EQUILIBRIUM STATES FOR MANE
DIFFEOMORPHISMS

VAUGHN CLIMENHAGA, TODD FISHER, AND DANIEL J. THOMPSON

ABSTRACT. We study thermodynamic formalism for the family
of robustly transitive diffeomorphisms introduced by Mané, estab-
lishing existence and uniqueness of equilibrium states for natural
classes of potential functions. In particular, we characterize the
SRB measures for these diffeomorphisms as unique equilibrium
states for a suitable geometric potential. We also obtain large de-
viations and multifractal results for the unique equilibrium states
produced by the main theorem.

1. INTRODUCTION

Let f: M — M be a diffeomorphism of a compact smooth manifold.
Among the invariant probability measures for the system, thermody-
namic formalism identifies distinguished measures called equilibrium
states; these are measures that maximize the quantity h,(f) + [ ¢ dpu,
where p: M — R is a potential function.

Sinai, Ruelle, and Bowen [39, 9, 36] showed that a mixing Anosov
diffeomorphism has a unique equilibrium state p, for every Holder
continuous potential ¢, and that for the geometric potential p"(x) =
—log|det D f|gu(z)|, this unique equilibrium state is the SRB measure,
which is the physically relevant invariant measure. The extension of
this theory to systems beyond uniform hyperbolicity has generated a
great deal of activity [21, 43, 37, 11, 38, 44]. In this paper, we study a
class of derived from Anosov (DA) partially hyperbolic diffeomorphisms
using theory developed by the first and third authors in [18]. The
results from [18] show that equilibrium states exist and are unique
under the hypotheses that ‘obstructions to the specification property
and regularity’ and ‘obstructions to expansivity’ carry less topological
pressure than the whole space.
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We consider the class of diffeomorphisms introduced by Mané [26],
which are partially hyperbolic maps fy;: T¢ — T¢ (d > 3) constructed
as C’-perturbations of a hyperbolic toral automorphism f4 with 1-
dimensional unstable bundle. These maps are robustly transitive but
not Anosov; they admit an invariant splitting 7T¢ = E* @ E¢ ® E*
where vectors in £ are sometimes expanded and sometimes contracted.
We give explicit criteria under which fs, or a Cl-perturbation, has a
unique equilibrium state for a Holder continuous potential p: T¢ — R.

In [17], we gave analogous results for the Bonatti—Viana family of dif-
feomorphisms, which admit a dominated splitting but are not partially
hyperbolic. Our results here for the Mané family are stronger; in partic-
ular, the fact that the unstable bundle is 1-dimensional and uniformly
expanding allows us to work at arbitrarily small scales and obtain large
deviations and multifractal results not present in [17]. Our proofs,
which rely on general pressure estimates for DA diffeomorphisms from
[17], are correspondingly simpler. An additional novelty in this paper is
that we apply our results to a larger class of Holder potential functions
by giving a criteria for uniqueness involving the Holder semi-norm. We
emphasize that although we choose to focus on the Mané class since it
is a model class of partially hyperbolic examples in the literature, our
approach to existence and uniqueness applies more generally and does
not rely on 1-dimensionality of the unstable manifold in an essential
way, as is made clear in [17].

We need to control two parameters p,r > 0 in Mané’s construction.
We write F,, for the set of Mané diffeomorphisms fj; such that

(i) fa has a fixed point ¢ such that fy; = f4 on T¢\ B(q, p), and
(ii) if an orbit spends a proportion at least r of its time outside
B(q, p), then it contracts vectors in E°.

The parameter r has a more intrinsic definition as an upper bound on
a quantity involving the maximum derivative of f,; on E° and the
construction can be carried out so r is arbitrarily small. Our results
apply to C! perturbations of fj; that are partially hyperbolic, dynam-
ically coherent, and satisfy (ii). We denote this C'-open set by U,,,.
We describe the Mané construction and U, , more precisely in §4.

We now state our main theorem. Here h is the topological entropy of
fa, L is a constant defined in §3.3 depending on f4 and the maximum
of deo(g, fa) for g €U,,, and H(r) = —rlogr — (1 —r)log(l —r).

Theorem A. Given g € U,, and p: T — R Hélder continuous, let

U(p,r,0) = (1—=71) sup ¢+ r(supp + h+log L) + H(2r).
B(q,p) T4
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If U(p,r, @) < P(p;g), then (T4, g, ) has a unique equilibrium state.

We then apply Theorem A by finding sufficient conditions to verify
the inequality W(p,r,¢) < P(p;g). In §5.6, we show that for a fixed
diffeomorphism in U, ,, every Holder potential satisfying a bounded
range condition has a unique equilibrium state.

In §6, we obtain estimates on V(p,r, ) and P(p;g) in terms of the
Holder semi-norm |p|, of the potential. We apply these estimates to
obtain the following theorem, which says that the set of potentials for
which Theorem A applies for g € U, , contains a ball around the origin
in C*(T?) whose radius goes to oo as p,7 — 0.

Theorem B. There is a function T(p,r; ) with the property that
(1) if g € U,, and |ploa < T(p,r; ), then (T g,¢) has a unique
equilibrium state; and
(2) T(p,r;0) = 00 as p, 7 — 0.

As an immediate consequence, we see that for a fixed Holder poten-
tial ¢, there exist p,r so that there is a unique equilibrium state with
respect to any g € U, .

Theorem B is proved using Theorem 6.1, which is a general lower
bound on the entropy of an equilibrium state with respect to f4 in
terms of the Holder norm of the potential that allows us to estimate
P(¢; g) from below.

We apply Theorem A to scalar multiples of the geometric potential
" (7) = ¢y (z) = —log || Dg|pu(z)||. We obtain the following results.

Theorem C. Let g € U,, be a C? diffeomorphism. Suppose that

. Sup,era @y ()
1.1) r(h+loglL)+ H(2r <m1n{,—gh,—sup ux}
(1.1) )+ H(2r) MLene pia) S Py ()

Then the following properties hold.
(1) t =1 is the unique root of the function t — P(ty});
(2) There exists a = a(g) > 0 such that te* has a unique equilibrium
state ;. for each t € (—a,1+ a);
(3) w1 is the unique SRB measure for g.

The quantity sup ¢"/inf " is uniformly positive for all Mané dif-
feomorphisms, and the construction can be carried out so sup ¢}, ~and
inf ¢ ~are both close to ¢}, = —log A, = —h, where A, is the unique
eigenvalue of A greater than 1, so the right hand side of (1.1) is close
to log A,. Thus, the inequality (1.1) holds when p,r are small. For a
sequence of Mané diffeomorphisms f, € F,, », with pg, 7, — 0, it is
easy to ensure that the Holder semi-norm of ¢ is uniformly bounded
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(for example by ensuring that the restrictions of each fi to B(q, px)
are rescalings of each other). In this case, applying Theorem B, we see
that a(fy) — oo as k — oo in (2) above.

In §8, we derive consequences of Theorem C for the multifractal
analysis of the largest Lyapunov exponent, and give an upper large
deviations principle for the equilibrium states in our main theorems.

