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ABSTRACT. We prove the existence of a unique weak solution to a problem as-
sociated with studying blood flow in compliant, viscoelastic arteries. The model
problem is a linearization of the leading-order approximation of a viscous, incom-
pressible, Newtonian fluid flow in a long and slender viscoelastic tube with small
aspect ratio. The resulting model is of Biot type. The linearized model equa-
tions form a hyperbolic-parabolic system of partial differential equations with
degenerate diffusion. The degenerate diffusion is a consequence of the fact that
the effects of the fluid viscosity in the axial direction of a long and slender tube
are small in comparison with the effects of the fluid viscosity in the radial di-
rection. Degenerate fluid diffusion and hyperbolicity of the hyperbolic-parabolic
system cause lower regularity of a weak solution and are a source of the main
difficulties associated with the existence proof. Crucial for the existence proof
is the viscoelasticity of vessel walls which provides the main smoothing mecha-
nisms in the energy estimates which, via the compactness arguments, leads to
the proof of the existence of a solution of this problem. This has interesting
consequences for the understanding of the underlying hemodynamics applica-
tion. Our analysis shows that the viscoelasticity of the vessel walls is crucial
in smoothing sharp wave fronts that might be generated by the steep pressure
pulses emanating from the heart, which are known to occur in, for example,
patients with aortic insufficiency.

1 INTRODUCTION

We study an initial-boundary value problem for the unknown functions v and v,

v:(0,1) x (0,T) =R, ~:(2,1t)— v(z,1), (1.1)
v, :(0,1) x (0,1) x (0,T) = R, v,(r,2,t) — v,(r, 2,1), (1.2)
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which satisfy

1oy 10 L, B

781& +¥$/ Y Uy TdT—O, (13)
ov, C;10 ov, 1 0% 81)2 B 0y 0%y

ot A2ror ( or ) 3ot or 5, ~ Sanar (14)

in Q x (0,7) with 7" > 0 and

Q= {:c € IR?:z = (rcosv,rsind, z), 0<r <1, 9€[0,2r), 0 <z < 1}.
(1.5)
Function 4 in (1.3), (1.4) is given and is such that 4 = 4(z,t) > § > 0 for some
d > 0and Y(z,t) € (0,1) x (0,7), and C7,Cy and C3 are positive constants, i.e.,
C1,0C5,C3 > 0.

The initial and boundary data are given by:

7(0,8) = %(t), 7(1,8) = (1), 7(2,0) =°(2), (16)
v.(r=1,2,t) =0, v.(r,z,t =0) =0%(r,2), |v.(r =0,21t)| < +oo. '

This initial-boundary value problem is motivated by a study of blood flow in
pulsatile arteries [10, 11]. Versions of this model also appear in the studies of
viscous, incompressible flow through elastic porous media with elastic structure
undergoing small vibrations (the Biot model) [3, 5, 6, 15, 17]. In the blood flow
application the model is derived by considering medium-to-large arteries where
blood can be modeled as an incompressible, viscous fluid, utilizing the incompress-
ible Navier-Stokes equations to model the flow. The Navier-Stokes equations are
coupled to the equations for a viscoelastic membrane (Kelvin-Voigt viscoelastic-
ity) modeling the mechanical behavior of arterial walls. See [2, 10, 11, 16]. The
resulting coupled problem is a nonlinear moving-boundary problem defined on a
cylindrical domain with reference radius R and reference length L correspond-
ing to a section of a blood vessel. Assuming small aspect ratio e = R/L of the
cylindrical domain and axially symmetric flow, a set of closed, reduced, effective
equations in cylindrical coordinates was first derived in [8] for the Stokes problem
and linearly elastic structure. This was extended in [11] to the incompressible
Navier-Stokes equations coupled with a linearly elastic structure, and then in [10]
to the Navier-Stokes equations coupled with the equations of a linearly viscoelas-
tic structure (membrane and Koiter shell with Kelvin-Voigt viscoelasticity). It
was proved in [8, 11] that this reduced, effective problem approximates the origi-
nal problem to the €? accuracy. In contrasts with the “classical” one-dimensional
models, see e.g. [4, 7], the models derived in [8, 10, 11] do not require any ad hoc
closure assumptions on the form of the velocity profile, since they were derived
in a consistent way giving rise to a closed problem in which the velocity profile
follows from the solution of the problem itself. The models derived in [8, 10, 11]
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FIGURE 1.1: The moving domain Q(¢). Domain radius y(z,t) = R(z) + n(z, ).

capture the leading order physics of the flow of a viscous, incompressible Newto-
nian fluid in a cylindrical tube with elastic/viscoelastic membrane/Koiter shell
walls.

The leading-order effective equations derived in [10] are in the form of a
nonlinear, moving-boundary problem for a system of partial differential equations
of mixed hyperbolic-parabolic type. They are given in terms of the unknown
functions v, and + where:

e v, is the axial component of the fluid velocity, and
e 7 is the radius of the tube wall.

The (leading-order) nonlinear moving-boundary problem holds in the cylin-
drical domain €(t)

Qt)={z € R’z = (rcosd,rsind,z), 0 <r <v(zt), 9 €[0,21), 0 <z < L},
(1.7)
for 0 <t < T, with T' > 0. See Figure 1.1. The reference configuration corre-
sponds to that of a straight cylinder with radius R and length L. The effective
reduced problem, written in terms of the vessel wall radius 7(z, t), the axial com-
ponent of the fluid velocity v, (r, z,t), and the fluid pressure p(z, t), reads [10, 11]:

o o [
22 2 = L T 1.
8t+8z/0 ro.dr 0, 0<z<L, 0<t<T, (1.8)
v, 1o ( ov.\  0Op
OF 5 T HE S (7“ oy ) = T (z,7r,t) € Q(t) x (0,T), (1.9)
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with

_ hE v hC, D
p_pref_<m+pref)(ﬁ_l>+R2E’ O<z< L, 0<t<T.
(1.10)

It is obvious that the pressure can be eliminated from the problem, giving rise to
a 2 x 2 system of partial differential equations written in terms of v and v,.
Here o is the fluid density, pup is the fluid dynamic viscosity coefficient,
p is the fluid pressure with p.s denoting the pressure at which the reference
configuration is assumed. The constants describing the structure properties are
the Young’s modulus of elasticity E, the Poisson ratio o, the wall thickness h,
and the structure viscoelasticity constant C,. The first equation (1.8), derived
from the conservation of mass, describes the transport of (v)? with the averaged

1 R
fluid velocity U := W / v,rdr, while the second equation (1.9), derived from
v)" Jo

the balance of momentum, incorporates diffusion due to the fluid viscosity which
is dominant in the radial direction. The diffusion in the axial direction z is
of order €2 and thus drops out from the leading-order effective equations [10,
11]. Furthermore, the nonlinear fluid advection term turns out to be of order e,
thereby appearing only in the e-correction of the leading-order equations which
are not shown here since they are easy to calculate [10]. Equation (1.10) is the
leading-order approximation of the coupling between the fluid contact force and
the contact force of the vessel wall which is modeled as a linearly viscoelastic
membrane.

Problem (1.8)-(1.10) is supplemented by the following initial and boundary
conditions describing pressure-driven flow in a compliant cylinder:

v,(0,2,t) — bounded, v,(y(z,t),2,t) =0, wv.(r,2z0) =2, (1.11)
7(27 O) = 707 p(O,t) = PO(t)v p(L,t) = PL(t>’ (112>

Problem (1.3)-(1.4) studied in this manuscript, is obtained after the nonlinear
moving-boundary problem (1.8)-(1.12) is mapped onto a fixed, scaled domain and
the resulting problem is linearized around a given function v = 4 and v, = 0.
In terms of the physical parameters in the problem, constants C7, Cy and C5 are
given by

T Eh 1 hC,
= = 7}( re 55 = ; 11
G p,R?’ G ((1—0—2)3 tp f) V2op Cs RLV o (1.13)

where 7 is the time scale and V' determines the scale for the velocity. The
existence of a unique solution to this linearized problem is a building block in the
existence proof of the corresponding nonlinear problem. Results and estimates
presented in this manuscript will be crucial in the proof of the existence of a
nonlinear solution which is a perturbation of the zero-velocity flow in a vessel with
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constant radius, and, even more interestingly, a perturbation of the Womersley
flow in a tube with constant radius allowing relatively large pressure gradient and
relatively large steepness of the pressure pulse. See [14].

