A Class of Quasilinear Degenerate Elliptic Problems

Sunčica Čanić^∗ Department of Mathematics University of Houston Houston, Texas 77204-3476 email:canic@math.uh.edu tel:713-743-3466 fax:731-743-3505

Eun Heui Kim^† Department of Mathematics California State University Long Beach, CA 90840-1001 email: ekim4@csulb.edu tel: 562-985-5338 fax: 562-985-8227

Proposed running head: Quasilinear Degenerate Elliptic Problems

Address for manuscript correspondence: Suncica Canic Department of Mathematics University of Houston Houston, Texas 77204-3476, USA email:canic@math.uh.edu tel. 713-743-3466 fax 713-743-3505

∗ Research supported by the National Science Foundation under grant DMS-9970310. † Research supported by the National Science Foundation under grant DMS-0103823.

Čanić and Kim

Abstract. We establish the existence of solutions for a class of quasilinear degenerate elliptic equations. The equations in this class satisfy a structure condition which provides ellipticity in the interior of the domain, and degeneracy only on the boundary. Equations of transonic gas dynamics, for example, satisfy this property in the region of subsonic flow and are degenerate across the sonic surface. We prove that the solution is smooth in the interior of the domain but may exhibit singular behavior at the degenerate boundary. The maximal rate of blow-up at the degenerate boundary is bounded by the “degree of degeneracy” in the principal coefficients of the quasilinear elliptic operator. Our methods and results apply to the problems recently studied by several authors which include the unsteady transonic small disturbance equation, the pressure-gradient equations of the compressible Euler equations, and the singular quasilinear anisotropic elliptic problems, and extend to the class of equations which satisfy the structure condition, such as the shallow water equation, compressible isentropic two-dimensional Euler equations, and general two-dimensional nonlinear wave equations. Our study provides a general framework to analyze degenerate elliptic problems arising in the self-similar reduction of a broad class of two-dimensional Cauchy problems.

Key words. Degenerate quasilinear elliptic equations, two-dimensional conservation laws, self-similar solutions

AMS subject classification. Primary: 35J70; Secondary: 35L65.

1 Introduction

1.1 Background

This work is motivated by the study of self-similar solutions for a class of twodimensional hyperbolic systems of conservation laws. Systems of conservation laws in two space variables are of the form

∂_tH(U) + ∂_xF (U) + ∂_yG(U) = 0, (1.1)

with U = (u_1, u_2, ..., u_N ). It was shown in [6] that for Riemann data leading to shock interactions, the problem separates into two parts: a quasi-one-dimensional Riemann problem in the supersonic region and a (degenerate) elliptic equation (when N = 2) or an equation of mixed type (when N > 2) in the subsonic region. Existence, uniqueness and structure of solutions to quasi-one-dimensional Riemann problems that are posed in the supersonic region was studied in [6]. In this paper we provide a general approach to proving the existence of solutions in the subsonic region where the equations are degenerate elliptic. Coupling between the hyperbolic part and the elliptic part of the solution typically occurs through a free boundary [7, 8, 9]. We have studied free boundary problems for the steady [9] and for the unsteady, transonic small disturbance equations in [7, 8]. The basis for the existence of solutions to free-boundary problems is an analysis of solutions of the associated fixed-boundary problems. The behavior of solutions at the degenerate boundary is especially important. These issues are discussed in the present paper for a class of equations that satisfy a structure condition. Equations in this class include the equations of transonic gas dynamics, the pressure-gradient equations of the compressible Euler equations, the shallow water equations and the nonlinear wave equation.

The structure condition is a generalization of conditions first studied by Keldysh for linear degenerate equations [18]. In contrast with the Tricomi type of degeneracy [25], boundary value problems with Keldysh degeneracy require data prescribed along the degenerate boundary to guarantee well-posedness. We generalize this property to quasilinear equations.

Although there is a good deal of literature on quasilinear elliptic problems, there seems to be little work on this class of degenerate problems, even though they arise in many applications. Recent results in this field focus on two types of degenerate elliptic equations. One is the work by Zheng on the existence of solutions to the transonic pressure-gradient equations in the elliptic region [26] and the other is the work by Čanić and Keyfitz on the existence of “singular” [3] and “regular” [4] solutions for the unsteady transonic small disturbance (UTSD) equation. The approach used in this work applies to both equations. The method we use is different from both Zheng’s (weak solution approach) and Čanić and Keyfitz’s (monotone operator approach). Our approach is based on the Schauder fixed point theorem, and on the construction of sub- and super-solutions. The sub-solution provides strict ellipticity in the interior of the domain and the super-solution is used to show continuity up to the degenerate boundary. Our approach is closest to that of Choi and McKenna [13] where the ideas from [15] have been used in proving the existence of solutions of an anisotropic quasilinear degenerate elliptic equation of the form ∑_N i u^{ai} u_{xixi} +p(x) = 0 with u = 0 on the (smooth) boundary, where a_1 ≥ ... ≥ a_N > 0, and p(x) strictly positive. In our problems we do not require p(x) positive and we allow a more general form of the differential operator. See (1.3). We require that structure conditions, relating the coefficients of the operator and the boundary data, hold. The class of equations defined this way includes the problems studied by Choi and McKenna in [13], by Zheng in [26], by Čanić and Keyfitz in [3, 4], and also the nonlinear wave equation presented in Section 1.3 A.

1.2 Statement of the Problem and Summary of Results

We consider the following quasilinear Dirichlet problem

Qu = −f in Ω, u = g on ∂Ω, (1.2)

where Q is given by Qu ≡ N∑ i,j (a_{ij} (x, u)u_{xj} )_{xi} + b(x, u) · ∇u, a_{ij} = a_{ji}, (1.3) for x = (x_1, x_2, ..., x_N ) ∈ Ω.

Throughout this work we will be assuming the following basic hypotheses:

H1. The domain Ω ⊂ R^N is bounded and it satisfies a uniform exterior cone condition as defined by Gilbarg and Trudinger in [16]: at every point P ∈ ∂Ω there exists a finite right circular cone V = V_P with vertex P such that Ω ∩ V_P = P . Furthermore, all the cones V_P are congruent to some fixed cone V .

H2. The operator Q is degenerate elliptic in the sense that the coefficient matrix [a_{ij} (x, z)] is non-negative for all (x, z) ∈ Ω × R. In particular, this means that if λ(x, z) and Λ(x, z) denote respectively the minimum and the maximum eigenvalues of [a_{ij} (x, z)], then

0 ≤ λ(x, z)|ζ|^2 ≤ a_{ij} (x, z)ζ_iζ_j ≤ Λ(x, z)|ζ|^2 (1.4) for all ζ = (ζ_1, ..., ζ_N ) ∈ R \ {0} and for all (x, z) ∈ Ω × R.

H3. The coefficients a_{ij} (x, z) and b_i(x, z) are C^1(Ω × R). The source term f ∈ C^γ (Ω), 0 < γ < 1 is a non-negative bounded function.

H4. The boundary data g ∈ W^{1,2}(Ω)∩C^{0,β}(Ω), where 0 < β < 1, forces a degeneracy on ∂Ω, i.e., the minimal eigenvalue evaluated on ∂Ω, or on a nonempty portion Σ of the boundary, vanishes.

Since Q is quasilinear, it is typically not possible to a priori say that Q satisfies hypothesis H2 for all (x, z) ∈ Ω × R. To get around this difficulty we define a modified operator ~Q by introducing the cut-off coefficients ã_{ij} so that the modified operator ~Q becomes elliptic. Hence to obtain existence results for the problem (1.2), (1.3), we study the modified problem and show that its solution satisfies the original problem. This is done in Sections 3 and 4.

Because of the nature of the problems we study (deriving from transonic gas dynamics) we are interested in the elliptic operators that degenerate only on the boundary (or portions of the boundary) and not in the interior of the domain. To ensure strict ellipticity in the interior we construct an appropriate lower barrier. Sufficient conditions for the existence of such a lower barrier are listed in Section 2.2. Using the existence of a lower barrier which provides strict ellipticity in the interior we show the main result of this work: a proof of the existence of a C^2(Ω)–solution of the Dirichlet boundary-value problem (1.2) with degenerate, or partially degenerate boundary data. We show (Theorem 2.7) that the boundary condition is satisfied in the sense (u − g)^{a+1/2} ∈ W^{1,2}_0 (Ω), where a is the degree of the degeneracy, defined later in this paper.

In Section 3.2 we show that if the domain is convex and if the principal coefficients of the operator satisfy some additional assumptions, then the solution is continuous up to the degenerate boundary. We prove this by squeezing the solution between the appropriate continuous barrier functions which are equal to the boundary data at the degenerate boundary (Lemma 3.2 and Corollary 3.3). We show that the nonlinear wave equation, the shallow water equation as well as the UTSD equation have solutions continuous up to the degenerate boundary on convex domains. More information about the behavior of the solutions at the degenerate boundary is provided by Theorem 2.7. Although the solution is continuous up to the boundary, Theorem 2.7 implies that the gradient can blow up at the degenerate boundary at the maximal rate determined by the degree of the degeneracy (the rate at which the minimal eigenvalue of Q vanishes at the degenerate boundary). We mention that, to our knowledge, this is the first result showing continuity up to the degenerate boundary for the nonlinear wave equation.

To motivate the results we first present several examples that fall into the class of equations studied in this paper.