We now discuss related results in the literature for partially hyper-
bolic systems, which have largely focused on the measure of maximal
entropy (MME). For ergodic toral automorphisms, the Haar measure
was shown to be the unique MME by Berg [4] using convolutions. Ex-
istence of a unique MME for the Mané examples was obtained in [12].
For partially hyperbolic diffeomorphisms of the 3-torus homotopic to a
hyperbolic automorphism, uniqueness of the MME was proved by Ures
[41].

The techniques for the results in the previous paragraph are not
well suited to the study of equilibrium states for ¢ # 0, which re-
mains largely unexplored. When the first version of the present work
appeared [arXiv:1505.06371v1], the only available references for this
subject were existence results for a certain class of partially hyperbolic
horseshoes [25], with uniqueness results only for potentials constant on
the center-stable direction [2]. An improved picture has emerged since
then. Spatzier and Visscher studied uniqueness of equilibrium states for
frame flows [40]. Rios and Siqueira [35] obtained uniqueness for Holder
potentials with small variation for certain partially hyperbolic horse-
shoes, and Ramos and Siqueira studied statistical properties of these
equilibrium states [34]. Crisostomo and Tahzibi [20] studied unique-
ness of equilibrium states for partially hyperbolic DA systems on T3,
including the Mané family, using techniques very different from ours
under the extra assumption that the potential is constant on ‘collapse
intervals’ of the semi-conjugacy.

The theory of SRB measures is much more developed. The fact that
there is a unique SRB measure for the Mané diffeomorphisms follows
from [5]. The statistical properties of SRB measures is an active area
of research [1, 15, 44]. In [14], interesting results are obtained on the
continuity of the entropy of the SRB measure.

The characterization of the SRB measure as an equilibrium state for
DA systems obtained along an arc of C* diffeomorphisms was estab-
lished by Carvalho [13], with partial results in the C" case. However,
the characterization of the SRB measure as a unique equilibrium state
is to the best of our knowledge novel for the Mané class. Immediate
consequences of this characterization include the upper large deviations
principle and multifractal analysis results of §8.
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We now outline the paper. In §2, we give background material from
[18] on thermodynamic formalism. In §3, we recall pressure estimates
on C%perturbations of Anosov systems. In §4, we give details of the
Mané construction. In §5, we prove Theorem A. In §6, we prove
Theorem B. In §7, we prove Theorem C. In §8, we give results on
large deviations and multifractal analysis. In the preliminary sections
§8 2-3, we follow the presentation of [17], referring the reader to that
paper for the proofs of some necessary background material.

2. BACKGROUND AND PRELIMINARY RESULTS

2.1. Pressure. Let f: X — X be a continuous map on a compact
metric space. We identify X x N with the space of finite orbit segments
by identifying (z,n) with (z, f(x),..., f*1(2)).

Given a continuous potential function ¢: X — R, write S,¢(x) =
Sfo(x) = 32070 w(f*x). For each n > 0, write

Var(¢,n) = sup{|e(z) — (y)| : z,y € X, d(z,y) <n}.
Since we consider Holder potentials, we will often use the bound

o r) Py
Var(p, ) < lan®s where [gla i= sup 12&—#0)
THY d(:p,y)

The nth Bowen metric associated to f is defined by
dp(,y) = max{d(f"z, ffy) : 0 <k <n}.

Given x € X, € > 0, and n € N, the Bowen ball of order n with center
x and radius € is By (v,e) ={y € X : d,(z,y) <e}. Aset E C X is
(n,e)-separated if d,,(z,y) > ¢ for all x,y € E.

Given D C X x N, we interpret D as a collection of orbit segments.
Write D,, = {z € X : (z,n) € D} for the set of initial points of orbits
of length n in D. Then we consider the partition sum

AYP(D, g, e f) = sup { Z e5?@ . B cD,is (n, 5)—separated}.
zeE
The pressure of ¢ on D at scale € is

|
P(D,p,c; f) = lim —log AYP(D, ¢,¢),

n—oo N,

and the pressure of ¢ on D is
P(D,yp; f) = lir% P(D, yp,¢).
e—

Given Z C X, let P(Z,p,¢;f) == P(Z x N,p,¢; f); observe that
P(Z,p; ) denotes the usual upper capacity pressure [28]. We often
write P(y; f) in place of P(X, ¢; f) for the pressure of the whole space.
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When ¢ = 0, our definition gives the entropy of D:
(2.1) h(D,e; f) = h(D,e) := P(D,0,¢) and h(D) = hH(l) h(D,e).
e—

Write M(f) for the set of f-invariant Borel probability measures
and M, (f) for the set of ergodic measures in M(f). The variational
principle for pressure [42, Theorem 9.10] states that

P(p; f) = sup {hu(f)Jr/sodu} = sup {hu(f)Jr/sodu}'
HEM(f) HEM(f)

A measure achieving the supremum is an equilibrium state.

2.2. Obstructions to expansivity, specification, and regularity.
Bowen showed in [8] that if (X, f) has expansivity and specification,
and ¢ has a certain regularity property, then there is a unique equilib-
rium state. We recall definitions and results from [18], which show that
non-uniform versions of Bowen’s hypotheses suffice to prove uniqueness.

Given a homeomorphism f: X — X, the bi-infinite Bowen ball
around x € X of size ¢ > 0 is the set

I.(2):={y e X :d(ffz, ffy) < e for all n € Z}.

If there exists € > 0 for which I'.(z) = {z} for all x € X, we say (X, f)
is expansive. When f is not expansive, it is useful to consider the tail
entropy of f at scale € > 0 [6, 27]:

1
(2.2) h(e) = sup (lsim lim sup — log ASP* (' (), 6 f),
zeX 020 nouco N

where for aset Y C X, AP*(Y,0; f) = inf{#E : Y CJ,cp Bn(z,0)}.

Definition 2.1. For f: X — X the set of non-expansive points at
scale € is NE(e) :=={z € X : I'.(z) # {z}}. An f-invariant measure
w is almost expansive at scale € if p(NE(e)) = 0. Given a potential p,
the pressure of obstructions to expansivity at scale € is

Pofe) = s {h(h)+ [ odu s nNE) > 0}

_ supf){w) # [odu: utxpie =1}

MGME(
This s monotonic in €, so we can define a scale-free quantity by

Py(¢) = lim PA,(p,€).

exp exp
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Definition 2.2. A collection of orbit segments G C X X N has speci-
fication at scale ¢ if there exists T € N such that for every {(z;,n;) :
1 <j <k} CG, there is a point x in

k
ﬂ f*(mj—lJFT)an (z;,¢),
j=1

where mo = —1 and m; = (Zgzl nz) + (j — )7 for each j > 1.

The above definition says that there is some point x whose trajectory
shadows each of the (z;,n;) in turn, taking a transition time of exactly
T iterates between each one. The numbers m; for j > 1 are the time
taken for x to shadow (x1,n1) up to (z;,n;).