The linear problem (1.3)-(1.6) itself, however, is non-trivial and is interesting
in its own right. The main reasons for this are the following: the system combines
a hyperbolic with a parabolic equation, with degenerate fluid diffusion in
the balance of momentum (parabolic) equation (1.4). Degenerate fluid diffusion
in z-direction implies no boundary conditions for v, at the inlet and outlet bound-
aries. Hyperbolicity of the hyperbolic-parabolic system and degenerate diffusion
give rise to a weak solution which is less regular than the standard parabolic
solutions [12], and it requires special tricks to prove its existence. In particular,
it was crucial for us to notice that the cross-sectional average of the fluid velocity
plays a special role in this problem. Namely, although the z-derivative of the
velocity itself is not in L? for a weak solution, the z-derivative of its average is in
L?. This was included in the definition of the solution space for the velocity and
it provided a necessary ingredient that allowed us to prove the existence result.

All the smoothing in this problem comes from the second equation (1.4), as
the first equation (1.3) is just a transport problem. It was crucial in the proof of
the existence of a weak solution that the structure viscoelasticity was not zero,
namely, that the coefficient C3 # 0. This enabled an energy estimate which
shows regularization of the (time) evolution of 7, which, in turn, provides square
integrability of the z-derivative of the average fluid velocity via the transport
problem (1.3).

This has interesting consequences on the blood flow application problem. Our
analysis shows that the viscoelasticity of vessel walls is crucial in smoothing out
the potentially sharp wave fronts in the velocity and wall displacement which
might be generated by the steep pressure pulse emanating from the heart, as is
the case, for example, in patients with aortic insufficiency [7, 13].

This manuscript is organized as follows. In Section 2 we introduce an equiva-
lent formulation of the problem in which the unknown function ~ satisfies homo-
geneous boundary data. In Section 3 we introduce the solution spaces and define
weak solution, and in Section 4 we prove the existence of a unique weak solution
by using Galerkin approximations, energy estimates and compactness arguments.
Finally, in Section 5 we show higher regularity of our weak solution which will
imply that system (1.3)-(1.4) is satisfied by (v, v,) for a.a. (r, z,t) € Q x (0,7).

2 THE PROBLEM WITH HOMOGENEOUS INLET AND OUTLET BOUNDARY
Data

We first rewrite problem (1.3)-(1.6) in terms of the function 5 which satisfies
homogeneous boundary data.
Assuming that the inlet and outlet boundary data -, and ~; are smooth
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enough we can introduce the function

Y(z,t) = (2, t) = (n(t) = %(t)z + (1)) (2.1)

that vanishes at the inlet and outlet boundary z = 0 and z = 1. Our problem
can then be re-written in terms of 74 as follows:

1oy 190 L r,
St i+ 3R =0 2
ov, Ci110 [ Ov, 104 8112 oy 0?5

_alo _loyov. oy 2.
ot A2ror (T or ) T S P (23)

where 4 and v, satisfy the following initial and boundary data:

{-< 0)=7°(2) = (1(0) = (0))z = 20(0) = 7°(), 71,0 =700 =0, 1,

(r=1,2,t) =0, v, (t=0,2,t) =0, |v,(r=0,2z1t)| < +oc.
In equations (2.2) and (2.3) functions F} and F, are given by:

Fi(z,t) = (%1(t) = 70(8)z + (1), (2.5)
Fy(t) = Ca(n(t) = 70(t)) + Cs(v(t) — %(1))- 2.6

3 SOLUTION SPACES AND DEFINITION OF A WEAK SOLUTION

We are interested in the solution to problem (1.3)-(1.6) defined for a fixed, given
function 4 (a “linearization” of the scaled radius ) which is bounded away from
zero, and its maximum value is strictly less than two times the radius of the
reference domain r = 1. For simplicity, take the bound on the maximum radius
to be 3/2. More precisely, we require that 4 belongs to a set I
- . 1 1 A . 3
I'= {7 € H(0,T:C7[0,1]) [ miny(z,¢) 2 0 >0, max [|5(,t)llcpy < 5},
(3.1)
for some fixed time T" > 0.
Here H'(0,T : C'[0,1]) consists of all the functions f € L*(0,7 : C'[0,1])
such that df /0t exists in the weak sense and belongs to L*(0,T : C'[0,1]). The

norm is given by
dt.
co,1]

2
T Ap——— / (nfum H

The space C[0, 1] consists of all the bounded and uniformly continuous functions
g such that ¢’ is bounded and uniformly continuous on (0, 1). C''[0,1] is a Banach
space with the norm

‘= max su I(2)].
Hg||clo1 0<\J|<1ze(0p1) ‘9 ( )‘

6
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For a given 4 € I' and smooth boundary data, we will be looking for a weak
solution (7,v,) € I' X V' to problem (2.2)-(2.6) where the solution spaces I and
V' are defined as follows:

I'=HY0,T: L*(0,1)), (3.2)

and the axial velocity v, will be defined on the Sobolev space with a weighted
norm associated with the axial symmetry of the problem. To write a definition
of the solution space for v, we introduce the following notation. We will say that
u € L*(Q,r) if the weighted L? — norm with the weight r is bounded, i.e.,

/ lul? rdrdz < +o0.
0

Define Hj (€, 7) by the following

1
Hio(Qr) = {w e LA Q) : g—w € L*(r), / w rdr € H'Y(0,1),
w|7" 1—0 |w‘r 0‘<+OO}

The solution space for the axial component of velocity is defined as follows

V ={we L*(0,T: Hy,(r)) : %—7”;’ € L*(0,T : Hyy(Q, 7))} (3.3)

The norm on Hj,(Q,7) is given by:

) ) o 2 19 1
= drd — d
HwHH(%,O(QvT) /Q lw|* + rdr z—l—/o 8z/0 w rdr

DEFINITION 3.1 We say that (3,v,) € I' x V is a weak solution to the linear
problem (2.2)-(2.6) provided that for all v € Hy(0,1) and w € Hyo(2,7) the
following holds

. 1
/ 187¢ dz+/ 207 w/ vzrdrdz—/ 8¢/ vzrdrdz+/ }Flw dz=0
o 7Ot 0o 702 gl

(3.4)
/01} / 1 Ov, aw /1_7
0 032 or or 0y 0
1
—02/ 82/ w rdr dz+C'3/0 T 82/ w rdr dz—/QFgw rdrdz (3.5)

with

2
dz.

w r2drdz

3(2,0) = 7°(2), v.(r,z,t =0) =0. (3.6)
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4 EXISTENCE OF A UNIQUE WEAK SOLUTION

In this section we prove that there exists a unique weak solution to problem
(2.2)-(2.6).

THEOREM 4.1 Assume that the initial data v9(r, 2) and 3°(2) satisfy v € L*(, 1)
and 7° € L*(0,1), and that the boundary data o(t) and vi(t) satisfy vo,71 €
HY0,T). Then, for each given ¥ € [ there exists a unique weak solution
(7,v,) € ' x V of problem (2.2) - (2.4).

