters were chosen to generate a “moderate”-amplitude oscillatory motion of the beam around its initial
configuration. Fig. 10 shows two snapshots of the velocity magnitude together with the beam position at
the time of maximum deflection.

Γup

Γdown

Γin Γout

(a) t = 7 s

Γup

Γdown

Γin Γout

(b) t = 9 s

Figure 10: Velocity magnitude and beam position at time (a) t = 7 s and (b) t = 9 s.

To show that both DN and RN algorithms yield numerical results that are very close, we compare the
x coordinate of the beam tip over time. The results, shown in Figure 11(a), indicate that the two curves
are superimposed. To zoom into the difference between the two results, we plot the absolute value of the
difference between the two curves in Fig. 11(b). One can see that the maximum difference over time interval
[0, 10] s is 2 · 10−3, which occurs after a first ALE reparameterization at around t = 4.8.

(a) DN and RN (b) Difference

Figure 11: (a) Comparison of the x-component of the beam tip position computed with Dirichlet-Neumann and Robin-Neumann
algorithm and (b) difference in absolute value between the curves in (a).

In order to evaluate the performance of the DN and RN algorithms, we let the structure density vary:
ρs = 16, 8, 4, 2, 1 g/cm. The convergence properties of the DN algorithm are known to depend heavily on
the added-mass effect, which becomes worse as the structure density gets closer to the density of the fluid,
which is ρf = 1 g/cm3 [15]. Thus, we expect to see an increase in the number of iterations required by the
DN method as the ratio ρs/ρf approaches one (from above). Indeed, Fig. 12 (a) shows that the number
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of DN iterations within each time step over time interval [0, 10] increases dramatically to 56 as the density
ratio ρs/ρf approaches 1. However, when relaxation based on Aitken’s acceleration is used, the number of
DN iterations decreases significantly. Indeed, Fig. 12 (b) shows that the maximum number of DN iterations
with Aitken’s acceleration equals 7 when ρs/ρf = 1.

(a) DN with no acceleration (b) DN with Aitken’s acceleration

Figure 12: Number of sub-iterations required by the DN algorithm (a) without acceleration techniques and (b) with Aitken’s
acceleration technique to converge over time for different for different values of the structure density. The legend in (b) is
common to both subfloats.

We next compare the performance of the DN algorithm with Aitken’s acceleration and the RN algorithm
with no acceleration. Fig. 13(a) shows the same graph as in Fig. 12(b) but on a different scale, and Fig. 13(b)
shows the number of iterations required by the RN algorithm.

(a) DN with Aitken’s acceleration (b) RN

Figure 13: Number of iterations required by (a) the DN algorithm with Aitken’s acceleration method and (b) the RN method
to converge over time (in s) for different for different values of the structure density. The legend in (b) is common to both
subfloats.

We see that for all the structure densities under consideration, the RN algorithm requires less iterations
to converge than the DN method with Aitken’s acceleration technique. Moreover, the RN method is quite
insensitive to variations in the structure density. In fact, we see in Fig. 13(b) that for ρs = 16, 8, 4, 2

23



g/cm, the RN algorithm converges in 2 iterations most of the time. Even when ρs = 1 g/cm, the number of
iterations required by the RN method is at most 5 and only for a very limited time.

6.4.2. Power exchange at the interface

We consider the same problem as in Sec. 6.4.1 with structure density ρs = 5 g/cm. The goal is to
verify how well the power exchanged at the interface is approximated. We first calculate the discrete power
exchanged at the interface from the fluid side P f , defined in (35), computed with two fluid meshes of mesh
size h = 0.05 ·2j , j = 0, 1. Fig. 14 (a) shows that they are in a pretty good agreement. The occasional jumps
in the discrete power that can be seen in Fig. 14 (a) occur whenever the ALE mapping is reparametrized.
These jumps are to be expected for dynamically changing meshes, as pointed out in [12, 14].

(a) P f : coarse v.s. fine mesh (b) P f and P s (c) P f − P s

Figure 14: Discrete power exchanged at the interface from the fluid side P f , defined by (35), computed with two different
meshes.

Next, we quantify the unbalance in the power exchange at the interface. As explained in Sec. 5.2, at
each time tn+1 the powers exchanged at the interface from the fluid side P f,n+1 and from the structure side
P s,n+1 are not necessarily equal. In Fig. 14(b), we plot the powers P f and P s computed with mesh j = 1
over the time interval under consideration, while in Fig. 14 we show the difference P f −P s. One can see in
Fig. 14(c )that over a long time interval the difference between the two powers exchanged at the interface is
of the order of 10−6 g cm/s3. This corresponds to 0.01% of the power value, which is of the order of 10−2 g
cm/s3, as shown in Fig. 14(b). Such a small difference between P f and P s does not endanger stability.

6.5. A valve near a contact (regurgitant valve)

We consider the same fluid domain as in the previous two sections Ωf = [−3, 3]× [−0.5, 0.5], but a longer
immersed beam: we set the beam length to be L = 0.95 cm, just short of touching the top boundary Γup.
See Fig. 15(a). All the physical and discretization parameters are chosen as in Sec. 6.4.1. The initial beam
configuration is vertical, as shown in Fig. 15(a), and the initial fluid velocity is zero.