Definition 2.3. Given G C X x N, a potential ¢ has the Bowen prop-
erty on G at scale ¢ if

VI(G, ¢, ) == sup{|Snp(r) — Sup(y)| : (v,n) € G,y € By(r,6)} < oo

We say ¢ has the Bowen property on G if there exists € > 0 so that ¢
has the Bowen property on G at scale €.

We refer to an upper bound for V(G, ¢, <) as a distortion constant.
Note that if G has the Bowen property at scale €, then it has it for all
smaller scales.

2.3. General results on uniqueness of equilibrium states. Our
main tool for existence and uniqueness of equilibrium states is [18,
Theorem 5.5].

Definition 2.4. A decomposition for (X, f) consists of three collec-
tions P,G,S C X x (NU{0}) and three functions p,g,s: X x N —
N U {0} such that for every (z,n) € X x N, the values p = p(z,n),
g=g(z,n), and s = s(x,n) satisfyn=p—+ g+ s, and

(2.3) (z,p) €P, (f7(x),9) €G, (f"(x),s)€S.

Given a decomposition (P,G,S) and M € N, we write GM for the set
of orbit segments (x,n) for which p < M and s < M.

Note that the symbol (x,0) denotes the empty set, and the functions
P, g, s are permitted to take the value zero.

Theorem 2.5 (Theorem 5.5 of [18]). Let X be a compact metric space
and f: X — X a homeomorphism. Let p: X — R be a continuous po-
tential function. Suppose that Py (p) < P(p), and that (X, f) admits

a decomposition (P,G,S) with the following properties:
(1) G has specification at any scale;
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(2) ¢ has the Bowen property on G;
(3) P(PUS,p) < P(p).

Then there is a unique equilibrium state for .

3. PERTURBATIONS OF ANOSOV DIFFEOMORPHISMS

We collect some background material about weak forms of hyperbol-
icity and perturbations of Anosov diffeomorphisms.

3.1. Partial hyperbolicity. Let M be a compact manifold. Recall
that a diffeomorphism f: M — M is partially hyperbolic if there is a
D f-invariant splitting TM = E°* ® E° @ E* and constants N € N,
A > 1 such that for every x € M and every unit vector v7 € E“ for
o € {s,c,u}, we have

() MDY < [IDF¥0e] < A3 DfN o], and

(i) D] < AT <A < Do)

A partially hyperbolic diffeomorphism f admits stable and unstable
foliations W* and W*, which are f-invariant and tangent to E*® and
E", respectively [29, Theorem 4.8]. There may or may not be foliations
tangent to either £, E* ® E°, or E°® E*. When these exist we denote
these by W¢, W, and W and refer to these as the center, center-
stable, and center-unstable foliations respectively. For x € M, we let
We(x) be the leaf of the foliation o € {s,u, ¢, cs, cu} containing  when
this is defined.

For a foliation W, we write dy for the leaf metric, and write W, (x)
for the dy-ball of radius 1 in W (x). Suppose W1, WW? are foliations of
M with the property that TM = TW! & TW?2. We say that W', W?2
have a local product structure at scale n > 0 with constant k > 1 if for
every x,y € M with ¢ := d(z,y) < n, the leaves W (z) and W2 (y)
intersect in a single point.

3.2. Anosov shadowing lemma. The Anosov shadowing lemma is
proved in e.g. [31, Theorem 1.2.3].

Lemma 3.1 (Anosov Shadowing Lemma). Let f be a transitive Anosov
diffeomorphism. There is C = C(f) so that if 2n > 0 is an expansivity
constant for f, then every &-pseudo-orbit for f can be n-shadowed by
an orbit for f.

The following result is proved in [17, Lemma 3.2] using the natural
semi-conjugacy which exists for maps in a C” neighborhood of f as a
consequence of the Anosov shadowing lemma.
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Lemma 3.2. Let f be a transitive Anosov diffeomorphism, C = C(f)
the constant from the shadowing lemma, and 3n > 0 an expansivity
constant for f. If g € Diff (M) is such that dco(f,g) <n/C, then:

(i) P(y;g) > P(y; f) — Var(e,n);
(i) A%P(p,3n; g) < AP (o, n; f)e’rLVar(gom).

In particular, (ii) gives P(p,3n;9) < P(p; f) + Var(p,n).

3.3. Pressure estimates. The Maié examples are C° perturbations
of Anosov maps, where the perturbation is made inside a neighborhood
of a fixed point q. We estimate the pressure of orbit segments spending
nearly all their time near q.

Let f be a transitive Anosov diffeomorphism of a compact manifold
M, with topological entropy h = hip(f) and expansivity constant
3n. Let C be the constant from the shadowing lemma. For any n >
0 smaller than the expansivity constant for f, let L = L(f,n) be a
constant so that for every n,

(3.1) ASP(0,m; f) < Le™.
This is possible by [8, Lemma 3]. Let g: M — M be a diffeomorphism
with deo(f, g) < n/C. Given a fixed point ¢ of f and a scale p € (0, 3n),
let x, be the indicator function of M\ B(q, p), and consider the following
collection of orbit segments for g:

C=Clg,q,r) ={(w,n) € M x N: Sixq(x) <rn},
The following estimates are proved in [17, Theorem 3.3].

Theorem 3.3. Under the assumptions above, we have the inequality
(3.2) h(C,6n;g) <r(h+logL)+ H(2r),

where H(t) = —tlogt — (1 —t)log(1 —t). Moreover, given p: M — R
continuous and d > 0, we have

(33)  P(C,e,6:9) < (1—7) sup p+rsupyp+h(C,d;9),

B(q.p) M
and thus it follows that
P(C,p;9) < hy(6n) + (1 —7) sup ¢ +r(supyp + h +log L) + H(2r).
B(q.p) M

3.4. Obstructions to expansivity. Let g be as in the previous sec-
tion, and suppose that the following property [E] holds.

[E] there exist € > 0, 7 > 0, and a fixed point ¢ such that for z € M,
if there exists a sequence ny — 0o with n—lksgkxq(x) > r, then

e(z) = {z}.
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Then C = C(r) from above has the following property, which is
proved in [17, Theorem 3.4].

Theorem 3.4. Under the above assumptions, we have the pressure
estimate Py (p,e) < P(C(q,7),¢).
Let x = x4 and C = C(q,7; g). Consider the set
A" = {a : there exists K(x) so =59x(x) < r for all n > K(z)}
The next lemma, which we need in §7, is proved as [17, Lemma 3.5] as
an intermediate step in the proof of Theorem 3.4.

Lemma 3.5. Let pp € M.(g). If p(A%) > 0, then h,(g) + [pdu <
P(C,¢).

3.5. Cone estimates and local product structure. Let F'', F? C

R? be subspaces such that F'NE? = {0}. Let £(F*, F?) := min{« (v, w) :

v € F'w € F?}, and define

(3.4) R(FY, F?) = (sin£(F', F?)™' > 1.

Given 3 € (0,1) and F', F2 C R? the B-cone of F' and F? is
Co(FL,F?)={v+w:ve Flwe F? |ul < B}

The following two useful lemmas are proved in §8 of [17].