The proof is an application of the Galerkin method involving non-trivial en-
ergy estimates. Additional difficulty is imposed by the singular weight at » = 0
and by the fact that the coefficients of the problem depend on both z and ¢. We
handle these difficulties and obtain the proof by performing the following three
classical steps:

1. Construction of a finite-dimensional approximation of the solution by the
Galerkin method.

2. Energy estimates that provide a uniform bound for the sequence of Galerkin
approximations.

3. Passing to the limit in the weighted norm using compactness arguments.

4.1 GALERKIN APPROXIMATION

Let {¢x} 4., be the smooth functions which are orthogonal in H; (0, 1), orthonor-
mal in L?(0,1) and span the solution space for 4. Additionally, the functions ¢;
are chosen to be the eigenfunctions for —A on H{(0,1), that is, —Ag; = X\;¢;.
Furthermore, introduce the smooth functions {wy},-, which satisfy wy|.—1 = 0,
and are orthonormal in L?(£2,r) and span the solution space for the velocity v..
Introduce the function space

Cio(Q) ={veC*Q):v|,- =0},

for any £ =0,1, ..., 00.
Fix positive integers m and n. We look for the functions #,, : [0,7] —
C5°(0,1) and v, : [0,T] — Cg(92) of the form

m

T () = D " (1) &, (4.1)

i=1
n

v., (1) =1 () wy, (4.2)

j=1
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where the coefficient functions dj' and [} are chosen so that the functions 7%,
and v,, satisfy the weak formulation (3.4)-(3.5) of the linear problem (2.2), (2.4),
projected onto the finite dimensional subspaces spanned by {¢;} and {w,} re-
spectively:

1155 1994 1 1 1 1
/ 7%¢hd2+/ 7@¢h/ vznrdrdz—/ %/ vznrdrdz+/ —Fi¢pdz = 0,
o 7 Ot 0 70z 0 o 9z Jo o

(4.3)
ov,, 1 v, Owy, 1 04 Ov,, )
/Q T W, rdrdz+C1/Q;y2 o rdrdz /Q’yat r wy, vodrdz
1 1 1 o~ 1
= Cz/ Vmg/ wy, rdr dz + Cs &Y_mg/ wy, rdr dz — / Fywy, rdrdz
o 0z Jy 0 Ot 0z Jy Q
(4.4)

forae. 0<t<T, h=1,--- ,m,and k=1,---  n, and with the initial data
dit(0) = (3°(2), én(2)) 2(0,1);
[1(0) = (v2(r, 2), wi(r, 2) 12 () -

Here (1, )rz01) and (, )z2(q, denote the inner product in L?(0,1) and L*(2,r)
respectively. The existence of the coefficient functions satisfying these require-
ments is guaranteed by the following Lemma.

(4.5)

LEMMA 4.2 Foreachm =1,2,... andn = 1,2, ... there exist unique functions ¥,
and v,, of the form (4.1) and (4.2), respectively, satisfying (4.3)-(4.5). Moreover

(Y vz,) € HY0,T: C5°(0,1)) x HY(0,T : Ciy(2)).

ProoFr: To simplify notation, let us first introduce the following vector functions

dy' () L (1) -
o= | ro=| : | vo-= ( ) ) (e
dp (1) L)
Then, equation (4.3) written in matrix form reads:
Aq(8)d™ (t) + Ax()I"(t) + Sa(t) = 0, (4.7)

where A; is an m X m matrix, A; an m X n matrix and S; an m x 1 matrix
defined by the following:

[A1 ()] = (%Cbi, ¢h) ,

£2(0,1)

20y (1 ! Ion,
a0 = (257 [Cwraron) = ([ uyrar 5t
? v 0z Jo ’ L£2(0,1) 0 ’ 0z L2(0,1)

11 ()]s — (iFl,ash)
gl L£2(0,1)
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where h,i = 1,...,m and j = 1,...,n. Similarly, equation (4.4) written in matrix
form reads:

By (0" (t) + Ba(t)I" (t) = Bs(t)d™ (1) + Ba(t)d™ () — Sa(t), (4.8)

where By (t) and By(t) are n x n matrices, Bs(t) and By(t) are n x m matrices,
and Sy(t) is an n x 1 matrix defined by the following:

[Bi(D)]k,; = (wj, wk) 20, = Ok
1 Ow; Owyg 1 04w,
Ba(t)]e, = s (T—J, —) - <7——]r, wk) |
J A2 0r T Or ) aqa. 4 ot Or 2
a 1
(B3 ()], = Co (8_/ wy, rdr, Cbi) ;
< Jo £2(0,1)

a 1
Bu(t)]us = G (a— [ v @-) |
< Jo L2(0,1)
[Sa(t)]k1 = (F2, wk)m(ﬂ,r) J

where k,j =1,...nand i =1,...,m.
Equations (4.7) and (4.8) can be written together as the following system

A®Y'(t) + B(t)Y (1) = S(t),

+
Y(0) = < Ollnm((é))) ) : 4

where Y is defined in (4.6) and

(A o
0= ( ety gy

Y

) (m~+n)x (m-+n)
(o
B0 = (g s

S(t) = ( —5i(l) ) :
_52(t) (m+n)x1
Function S incorporates the initial and boundary data obtained from the right
hand-sides of equations (4.7) and (4.8).

To guarantee the existence of a solution Y'(¢) of appropriate regularity first
notice that linear independence of the sets {¢1, -+, ¢} and {wy, -+, w,}, and
uniform boundedness of 4(z,t) away from zero guarantee that the matrix A(t)
is nonsingular for all ¢ € [0,7]. Additionally, since 4 € I, the coefficient matrix

functions A; and A, are in L*°(0,7), and the coefficient matrix function Bs is
in L?(0,T). This is sufficient to guarantee the existence of an [H'(0,7)]™*™"

Y

) (m~+n)x (m-+n)

10
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function Y (t) = (d™(t),1"(t)) satisfying (4.9) for a.e 0 < t < T. Therefore,
functions (Y, vs, ), defined via d™(t) and {"(t) in (4.1), solve (4.3), (4.4) and
(4.5) for a.e. 0 <t <T. Moreover,

(Fm v2,) € HY(0,T: C5°(0,1)) x H'(0,T : Ciy(Q2)).

4.2 ENERGY ESTIMATES

In this section we derive an energy estimate for %,, and v,, which is uniform in
m and n. The estimate will bound the L?-norms of %n and v, , the L?>-norms of
‘%z" and ag?’ and the L2(0,T : Hy(Q,r))-norm of 222 in terms of the initial

or 8t ’
and boundary data and the coefﬁ(nents of (2.2)-(2.6).

THEOREM 4.3 (Energy Estimate) There exists a constant C, depending only
on Q, T, and the coefficients of (2.2)-(2.6) such that

C
2 2
o {nvznng(g,m +22 inl }

0<t<T e
Cy ||0v.,, 2 07m N ‘ v,
Vinax || OF L2(0,T:L2(Q,r) Vmax L2(0,T:L2(0,1)) ot L2(0,T:Hy g (7))
<C <||Ug||%2(ﬂ,7‘) + ||70||L2(o,1) +llm =l + ||%/)||%2(0,T)> (4.10)

where Amax = maxo<i<r (-, )|l co.], v and 3° are the initial data for v, and 5

respectively, and o and 1, which comprise the source terms in (2.2)-(2.6), are

the boundary data (inlet/outlet) for . Constant C' depends on the coefficients of

(2.2)-(2.6) via Cy, Cy, Cs, 6 = min, ¥, and || Y| a1 0,r:cp010), |71 220,1:0110,1)) -
Furthermore,

1
%/0 v,,rdr € L*(0,T : L*(0,1)),
and its L*(0,T : L?(0,1))-norm is bounded by the right hand-side of the energy

estimate (4.10).