1.3 Examples

A. The nonlinear wave equation

We study the nonlinear wave equation

ρ_{tt} = ∇(c^2(ρ)∇ρ). (1.5)

This equation results from the compressible Euler equations assuming irrotationality and ignoring the terms quadratic in velocity (the low-speed range). It is also a lowspeed reduction of the shallow water equations [14, 23]. The derivation suggested by Keyfitz [17] can be summarized as follows. Begin with the compressible Euler equations for isentropic flow

ρ_t + (uρ)_x + (vρ)_y = 0, (uρ)_t + (u^2ρ + p)_x + (uvρ)_y = 0, (vρ)_t + (uvρ)_x + (v^2ρ + p)_y = 0,

where ρ, u, v are the density, and the velocity components, respectively, and p = p(ρ) is the pressure. If we assume the power-law relation p(ρ) =^1_γ ρ^γ where γ > 1 is the ratio of specific heats, then the local speed of sound c^2 = ∂p/∂ρ is equal to c^2 = ρ^{γ−1}. Assuming low velocities so that the higher-order terms in u and v can be neglected, the system becomes ρ_t + (uρ)_x + (vρ)_y = 0, (uρ)_t + p(ρ)_x = 0, (vρ)_t + p(ρ)_y = 0.

(1.6)

We can write (1.6) as a second-order equation for the density, which is precisely the nonlinear wave equation (1.5), coupled to the linear equation ∂_t(n_x − m_y) = 0 where m = uρ and n = vρ. Assuming that the initial data satisfies the compatibility condition n_x = m_y, a smooth solution will also satisfy the same condition.

In self-similar coordinates ξ = x/t, η = y/t equation (1.5) becomes ( (c^2(ρ) − ξ^2)ρ_ξ − ξηρ_η ) ξ + ( (c^2(ρ) − η^2)ρ_η − ξηρ_ξ ) η + ξρ_ξ + ηρ_η = 0. (1.7)

This equation is elliptic whenever c^2(ρ) > ξ^2 + η^2 and degenerate whenever c^2(ρ) = ξ^2 + η^2.

It is of interest to look at the boundary-value problems that are degenerate at the boundary, i.e., c^2(ρ) = ξ^2 + η^2 on ∂Ω. They arise, for example, in the study the rarefaction wave interactions in general two-dimensional Riemann problems [26]; partially degenerate boundary data in domains with corners, covered by the results of this paper, arise in shock reflection problems, [3, 4]. In this paper we show the existence of a C^2(Ω)–solution for these two types of problems (Theorem 2.7) and also continuity up to the degenerate boundary for convex domains (Section 3).

We mention two special cases included in this class of problems: the transonic pressure-gradient equation studied by Zheng in [26] which corresponds to c^2(ρ) = e^ρ and the shallow equation which corresponds to c^2(ρ) = ρ.

B. The unsteady transonic small disturbance equation (UTSD)

The unsteady transonic small disturbance equation, also called the 2-D Burgers equation u_t + uu_x + v_y = 0, v_x − u_y = 0,

(1.8)

arises in nonlinear acoustics and nonlinear geometrical optics [24], as well as in unsteady transonic flow. Brio and Hunter [1, 2] obtained this equation as an asymptotic reduction of the Euler equations to study weak shock reflection by a ramp. In the work of Morawetz [21], this equation holds in the shock interaction region. In this case, a form of (1.8) can be obtained by reduction from the transonic full potential equation.

In self-similar coordinates this system reads (u − ξ)u_ξ − ηu_η + v_η = 0, v_ξ − u_η = 0.

(1.9)

Linearized around a constant state (u_0, v_0) this system is hyperbolic outside the parabola ρ = ξ + η^2/4 = u_0 and elliptic inside. Notice that, in contrast with the nonlinear wave equation, the region where this system is elliptic is unbounded. After eliminating v and introducing the new variables x = −ρ, y = η to make the degenerate boundary straight, the equation for u reads ( (u + x)u_x − u 2 ) x + u_{yy} = 0. (1.10)

In terms of w = u + x this can be written as (ww_x)_x + w_{yy} − 3 2 w_x + 1 2 = 0. (1.11)

We introduce the cut-off boundary to make the domain bounded, and prescribe Dirichlet data there. In Section 4 we use the techniques presented in this paper to prove the existence of a (unique) classical solution, continuous up to the degenerate boundary, for any continuous Dirichlet data which is degenerate on the boundary x = 0.

2 Existence of Solutions

In this section we prove the existence of a solution of the degenerate elliptic boundary value problem (1.2). We organize this section in three parts. In the first part we define the regularized problem and prove the existence of a (classical) solution u^ε to the nonlinear regularized problem. We establish a sequence of solutions of regularized problems {u^ε} and show that the sequence is uniformly bounded (in ε) in L^∞. In the second part we construct a non-trivial lower bound assuming certain structure conditions. In the third part we use the existence of an L^∞ bound and of a nontrivial lower bound to argue, using a standard compactness argument, that there exists a subsequence of regularized solutions which converges in C^2(Ω). The limit satisfies the PDE in (1.2) in the classical sense, and the boundary condition in the sense (u − g)^{a+1/2} ∈ W^{1,2}_0 (Ω), where a is the rate at which the minimal eigenvalue approaches zero as u approaches g at the boundary. In Sections 3 and 4, we show that the boundary condition for the the nonlinear wave equation and for the UTSD equation is satisfied in the classical sense and that the solution is continuous up to the boundary.

2.1 The Regularized Problem

For each ε > 0 we define a^ε_{ij} (x, z) ≡ { a_{ij}(x, z) + ε if i = j, a_{ij}(x, z) if i ≠ j, and consider the following regularized problem: Q^εu ≡ N∑ i,j (a^ε_{ij}(x, u)u_{xj} )_{xi} + b(x, u) · ∇u = −f(x) in Ω, u = g on ∂Ω. (2.1)

For each ε > 0 the operator Q^ε is strictly elliptic. Namely, there exist positive functions λ^ε(x, z) and Λ^ε(x, z) such that

0 < λ^ε(x, z)|ζ|^2 ≤ a^ε_{ij}(x, z)ζ_iζ_j ≤ Λ^ε(x, z)|ζ|^2, ∀(x, z) ∈ Ω × R. (2.2)

Since the existence result to the regularized problem (2.1) is a standard application of the Schauder Fixed Point Theorem, we outline only the main steps of the existence proof below. Similar proofs can be found for example in [13, 16, 19, 20]. If the source term f is nonzero, the following condition needs to hold.

F. There exists a constant λ_0 > 0 such that λ(x, z) ≥ λ_0 whenever z ≥ max_{∂Ω} g + 1.

Theorem 2.1 Suppose that hypotheses H1-H4 are satisfied and suppose that condition F holds if f ≠ 0. Then for each ε > 0 (0 < ε < 1), there exists a (classical) solution u^ε of the regularized problem (2.1) and a positive number α, 0 < α < 1, such that u^ε ∈ C^{2,α}(Ω) ∩ C^{0,α}(Ω). Moreover, the solution u^ε is uniformly bounded in L^∞, i.e., there exist constants m and M that depend only on g, f and Ω, such that m ≤ u^ε ≤ M. Proof:Let S be a subset of C(Ω) such that S ≡ {w ∈ C(Ω)| m ≤ w ≤ M, w |_{∂Ω}= g}, where m ≡ min_{∂Ω} g and M is obtained from an a priori estimate of the solution u^ε. Namely, if u^ε is a solution of (2.1) then we can apply Theorem 8.16 from Gilbarg and Trudinger [16] to the function u^ε on the set

Ω^+ = {x ∈ Ω : u^ε ≥ max g + 1},

to obtain u^ε ≤ M in Ω^+, and hence in Ω, for

M = max_{∂Ω} g + 1 + C(N, Ω) λ_0 ||f||_{2N} , where C(N, Ω) is independent of the upper ellipticity constant. The set S is closed, bounded and convex.

Define a map T on S such that for each w ∈ S, T w ≡ u, where u is the generalized solution of the associated linear elliptic problem L^εu ≡ N∑ i,j (a^ε_{ij} (x, w)u_{xj} )_{xi} + b(x, w) · ∇u + f(x) = 0, u |_{∂Ω}= g. (2.3)

Theorem 8.30 in [16] provides the existence of a unique solution u ∈ W^{1,2}_{loc} (Ω) ∩ C(Ω) of (2.3).

To use the Schauder Fixed Point Theorem we need to show that the map T is into, that T is compact and continuous. The maximum principle implies that T is into. Precompactness of T is a consequence of the global Hölder estimate, Theorem 14.1 in [19]. To show continuity of T we use a standard limiting argument: for any {w_n} ⊂ S such that w_n → w in S, we need to show that T w_n → T w. This holds due to the uniform bounds in C^α(Ω) and in W^{1,2} and due to the uniqueness of the limit. The Schauder Fixed Point Theorem now implies that there exists a fixed point u ∈ S such that u solves equation (2.1) and u ∈ W^{1,2}(Ω) ∩ C(Ω).

To show that u is a classical solution we use the standard regularity arguments: Hölder estimates [16, 19], Corollary 8.36 in [16] and the interior Schauder estimates which imply that u ∈ C^{2,α}(Ω) ∩ C^{0,α}(Ω). Note that since u ∈ S we have m ≤ u ≤ M. This completes the proof.