Lemma 3.6. Let W', W? be any foliations of F* @& F? with C' leaves
such that T,W'(x) C Cs(F*, F?) and T,W?(x) C Cg(F* F'), and
let & = R(F, F?). Then for every x,y € F' @® F? the intersection
Wh(z) N W?2(y) consists of a single point z. Moreover,

1+ 8
1-p
Lemma 3.7. Under the assumptions of Lemma 3.6, suppose that z,y
are points belonging to the same local leaf of W € {W', W?2}. Then

max{dy1(z, 2),dw=(y,2)} < Rd(z,y).

4. CONSTRUCTION OF MANE’S EXAMPLES

We review the class of robustly transitive diffeomorphisms originally
considered by Mané [26]. Fix d > 3 and let f4 be the hyperbolic
automorphism of T determined by a matrix A € SL(d,Z) with all
eigenvalues real, positive, simple, and irrational and only one eigenvalue
outside the unit circle. Let A\, be the unique eigenvalue greater than 1
and As < 1 be the largest of the other eigenvalues. Let h = hiop(fa)
be the topological entropy.
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The Mafié class of examples are C° perturbations of f4, which we
will denote by fi;. We describe the construction below. We are careful
about issues of scale to guarantee that we have local product structure
at a scale which is ‘compatible’ with the C? size of the perturbation.

Fix an expansivity constant 3n for fy;. We require that n is small
enough so that calculations at scales which are a suitable multiple of
7 are local: a necessary upper bound on 7 can be computed explicitly,
depending on basic properties of the map fy;. Let ¢ be a fixed point
for f4, and fix 0 < p < 3n. We carry out a perturbation in a p-
neighborhood of gq.

Let F* F¢ F* C R? be the eigenspaces corresponding to (respec-
tively) Ay, As, and all eigenvalues smaller than A, and let F* =
Fe® F*. Let k = 25(F*, F*), where K is as in (3.4).

Let F%* be the foliations of T? by leaves parallel to F*““*. These
leaves are dense in T? since all eigenvalues are irrational. Let 3 € (0, p)
be sufficiently small and consider the cones

Cy = Cy(F*, F), 4= Cy(F, F* @ F"),
CY = C4(F*, F™),  CF = Cy(F*, FY).