Notice that this energy estimate is given in terms of the boundary data for
7, which, via (1.10), is related to the pressure data for the original problem.
Thus, energy estimate (4.10) is an estimate given in terms of the L? norm of the
pressure gradient in the tube via the term ||y, — 70”?{1(01) and the L?-norm of

the inlet pressure via the term ||v)||2. (01)-

PRrROOF: We aim at using the Gronwall’s inequality to obtain the final estimate.
However, the lack of smoothness in z gives rise to problems related to controlling

11
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the z-derivative of #,,, which appears in the estimate if a standard approach
to the energy estimate were taken. In order to deal with this problem, we will
manipulate the conservation of mass and balance of momentum equations in order
to cancel the unwanted terms that include the derivative of 4, with respect z for
which we have no control at this point. Similar difficulties arise due to the lack
of smoothness in z of v,. We again manipulate the equations in order to cancel
the z derivatives of the cross-sectional average of v,. However, we will be able
to show in the end that, in fact, the z-derivative of the average of the velocity
is in L?(0,1), as required by the definition of a weak solution. It is this lack of
smoothness in the z direction and the presence of non-constant coefficients given
in terms of the function 4, that makes this proof challenging.

For simplicity, we will be using || - [|¢ to denote the C'[0, 1]-norm of a function
of z.

STEP 1. We first manipulate the conservation of mass equation and balance of
momentum in order to cancel out the z-derivatives of 7, and of fol v,, rdr and
obtain an estimate which will be used as a base for Gronwall’s inequality.
Multiply (4.4) by {?(t) and sum over k for k =1,--- ,n to find
8vzn

th/ |vzn rdrdz+C’1/ o

10% 8vzn 9
_/Qvﬁt 07“ drdz-C'g/ %n@z/ v, rdr dz

(i

rdrdz

L0, 0 [
+ 5 i 5 92 i vy, rdr dz—/Qngzn rdrdz (4.11)

(i2)

Next, multiply (4.3) by Cad}*(t) and sum over h for h =1,--- ;m to find

Cod [*1 Cy 1104
72@ 7|’_Ym‘2 dz—i—?Q/ — 8Z| Fml|* dz + C’g/ =3, Uznvm rdrdz
0

1
1

- Cz/ / (S rdr —" dz +Cz/ —F1, dz =0, (4.12)
o 7

12
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Furthermore, multiply (4.3) by Csd*(t) and sum over h for h = 1,--- ,m to

find
Y1109 | 20 OV
Cg/ - % dz +03/9787UZ"8L rdrdz
1 _
P, 1 0m
— —F—=dz = 4.1
Cg/ / Uz, rdr 82815 d —l—Cg/(; ’3/ 1 af, dZ 0, ( 3)
(22

Add the three equations (4.11)—(4.13). After the cancellation of the terms
denoted by (i) and (i) we obtain

1d 1 2 1avz 1 avm 2
||UZnH 2 r +C2 —Arym _'_Cl =
2dt{ L) VA L2(01) Y O 2. L2(0,1)
10% 81)2 9 c, (P11 0y 2 04
- redrdz — — dz — o N Tdrd
/Qvﬁt ar * " 2 A28t| | 02 81)"7 raraz
2 87 m 1 3Vm
_ z _ | F _ _F z
Cs i &8 Vs, BT ——rdrdz /Q b, rdrdz C’g/o 7 1Vmdz — C’g/ 1 ——dz
(4.14)

STEP 2. Now we estimate the terms on the right hand-side of (4.14) by using
the Cauchy’s inequality, the properties of the space I, and the assumption that
4 is bounded away from zero, i.e., min,;y(z,t) > d > 0.

In particular, the first term on the righ hand-side of (4.14) is estimated as

follows:
104 1 L
/ a’}/ avzn 2d7”d2: < ﬁ Taluzn Td?”d2+ . @ / |’Uzn‘2 Td?”dz.
0ot ar " g or 201 || 9t || Ja

The second and third terms on the righ hand-side of (4.14) satisfy

1 2

2 | ), 2ot =5\l ) V3™ **
and
9 5112 1 2
Cy /ngVUZnym rdrdz| < Cy 8z /\Uzn| rdrdz—i—% 7ﬁm dz.
The 4-th term gives
209 O 205 || 97 |7 / 03 Y1 99,
C ——v, —— rdrdz| < — . drd — d
3/9&(%1)"815 7’7’2‘_ 5 aZcﬂ\vn| rdrdz + N z

13
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In the remaining three terms we separate the source functions from the un-
known functions, as usual, by performing the following estimates

| 1 2
< - |F5” dz+ = | |v,,|” rdrdz,
4 Jo 2 Jqo
11 T
Cg/ TFI’Vm dZ / |F1 d —|—— —A_m
‘ 0o VA

a%n Cs 1 Cy (Y] 1 09|
<2 [ F =8 Zlm

These estimates combined give a basis for the Gronwall’s inequality. Namely,

/ Fywv, rdrdz
Q

dz.

we now have
1 0 ”

L o g+ G| V4G [R2a) LG
2dt e L2 (@) v L201) 2 ||y or Q,r) VA Ot || (0,1)
11 0% 8 )
<= 24— |2 rdrd 4.1
2(01 ot +<+03 >/|Un|“"z (4.15)
17205 2 1 ? Cy 03
(25 = ja F
+2<5 81& C+025 5)02/0 WVm dZ—l- / | 2| d —|-( / | 1| dZ

STEP 3. In this step we use Gronwall’s inequality to estimate the L? norms of
v,, and 7,,. First, introduce the following notation:

n

2

( 1
Y (1) = l|v-ullizio + Co || —=m
L@ VA Tz )
1 a’UZ 1 07777,
At) =Cy < + (5
©) v or L2(Q,r) \/_at2L 0,1)
1 8& 4C5)\ || 0% 2 |07 2 1
t)y=—|— 205+ — | || = 1 — 4 =
90 =& || ( 2t 5))32 LT +5Ha TG TS
I 205, !
D(t) = —/ |F2\2dz + (Cy + —3)/ |Fy|2dz
\ 4 0 5 0
(4.16)
Then, inequality (4.15) takes the form
d
th( )+ A(t) < g(t) Y(t)+ D(¢). (4.17)

The following version of Gronwall’s inequality can now be employed:

14
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LEMMA 4.4 (Gronwall, [12]) Let Y () be a non-negative, absolutely continuous
function on [0,T] and g(-), A(-), D(-) are non-negative, summable functions on
[0, T such that for a.e. tin [0,T] the following differential inequality holds

Y'(t)+ A(t) < g(t)Y(t) + D(t).

Then for all t € [0,T1,

Yt) + /0 tA(s)ds<{ / D(s ds} exp / g(s)ds).

Lemma 4.4 implies that for all 0 <¢ < T

sup Y(t)+/0TA(t)dt§ / D(t)dt| exp /OTg(t)dt

0<t<T
init. data S————

bound data term involving 4

From the form of D(t), F; and F, we get

T
| <& (I =l + ilon)
0

where constant C' depends on Cy, C5 and 4.

From this estimate and from the form of ¢(t) we combine constant C' and the
exponential term involving 4 to define a constant C' depending on the coefficients
of (2.2)-(2.6) via 1/Cy, Cs, C3, 1/6 where 0 = min. ; 4, and |||z 0, 7:c10,1)): |Vl 220, 7:01[0,1))5
such that

R (R e L | e et

Zn 2 r ~ m 2 ~ YR
0<t<T Fen “max Fo Voax || OF L2(0,T:L2(Q,r))  Jmax ot L2(0,T:L2(0,1))
< C (I + 15 W0 + I = 0lZr0ry + 161320 ) (4.18)

From the boundedness of |09y, /0t||2(0,7:22(0,1)) and the conservation of mass
equation we see that

1
%/ v, rdr € L*(0,T : L*(0,1)),
0

and its L*(0,7 : L?(0,1))-norm is bounded by the right hand-side of the energy
estimate (4.10).