Remark 2.2 If Ω is of class W^{2,q} where q > N, and g ∈ W^{2,q}(Ω) where q > N, then Theorem 15.1 in [19] implies that u^ε ∈ C^{1,α}(Ω) where α = 1 − N/q.

Remark 2.3 If the forcing term f is equal to zero, the assumption: “λ(x, z) ≥ λ_0 whenever z ≥ max_{∂Ω} g + 1” can be dropped. The “trick” to obtain the maximum principle for the case f ≠ 0 was suggested to us by Lieberman.

2.2 Lower Barrier

In this section we show that if the elliptic operator (1.3) and the boundary data g satisfy the structure conditions listed below, then there exists a lower barrier for u^ε, independent of ε, which provides strict ellipticity in the interior of Ω. Using this barrier, in Section 2.3, we prove the existence of a solution of the degenerate problem (1.2).

Conditions for the existence of barrier functions in non-uniformly elliptic equations typically require information about the relationship between the coefficients of the operator and the properties of the boundary and of the boundary data. In linear problems, if one seeks a local barrier in terms of the distance function to the (degenerate) boundary, a sufficient condition for the existence of a barrier is a Fichera-type condition that needs to hold at the boundary (an inequality relating the Fichera function [22], the principal coefficients of the operator, and the principal curvatures of the boundary). See Section 6.6 in [16].

In our problem we require the following sufficient conditions for the existence of a lower barrier which provides strict ellipticity in the interior of Ω.

Structure Conditions.

S1. (Structure of the minimum eigenvalue) The minimum eigenvalue λ of [a_{ij} ] is such that there exists a function G satisfying the property: λ(x, u) = 0 if and only if u = G for x ∈ Ω.

S2. (Generalized subsolution property) There exists a C^2–function G_1 satisfying the following two conditions:

1. G_1 ≥ G in Ω, G_1 ≤ g on ∂Ω and G_1 = G = g on the degenerate boundary Σ ⊆ ∂Ω.

2. There exist a positive constant K and a non-negative, locally bounded function S(x) such that ∑ i,j a_{ij} (x, z)G_{1xj xi} + ∑ i,j ∂a_{ij} (x,z) ∂x_i G1xj + ∑ i,j ∂a_{ij} (x,z) ∂z G_{1xj} G_{1xi} +b(x, z)∇G_1 + f(x) ≥ K − S(x)(z − G_1)

(2.4)

for all x ∈ Ω and z ∈ R such that m ≤ z ≤ M, where m = min_{∂Ω} g.

It will be shown in Sections 3 and 4 that both the nonlinear wave equation and the UTSD equation satisfy these structure conditions.

Lemma 2.4 Suppose that structure conditions S1 and S2 hold. Let G_1 be a C^2- function defined by the structure condition S2. Then for each ε > 0 the solution u^ε of the regularized problem (2.1) satisfies

1. u^ε − G_1 > 0 in Ω, and

2. for every function ϕ ∈ C^3_0 (Ω) positive in the interior of Ω, there exists a δ > 0, independent of ε and depend on ϕ, such that u^ε − G_1 − δϕ > 0 in the interior of Ω. Remark 2.5 The statement u^ε − G_1 > 0 in Ω implies that λ(x, u^ε) > 0 in Ω. Therefore, u^ε is elliptic in the interior of the domain. However, lower barrier G_1 may be degenerate in the sense that λ(x, G_1) = 0. So, the sequence (u^ε) is not uniformly elliptic in ε. To prove the existence of a solution to the degenerate problem we will need a lower barrier, say G_2, independent of ε, such that u^ε −G_2 > 0 and λ(x, G_2) > 0 in Ω. This is provided by the function δϕ, whose existence is discussed in the second part of Lemma 2.4. By setting G_2 = G_1 + δϕ we have a lower barrier G_2 which is elliptic in Ω, i.e., λ(x, G_2) > 0. Hence the sequence u^ε is uniformly elliptic in ε since u^ε > G_2, ∀ε > 0.

Proof:(of Lemma 2.4) For each ε > 0 define w^ε ≡ u^ε − G_1 in Ω. Notice that since G_1 ≤ g on ∂Ω we have w^ε ≥ 0 on ∂Ω. We show that w^ε > 0 in the interior of Ω. Suppose that this is not true. Then there exists a point x_0 ∈ Ω at which w^ε attains a non-positive local minimum. At such a point the following conditions hold

w^ε(x_0) ≤ 0, ∇w^ε(x_0) = 0 and ∑ i,j a^ε_{ij} (x_0, u^ε)w^ε_{xj xi} (x_0) ≥ 0.

Since u^ε = w^ε + G_1 is a solution of (2.1) we get 0 = ∑ i,j ( a^ε_{ij} (x, u^ε)(w^ε + G_1)_{xj} ) x_i + ∑ i b_i(x, u^ε)(w^ε + G_1)_{xi} + f(x)

= ∑ i,j a^ε_{ij} (x, u^ε)(w^ε + G_1)_{xj xi} + ∑ i,j ( ∂a^ε_{ij} (x, u^ε) ∂x_i + ∂a^ε_{ij} (x, u^ε) ∂u ∂u^ε ∂x_i ) (w^ε + G_1)_{xj} + ∑ i b_i(x, u^ε) (w^ε + G_1)_{xi} + f(x).

We separate the derivatives of w^ε and G_1 and write the right hand-side as 0 = ∑ i,j a^ε_{ij} (x, u^ε)G_{1xj xi} + ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂x_i G_{1xj} + ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂u G_{1xi} G_{1xj}

+b(x, u^ε)∇G_1 + f(x) + ∑ i,j a^ε_{ij} (x, u^ε)w^ε_{xj xi} + ∑ j B_j (x, u^ε)w^ε_{xj} , where

B_j(x, u^ε) ≡ ∑ i { ∂a^ε_{ij} (x, u^ε) ∂u u^ε_{xi} + ∂a^ε_{ij} (x, u^ε) ∂x_i + ∂a^ε_{ij} (x, u^ε) ∂u G_{1xi} } + b_j (x, u^ε).

Here we have used the fact that a_{ij} = a_{ji}. By the structure condition (2.4) the first two lines can be estimated from below by K − S(x)w, where K > 0 and S(x) ≥ 0: 0 ≥ ∑ i,j a^ε_{ij} (x, u^ε)w^ε_{xj xi} + ∑ j B_j (x, u^ε)w^ε_{xj} + K − S(x)w^ε > ∑ i,j a^ε_{ij} (x, u^ε)w^ε_{xj xi} + ∑ j B_j (x, u^ε)w^ε_{xj} − S(x)w^ε. If we evaluate this expression at x_0 where ∇w^ε(x_0) = 0 and w^ε(x_0) ≤ 0, we get 0 > ∑ i,j a^ε_{ij} (x_0, u^ε)w^ε_{xj xi} (x_0)

which contradicts x_0 being a local minimum.

We now show that there exist a positive constant δ (independent of ε) such that for each ϕ ∈ C^3_0 (Ω), ϕ > 0 in Ω, the following estimate holds for the solution u^ε of the regularized problem u^ε − G_1 − δϕ > 0, for all x ∈ Ω. We again use the method of contradiction. Suppose that for a given function ϕ it is not possible to find a δ such that u^ε − G_1 − δϕ = w^ε − δϕ > 0 in Ω. Then, for each δ > 0 there exists a point x_0 in the interior of Ω (x_0 depends on δ) such that w^ε(x_0) − δϕ(x_0) ≤ 0, and x_0 is a local minimum. The following conditions hold at x_0

w^ε(x_0) − δϕ(x_0) ≤ 0, ∇(w^ε − δϕ)(x_0) = 0, ∑ i,j a^ε_{ij} (x_0, u^ε)(w^ε − δϕ)_{xj xi} (x_0) ≥ 0.

We will show that this contradicts the properties of the operator imposed by the structure condition (2.4). To show this we first calculate Q^εu^ε + f(x) = 0 at any point x ∈ Ω. In this equation we add and subtract the terms containing δϕ to obtain 0 = ∑ i,j a^ε_{ij} (x, u^ε)(w^ε − δϕ)_{xj xi} + B_δ(x, u^ε)∇(w^ε − δϕ) + ∑ i,j a^ε_{ij}(x, u^ε)(G_1 + δϕ)_{xj xi} + ∑ i,j ∂a^ε_{ij} (x,u^ε) ∂x_i (G1 + δϕ)x^j + ∑ i,j ∂a^ε_{ij} (x,u^ε) ∂u (G_1 + δϕ)_{xj} (G_1 + δϕ)_{xi} + b(x, u^ε)∇(G_1 + δϕ) + f(x),

(2.5)

where we denote by B_δ the vector with components B_{δj}(x, u^ε) ≡ ∑ i { ∂a^ε_{ij} (x, u^ε) ∂u u^ε_{xi} + ∂a^ε_{ij} (x, u^ε) ∂x_i + ∂a^ε_{ij} (x, u^ε) ∂u (G_1 + δϕ)_{xi} } +b_j (x, u^ε).