-----
. .
. ~

. .

~~~~~~

FIGURE 1. Mané’s construction

Outside of B(q, p), set fur to be equal to f4. Inside B(q, p), the fixed
point ¢ undergoes a pitchfork bifurcation in the direction of F*¢; see [26]
for details. The perturbation is carried out so that

e F¢is still an invariant foliation for f,;, and we write £ = T F¢,
e the cones Cy and Cf are invariant and uniformly expanding

under D fy; and Df;;', respectively; in particular, they contain
D fy-invariant distributions £E° and E" that integrate to fy-
invariant foliations W* and W™".

o [ := F°@ E” integrates to a foliation W*. This holds because
E® C C} guarantees that £ C Cg°.
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Thus, fa; is partially hyperbolic with TT? = E* @ E¢ @ E* and £
integrates to a foliation.

The index of ¢ changes during the perturbation, and we may also
assume that for any point in T\ B(q, p/2) the contraction in the
direction E°¢ is Ag. Inside B(q,p/2), the perturbed map experiences
some weak expansion in the direction E°, and two new fixed points are
created on W¢(q), see Figure 1. Let A = A.(far) > 1 be the greatest
expansion which occurs in the center direction. We can carry out the
construction so that A is arbitrarily close to 1.

Since f contracts E° by a factor of at least A\s outside B(q, p/2), and
expands it by at most A inside the ball, we can estimate || D f;|ges ()|

by counting how many of the iterates z, f(x),..., f*}(z) lie outside
B(q, p/2). If at least rn of these iterates lie outside the ball, then
(4.1) 1D fig|es [} < XTTAT™,

Thus we are interested in a value of r > 0 that gives NA'™" < 1.
Consider the quantity

In A
’Y—’Y(fzw)—m>0-
Then v — 0 as A — 1, and for » > ~ a simple calculation gives
(4.2) 0, = AN < 1.

Given p,r > 0, we write F,, for the set of Mané diffeomorphisms
constructed as described here for which v(fy) < r. Thus, for f € F,,,
we have 0,(fa) < 1.

There is a constant K so that we can carry out the construction to

satisty dco(fur, fa) < Kp, fa(B(q,p)) C Blg, Kp), and fu(B(gq,p)) C
B(q,Kp). In particular, by choosing p small, we can ensure that
deo(fu, fa) < n/C where C = C(fa) is the constant from the Shad-
owing Lemma.
We now consider diffeomorphisms g in a C! neighborhood of f;;. For
sufficiently small C! perturbations g of fj;, the following remain true.
o deo(g, fa) < n/C, where C = C(fa) is the constant from
Lemma 3.1.
e g is partially hyperbolic with 7TT¢ = E; © E; © E, where
E7 C CF for each o € {s,c,u,cs}.
e The distributions Ef and Eg° integrate to foliations Wi and
W2
e Each of the leaves W¢*(z) and W} (x) is dense for every z € T?.

For the C! perturbations, partial hyperbolicity with E; C CF and
integrability are provided by [22, Theorem 6.1]; density of the leaves
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was shown in [33]. Given g as above, let

Ae(9) = sup{||Dglgew || : € B(g, p/2)},

Xs(9) = sup{||Dglpe(w || - © € T\ B(q, p/2)},
B In A.(g)

v(9) =

InA.(9) —InAs(g)

Let U,, be the set of C! diffeomorphisms g: T¢ — T? satisfying the
conditions in the list above with v(g) < r. A simple calculation gives

(4.3) 0,(9) = Ac(9) 7" As(9)" < 1.

5. PROOF OF THEOREM A

We let g € U, -, and consider the collection G of orbit segments (z, n)
for which (x, 1) spends at least i iterates outside of B(q, p) for all i < n.
We will show that these orbit segments experience uniform contraction
in the £ direction. Using local product structure, this will allow us
to prove specification and the Bowen property for such orbit segments.
The hypothesis W(p,r, p) < P(p;g), together with Theorems 3.3 and
3.4, allow us to bound the pressure of obstructions to expansivity and
specification away from P(p;g).

5.1. Local product structure. We require local product structure
for g at scale 6n repeatedly through this section. This holds because
the splitting for ¢ is contained in thin cone fields and so the local leaves
are near the local leaves for f4 when  and n are small.

Lemma 5.1. The diffeomorphism g has local product structure for
Wee, Wit at scale 61 with constant k = 2K(F*°, F").

Proof. Let Wes and W* be the lifts of Wes W to R Given x,y € T?
with € := d(x,y) < 6n, let 7,5 € R? be lifts of x,y with ¢ = d(z,7) <
6. By Lemma 3.6 the intersection W (z) N W*(y) has a unique point
%, which projects to z € T?. Moreover, the leaf distances between Z, 2
and g, Z are at most (%)R(FS, F")e. Since f is small, this is less than
25(F*, F")e, s0 2 € W(z) N WX (y).

By choosing 7 not too large, we can ensure that 67 is not too large

relative to the diameter of T¢ so that the projection of ere() N

Wéjm(y) coincides with Wg;n(x) N Wg‘w(y). Thus, z is the only point
in this intersection. O
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5.2. Specification. A main ingredient for establishing specification
for mixing locally maximal hyperbolic sets f: A — A is that given
0 > 0, there exists N € N such that for z,y € A and n > N we
have f"(Wg(z)) N W§(y) # 0. We mimic this idea replacing the stable
manifold with the centerstable manifolds. All leaves of W* are dense in
T? by the definition of U, . The following lemma gives uniform density.

Lemma 5.2. For every 6 > 0 there is R > 0 such that for every
z,y € T, we have Wi(x) N W (y) £ 0.

Proof. Fix 6 > 0 and let & = ¢/k, where k is the constant from the
local product structure. Fix Ry > 0 such that each unstable leaf is
a-dense in the manifold. Thus for every € T there is z € W§ (z)
such that d(y, z) < a, so by local product structure, W (z) "W (y) #
0. Thus, W s(x) D Wi(z) and so writing R = Ry + J, we have
Wa(z) N W) 0. 0

Because ¢ is uniformly expanding along W*, we see that for every
§ > 0 there is N € N such that for every z € T? and n > N, we have
g" (Wi (z)) D Wg(g™x). Thus by Lemma 5.2 we have

(5.1) g (W (z)) N WE(y) # 0 for every x,y € T

Let x be the indicator function of T¢\ B(q, p), so that %Six(x) is the
proportion of time that an orbit segment (z, ) spends outside B(q, p).

Lemma 5.3. Suppose (z,n) € T? x N is such that S;x(z) > r for all
0<i<mn, and 0, € (0,1) is the constant defined at (4.3). Then

(a) For any y € By(z,p/2), we have ||Dg'|ges| < (6,)" for all
0<<n.

(b) For any y,z € Wiiy(x), we have dw (f'y, fiz) < 0ldw(y, z) for
all)<i<n.

(c) For 0 <6 < p/2, we have W (x) C B, (z,20).

Proof. Given 0 < i < n, the inequality %Six(x) > r implies that the
orbit segment (z,4) spends at least ir iterates outside of B(q,p). It
follows that (y,i) spends at least ir iterates outside of B(q, p/2). By
the definition of A.(g) and As(g), it follows that

| Dy’

gl S ATTAT = (6,),

proving the first claim. It is an easy exercise to prove (b) using the uni-
form contraction estimate provided by (a), and (c) follows immediately
from (b) and Lemma 3.7 (using that /3 is small so (1+ 3)? <2). O
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Now we define the decomposition. We consider the following collec-
tions of orbit segments:

G={(z,n) €T* x N : Six(z) >ir V0 <i<n},

(5.2) d
P={(z,n) e T* x N : S,x(z) < nr}.