15
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STEP 4. We conclude the proof of Theorem 4.3 by showing that

ov,,

5 € L*(0,T: H(;g(Q,r)),

and that 82;" satisfies the estimate (4.10). Fix any u € Hyo(Q,7) such that
HuHH&O(Q’T) < 1 and write u = uj +up, where u; € span {w;};_; and (uz, w;)2 =0

for j =1,--- ,n. Then (4.2) and (4.4) imply

1
/ aUz"u rdrdz = / avz"ul rdrdz = —Cl/ 0, % rdrdz
Q Q

ot ot 032 Or or
104 Ov, R I
+/g§8_38—rnul 7’2drdzJ+C'2/0 Rym%/() uy rdr dz,

-~

(a)

1 afm a 1
+ s i %E/o uy rdr dz—/QFgul rdrdz.

Note that

19 Oup / 1 0%
= — _ [ —_ 2 _
(a) /97 5 Vg drdz e v, up rdrdz

This implies

/ %u rdrdz| < ﬁ lﬁvzn § H@ I

o at - 6 ,S/ a/’n L2(Q7T‘) 6 at 0[071} Zn LZ(QJ")
) P

+Cy ||’7m||L2 + O ot 1,2 + [ F2(1)] HulHH&,o(er) ’

5 2 5

Thus, since HulHH&O(Q” <1 and (Z xz> < 52@2 we obtain, using the en-
i=1 i=1

ergy estimate (4.18):

2

T
ov,, B
/ ot <C (”USH%%QJ«) + ||70||%2(o,1) + Iy — 70||§{1(0,T) + ||76||%2(0,T)> :
0 —1
Hg ()
This concludes the proof of Theorem 4.3. [ |

It is interesting to notice that our energy estimate blows up when the co-
efficient of fluid viscosity C; approaches zero, and when the minimum 9§ of #
approaches zero, which corresponds to having the “linearized” vessel radius ap-
proaching zero. Both of these are reasonable. Additionally, notice that the coeffi-
cient of the vessel wall viscosity, C3, governs the estimate for the time-derivative
of the structure displacement 07,,/dt, which is also to be expected. Our estimate

16
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shows how structure viscoelasticity regularizes the time evolution of the structure
motion.

Finally, notice that the right hand-side of the estimate incorporates the initial
data for both the velocity and the structure and the boundary data for only the
structure. This is consistent with the problem and is an interesting feature of the
reduced, effective model studied in this manuscript.

4.3 EXISTENCE OF A WEAK SOLUTION

Now we use the energy estimate to pass to the limits in the Galerkin approxima-
tions to obtain

THEOREM 4.5 There ezists a weak solution of (2.2)-(2.6).

PrRoOOF: We use the uniform bounds obtained by the energy estimate to conclude
that there exist convergent subsequences that converge weakly to the functions
which satisfy (2.2)-(2.4) in the weak sense. This is a standard approach except
for the fact that we need to deal with the weighted L?-norms in 2, with the
weight r that is present due to the axial symmetry of the problem. We deal with
this technical obstacle by using the following Lemma, [1], with p = 2 and v = 1.

LEMMA 4.6 [1] Ifv >0, p>1, and u € C'(0, R) then

v+1
VT

R R p R
/ ()P rv=tdr < / ()P rdr + L / ()P ()] 7 dr
0 0 VJo

By the energy estimate (4.10) we see that the sequence {%,,}5°_, is bounded
in H'(0,7 : L*(0,1)). Similarly, {v, },~, is bounded in L*(0,T" : Hj,(L,7)) and
that dv., /0t is bounded in L2(0,T : Hyy (S, 7).

[e.e]
Therefore, there exist convergent subsequences {ﬁmj}:__l and {vznj}
i =1

such that ) j

Ym; =Y weakly in HY(0,7T : L*(0,1)),

Vs, = U weakly in L?(0,T : L*(Q, 1)),

v,

RN weakly in L2(0,T : L?(Q, 1)), (4.19)
or or
a'Uznj avz . 2 -1
5 == weakly in L*(0,T : Hyy(2,7)).

We now show that the limiting function (7, v,) is a weak solution to (2.2)-(2.6).
Fix two integers M and N and consider the functions ® € C*([0,7] : H}(0,1))
and w € C'([0,T] : Hy((Q,7)) of the form

B(t) =Y di(t)or, w(t) =D L(t)w,

17
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where {d;}i, and {lp} _, are smooth functions. Let n > N and m > M.
Multiply (4.3) and (4. 4) written in terms of the subsequences of 7%, and v,,,
by di(t), l,(t), sum over k and p for k =1,--- N and p =1,--- , M and then
integrate over (0,7") with respect to t to obtaln

/ / L9 %J@d dt+/ /3@v2n_@rdrdzdt

0 Q70

—/ / / Vs, rdr — dzdt+/ / —F1® dzdt =0, (4.20)
o 0o

zn aW
/ / / /972 5 o rdrdzdt
ov, 1
—/0 /igz g;z r2drdzdt202/ / %”J‘ag/ w rdr dzdt

' 0m
+C’3/ i 015]82/ w rdr dzdt—/ /Fgw rdrdzdt. (4.21)

To pass to the weak limit as 7,7 — oo we use the fact that ¥ € H*(0,T :
C'[0,1]). Equation (4.19) implies that in the limit the following holds

/ / ——<I> dzdt + / / ——UZ(I) rdrdzdt
0 070z
/ / / U, rdr — dzdt +/ / —F1® dzdt =0, (4.22)

T r ouv, T 1 Ov, Ow
/0 /Qa—w rdrdzdt—l—leo /972 o o rdrdzdt
T r1o50v, _ !
—/ /Qvﬁtﬁr rdrdzdt—CQ/ /va—/wrdrdz
—I—Cg,/ / N 8z/ w rdr dzdt — / /Fgw rdrdzdt. (4.23)

These equations hold for all the functions ® € L*(0,7 : H}(0,1)) and w €
L*(0,T : Hyy(Q,r)) since C([0,T] = Hg(0,1)) and Cl([O T) = Hyo(Q,7)) are
dense in L*(0,T : Hy(0,1)) and L*(0,T : Hy,(Q,7)), respectively. This implies
that for all ¢ € Hy(0,1) and w € Hj(Q,7) and a.e 0 <t < T the weak form of
(2.2)-(2.4) is satisfied

1 2 "1
/ 07¢ dz + 8vvz¢ rdrdz — / / v, rdr — dz+/ —F¢ dz=0,
o 7Ot o 7
(4.24)

an

and

18
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and
ov, 1 Ov, Ow 10y0v,
/a /m?arar dd‘/ﬁa_arwrdrdz

_02/ 782/ w rdr dz +Cg/ 81582/ wrdrdz—/QFgwrdrdz

(4.25)

Furthermore, equation (4.24) implies that

o [* 10y 204 [* 1
—/ v, rdr = it ——7/ v, rdr — —F7 in the weak sense,
9z Jo 0 Y

and so

1
83/ v, rdr € L*(0,1) a.e. t € [0,T],
= Jo

and consequently 2 fol v, rdr € L*(0,T : L*(0,1)).

To check that the limiting functions satisfy the initial data we proceed as
follows. Let ® € C*([0,T] : H}(0, L)) with ®(T) = 0. Integrate (4.22) by parts
once with respect to ¢t to obtain

1_0d Tt 2
/ / a_ dzdt + / / L0 dedr + / / 20 & rdrdzt,
0 o Jo 7?0t o7 0z
) 1
—/ / / v, rdr 8_ dzdt +/ / —F\® dzdt — / {TWP} dz = 0.
o Jo Jo 0z o Jo 7 o LY t=0

Similarly from (4.20) we deduce

0P 1 04 2 04
/ / Aﬁm dzdt—l—/ / 2—7%1(1) dzdt—l—/ / WvZn@ rdrdzdt,
0 o Y* Ot Q7
T 1 1
—/ / / Vs, rdr — dzdt—l—/ / —F® dzdt—/ {777,1(1)] dz = 0.
o Jo Jo 0z o Jo 7 o LY =0

Set m = m; in the above equation, and let m; — co. Since ®(0) is arbitrary, and
because of the convergence (4.19) and the initial data (2.4) we conclude that 7,
converges weakly to a function 4 which satisfies

7(2,0) =3°(2).