The last two lines can be written as the left hand-side of the structure condition plus terms which are multiplied by δ. Using the structure condition we can estimate the last two lines as ∑ i,j a^ε_{ij} (x, u^ε)(G_1 + δϕ)_{xj xi} + ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂x_i (G_1 + δϕ)_{xj}

+ ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂u (G_1 + δϕ)_{xj} (G_1 + δϕ)_{xi} + b(x, u^ε)∇(G_1 + δϕ) + f(x)

≥ K − S(x)(u^ε − G_1) + δ ( ∑ i,j a^ε_{ij} (x, u^ε)ϕ_{xj xi} + ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂x_i ϕ_{xj}

+ ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂u (G_{1xi} ϕ_{xj} + G_{1xj} ϕ_{xi} + δϕ_{xj} ϕ_{xi} ) + b(x, u^ε)∇ϕ ) . Since m ≤ u^ε ≤ M and a_{ij} ∈ C^1, we have bounds for the functions a^ε_{ij} (x, u^ε), ∂a^ε_{ij} (x, u^ε)/∂x_j and ∂a^ε_{ij} (x, u^ε)/∂u which depend only on m, M and Ω. Furthermore, since G_1, b and ϕ are smooth, all the terms involving these functions are bounded (independently of ε). Since K > 0 (by structure condition S2.2) there exists a δ > 0, independent of ε, such that K + δ ( ∑ i,j a^ε_{ij}(x, u^ε)ϕ_{xj xi} + ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂x_i ϕ_{xj}

+ ∑ i,j ∂a^ε_{ij} (x, u^ε) ∂u (G_{1xi} ϕ_{xj} + G_{1xj} ϕ_{xi} + δϕ_{xi} ϕ_{xj} ) + b(x, u^ε)∇ϕ ) > 0. Using this inequality we can estimate the right hand-side in (2.5) as 0 > ∑ i,j a^ε_{ij} (x, u^ε)(w^ε − δϕ)_{xj xi} + B(x, u^ε)∇(w^ε − δϕ) − S(x)(w^ε − δϕ). Notice that this estimate holds for a fixed (small) δ and is true at any point x ∈ Ω. (It is a consequence of the structure condition.) For this fixed δ > 0 we evaluate the above expression at the associated local minimum x_0 to obtain 0 > ∑ i,j a^ε_{ij} (x_0, u^ε)(w^ε − δϕ)_{xj xi} (x_0) + B(x_0, u^ε)∇(w^ε − δϕ)(x_0) − S(x_0)(w^ε − δϕ)(x_0) ≥ ∑ i,j a^ε_{ij} (x_0, u^ε)(w^ε − δϕ)_{xixj} (x_0),

which contradicts x_0 being a point of the local minimum. This completes the proof.

Remark 2.6 If we write the right hand side of the structure condition as

K − S(x)(z − G_1)^+

with K > 0 and S(x) non-negative and locally bounded, Lemma 2.4 still holds.

We mention that, although more general, the construction of the “elliptic” global lower barrier presented in this section is similar, in the spirit, to the proof of strict interior ellipticity of the pressure-gradient equations, studied in Zheng’s reference [26].

2.3 Existence Result

In this section we prove the existence of a solution u ∈ C^2(Ω) to the degenerate problem (1.2) by considering the limit of the regularized solutions u^ε. The general hypotheses H1-H4 are insufficient to conclude that a (smooth) solution in the interior of the domain satisfies the boundary condition in the classical sense. However, we can show that, depending on how fast the minimum eigenvalue approaches zero, in other words, depending on the “degree” of the degeneracy, a, the boundary condition will be satisfied in the sense (u − g)^{a+1/2} ∈ W^{1,2}_0 (Ω). More precisely, by the existence of a positive lower bound that is independent of ε we now know that our operator Q is strictly elliptic in the interior of the domain and is degenerate only at the boundary where the minimum eigenvalue λ of the operator Q vanishes. If we denote by a > 0 the number such that λ(x, z) ≥ C(x)(u − g)^a, for some positive, bounded function C(x), then we will show that solution u satisfies the boundary condition in the sense (u − g)^{a+1/2} ∈ W^{1,2}_0 (Ω). This means that it is possible to have solutions to the quasilinear problem which are singular at the boundary, as was shown in [3] and [26]. In both studies [3] and [26] the minimum eigenvalue λ equals u − g, which implies a = 1. Our result implies that (u − g)^{3/2} ∈ W^{1,2}_0 , which is the result obtained in [3] and [26].

In Sections 3 and 4 we prove, assuming additional information about the coefficients of the operator Q and the boundary, that the solution we found is continuous up to the degenerate boundary.

To state the existence theorem we introduce the following notation for the symmetric matrix of principal coefficients A(x, u) = [a_{ij} (x, u)].

Theorem 2.7 Assume that hypotheses H1-H4 are satisfied and that structure conditions S1 and S2 hold. Furthermore, if f ≠ 0, assume that condition F in Section 2.1 is satisfied. Then there exists a solution u ∈ C^2(Ω) of (1.2). Furthermore, let a > 0 be such that λ(x, u) ≥ C(x)(u − g)^a for some positive, bounded function C(x), then (u − g)^{a+1/2} ∈ W^{1,2}_0 (Ω).

Proof:First we show that there exists a function u ∈ C^2(Ω) which satisfies the PDE in (1.2) in Ω. We use a uniform lower barrier G_2 = G_1 + δϕ, obtained in the previous section. Consider the operator Q^ε restricted to a compact subset, Ω_1, of Ω. By Remark 2.5 Q^ε is strictly elliptic in Ω_1 since u^ε > G_2 > G in Ω and λ(x, u) = 0 if and only if u = G. Furthermore, this estimate is independent of ε. We now treat (2.1) as a linear problem. By Theorem 8.22 in [16] the solution to this problem is locally Hölder continuous. More precisely, on any Ω_2 ⊂⊂ Ω_1 the following estimate holds

‖u^ε‖_Cα_{(Ω2)} ≤ C(Ω_2),

where C(Ω_2) and 0 < α < 1 are independent of ε. With this preliminary estimate of the coefficients of (2.1), we use hypothesis H3 which provides a_{ij} ∈ C^1, the boundedness of u^ε and uniform ellipticity of the operator, and apply interior Schauder estimates, presented in Theorem 8.32 [16] and Theorem 6.2 [16], on Ω_4 ⊂⊂ Ω_3 ⊂⊂ Ω_2 to get ‖u^ε‖_C2+α_{(Ω4)} ≤ C(Ω_4),

where C(Ω_4) is independent of ε.

By the Arzela-Ascoli theorem there exists a subsequence u^ε_n such that u^ε_n → u in C^{2,α′} (Ω_4), for any α^′ < α. Since Ω_1 is an arbitrary subset of Ω, we apply the same argument to each compact subset of Ω to extract a C^{2,α′} -convergent subsequence. Using the diagonalization principle we obtain a subsequence of u^ε which converges in C^2_{loc}(Ω) to the limit u ∈ C^2(Ω) where u > g and u solves the PDE in (1.2) in Ω.

We now show that if the minimum eigenvalue λ approaches zero as fast as (u−g)^a, then the solution u attains its boundary value g in the sense (u − g)^{a+1/2} ∈ W^{1,2}_0 . To do that we show that (u^ε − g)^{a+1/2} is bounded in W^{1,2}_0 , uniformly in ε. From this it follows that there exists a subsequence with limit u such that (u − g)^{a+1/2} ∈ W^{1,2}_0 , and u is the solution of the PDE found in the first part of the proof.

Denote w^ε = u^ε − g. Then the PDE in (2.1) expressed in terms of w^ε, reads N∑ i,j ( a^ε_{ij} (x, u^ε)(w^ε + g)_{xj} ) x_i + b(x, u ε)∇w^ε = −f(x) − b(x, u^ε)∇g.

Multiply this equation by (w^ε)^a and integrate by parts to obtain −a ⟨ A(x, u^ε)(w^ε)^{a−1} ∇(w^ε + g), ∇w^ε ⟩ + ⟨(w^ε)^ab(x, u^ε), ∇w^ε⟩ = − ⟨F (x), (w^ε)^a⟩ ,

where ⟨·, ·⟩ is the standard L^2-inner product, and F (x) = f + b(x, u^ε)∇g. This equation implies that a ⟨ A(x, u^ε)(w^ε)^{a−1} ∇w^ε, ∇w^ε ⟩ = − a ⟨√ A(x, u^ε)(w^ε)^{a−1} ∇g, √ A(x, u^ε)∇w^ε ⟩ + ⟨(w^ε)^ab(x, u^ε), ∇w^ε⟩ + ⟨F (x), (w^ε)^a⟩ .