We study a time-dependent FSI problem in which the fluid flow is driven by the difference in the normal
stress prescribed the inlet and outlet, Γin and Γout. At Γin the time-dependent normal stress is given by
a time-periodic function with period 10 s, where during each period the normal stress is given by the step
function:

σn(t,x) =

{
[1.5, 0]T if 0 ≤ t̃ ≤ 3,

[0, 0]T if 3 < t̃ < 10
for x ∈ Γin

where t̃ ∈ [0, 10) is t̃ = mod(t, 10). Therefore, a constant, normal stress in the horizontal direction is applied
for the first 3 s, when the stress is released and set to zero. This is repeated six times until t = 60 s. At
Γout, the normal stress is prescribed to be zero. The no-slip condition is imposed on Γdown, and a symmetry
condition is imposed on Γup.
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Due to the periodic forcing of the fluid, the induced beam movement will be periodic: the beam is pushed
to the right for 0 ≤ t̃ ≤ 3, and then bends backward due to elastic forces for 3 < t̃ < 10. This motion is
repeated six times until t reaches 60 s. See Figure 15. Because of the symmetry condition imposed on the
upper wall, this test corresponds to simulating a 1D valve which is just short of closing, i.e., near a contact.
We can see in Figure 15 that there is only one element between the tip of the valve and Γup.

(a) t = 0 s (b) t = 1 s

(c) t = 3 s (d) t = 6 s

(e) t = 8 s (f) t = 11 s

Figure 15: Beam position and velocity magnitude together with mesh deformation at (a) t = 0 s, (b) t = 1 s, (c) t = 3 s, (d)
t = 6 s, (e) t = 8 s, (f) t = 11 s.

This scenario is typically associated with various problems. In particular, due to the fact that the beam
tip is very close to the upper boundary of the fluid domain, the standard ALE method breaks down because
the mesh associated with this simulation gets quickly severely distorted and breaks down before a single
cycle of valve motion is completed. The Extended ALE Method, however, does not suffer from this problem.
Indeed, Fig. 15 shows that the mesh quality remains good, and that completing a cycle of a near-closing
(regurgitant) valve is not a problem.

To show that this method does not induce spurious energy or instabilities over time, we let this simulation
run for 6 cycles. Figure 16 shows the x and y coordinates of the beam tip position over time. The movement
of the beam tip exhibits perfect monochromatic behavior, showing that our method does not introduce
spurious energy over time and that no instabilities arise over a rather long time interval. From Fig. 16(b),
we also see that the inextensibility constraint is never violated. In fact, the beam is clamped at (0,−0.5)
cm and its y coordinate never exceeds 0.45 cm, the beam being 0.95 cm long.

This example shows that the Extended ALE Method deals well with structure motion near a contact,
and that it does not introduce any spurious energy or instabilities over time.
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(a) x-coordinate (b) y-coordinate

Figure 16: (a) x-coordinate and (b) y-coordinate of beam tip position (in cm) over time (in s).

7. Conclusions

Standard ALE methods for the simulation of fluid-structure interaction problems fail when the structural
displacement is large. In this paper, we proposed an Extended ALE Method to overcome this limitation
without remeshing. Our method relies on a variational mesh optimization technique with an additional
constraint to enforce the alignment of the structure interface with edges of the resulting triangulation.

The performance of the Extended ALE Method was evaluated on a series of test examples involving
FSI problems with two-way coupling, and large displacements. We considered two partitioned algorithms:
the classical Dirichlet-Neumann method with and without Aitken’s acceleration, and the Robin-Neumann
method. Each partitioned algorithm was combined with the Extended ALE Method to solve the FSI
problems. Because the Extended ALE Method provides a fluid mesh aligned with the interface, non-trivial
boundary conditions such as the Robin boundary conditions can be easily implemented. We showed that in
problems where the structure density is close to the fluid density, the Robin-Neumann method outperforms
the Dirichlet-Neumann algorithms both with and without Aitken’s acceleration. In fact, in balloon-like
problems, the Dirichlet-Neumann algorithms fail, while the Robin-Neumann algorithm combined with the
Extended ALE Method performs well, and appears insensitive to the added mass effect even when ρs/ρf ≈ 1.

The test problems presented in this manuscript were carefully chosen to study the performance of our
approach in FSI problems with large displacements. They involve various scenarios of an elastic, possibly
inextensible beam interacting with an incompressible, viscous fluid in 2D. The examples clearly show that the
Extended ALE Method is in excellent agreement with the results obtained using a standard ALE method
when structural displacement is small. For large displacements and in problems with structures near a
contact, when standard ALE methods fail, we showed that the quality of the mesh given by the Extended
ALE Method remains high, thereby allowing full computer simulations of this class of problems.

Due to the simplicity and their instructive nature, the test problems presented in this manuscript can be
used as benchmark problems in the development of numerical tools for the computer simulation of FSI
problems involving immersed structures with large displacements, and in FSI problems involving structures
near a contact.
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