A similar approach verifies the initial data for the limiting function v,.
Therefore (7,v,) is a weak solution of (2.2)-(2.6).
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COROLLARY 4.7 From the energy estimate (4.10) we see that, in fact,

€ L>*(0,T: L*(0,1)) N H'(0,T : L*(0,1)), (4.26)
ov,
ot

v, € L*(0,T : Hy (2, 7)) NL¥(0,T : L*(Q,7)) with € L*(0,T: Hy(Q,7)).

(4.27)
4.4 UNIQUENESS OF A WEAK SOLUTION
Energy estimate (4.10) implies the following result
THEOREM 4.8 A weak solution of (2.2)-(2.6) is unique.

PROOF: By setting ¢ = 4 and w = v, in the weak form (3.4), (3.5), and by
using the Gronwall’s inequality as in the energy estimate with zero initial and
boundary data, see [12], uniqueness of a weak solution is established. [

Theorems 4.5 and 4.8 imply the existence of a unique weak solution to problem
(2.2)-(2.6), namely Theorem 4.1.

5 IMPROVED REGULARITY

We now show that the sequence {81(,;;" }Oo is bounded in L?(0,T : L*(Q,r)).
n=1

More precisely, we prove the following

THEOREM 5.1 (Improved Regularity: Part I) Suppose that the coefficient
function 4 € T, and that the initial data 7° € L*(0,1), v) € H}(Q,7) and the
boundary data 0,1 € H*(0,T). Suppose also that (y,v.) € T x V is a weak
solution of (2.2)-(2.6). Then, in fact,

dv, 2 ) @ 0o )
T € L*(0,T : L*(Q,1)), BT € L>=(0,T: L*(0,1)),

and the following estimate holds

ov,

or
€ess sup HL@ 2 + ‘
==t |V o @

<C <||WO||%2(0,1) + ||U(z)||§{é,o(ﬂ,7‘) + [l — ol + ||70||%{2(0,T)> :

€ L>(0,T: L2(Q,r)),

2 2

1 0w,
A Oor

ov,
ot

£2(0,1) L2(0,T:L2(r))

PROOF: Similarly as before, we need to get rid off the terms that we cannot
control at this point, namely, the terms involving the z-derivatives of 7,,. In order
to do this we manipulate the conservation of mass and momentum equations,
add them up to cancel the unwanted terms, and obtain an equation which we
can estimate using the Cauchy’s and Young’s inequalities. The final estimate is
then obtained by an application of the Gronwall’s inequality.
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Thus, we begin by multiplying (4.4) by {(t), and summing from k = 1,--- ,n
to find

2

dv, ¢ d av,, | 1 97 |0v., |
/{; 8t rdrdz + 7@ —2 ar rdrdz + Cl /S; 5& ar rdrdz
107 v, Ov,, , M Oz, 0~ OV,
Av&éﬁéﬁ Irdz==C | B S oo T
(a) (b)
v,
/F2 g rdrdz. (5.1)

Here we used integration by parts with respect to z in the first and second term
of the right-hand side of the equality.

Next, differentiate (4.3) with respect to ¢ and multiply by Csdy*(t), and sum
h=1,---,m to find

Csd ['1|0m | Cy (1109 |07m]| / 20903 O
2 dt o | T2 ) oo | T e e o T
82 Y O, 2 04 0v.,, OV, o, Y
+03/ vﬁzﬁtvz" BT rdrdz+03/ 9. o o rdrdz-f'g ot Deot rdrdz
®
Y105 09, Y1 0F, 09,

) sl L 2

+C‘°’/ oo @ C?’/O&at o (52)

Finally, differentiate (4.3) with respect to t and multiply by Cad}*(t), and sum
h=1,---,m to find

14 92~ 1 A =
Cz/ i%%@ dz—C’Q/ iai%ﬁm dz—C'g/ 2 8V8szn%n rdrdz
0

0 Y2 ot ot y2 Ot 0z
2 0%y 2 04 0vzn _ s, Mm
+CZ/978 atvznvm rdrdz+c2/978,z 875 rdrdz-CQ/Q 5% Ds rdrdz
(@)
1104 10F,
—F; .
+C’2/0 gl 1Ymdz — Cg/ =y ——Vmdz. (5.3)

21



B1oT PROBLEM ARISING IN BLOOD FLOW MODELING

By adding (5.1) through (5.3) we obtain:

03 1 0w Cy || 10w, | +)av2n ’
VA ot L2(0,1) 2 ||y or L2(Q,r) ot L2(Q,r)
1 8% |ov, 184 dv., dv., Cy (1109 |07m|
= — L2 pdred N — L2 g
“) 55 [ ar Tz_i_/y@t or ot o) e |

19505 O /1 25 O
o0y | =L D, Dy — 2 L m drd
03/Qazataz””at rdrdz =20 mazat””at ©

2 1 y 0%
+26’3/ 18781)2” 8f)/m deZ—CQ/ 18/77)1_ dZ+C2/ ia_/y&y—mf_ym dZ
Q 0

30z ot ot oz 320t ot
+ 20, / }2 (gz g%mm rdrdz — 2C, /Q i ;j{; Vs A rdrdz
~ 20, /Q igz a;;"- rdrdz — /Q ana;” rdrdz + Cs / 1 E gZFlag;”d
—03/0 %%%”d 02/ A22medz 02/0 %%% dz. (5.4)

Notice that terms (a) and (b) cancelled out.

Before we estimate the right hand-side of this equation, we will integrate the
entire equation with respect to t in order to be able to deal with the term on
the right hand-side of this equation, which contains the second derivative with
respect to t of 4,,. This term will then be integrated by parts with respect to t to
obtain the terms which can be estimated using the information that we already
have at this point. More precisely, the term

1 0%y,
/ / 88:2 Ym dzds

integrated by parts with respect to t gives

25 t
—02// Lo mvmdzds——CQ//%@&y—m dzds+C’2//
0o 72 0s 0 0

052
1Pm(z,t) / 1 9m(2,0)
02/ o Fm(z,t) dz 4+ Cy G0 o Am(2,0) dz

:—02// 12878%1’ dzds+C’2//
0o Y*0s 0 0o 7

lavm(z,t)

8fym
s

dz

(‘hm

Fi(0)%,(2,0) dz.
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We use this equation to express the time integral over (0,t) of (5.4) as follows:

2
1 1 O9n(t) 1 dv., (B v, ||?
— = dz+ C1 ||= - — ds
2 VA) ot 2o @) Ol s Q1)
2
99, (0) 1 v, ()
dZ+Cl = -
HV ot L2(0,1) ¥(0) or L*(Q,r)
1 0% |0v,
“ drdzd
+Cl//97388 5 | Tdrdeds
108 0v,, vz, 5 1 09 | 0m
+/0/97858r s redrdzds + — //07203—0”8

1 07 87 57m 02A 87,”
—|—2C'3/ L?%@ vs, D5 drdzds—QCg/ /978203 Z"ﬁ— rdrdzds

1
20, / / 07002 O 112 + / /
050z 0s Os 0 v

—o/ 10m(zt) (zt)dz+C2/ A

dz

85

Fi1(0)%,(2,0) dz

o o
1oyoy / / 1 82A
2 —9
+ 02/ /er2 88 a Uz, Tm rdrdzds Cg ; yazg Uzn’}/m rdrdzds
L0, / / L8O / / FQavZn o
9782 Js

1 07, O / / 1 0F; 9,

+C3/ / 288F1 dzds C3 ,}/ 95 O dzds

+02/ / =7 medzds—CQ/ / }%Flym dzds.

Now, the right hand-side is given in terms of the functions which can be estimated.
The estimates are presented next.