We use the weighted Schwartz-Cauchy inequality twice to estimate the two terms on the right hand-side involving the derivatives of w^ε. Namely, since w^ε has a L^∞ bound independent of ε, and since g, f and b are smooth, we have ⟨√ A(x, u^ε)(w^ε)^{a−1} ∇g, √ A(x, u^ε)∇w^ε ⟩

= ⟨√ A(x, u^ε) (w^ε)^{a−1} ∇g, √ A(x, u^ε) (w^ε)^{a−1}∇w^ε ⟩

≤ C_1 + 1 δ_1 ⟨ A(x, u^ε) (w^ε)^{a−1}∇w^ε, ∇w^ε ⟩ , with δ_1 > 0, where C_1 depends on g, |w^ε|_∞ and Ω. Similarly we have ⟨(w^ε)^ab(x, u^ε), ∇w^ε⟩ = ⟨ b(x, u^ε) (w^ε)^{1/2}, (w^ε)^{a−1/2}∇w^ε ⟩ ≤ C_2 + 1 δ_2 ⟨ (w^ε)^{2a−1}∇w^ε, ∇w^ε ⟩ , with δ_2 > 0, where C_2 depends on b, |w^ε|_∞ and Ω. Therefore, there exists a constant D which depends on C_1, C_2 and F such that ⟨ A(x, u^ε)(w^ε)^{a−1} ∇w^ε, ∇w^ε ⟩ ≤ D + 1 δ_1 ⟨ A(x, u^ε) (w^ε)^{a−1}∇w^ε, ∇w^ε ⟩

+ 1 δ_2 ⟨ (w^ε)^{2a−1}∇w^ε, ∇w^ε ⟩ . Hence ⟨ A(x, u^ε)(w^ε)^{a−1} ∇w^ε, ∇w^ε ⟩ − 1 δ_1 ⟨ A(x, u^ε)(w^ε)^{a−1}∇w^ε, ∇w^ε ⟩

≤ 1 δ_2 ⟨ (w^ε)^{2a−1}∇w^ε, ∇w^ε ⟩ + D. Choose δ_1 so that 1 − 1/δ_1 > 0 and estimate A(x, u^ε) from below by its minimum eigenvalue which is assumed to behave as λ(x, u^ε) ≥ C(x)(w^ε)^a ≥ C(w^ε)^a. Then we have ⟨ (w^ε)^{2a−1}∇w^ε, ∇w^ε ⟩ ≤ 1 δ_2 ⟨ (w^ε)^{2a−1}∇w^ε, ∇w^ε ⟩ + D. Now choose δ_2 so that 1 − 1/δ_2 > 0 to obtain ‖(w^ε)^{a−1/2}∇w^ε‖_L2 ≤ D_1 which implies ‖(w^ε)^{a+1/2}‖_W 1,2_0 ≤ D_2 where D_2 depends only on g, f, a, δ_1, δ_2 and Ω. This completes the proof.

In the following sections we focus on the nonlinear wave equation and on the UTSD equation, and show that the solution we found is continuous up to the degenerate boundary.

3 The Nonlinear Wave Equation

We focus our attention on equation (1.7). To simplify the study we first rewrite equation (1.7) in terms of the new variable u = c^2(ρ), where c^2(ρ) is the sound speed. Under the assumption that c^2 is monotonic (which is satisfied for the powerlaw relation between the pressure and the density), we define the inverse ρ = k(u). Then the nonlinear wave equation in self-similar coordinates, which we now denote by x = (x, y), can be written as Q(u) = 0 where

Q(u) = ((u − x^2)k^′(u)u_x − xyk^′(u)u_y)_x + ((u − y^2)k^′(u)u_y − xyk^′(u)u_x)_y +k^′(u) (xu_x + yu_y) .

(3.1)

Take the boundary data g(x, y) = x^2 + y^2, so that the operator Q is degenerate on the boundary. We study the problem

Q(u) = 0 in Ω, u = g on ∂Ω, (3.2)

under the following assumptions.

A1. The boundary ∂Ω does not contain the origin.

A2. The function k is smooth and strictly increasing in the sense that k^′(z) ≥ k_1 > 0, ∀z ∈ R such that 0 < m ≤ z ≤ M.

Using the results from the first part of the paper we show that there exists a C^2(Ω) solution of this boundary-value problem. This result holds on domains Ω which satisfy only the uniform exterior cone condition, as defined in hypothesis H1. In the second part of this section we show that if Ω is convex or satisfies an exterior plane condition (see A3 in the following subsection), then the solution is continuous up to the degenerate boundary.

3.1 Existence Result

To work with the elliptic operator we introduce a cut-off function (mollified) ũ(x, y, u) = { u if u ≥ g(x, y), g(x, y) if u < g(x, y), (3.3)

and define the modified operator ~Q(u) = ((ũ − x^2)k^′(u)u_x − xyk^′(u)u_y)_x + ((ũ − y^2)k^′(u)u_y − xyk^′(u)u_x)_y + k^′(u) (xu_x + yu_y) .

Notice that we have introduced the cut-off only in the coefficients that influence the ellipticity of the operator. We will show that the solution of the modified problem exists and satisfies u ≥ g in Ω, hence it solves the original problem.

We verify the hypotheses of Theorem 2.7. We need to show that structure conditions S1 and S2 hold for the operator ~Q and the boundary data g. Condition S1 is satisfied by the function G = g = x^2 + y^2 since the minimum eigenvalue λ(x, y, u) = u − x^2 − y^2 = 0 if and only if u = x^2 + y^2. To show that condition S2 is satisfied we need to find a lower barrier G_1 satisfying the properties G_1 ≥ g on Ω, G_1 = g on ∂Ω = Σ and condition (2.4). We show that a good choice for the lower barrier G_1 is the C^2 extension of the boundary data G_1 = g = x^2 + y^2. Indeed, we claim that structure condition (2.4) holds for g. To show that this is true we write the operator in non-divergence form and substitute the derivatives of g for the derivatives of u to verify the structure condition (2.4). For m ≤ z̃ ≤ M where m = min_{∂Ω} g > 0, the left hand-side of the structure condition reads k^′(z) { (z̃ − x^2)g_{xx} + (z̃ − y^2)g_{yy} − (2x + y)g_x − (2y + x)g_y + g^2_x + g^2_y + xg_x + yg_y } + k^{′′}(z) { (z̃ − x^2)g^2_x − 2xyg_xg_y + (z̃ − y^2)g^2_y } = k^′(z) { 2z̃ + 2(z̃ − (x^2 + y^2)) + 2(x − y)^2 } + k^{′′}(z) { 4(x^2 + y^2)(z̃ − (x^2 + y^2)) } ≥ 2k_1z̃ + ( 2k^′(z) + 4k^{′′}(z)(x^2 + y^2) ) (z̃ − g) ≥ 2k_1m + 4k^{′′}(z)(x^2 + y^2) (z̃ − g) .

Now, if k^{′′}(z) ≥ 0 for 0 < m ≤ z ≤ M, where m = min_{∂Ω} g, the entire expression is bounded from below by the constant K = 2k_1m = 2k_1 min_{∂Ω}(x^2 +y^2) which is strictly positive since, by assumption A1, ∂Ω does not contain the origin. If k^{′′}(z) < 0 or changes sign, then the entire expression is bounded from below by K −S(x, y)(z −g)^+ where S(x, y) = 4(x^2 + y^2) max_{0<m≤z≤M} |k^{′′}(z)| and the structure condition is satisfied.

We note that both the power-law pressure-density relationship, as well as c^2(ρ) = e^ρ (studied in [26]) satisfy assumption A2. Therefore, we have the following result.

Theorem 3.1 Let Ω ⊂ R^2 be a bounded domain which satisfies the uniform exterior cone condition and is such that ∂Ω does not contain the origin. Furthermore, let c^2 ∈ C^2(Ω) be an increasing function of ρ. Then the degenerate Dirichlet problem for the nonlinear wave equation in self-similar coordinates

((c^2(ρ) − ξ^2)ρ_ξ − ξηρ_η)_ξ + ((c^2(ρ) − η^2)ρ_η − ξηρ_ξ)_η + ξρ_ξ + ηρ_η = 0, c^2(ρ)|_{∂Ω} = ξ^2 + η^2,

(3.4)

has a solution ρ ∈ C^2(Ω) which satisfies the boundary condition c^2(ρ) = g(ξ, η) = ξ^2 + η^2 in the sense (c^2(ρ) − g)^{3/2} ∈ W^{1,2}_0 .

In the next section we show that if the domain is convex, the solution is continuous up to the degenerate boundary and hence satisfies the boundary condition in the classical sense.

3.2 Continuity up to the Boundary

In addition to the assumptions A1 and A2 listed at the beginning of Section 3 we assume the following.

A3. The domain Ω is convex.

A4. The function k is either k(u) = u^{1/(γ−1)} with γ > 1 or k(u) = log u. The second assumption corresponds to c^2(ρ) = ρ^{γ−1} or c^2(ρ) = e^ρ, respectively. Recall that solutions of the degenerate elliptic equation for c^2(ρ) = e^ρ have been studied in [26]. We note that continuity up to the boundary was not obtained in [26].

We prove continuity up to the boundary by constructing an upper barrier function Ψ^x ∈ C^2(Ω)∩C(Ω) for each point x on the boundary. This barrier function will satisfy Ψ^x > 0 in Ω and Ψ^x(x) = 0 for x ∈ ∂Ω. Since u is squeezed between two continuous functions g ≥ 0 and g+Ψ^x which are both equal to g at x ∈ ∂Ω, u must be continuous up to the point x ∈ ∂Ω and hence satisfies the boundary condition u(x) = g(x) in the classical sense.

We construct an upper barrier by first considering the regularized problem Q^ε(u) = −f. For each fixed x ∈ ∂Ω we obtain an upper barrier Ψ^x which is independent of ε and which satisfies Ψ^x ≥ w^ε for each ε, where w^ε ≡ u^ε − g is defined for each solution u^ε of the regularized problem. Then we let ε → 0 to obtain a barrier which satisfies Ψ^x ≥ u − g in Ω and Ψ^x(x) = 0. By repeating the construction of Ψ^x for each x ∈ ∂Ω we obtain continuity of u for all x ∈ ∂Ω.