The collection G is chosen so that the centerstable manifolds are
uniformly contracted along orbit segments from G. These collections,
together with the trivial collection {(z,0) : = € X} for S, define a
decomposition of any point (z,n) € X x N as follows: let p be the
largest integer in {0, ..., n} such that épr(:c) < r, and thus (z,p) € P.
We must have (¢*(x),n — p) € G since if £Spx(¢gPx) < r for some
0 <k <n—p, then 5S,ux(2) = 5 (Spx(@) + Sex(9P(2)) < 1,
contradicting the maximality of p.

Lemma 5.4. The collection G has specification at any scale 6 > 0.

Proof. For an arbitrary fixed o > 0, we prove specification at scale 39.
The key property that allows us to transition from one orbit to another
is (5.1). This property, together with uniform expansion on W*, allows
us to choose 7 = 7(0) € N such that

g (W) NWE(y) £ 0 for all 2,y € T
1
dlg Ty, g 72) < §d(y, z) for all z € T and y, z € W¥(z).

Given any (z1,m1), ..., (5, ng) € G, we construct y; such that (y;, m;)
shadows (z1,n1),...,(xj,n;), where my = ny, mg =ny +7+ng, ...,
my = (325, mi) + k7. We also set mg = —7.

Let y; = 1, and choose s, . .., y; recursively so that

g™y € Wi (g™ 1) and g™ Ty, € Wit (1)
g"ys € W (g™ y2) and g™ Ty3 € Wit (w3)

g™y € Wi (g™ yp—1) and g™ Ty € WS (x).

Since g™iy;;1 is in the unstable manifold of g"y;, and distance is
contracted by % every time the orbit passes backwards through a ‘tran-
sition’, we obtain that

A (g7 Ty, g™ Ty ) <0
dnj,l(gmj_Q—’—Tyj’ gmj_2+ryj+1> < 5/2

dny (Y5 Y1) < §/2.
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That is, dy, (g™~ Ty;, g™+ 7y, ) < §/2" for eachi € {1,...,7}.
Since g™ "7 (y;11) € Bn,,, (741,6) by Lemma 5.3, it follows that

A, (g7 Ty, 25) < 20 + Z 2798 = 34.

j=1
Thus, y, € ﬂ;?:lg’(mj*1+7)an (x,39), and so G has specification at
scale 30. U

5.3. The Bowen property. Let 6, € (0,1) be such that ||Dg|§i(m)|| <

0, for all z € TY Let x be the constant associated with the local
product structure of E¢* @ Ey. Let € = p/(2k).

Lemma 5.5. Given (z,n) € G and y € B,(z,¢), we have
(5.3) d(g*z, g"y) < ke(0F +0,7")
for every 0 < k < n.

Proof. Using the local product structure, there exists z € W< (z) N
W (y). Since g~' is uniformly contracting on W", we get

d(g"z, g"y) < 027" d(g"z, g"y) < 07 Fre,

and Lemma 5.3 gives d(g*z,¢"2) < 0Fd(z,2) < 6Fke. The triangle
inequality gives (5.3). O

Lemma 5.6. Any Hélder continuous @ has the Bowen property on G
at scale .

Proof. Since ¢ is Holder, there exists K > 0 and « € (0, 1) such that
lo(z) — o(y)| < Kd(z,y)* for all x,y € T? For (r,n) € G and y €
By (z,¢), Lemma 5.5 gives

—_

—_
3

1Sp() = Spp(y)| < Ky d(gFz, g*y)* < K(rke)* Y (007F + 0F)~.
0 0

X
f
il

The summand admits the upper bound
(05 7F +07)™ < (20,75) + (267)°,

and we conclude that

[Sip(w) = Swiply)| < K (262) 3 (077 +0)%) < oo,

Jj=0
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5.4. Expansivity. The diffeomorphism g is partially hyperbolic with
one-dimensional center bundle. Thus, it is well known that the non-
expansive set for a point x must be contained in a compact subset
of a (one-dimensional) center leaf, and so ¢ is entropy-expansive [19,
Proposition 6]. We give a quick sketch proof for completeness.

Lemma 5.7. For all x € T¢, and ¢ < 6n, T'.(x) is contained in a
compact subset of W (x) with diameter a uniform multiple of .

Sketch proof. Recall that the foliations W;* and W have a local prod-
uct structure at scale €, and that there is also a local product structure
within each leaf of W;* associated to the foliations W and W;. In
particular, for every y € I'.(z) there are z; € Wi*(z) N Wil(y) and
zp € Wg(x) N W;(z1), where all the leaf distances are controlled by
a uniform multiple of €. Under forward iterates, z; remains close to
x, and so if z; # y then uniform forward expansion along leaves of
Wt implies that for some n > 0, d(g"(21),¢"(y)) is large enough that
d(g™(z),¢9"(y)) > e. Thus we must have z; = y. A similar argument
using backward iterates shows that 25 = 21. Thus y is in the local W
leaf of x. This shows that I'.(z) is contained in a compact subset of
W¢(x), with diameter a uniform multiple of €. O

We use this to show there is no tail entropy at scale 67, and that
Condition [E] from §3.4 is satisfied.

Lemma 5.8. The diffeomorphism g satisfies h;(67]) =0.

Proof. Given x € X, Lemma 5.7 shows that I',(x) is contained in a
compact interval in the center leaf that is bounded in length. Therefore,
h(Tgy(x)) = 0 for all z € T and h(6n) = 0. O

Lemma 5.9. The diffeomorphism g satisfies Condition [E] from §3.4.

Proof. For sufficiently small € > 0, Lemma 5.7 shows that every z € T¢
has I'.(z) C Wy7,(z). It follows from Pliss’ Lemma [32] that if m;, — oo

is such that =—S9 "y (z) > r for every k, then for every r’ € (v,r) there
mp k
exists mj, — oo such that for every k and every 0 < j < mj, we have
%Sflx(g*mfﬁjx} > /. Thus ¢~z has the property that
189 x(g7 ™) > ' for all 0 < m < mj,
so we can apply Lemma 5.3 and conclude that
[e(x) C g™ (Wyiy(g~ ™)) C Bl, 0" p/2)
Since mj, — oo and 6,» < 1, this implies that I'.(z) = {z}. O
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5.5. Proof of Theorem A. We now complete the proof that if g €
U,, and p: T¢ — R satisfy the hypotheses of Theorem A, then the
conditions of Theorem 2.5 are satisfied, and hence there is a unique
equilibrium state for (T9, g, ). We define the decomposition (P,G,S)
asin (5.2). In Lemma 5.4, we showed G has specification at all scales. In
Lemma 5.6, we showed ¢ has the Bowen property on G at scale ¢ = -
In Theorem 3.3, we showed P(P, p;g) admits the upper bound
hy(6m) + (1 —7) s(up) v+ r(sup @+ h+logL)+ H(2r).
a.p

By Lemma 5.8, 7 (6n) = 0, and so the hypothesis W(p, 7, p) < P(¢;g)
gives P(P,¢) < P(p;g). By Theorem 3.4 and Lemma 5.9, P () <
P(P, ). Thus, we see that under the hypotheses of Theorem A, all the
hypotheses of Theorem 2.5 are satisfied for the decomposition (73, Gg,s).

5.6. Holder potentials with bounded range. We prove the follow-
ing corollary of Theorem A.

Corollary 5.10. Given g € U,,, suppose that for L = L(fa,n) and
h = hiop(fa), we have

(5.4) r(log L+ h) + H(2r) < h.

Let ' = C(fa)dco(fa,g) and V(@) = Var(p,n'). Then writing D(r) =
h—r(log L+h)— H(2r) > 0, every Hélder continuous potential ¢ with
the bounded range hypothesis sup ¢ —inf o+ V() < D(r) has a unique

equilibrium state. In particular, (5.4) is a criterion for g to have a
unique measure of mazximal entropy.

Proof. If sup ¢ — inf ¢ + V(¢) < D(r), then
Vip,r¢) < (1 =) sup ptr(supe+htlog L) + H(2r) +V(p)

B(q,p)
=(1—r) sup ¢+ T(Sup @) +h+V(p)—D(r)
B(q,p)
<supp+h+V(p) — D(T)

Td
<infe+h—V(p) < P(g; fa) = V(e) < P(#;9).

The last inequality follows from Lemma 3.2(i). Thus Theorem A ap-
plies. O

6. LOWER BOUNDS ON ENTROPY AND PROOF OF THEOREM B

It is well known that the unique equilibrium state for a Holder po-
tential ¢ on a uniformly hyperbolic system has positive entropy. We
prove an explicit lower bound on the entropy in terms of |¢|,, the