We begin by estimating the first terms on the right hand-side, containing
information at ¢ = 0. To estimate the term involving the time derivative of #,,,
we use the weak form of the conservation of mass equation (4.3), multiply it by
ngzl, sum over h = 1,--- ,m and evaluate the resulting expression at t = 0.
Then we use the fact that v, converges weakly in L? to v,, integrate by parts
the term involving the second derivative of ~,, with respect to z and ¢, and use
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the Cauchy inequality with € to obtain the following estimate

1 - 2 1 5 as 1
/ 1 ’87m(z,0) dzg/ 2@% (/ wdr) I
0 7(270) ot 0 ’}/az ot 0 t=0
Y105,, 0 < ! 11 _ 0y
+/ — / U, rdr) dz + C / = dz
o | Ot 0z \ J, =0 ’ o 17 Lot t=0
120108, P [ ? 1 !
< —= ‘ al 0) / v rdr + — max 42(0) ' 9 v rdr
de d || 0z oo 2o A€z 0z Jo
11 2 L1 |0m(2,0) )
I F (- .
+ 466 || 1( ?O)||L2(0,1) _l— 36/(; '3/(2,0) ‘ 015 dZ

This implies that there exists a constant &' > 0 depending on C1, + and [|5(0)|| 1o,

such that

[ el

Y (2,0
ot

This estimate, combined with

2
W s < R {1080y + 010 = 400" +

v, o’
r L2(Q,r) T L2
implies
2
o [ 9m (0) I ov,, (0)]]°
fA)/(()) L2(071) 7(0) ar

< K {10203 + (50) = 76(0)° + (6(0))%}

where K > 0 depends on C1,C3, 5 and [|5(0)]|c1jo,1-
The second, the third and the fourth terms are estimated as follows:

L2(Q,r)

/

Yo

t 1 2 . 2 t 3 1 > 2

01/ /73@ Ovs, rdrdzds Sﬁ/ @ 7% ds,

0o Joa¥30s | Or 0 Jo ||Os|lc|lY Or L2(9r)

; R t ~ 112 2 t

/ /i@@vzn —avz"r2drdzds < i/ al i@vzn d8+€1/

o Jay0s Or O0Os €1 Jo [0s|lc 1y Or L2(Q,r) 0
t 1 1 ~ —m 2 t 2 1 —m 2

g e A P f el Y Y

2 Jo Jo A?0s | Os 20 Jo ||0s |||V Os L2(0,1)

£2(0,1)

(0))}.

9vs,
0s

2

L2(Q,r)

ds.
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The estimates of the fifth and the sixth term make use of the L*> norm of v, :

t
‘203 / / LYOY D dads
0 Q

4 0z s Y 0s
Cs 9y Cs [*||0% 21 N ’
S Uz, || 7 oo ") —|-— dS,
0 ol OuE2@) || 9t L2(0,:C) z|lellvA os £2(0,1)
br1 oy 0
'203// Vs, Im v drdzds
o Jo 40205 " ds
824 || s 1 0% |
< Cs||v,, so — — ds.
TS e - s
The estimates of the seventh, eighth and the ninth term are standard:
t
1 2n OYm
2C5 / / 87 81]”87 rdrdzds
o Jay 0z s 08
2 ~A 112 — 2
z 1 m
<6 / O, || s +Q il I e ds,
o Il 9s |12 € Ozl l|vVy 05 {120
M Lo
C; / / . AP / _Zm ds.
0o v o 1VA Os 2(0,1)
1 _ — 2 2
187,7_ Cs || 1 9, C3 H _
02/7 m dz| < —= =, + = || == m :
‘ 0 ¥ 815 4 ||/ ot £2(0,1) Cs || VA Lo°(0,t:12(0,1))

The next term is a term with the initial data:

1 2

bl Cy 2 Cy
—F _m 5 d S — || F 2 a A—_m
‘02/0 ’A}/(Z,O) 1(27())7 (Z 0) < 25 H 1(0)||L (0,1) + 2 ’Y(O)f}/ (0)

L2(0,1)
< K(Co,1/6) ((91(0) = %6(0)* + 76(0)* + 17l 20 )

where K > 0 is a constant depending on Cy and 1/9.

The estimates of the 11-th through the 13-th term make use of the L* norms of
v, and Y,

1090
’202// —20—26—2/ Uy, 1Ty, dzds

G|
— 0% || ot

2 2

Al
0z

Cy

L2(0,t:C) 2

1

="Tm
vl

Lo (0,t:L2(0,1)) ’

2
||'Uzn||L0<>(0,t:L2(Qﬂ“)) + 5 '
L2(0,t:C)
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1 0%4
‘202/ / vznvm rdrdzds

2

4 |I? ) Oot || 1
§C2 || Zn %) L2(Qur + — —A'j/m )
0z0t L2(0,t:C) R VAT Lo°(0,t:L2(0,1))
L1045 0v,
26'2/ / it U"_m rdrdzds
0 9782' s
Cy |04 1 2 v, ||°
<2 |z ds || —=m te | |5 ds.
20%€; || 0z L2(0,t:C) g L (0,t:L2(0,1)) s Q,r)
The estimate of the 14-th term can be obtained as follows:
v, |2
F2 Y rdrdzds / F3(t )dt+€4/ 82" ds.
S
)

In order to estimate the next two terms, we need to take into account the as-
sumption of higher regularity of the boundary data, namely, vy, € H?(0,T).
We obtain the following estimates:

2
03// 1287F187mdd) Cs 1 8% s
s L2(01
e sup (2105) = (o) + 2 )H ,
252 0<s<t L2(0,t:C)
and
2
‘03// 18F107mdzd'_03 1 87,” ds
Os Ot 20 12(0,1)
+%||7L — % H%Z(OT H’Y HL2 0,1)

Similarly, the last two terms can be estimated as:
2
20 (0,t:L2(0,1))

1 0¥
Cz// medzd‘ 5 H\/—vm
0y

+a s (20 =4+ 20i(e)?) |5

0<s<t ot

of [ 5|5

Cy
+§H’YL — Y ||L2(0T H’Y HL2(0 T)-

)
L2(0,t:C)

and
2

L5°(0,¢:L2(0,1))
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By combining the estimates above and by choosing Zf‘zl € < %, which is relevant

only in the coefficient in front of fg % . )ds on the left hand-side in the
L2(Q,r
inequality below, we obtain

% 1 0w C1 10w, ’ Ltoe

\/_8t ey 2 1Y O o / s L2(Qr)

JECIRE IR TR
s
0s c 0z || 562 0z c_ VA 85 L2(0.1)

C g 1 03 1 0v,
+3 gia—” a1l 552,

2 Jo sl 261 195 ¢ T Al L2,

3C M,
[ el

L2(0,T:L2(0,1))

Cy + C56 || 04| 9?4 |7 )
|\ |7 +(Cs + () 1020 2 (0722200

( 02 Ot || 20.1.0) 020t || 12010 EROTEAR)
Lo C’2+T+2+<1+ )H ‘1_ ?