We write the regularization of the operator (3.1) in non-divergence form Q^ε(u) ≡ (u − x^2 + ε)u_{xx} − 2xyu_{xy} + (u − y^2 + ε)u_{yy} + a_1(u)(xu_x + yu_y)^2 + a_2(u^2_x + u^2_y) − 2(xu_x + yu_y),

(3.5)

where

a_1(u) = − k^{′′}(u) k^′(u) = â u , â ≡ { (γ − 2)/(γ − 1) if k(u) = u^{1/(γ−1)}, γ > 1 1 if k(u) = log u

, and

a_2 ≡ { 1/(γ − 1) if k(u) = u^{1/(γ−1)}, γ > 1

0 if k(u) = log u . Lemma 3.2 For each x ∈ ∂Ω there exists an upper barrier function Ψ^x ∈ C^2(Ω) ∩ C(Ω) for the regularized problem Q^ε(u) = 0 in Ω, u = g = x^2 + y^2 on ∂Ω, such that Ψ^x ≥ u^ε − g in Ω and Ψ^x(x) = 0.

Proof:We first rewrite the problem in terms of w^ϵ = u^ε−g and drop the ε superscript in w and u to simplify notation. The corresponding homogeneous Dirichlet problem reads Q^ε(w) = −F^ε(x, w) in Ω, w = 0 on ∂Ω, (3.6) where Q^ε(w) ≡ (w + y^2 + ε)w_{xx} − 2xyw_{xy} + (w + x^2 + ε)w_{yy} + a_1(w + g)(xw_x + yw_y + 2g)^2 + a_2(w^2_x + w^2_y) + 2 (2a_2 − 1) (xw_x + yw_y)

(3.7) and F^ε(x, w) ≡ 2w + 4a_2g + 2(w − g) + 4ε. (3.8) Notice that since m ≤ u ≤ M and g is bounded and strictly positive, the source term F^ε(x, w) is bounded uniformly in ε. Therefore, there exist constants, F_1 and F_2 > 0, depending only on m, M and Ω, such that

F_1 ≤ F^ε(x, w) ≤ F_2.

We now construct an upper barrier for the homogeneous Dirichlet problem (3.6). We take a similar approach to that presented in [12, 13]. Fix a point x_0 ≡ (x_0, y_0) on the boundary of Ω. Since Ω is convex there is a tangent line T_{x0} passing through x_0 with Ω lying on one side of T_{x0} . We can also find T_x′_0 parallel to T_{x0} such that Ω is contained in the semi-infinite strip enclosed by T_{x0} and T_x′_0 . Take orthogonal coordinate axes x_1 and y_1 so that the x_1-axis is perpendicular to T_{x0} . Let β be the angle that the x_1-axis makes with the line y = y_0. Then x_1 = x cos β + y sin β. Let ψ > 0 be the first eigenfunction of the operator ∂^2_{x1x1} ; that is, ψ satisfies ψ_{x1x1} + λ_1ψ = 0, and ψ |_{Tx0} = ψ |_{Tx′0} = 0, with λ_1 > 0. Now ψ ∈ C^2(Ω), ψ > 0, ψ_{x1x1} ≤ 0 in Ω, and ψ_{x1} > 0 at x ∈ ∂Ω.

Define Ψ^{x0} ≡ Kψ^b. We show that there exist constants K > 0 and 0 < b < 1 independent of ε such that Ψ^{x0} is an upper solution of (3.6) satisfying Ψ^{x0} ≥ u^ε − g and Ψ^{x0} (x_0) = 0. We for now consider the case when â ≥ 0, that is k(u)^{1/(γ−1)} with γ ≥ 2 and k(u) = log u, and later discuss the other case 1 < γ < 2 at the end of the proof. We prove this in two steps. First we show that there exist K > 0 and 0 < b < 1 such that Q^ε(Ψ^{x0} ) + F_2 < 0 in Ω. Notice that since the operator Q^ε is quasilinear, this inequality is insufficient to conclude that Ψ^{x0} is an upper barrier. In the second step we show that for such a choice of K and b we have Ψ^{x0} ≥ w^ε in Ω. Hence, since Ψ^{x0} (x_0) = w^ε(x_0) = 0 on ∂Ω, we conclude that Ψ^{x0} is an upper barrier at x_0. For notational convenience, in the calculation that follows, we drop the superscript x_0 in Ψ^{x0} .

We now show that there exist a K > 0 and a 0 < b < 1 such that Q^ε(Ψ) + F ≤ 0 where F = F_2 + 1 > 0. First notice that Ψ_{x1} = bKψ^{b−1}ψ_{x1} blows up at x_0 ∈ ∂Ω at the rate b − 1. The constant b will be determined below in such a way that it dominates the blow up of the solution of the degenerate problem at each point on the boundary. Using the fact that Ψ_{x1x1} = −λ_1bKψ^b + b(b − 1)Kψ^{b−2}ψ^2_{x1} ≤ 0, we have

Q^ε(Ψ) + F = (Ψ + (x sin β − y cos β)^2 + ε)Ψ_{x1x1} + a_2Ψ^2_{x1} + a_1(Ψ + g)(x_1Ψ_{x1} + 2g)^2 + 2(2a_2 − 1)x_1Ψ_{x1} + F ≤ ΨΨ_{x1x1} + a_2Ψ^2_{x1} + a_1(Ψ + g)(x_1Ψ_{x1} + 2g)^2 + 2(2a_2 − 1)x_1Ψ_{x1} + F.

By replacing the derivatives of Ψ, the above inequality becomes

Q^ε(Ψ) + F ≤ Kψ^b(−λ_1bKψ^b + b(b − 1)Kψ^{b−2}ψ^2_{x1} ) + a_2(bKψ^{b−1}ψ_{x1} )^2 + a_1(Ψ + g)(x_1bKψ^{b−1}ψ_{x1} + 2g)^2 + 2(2a_2 − 1)(x_1bKψ^{b−1}ψ_{x1} ) + F = −λ_1bK^2ψ^{2b} + b((1 + a_2)b − 1)K^2ψ^{2(b−1)}ψ^2_{x1} + a_1(Ψ + g)x^2_1b^2K^2ψ^{2(b−1)}ψ^2_{x1} + 4ga_1(Ψ + g)bKψ^{b−1}x_1ψ_{x1} + 4g^2a_1(Ψ + g) + 2(2a_2 − 1)x_1bKψ^{b−1}ψ_{x1} + F.

We now show that the right hand-side is non-positive by first considering its behavior in the neighborhood Ω_δ of x_0 = (x_0, y_0) ∈ ∂Ω, where Ω_δ ≡ {(x, y) ∈ Ω : dist((x, y), (x_0, y_0)) < δ}, and then by estimating the right hand-side in the complement Ω \ Ω_δ.

The following observations will be useful. By assumption A1 in Section 3 there exists an m > 0 such that g = x^2 + y^2 ≥ m, for all x ∈ ∂Ω. Since g is continuous, there exists a δ_1 > 0 such that g ≥ m/2 for all x ∈ Ω_{δ1} and

a_1(Ψ + g) = â/(Ψ + g) ≤ 2â/m in Ω_{δ1} .

Furthermore, since Ψ_{x1} > 0 at x_0 = (x_0, y_0) ∈ ∂Ω, there exists a δ_2 > 0 such that for a given m_1 > ε, ψ_{x1} ≥ m_1 > 0, ∀x ∈ Ω_{δ2} .

Let δ = min{δ_1, δ_2}. Then for x ∈ Ω_δ we can estimate the right hand-side of Q^ε(Ψ) + F by using the upper bound on a_1(Ψ + g) as follows

Q^ε(Ψ) + F ≤ −λ_1bK^2ψ^{2b} + b((1 + a_2)b − 1)K^2ψ^{2(b−1)}ψ^2_{x1} + 2â m b^2K^2ψ^{2(b−1)}x^2_1ψ^2_{x1} + 8g â m Kbψ^{b−1}x_1ψ_{x1} + 8g^2 â m + 2(a_2 − 2)x_1bKψ^{b−1}ψ_{x1} + F.

After estimating the first term from above by zero, and after combining the second and the third term, we obtain

Q^ε(Ψ) + F ≤ b ( (1 + a_2 + (2â/m)x^2_1)b − 1 ) K^2ψ^{2(b−1)}ψ^2_{x1}

+ 8g â m Kbψ^{b−1}x_1ψ_{x1} + 8g^2 â m + 2(2a_2 − 1)x_1bKψ^{b−1}ψ_{x1} + F.

Since Ω is bounded, there exists an H > 0 such that (2â/m)x^2_1 ≤ H. Now choose a b^∗ so that 0 < b^∗ < 1/(1 + a_2 + H) < 1.

Then, since ψ^2_{x1} > 0 in Ω_δ, we have b^∗((1 + a_2 + H)b^∗ − 1)K^2ψ^{2(b∗−1)}ψ^2_{x1} < 0. Next we can choose K = K_1 big enough so that this negative term dominates other (positive) terms. Thus, for b = b^∗ there exists a K_1 > 1 such that for all x ∈ Ω_δ and for any K ≥ K_1 we have

Q^ε(Ψ) + F ≤ b^∗ ((1 + a_2 + H)b^∗ − 1) K^2ψ^{2(b∗−1)}ψ^2_{x1} + 8g â m Kb^∗ψ^{b∗−1}x_1ψ_{x1} + 8g^2 â m + 2(2a_2 − 1)x_1b^∗Kψ^{b∗−1}ψ_{x1} + F ≤ 0.