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Holder semi-norm of ¢, for equilibrium states for maps with the spec-
ification property.

Theorem 6.1. Let X be a compact metric space and f: X — X a
homeomorphism. Fix e < %diam(X) and suppose that f has specifica-
tion at scale € with transition time 7. Let p: X — R be a potential
satisfying the Bowen property at scale € with distortion constant V. Let

log(1 + e~ (V+(27+1)(sup p—inf <p))

A:

2(r+1)
Then we have
(6.1) -H@ZPW£HE@W/@@Q+A
m

In particular, every equilibrium state p for ¢ has h,(f) > A > 0.

Proof. Fix x € X and n € N. Fix a € (0, %], let m,, = [%], and let

L, ={(k1,koy . km,) | 0 < ky < kg <--r <kp, <nandk; € 2(1+1)NVi}.
The idea is that for each k € Z,, we will use the specification property

to construct a point W(E) € X whose orbit is away from the orbit of x
for a bounded amount of time around each time k;, and e-shadows the
orbit of z at all other times; thus the set of points {7 (k) : k € Z,} will
be (n, )-separated on the one hand, and on the other hand each point
7(k) will have its n'® Birkhoff sum close to that of .

First note that standard estimates for factorials give log () > H(£)n+

o(n), and that m,,/ L—z(:H)J > «, S0
2 | 7. >1 2(t+1) > _ .
(6.2) og #ZI, > og< . 250 1)n o(n)

Given k € {0,...,n — 1}, let y, € X be any point with d(f*z,y) >
3e. Now for every k € Z,, the specification property guarantees the

existence of a point W(E) € X with the property that
(k) € By (2, ¢),
1 (x(k)) € Blywe).
fk1+7+1(7r<];)) c Bk2—k1—2r—1(fk1+7+1$),
and so on. Writing kg = 0, we see that for any 0 < i < m,, we have
fk¢+‘r+1(7r(lg ) c Bki+1iki72Til(fki+T+lx)7
frei(m(k)) € B(yr,se),

and we ask that fkmn+7+1(w(E)) € By, (frmet1472).

)
6.3
(63) )
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Write j; = ki1 —ki—27—1fori € {0,...,m,—1} and j,,, = n—ky,,;
then the Bowen property gives

[Sip(fo T ) = Sjp(fH T (k) < V
for any 0 < ¢ < m,. We control the ‘excursions’ away from z by

observing that for any z,2" € X, |So,110(2) — Sors1p(2))| < (27 +
1)(sup ¢ —inf ¢), and there are m,, such excursions. We conclude that

(6.4) |Sn¢(W(E)) — Spe(@)] < (mp+ 1)V +my, (27 4+ 1)(sup ¢ — inf ¢).

Consider the set 7(Z,) C X. Given any k # k' € Z,,, let i be minimal
such that k: £ k!; then put j = k} and observe that f(w(k)) € B(y;, )
and fi(m(K)) € B(fJ( ),€). Since d(y;, f/z) > 3¢ this guarantees that

7(K) ¢ Bu(r(k),e), and so 7(Z,) is (n,e)-separated. Together with
(6.4), this gives

AP (6, €) Z eSne(n( k)

kGﬂ'(In)
> (#1I,,) exp ( Spe(z) — (my + 1)V — m, (27 4+ 1)(sup ¢ — inf gp))

Using (6.2) to bound #Z,, from below, we can take logs, divide by n,
and send n — oo to get

1 1

P(p,e) > (1121801;10 nSnsO(:v)>+2(T )
Given any ergodic u, we can take a generic point x for x4 and conclude
that the lim sup in the above expression is equal to f @du. Thus to
bound the difference P(p, ) — [ ¢ dp, we want to choose the value of
a that maximizes H(«) — a@), where Q =V + (27 + 1)(sup ¢ — inf ).
A straightforward differentiation and routine calculation shows that
L (H(a) — aQ) = 0 occurs when o = (1 + €?)~!, at which point we
have H(a) — a@ = log(1 + e¢~%), proving Theorem 6.1. O

<H(a)—a(V~|—(27+1) (sup p—inf gp))) :

Corollary 6.2. Given a topologically mizing Anosov diffeomorphism
f on a compact manifold M, there are QQ,6 > 0 such that for every
Hoélder potential ¢, we have

P(p; f) > dlog(1 + e‘Q“P‘Q) + sup/cpdu.
o

Proof. Every Holder potential on an Anosov system has the Bowen
property with distortion constant given by Q1|¢|; moreover, sup ¢ —
inf ¢ < |p|o(diamM ). Mixing Anosov diffeomorphisms have the spec-
ification property; let 7 be the transition time for a scale at which f
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has specification, and let § = ﬁ Then Theorem 6.1 gives
P(g; f) > 6log(1 + te\50|a+(27'+1)|%0|a(diamM)a)'
Putting @ = Q1 + (27 + 1)(diamM )* gives the result. O

Proof of Theorem B. We see from (i) of Lemma 3.2 that there is a
constant K (independent of p,r) such that for every g € U, .,

P(¢;g) = P(ps fa) = K“p%|¢a
Since ¢ is a fixed point of fa, Corollary 6.2 gives

P(p;9) > p(q) + dlog(1 + e~ 9le) — K°p%|g),
for every g € U,,. On the other hand, we have

U(p, 7, ¢) < @(q) + [#lap® +r(supp — @(q) + h +log L) + H(2r)
< 9(q) + |¢lalp™ + r(diamM)®) + r(h + log L) + H(2r).
Thus the following is a sufficient condition to give ¥ (p,r, ) < P(p;g):
(p*(1+K)+r(diamM)®)|p|o+r(h+log L)+ H(2r) < §log(14e~ @)

Let Si(p,r) = p*(1 + K) + r(diamM)* and Sy(r) = r(h + log L) +
H(2r), so the above condition can be rewritten as

(6.5) S1(p,7)|pla + Sa(r) < Slog(1 + e @lele).
Given p,r > 0, and « € (0, 1], define T'(p, r; o) by
(6.6) T(p,r;c) =sup {T € R: Sy(p, )T + Sa(r) < §log(1+e ")}

Then for every ¢ with |¢|, < T'(p,r;«), condition (6.5) holds, which
gives ¥(p,r,¢) < P(p;g). This is enough to deduce the first part
of Theorem B from Theorem A. For the second part of Theorem B,
observe that for every ¢ > 0, we can choose p,r > 0 sufficiently small
that S1(p,r)t+Sa(r) < §log(1+e~?), which means that t < T(p, r; a)
for all sufficiently small p, . In other words, T'(p, ;) — 00 as p,r —
0, which completes the proof.

7. PROOF OF THEOREM C

Given a C? diffeomorphism ¢ on a d-dimensional manifold and p €
M.(g), let Ay < -+ < Ay be the Lyapunov exponents of p, and let
AT (p) be the sum of the positive Lyapunov exponents. Following the
definition in [3, Chapter 13], an SRB measure for a C? diffeomorphism
is an ergodic invariant measure p that is hyperbolic (non-zero Lyapunov
exponents) and has absolutely continuous conditional measures on un-
stable manifolds. The Margulis—Ruelle inequality [3, Theorem 10.2.1]
gives h,(g) < A*(p), and it was shown by Ledrappier and Young [24]
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that equality holds if and only if x has absolutely continuous condi-
tionals on unstable manifolds. In particular, for any ergodic invariant
measure j, we have

(7.1) hu(g) = A" () <0,

with equality if and only if p is absolutely continuous on unstable
manifolds. Thus an ergodic measure p is an SRB measure if and only
if it is hyperbolic and equality holds in (7.1).

Let ¢ € U,, be a C? diffeomorphism. Since there is a contin-
uous splitting TT? = E* & E, the geometric potential ¢“(x) =
—log||Dg|gul| is continuous. Furthermore, ¢* is Hélder continuous
because the map ¢ is C? and the distribution E* is Holder. The Holder
continuity of E" follows from the standard argument for Anosov dif-
feomorphisms. See for instance [10, §6.1]; the argument there extends
unproblematically to the case of absolute partial hyperbolicity, which
covers our setting.

We build up our proof of Theorem C. Since sup ¢" < 0, the function
t — P(ty") is a convex strictly decreasing function, so it has a unique
root. We must show that this root occurs at ¢ = 1, that we have
uniqueness of the equilibrium state for all ¢ in a neighborhood of [0, 1],
and that the equilibrium state for ", which we denote p1, is the unique
SRB measure. We assume the hypothesis of Theorem C so that