2 |~ T Toe —7=Tm

Cs 20 20 28%s ) 1|0z 2orey | IV Il o.122(00)

+ K1(Cy, Cs, 1/6, I3ll3n 0.1:c)) sup. ((s) =) * + ho(s) )

+ K2(Ca, G5, 1/6) (Il = oli0r) + ol )

+ K5(Cr, Co, s, /8, 150) o) (17 B0y + 10y ) (55)
where K1, Ky and K3 are positive constants which depend on the quantities listed

in the corresponding parentheses.
This inequality is of the form

X(t) + /t A(s)ds < /t B(s)X(s)ds+ D

where

X(t) = 03 1 | C 18112” 2

' f ot oy 217 O lleqn
8vzn
A(t) := ) s ,
S Lz,
and )
%l 9y

B(s) depends on ,1/6,1/C4, and Cs,

at . 112z,
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and D consists of all the terms appearing in (5.5) in rows 4 through 9. We
can now apply the following form of Gronwall’s inequality to obtain the desired
estimate:

LEMMA 5.2 (Gronwall, [12]) Let X (t) be a nonnegative, summable function on
[0, T which satisfies for a.e. t the integral inequality

X(t) + /t A(s)ds < /t B(s)X(s)ds+ D

for A(t), B(t),D >0 for allt. Then

X(t) + /O tA(s)ds <D (1 + elo Blo)ds /O t B(s)ds)

Before we apply this form of Gronwall’s inequality, first notice that the norms
of 4,, and v,, , appearing in the term denoted by D, are all bounded by the initial
and boundary data via the first energy estimate presented in Theorem 4.3. Thus,
by using the energy estimate presented in Theorem 4.3 and by employing the
Gronwall’s inequality presented in Lemma 5.2, we conclude that there exists a
constant C' > 0 depending on

||7||H1 (0,7:C1[0,1]) ,1/6,C1,Cy,Cs and T,
such that
1 8% ?

2
€ess sup + ‘

SCQW%§mn+W&m®mﬂ+H%—wwémjyﬂhﬂ#mm>

1 0v,,

n ov,, 2
2(0,r) v Or

ot

L2(0,T:L2(Q,r))

Passing to the limit as m — oo and n — oo we recover the estimate from the

statement of the theorem. [}
07y 9y
We now show that 8_Z and 8z;t are in L?(0,T : L*(0,1)).

THEOREM 5.3 (Improved Regularity: Part II) Assume, in addition to the
assumptions of Theorem 5.1, that the initial data ¥° € H'Y(0,1). Then, the
function 7, which corresponds to a weak solution to problem (2.2)-(2.6), satisfies

2 5
9 ¢ 120,17 12(0,1)) and 22

€ L*(0,T : L*(0,1)).

9z 0z0t
Moreover, the following estimate holds:
— 27
)z _
9z £2(0,1) 9z0t L2(0,T:L2(Q,r))

C (17l 0 + o8l 009 + I = Yo l3rz0r) + I0llZ0im) ) -
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This implies that, in fact,

P e 20,7 : 12(0,1)). 8—2/1 dr € L*(0,T : L*(0,1))
0z 022 J, vrar T T
82
ﬁ € H1(0,T: L*0,1)) and A,v, € L*(0,T : L*(Q,7)).

PROOF: The proof is based on the following idea. We will use the weak form of
0y 05
the momentum equation (4.4) to estimate 8—7 and 5 gt’
z z
desired estimate, we would like to substitute the test function wy in the weak
P Y Y .
0z0t 0z0t

0" Ym
the right hand-side of the equation. Substituting wj by 5201 is, however, not
2_

7™ Jives in a different space from the space of test

In order to obtain the

to get the L2-norm of

form of the momentum equation (4.4) by
2_

possible since function

z
functions wy. This problem can be rectified by considering the function

D=0t £ 0. SR
wg (r,2)
and taking
0
we(r,z) = (1 — r)%(z) € Cyo(,7). (5.6)

Now notice that, without loss of generality, we could have used the space Cé,o in
the definition of the Galerkin approximation for the velocity, instead of the space
Cgo- Thus, everything obtained so far holds assuming wy, € Cé,o~ This relaxed
choice of the space for wy, is now important to obtain improved regularity.

With this observation we can now proceed by substituting wy in (4.4) with
(5.6) and by multiplying equation (4.4) by d/(t) and summing over k = 1,...m
to obtain

ov, 0%, 1 0, 0%,
/ / 5% 0201 1—r)7’d7’dzds—01/ /Q¥ 5 Daot rdrdzds

1 8”)/ (%Z 82’77,1 9 8f)/m 8 Vm
‘/ /ﬁ% or gagp (1T drdzds = ‘02/ / 9> gaor 1 1)drdds

ol [

This is an equation that will be used to obtain the desired estimate bounding the
z-derivatives of 7,,. We multiply the above equation by C3 and rewrite it slightly

8z8t

2 _
P
(1 —r)rdrdzds —/ / Fy 8,2815 (1 = r)rdrdzds.
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to obtain
CoCs / Pim[* . LG / / P [© oG /1 Pim(2,0)"
12/, 0z0t 12 J, 0z

2_
— 03/ / 8vz O (1 =r)rdrdzds + Cng/ / 1 9% 0 m rdrdzds
Q

ot 82’815 A2 Or 0z0t
1 904 Ov, 04, ) 925,
+C'3/0 /Q7 5 O D=0t (I—7r)r drdzds—Cg,/ /F2 5201 (1 —r)rdrdzds.

We can now estimate the terms on the right-hand side to obtain the desired
estimate. We proceed as follows. The second and third terms on the right hand
side can be estimated as:

Lo oov, 0%,
1—
Cs /0 5% 5201 (1 = r)rdrdzds

v, 2 |2
< 2// rdrdzd8+—// 520t dzds,
t 1 v, 0*4,,
‘0103/ /g? 5 D201 rdrdzds
302 ov, |? P |2
/ /97 rdrdzds + —/ / 520t dzds.

Similarly, the fourth and the fifth terms are estimated as:

1 0% Ov, 0%, )
C3/ /ant 5 920t (1 —r)rdrdzds

0 v, 2 |?
< 2 En c/§z¥ a3 rdrdzds—l—ﬁ/ / 520t dzds,
P,
Cg/ /F2 8;8 (1 —r)rdrdzds
1 02 t 1 827 2
< Z 2 ~3 m )
4/0 /0 |F5|" dzds + 24/0 /0 920t dzds
This leads to
C5Cs / o |” / / O |* - CoC /1 7l
12 J, 0z0t - 12 J, | 02
2 2112 t
1 ‘ v, |I? 3T201 87 H 10v, ||? N 1/ Fy(s)|2ds.
2 ot L2(0,T:L2) 0 L2(0,T:C) v or Lo°(0,T:L2) 4 Jo
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By combining the energy estimate stated in Theorem 4.3, and the improved
regularity estimate stated in Theorem 5.1 we see that there exits a constant
C > 0 such that
5‘% MV
0z0t
c (Hv°||m<o,1> 102y 2 + 11 = olEz0ir) + oMoy -

<
L2(0,T:L2(2,r))

By passing to the limit as m — oo we recover the result of Theorem 5.3.
[ |

With this regularity, our system of partial differential equations is satisfied
almost everywhere in Q x (0,7"), which means that, under the assumptions of
higher regularity of the initial and boundary data as listed in Theorem 5.3, we
have shown the existence of a mild solution to the original problem.

6 CONCLUSIONS

We have established existence and uniqueness of a weak solution to a three-
dimensional axially symmetric Biot-like problem modeling blood flow. Assuming
that initial data for the displacement and velocity are in L?, and that the bound-
ary data for the displacement are in H', we proved the existence of a weak
solution to problem (1.3)-(1.6). The weak solution is less regular than a stan-
dard parabolic solution due to the hyperbolic-degenerate parabolic nature of the
problem. We further showed that, if the data is more regular, our solution has
higher regularity, satisfying (1.3)-(1.4) almost everywhere in  x (0, 7).

It is interesting to notice that the main regularization in this problem comes
from the structure viscoelasticity which governs the time evolution of the struc-
ture motion and provides estimates for the regularity in the axial direction of
the average (axial) velocity and of the wave fronts propagating in the structure.
Thus, vessel wall viscoelasticity plays a crucial role in smoothing out the sharp
fronts generated by the steep pressure pulse emanating from the heart.

It is worth mentioning that the numerical simulations involving the linear
model (1.3)-(1.6) linearized around 4 = R and with time-periodic inlet/outlet
boundary data for v corresponding to a physiologically reasonable pressure pulse,
show excellent agreement with the experimental measurements of the three-
dimensional axially symmetric flow in a compliant tube [9].
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