Assume that x ∈ Ω \ Ω_δ. Since g ≥ 0, we have a_1(Ψ + g) = â/(Ψ + g) ≤ â/Ψ. Furthermore, since min_{Ω\Ωδ} ψ > 0 and 0 < b^∗ < 1/(1 + a_2 + H) < 1/(1 + a_2) < 1, the following estimate holds for all x ∈ Ω \ Ω_δ

Q^ε(Ψ) + F ≤ −λ_1b^∗K^2ψ^{2b∗} + b^∗((1 + a_2)b^∗ − 1)K^2ψ^{2(b∗−1)}ψ^2_{x1} + âx^2_1b^{∗2}Kψ^{b∗−2}ψ^2_{x1} + 4gâb^∗ψ^{−1}x_1ψ_{x1} + 4g^2âK^{−1}ψ^{−b∗} + 2(2a_2 − 1)x_1b^∗Kψ^{b∗−1}ψ_{x1} + F ≤ −λ_1b^∗K^2ψ^{2b∗} + âx^2_1b^{∗2}Kψ^{b∗−2}ψ^2_{x1} + 4gâb^∗ψ^{−1}x_1ψ_{x1} + 4g^2âK^{−1}ψ^{−b∗} + 2(2a_2 − 1)x_1b^∗Kψ^{b∗−1}ψ_{x1} + F.

Therefore, there exists a K_2 > 0 such that for all x ∈ Ω \ Ω_δ the right hand-side is non-positive whenever K ≥ K_2. Let K^∗ = max{K_1, K_2}. Define Ψ = K^∗ψ^{b∗} . Then for all x ∈ Ω, Q^ε(Ψ) + F ≤ 0.

We now prove that this Ψ is an upper barrier function for the solution w^ε of (3.6) by showing that Ψ > w^ε for all x ∈ Ω. Recall that at the beginning of this proof we dropped the superscript ε in the notation for w^ε. This will be continued in the rest of the proof.

Suppose Ψ − w ≤ 0 at some interior point and let x_m ≡ (x_m, y_m) be an interior local minimum. Then, at such a point (x_m, y_m) the following holds: Ψ − w ≤ 0, (w − Ψ)_x = (w − Ψ)_y = 0 and (w + y^2 + ε)(Ψ − w)_{xx} − 2xy(Ψ − w)_{xy} + (w + x^2 + ε)(Ψ − w)_{yy} ≥ 0.

Since Q^ε(Ψ) + F ≤ 0 and Q^ε(w) + F^ε(x, w) = 0 we have

0 ≥ Q^ε(Ψ) + F − Q^ε(w) − F^ε(x, w)

= (w + y^2 + ε)(Ψ − w)_{xx} − 2xy(Ψ − w)_{xy} + (w + x^2 + ε)(Ψ − w)_{yy} + a_2(Ψ_x + Ψ_y)^2 − a_2(w_x + w_y)^2 + a_1(Ψ + g)(xΨ_x + yΨ_y + 2g)^2 − a_1(w + g)(xw_x + yw_y + 2g)^2 + 2(2a_2 − 1)(xΨ_x + yΨ_y) − 2(2a_2 − 1)(xw_x + yw_y) + (Ψ − w)Ψ_{xx} + (Ψ − w)Ψ_{yy} + F − F^ε(x, w).

We know that at (x_m, y_m)

(Ψ − w)Ψ_{xx} = (Ψ − w)Ψ_{x1x1} cos^2 β ≥ 0, (Ψ − w)Ψ_{yy} = (Ψ − w)Ψ_{x1x1} sin^2 β ≥ 0, and F − F^ε(x, w) > 0. (3.9) Moreover, at (x_m, y_m)

a_1(Ψ + g)(xΨ_x + yΨ_y + 2g)^2 − a_1(w + g)(xw_x + yw_y + 2g)^2 = {a_1(Ψ + g) − a_1(w + g)}(xΨ_x + yΨ_y + 2g)^2 ≥ 0

since a_1(u) is a decreasing function of u (hence a_1(w + g) ≤ a_1(Ψ + g) at the point at which Ψ ≤ w). Furthermore, at (x_m, y_m) we have

a_2(Ψ_x + Ψ_y)^2 = a_2(w_x + w_y)^2, 2(2a_2 − 1)(xΨ_x + yΨ_y) = 2(2a_2 − 1)(xw_x + yw_y).

Thus at (x_m, y_m) we obtain

0 ≥ Q^ε(Ψ) + F − Q^ε(w) − F^ε(x, w) > (w + y^2 + ε)(Ψ − w)_{xx} − 2xy(Ψ − w)_{xy} + (w + x^2 + ε)(Ψ − w)_{yy}

which contradicts the assumption that (x_m, y_m) is a point of the local minimum. (Notice that strict inequality in this estimate is a consequence of (3.9).) Therefore, Ψ^{x0} = K^∗ψ^{b∗} is an upper barrier at x_0 for w^ε = u^ε − g, for each ε > 0.

We now consider the case when 1 < γ < 2. In this case since a_1(u) becomes negative we can modify the operator Q^ε such that define Q^ε_1(w) ≡ Q^ε(w) − a_1(w + g)(xw_x + yw_y + 2g)^2 and show Q^ε_1(Ψ^x) + F < 0 where Ψ^x = Kψ^b for some constants K > 1 and 0 < b < 1 as we did when γ ≥ 2. Thus we get

0 > Q^ε_1(Ψ) + F − Q^ε(w) − F^ε(x, w) ≥ (w + y^2 + ε)(Ψ − w)_{xx} − 2xy(Ψ − w)_{xy} + (w + x^2 + ε)(Ψ − w)_{yy} + a_2(Ψ_x + Ψ_y)^2 − a_2(w_x + w_y)^2 + 2(2a_2 − 1)(xΨ_x + yΨ_y) − 2(2a_2 − 1)(xw_x + yw_y) + (Ψ − w)Ψ_{xx} + (Ψ − w)Ψ_{yy} + F − F^ε(x, w),

and hence apply the contradiction argument as we did in the case when γ ≥ 2 to get the result. This completes the proof.

Since Ψ^x ≥ u^ε − g in Ω for each ε > 0, it follows that Ψ^x is an upper barrier function for u − g. Therefore, we have shown that for each x ∈ ∂Ω there exists a C(Ω)-function Ψ^x such that g < u ≤ g + Ψ^x in Ω, and u(x) = g(x) on ∂Ω, which implies that u is continuous up to the boundary. This proves the following corollary of Lemma 3.2.

Corollary 3.3 Suppose c^2(ρ) = ρ^{γ−1} for some γ > 1, or c^2(ρ) = e^ρ. Then a C^2(Ω) solution ρ of the degenerate elliptic boundary-value problem (3.4) is continuous up to the degenerate boundary.

In this section we have shown the existence of a C^2(Ω) ∩ C(Ω)–solution for a class of quasilinear wave equations on convex domains. Theorem 3.1 implies that a solution of the quasilinear wave equation can be singular at the degenerate boundary in the sense that the derivative of solution blows up at a rate which is bounded by the degree of the degeneracy a, defined in Theorem 2.7. In particular, the solution ρ = ρ(ξ, η) of the shallow water equation (c^2(ρ) = ρ), satisfies (ρ − g)^{3/2} ∈ W^{1,2}_0 which means that the solution can have the square-root singularity at the degenerate boundary.

4 The UTSD equation

We study solutions of equation (1.11) with Dirichlet boundary data Q(w) ≡ (ww_x)_x + w_{yy} − 3 2 w_x = − 1 2 , w |_{∂Ω}= g. (4.1)

Linearized around a constant solution w_0 this equation is elliptic whenever w_0 > 0, degenerate when w_0 = 0, and hyperbolic otherwise. Motivated by the study of weak shock reflection and 2-D Riemann problems ([5], [10], [1, 2]) we focus our attention on the boundary value problems which have degenerate data w = 0 along the portion of the boundary x = 0, which we denote by Σ, and positive (nondegenerate) data along the rest of the boundary, contained in the half-plane x > 0, denoted by Γ. (This is consistent with the asymptotic analysis presented in [7].) One such domain is shown in Figure 4.1. We assume that g ∈ W^{1,2}(Ω) ∩ C^{0,β}(Ω) where 0 < β < 1, g = 0 on Σ, and g > 0 on Γ, where ∂Ω = Σ ∪ Γ satisfies the uniform exterior cone condition.

4.1 Existence Result

Existence of a solution to this Dirichlet problem is a consequence of Theorem 2.7. It is easy to see that hypotheses H1, H3 and H4 hold. Hypothesis H2 is satisfied if

Figure 4.1: The figure shows a typical domain of interest arising in the study of self-similar solutions in weak shock reflection, modeled by the UTSD equation. The degenerate part of the boundary Σ corresponds to the sonic line.

we work with the modified operator

~Q(w) = (w̃w_x)_x + w_{yy} − 3 2 w_x, where w̃(x, y, w) = { w if w ≥ 0 0 if w < 0.

We will show that the solution to the modified problem is non-negative, and so it satisfies the original problem.

The source term in this problem f = 1/2 ≠ 0 and so we need to verify that condition F, from Section 2.1, holds. Since the minimum eigenvalue is given by λ(x, w) = w, condition F is satisfied if we choose, for example, λ_0 = 1. Next we verify that the structure conditions S1 and S2 from Section 2.1 hold. Condition S1 is satisfied with the function G = 0. This function is also a good choice for the lower barrier G_1 since it satisfies all the conditions listed in structure condition S2. Inequality (2.4) is trivially satisfied with K = 1/2 and S(x) = 0.