SUP,erd wE(@) h
infxeT‘i ‘P; (ZE) ’

(7.2) r(h+log L)+ H(2r) < (

and also that
(7.3) r(h +log L) + H(2r) < —supg,.
We recall the following result which was proved as Lemma 7.1 of [17].

Lemma 7.1. Let M be a compact Riemannian manifold and let W be
a C° foliation of M with C* leaves. Suppose there exists § > 0 such that
SUP,enr Mw () (Ws(x)) < oo, where my () denotes volume on the leaf
W (x) with the induced metric. Let f: M — M be a diffeomorphism
and let Y(x) = —log|det D f(x)|r,w)|. Then P(f,1) > 0.

The hypothesis of this lemma is met for a foliation which lies in a
cone around a linear foliation, see [17, §7.2] for details, so Lemma 7.1
applies to the unstable foliation W* of the Mané family. We conclude
that P(¢"; g) > 0.

To get a unique equilibrium state for tp*, it suffices to show that

U(t) :=W(p,rtp") = (1—7) sup te"+r(suptp” +h+log L)+ H(2r)
B(g,p) T
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satisfies W(t) < P(typ") for all t € [0, 1] and then apply Theorem A.
Note that since the equality is strict it will then continue to hold for
all ¢ in a neighborhood of [0, 1].

The Mané construction is carried out to leave E* as unaffected as
possible, so we expect that sup ¢} —and infg} =~ are close to o}, =
—log A,. Thus, we expect that the sup pj/inf ¢} term in (7.2) can be
taken close to 1. Since making this precise would require a lengthy
analysis of the details of the construction with only a small benefit to
our estimates, we choose to not pursue this argument. For ¢t > 0, we
have

(7.4) U(t) < t(supp")+r(h+logL)+ H(2r).
At t =1, it is immediate from (7.3) that
(7.5) W(1) <0 < P(e"),

so " has a unique equilibrium state. The case ¢ € [0, 1) requires some
more analysis. The straight line {;(¢) described by (7.4) which bounds
U(t) above has its root at

_r(h+log L) + H(2r)
sup ¢*

and by (7.3), t* < 1. Thus, for t € (t*,1], ¥(t) < 0 < P(¢") < P(tp").

For t € [0,¢*], the variational principle shows that P(tp") > h +
t(inf ¢*). Thus we have bounded P(t¢") from below by a straight line
lo(t). In (7.4), we bounded W (t) above by a straight line 4 (). By (7.2),
l5(0) > 11(0). The root of ly is —h/(inf ¢*), and the root of Iy is t*.
Thus by (7.2), t* < —h/(inf ") and so l5(t*) > [1(t*). In particular,
for t € [0,t*], P(tp™) > Ia(t) > I1(t) > W¥(t). We conclude that ¥(t) <
P(te") for all t € [0,1], and thus there is a unique equilibrium state by
Theorem A.

It remains to show that P(¢"; g) = 0 and that the unique equilibrium
state is in fact the unique SRB measure. Let p be ergodic, and let Ay <
Ay < ... < Ay be the Lyapunov exponents of p. Recall that £ ¢ E*
is Dg-invariant, so for every p-regular x the Oseledets decomposition
is a sub-splitting of £ @ E*, and thus [ ¢"du = —A\g(p). Thus,

tr =

)

(7.6) / S dp > —X* ()

and if A\g_1(p) < 0 it follows that [ " du = —A*(u). Let M, C M.(g)
be the set of ergodic p such that u is hyperbolic and Ag_1 (1) < 0.
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Lemma 7.2. If p € M.(g) \ M., then

hul9) = X ) < hlg) + [ o d < w(1)

Proof. It u € M.(g)\ M., then either y is not hyperbolic, or Ag_1(u) >
0. Then there exists a set Z C M with u(Z) = 1 so that for each z € Z,
there exists v € B¢ with lim, o = log || DgZ(v)|| > 0.

We claim that z € Z belongs to the set

A" = {z : there exists K(z) so 259x(z) <r for all n > K(z)}.

To see this, suppose that z ¢ AT. Then there exists ny — oo with
L.89 x(2) > r. By lemma 5.3, this gives

ng Nk

I1DgZ ()| < [[Dg™

EBes(z)|| < (0;)™,

and thus lim,, ., = log | Dg™ (v)|| < log#, < 0, which is a contradic-

ng

tion. Thus, u(A™) = 1. It follows that

hug) — N (1) < y(g) + / Sdp < P(C.g") < (1),

where the first inequality uses (7.6), the second uses Lemma 3.5, and
the third uses Theorem 3.3. U

It follows from Lemma 7.2, (7.5), and the Variational Principle that

(7.7) P(¢";9) =Sup{hu(g) +/s@“du € M*}-

Now, for every u € M., we have [ p“du = —A*(u), and thus

(7.8) hu(g) + /tp“ dpe = hy(g) = A"(n) <0

by (7.1). Together with (7.7) this gives P(¢";g) < 0, and we conclude
that P(p"; g) = 0.

It only remains to show that the unique equilibrium state p; is in
fact an SRB measure for g, and there are no other SRB measures.
Since pu; € M,, it is hyperbolic, and since P(¢%;g) = 0, (7.8) gives
hu (g) — AT (1) = 0, so py is an SRB measure. To see there are
no other SRB measures, we observe that if v # py is ergodic, then
ho(9) — AT (v) < hy(g9) + [ ¢“dv < P(¢";g) = 0 by the uniqueness of
(1 as an equilibrium measure. This completes the proof of Theorem C.
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8. LARGE DEVIATIONS AND MULTIFRACTAL ANALYSIS

8.1. Large deviations. The upper level-2 large deviations principle
is a statement which implies the following estimate on the rate of de-
cay of the measure of points whose Birkhoff sums experience a ‘large
deviation’ from the expected value:

(8.1) lim llog,u{x: '%Sm(x) — /@bdu‘ > g} < —q(e),

n—oo N

where € > 0, ¢: T? — R is any continuous function, and ¢(¢) € [0, o]
is a rate function, whose precise value can be formulated precisely in
terms of the free energies of a class of measures depending on € and .
That our equilibrium measures satisfy the upper level-2 large deviations
principle follows from Theorem 5.5 of [18]. That result says that an
equilibrium state provided by Theorem 2.5 has the upper level-2 large
deviations principle, and is a consequence of a general large deviations
result of Pfister and Sullivan [30], and a weak upper Gibbs property
which is satisfied by our equilibrium states. The question of lower large
deviations bounds for Mané diffeomorphisms remains open.

8.2. Multifractal analysis. Let g be a C? diffecomorphism satisfying
the hypotheses of Theorem C. For each t € [0,1], let u; be the unique
equilibrium state for t¢" given by Theorem C. Then, pg is the unique
MME and p; is the unique SRB measure. It follows from Lemma 5.8
that the entropy map p +— hy(n) is upper semicontinuous, hence by
Remark 4.3.4 of [23], uniqueness of the equilibrium state implies that
the function ¢ — P(t¢") is differentiable on (—¢,1 + ¢), with deriva-
tive x*(4u), where we write x () = [ " dp for the largest Lyapunov
exponent of ;. This has immediate consequences for multifractal anal-
ysis. Given y € R, let

Ky={z eT'| lim L1og[|Dg"|p)l = x}
={z eT?| lim 15,0%(z) = —x}
n—oo
be the set of points whose largest Lyapunov exponent exists and is

equal to x. The following is a direct consequence of Theorem C and
[16, Corollary 2.9].
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Theorem 8.1. Let g and p; be as in Theorem C. Let xo = x" (o)
and x1 = X" (u1). Then for every x € [x1, Xo], we have

hop(Ky: ) = inf{P(tp) +tx | t € R}
= sup{hu(g) | p € My(X),x* (1) = x}
= sup{hu(g) | p € MG(K,)},

where hop(Ky, g) is topological entropy defined as a dimension char-
acteristic in the sense of Bowen [7|. The infimum in the first line is
achieved for some t € [0, 1], and for this t we have hiop(Ky, g) = hy, (9).
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