Theorem 4.1 Suppose that g ∈ W^{1,2}(Ω) ∩ C^{0,β}(Ω), 0 < β < 1, and let g = 0 on Σ and g ≥ 0 on ∂Ω. Then there exists a solution w ∈ C^2(Ω) of the problem (4.1). Furthermore, the solution satisfies (w − g)^{3/2} ∈ W^{1,2}_0 (Ω).

The proof of this theorem follows by applying Theorem 2.7 to the modified problem, and by using the lower barrier G_1 = 0 to conclude that the solution w in non-negative in Ω and therefore it satisfies the original problem.

4.2 Continuity up to the boundary

To show that w is continuous up to the boundary we proceed in two steps. First, continuity up to the boundary Γ is a direct consequence of the standard local Hölder estimate. Namely, Theorem 8.29 in [16] implies that there exists an α, 0 < α ≤ β < 1, such that for Ω^′ ⊂⊂ Ω ∪ Γ, ‖w_ε‖_Cα_{(Ω}′_) ≤ C, where C depends on the ellipticity ratio, |w^ε|_∞, Ω^′, the uniform exterior cone condition, and β.

In the second step we show that w is continuous up to the degenerate boundary. We prove this by squeezing w between the lower barrier G = 0 and a continuous upper barrier which is equal to zero at the degenerate boundary. There are several choices for the upper barrier. As in Section 3.2, an upper barrier Ψ^x = Kψ^{b∗} can be constructed at each point x ∈ Σ using the positive eigenfunction ψ of the operator ∂^2_{xx}. A second choice for an upper barrier is based on the fact that the function x + √ x is a solution of the PDE in (1.11). Thus, we look for an upper barrier of the form Ψ(x) ≡ x + C_1 √ x where the constant C_1 (independent of ε) is such that Q^ε(Ψ) + 1/2 ≤ 0 and Ψ ≥ g. Using this inequality we now show that Ψ − w^ϵ ≥ 0 for each fixed ε > 0. Suppose that this is not true. Then let x_0 ∈ Ω be such that Ψ(x_0) − w^ϵ(x_0) < 0 and suppose that x_0 is a point of local minimum. Then the following inequality holds:

0 ≥ Q^ε(Ψ) − Q^ε(w^ϵ) = (w^ϵ + ε)(Ψ − w^ϵ)_{xx} + (Ψ − w^ϵ)_{yy} + ( w^ϵ_x + Ψ_x − 3 2 ) (Ψ − w^ϵ)_x + Ψ_{xx}(Ψ − w^ϵ).

Since at a local minimum x_0 we have Ψ_{xx}(x_0) < 0 and (Ψ − w^ϵ)_x(x_0) = 0, the above inequality, evaluated at x_0, becomes 0 > (w^ϵ + Ψ)(Ψ − w^ϵ)_{xx} + (Ψ − w^ϵ)_{yy}. This is in contradiction with the convexity condition that holds at a local minimum x_0. Thus, we have Ψ ≥ w^ϵ for each fixed ε > 0. Therefore Ψ ≥ w > 0 and Ψ is an upper barrier function for w.

Theorem 4.2 Suppose that ∂Ω satisfies the exterior cone condition. Then the C^2(Ω) solution found in Theorem 4.1 is continuous up to the boundary, i.e., u ∈ C^2(Ω) ∩ C(Ω).

Remark 4.3 Existence of a solution of (4.1) where the boundary data exhibit the square-root singularity at the degenerate boundary was proved in [3]. In this case it was shown that the solution must have the same type of singularity at Σ.

Remark 4.4 In contrast with the results in [3] and [4] we can handle data which is not of fixed sign. Furthermore, singular solutions (square-root) are permitted even if the data do not exhibit singular behavior. On the other hand, we cannot obtain higher smoothness (C^1) up to the degenerate boundary as was obtained in [4].

Remark 4.5 Existence and continuity up to the boundary for (4.1) can be obtained using Choi, Laser and McKenna’s techniques presented in [12, 13]. Their approach can be used because the forcing term f(x, y) =^1_2 is strictly positive, and because the degenerate boundary Σ is convex.

5 Acknowledgments

The authors would like to thank Gary Lieberman for reading the manuscript and for making several useful suggestions. Lieberman remarked to us that our Theorem 2.1 holds even in the case when the forcing term is different from zero, after assuming condition F. He also pointed out to us that condition (2.9) is similar to a local barrier condition for linear problems, discussed in Section 6.6 of Gilbarg and Trudinger’s [16]. Finally, we thank Lieberman for bringing to our attention reference [20].

The authors would like to thank Barbara L. Keyfitz for sharing her derivation of the nonlinear wave equation from the compressible Euler equations, for her careful reading of the manuscript and for making several suggestions which improved the exposition of the work. We also thank Barbara for her support and encouragement in writing this manuscript.

6 References

[1] M. Brio and J. K. Hunter, Mach reflection for the two-dimensional Burgers equation, Physica D, 60 (1992), pp.194-207.

[2] M. Brio and J. K. Hunter, Weak shock reflection, J. Fluid Mech., 410:235–261, 2000.

[3] S. Čanić and B. L. Keyfitz, An elliptic problem arising from the unsteady transonic small disturbance equation, J. Differential Equations, 125(2) (1996), pp.548-574.

[4] S. Čanić and B. L. Keyfitz, A smooth solution for a Keldysh type equation, Comm.

PDE, 21(1&2) (1996), pp.319-340.

[5] S. Čanić and B. L. Keyfitz, Riemann problems for the two-dimensional unsteady transonic small disturbance equation, SIAM Appl. Math., 58(2) (1998), pp.636- 665.

[6] S. Čanić and B. L. Keyfitz, Quasi-one-dimensional Riemann problems and their role in self-similar two-dimensional problems, Arch. Rat. Mech. Anal., 144 (1998), pp.233-258.

[7] S. Čanić, B. L. Keyfitz and E. H. Kim, A free boundary problem for the unsteady transonic small disturbance equation: transonic regular reflection, Methods and Applications of Analysis, Vol 7, No.2, 2000, pp.313-336.

[8] S. Čanić, B. L. Keyfitz and E. H. Kim, A free boundary problem for a quasilinear degenerate elliptic equation: the transonic regular reflection of weak shocks, Comm. Pure Appl. Math., 55, no1, 2002, pp71-92.

[9] S. Čanić, B. L. Keyfitz and G. M. Lieberman, A proof of existence of perturbed steady transonic shocks via a free boundary problem. Comm. Pure Appl. Math., LIII (2000), pp.484-511.

[10] S. Čanić and D. Mirković, A numerical study of Riemann problems for the twodimensional unsteady transonic small disturbance equation, SIAM Appl. Math., 58(5) (1998), pp.1365-1393.

[11] Y. S. Choi and E. H. Kim, On the existence of positive solutions of quasilinear elliptic boundary value problems, J. Differential Equations, 155 (1999), pp.423- 442.

[12] Y. S. Choi, A. C. Lazer and P. J. McKenna, On a singular quasilinear anisotropic elliptic boundary value problem., Trans. AMS, 347 (1995), pp.2633-2641.

[13] Y. S. Choi and P. J. McKenna, A singular quasilinear anisotropic elliptic boundary value problem, II, Trans. AMS, 350 (1998), pp.2925-2937.

[14] R. Courant and K. O. Friedrichs, “Supersonic flow and shock waves”, Applied Mathematical Sciences 21, Springer-Verlag 1991.

[15] M.G. Crandall, P.H. Rabinowitz and L. Tartar, On a Dirichlet problem with a singular nonlinearity, Comm. P.D.E., 2(2) (1977), pp.193-222.

[16] D. Gilbarg and N. S. Trudinger, “Elliptic partial differential equations of second order” 2nd edition, Springer-Verlag 1983.

[17] B. L. Keyfitz, The nonlinear wave equation, private communication.

[18] M. V. Keldysh, On some cases of degenerate elliptic equations on the boundary of a domain, Dokl. Acad. Nauk USSR, 77 (1951), pp.181-183 [in Russian].

[19] O. A. Ladyzenskaja and N. N. Ural’ceva, “Linear and quasilinear elliptic equations”, Academic Press, 1968.

[20] J. H. Michael, The Dirichlet problem for quasilinear uniformly elliptic equations, Nonlinear Anal., 9 (1985), pp.455-467.

[21] C. S. Morawetz, Potential theory for regular and Mach reflection of a shock at a wedge, Comm. Pure Appl. Math., XLVII (1994), pp.593-624.

[22] O. A. Oleinik and E. V. Radkevich, “Second order equations with nonnegative characteristic form”, American Mathematical Society, Providence, Rhode Island and Plenum Press, New York (1973).

[23] O. Pironneau, On the shallow water equations at low Reynolds number, Comm.

PDE, 16(1) (1991), pp.59-104.

[24] E. G. Tabak and R. R. Rosales, Focusing of weak shock waves and the von Neumann paradox of oblique shock reflection, Physics of Fluids A, 6 (1994), pp.1874- 1892.

[25] F. Tricomi, Sulle equazioni lineari alle derivate parziali di secondo ordine, di tipo misto, Rend. Reale Accad. Lincei., 14 (1923), pp.134-247.

[26] Y. Zheng, Existence of solutions to the transonic pressure gradient equations of the compressible Euler equations in elliptic regions, Comm. PDE, 22(11&12) (1997), pp.1849-1868.