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Measures of maximal entropy

Assumption of maximum ignorance

Anything to say about : _ Bevond
dynamical systems? The basic Hyperbolic y
uniform

questions dynamics e atalter




The basic questions

Rate of expected information gain
(= expected rate of information gain)

Connections and motivations:

- Asymptotic behavior of system

- Periodic orbit estimates (Margulis)

- Other equilibrium states,
thermodynamic formalism,
multifractal analysis

- Physically relevant SRB measure



Expansivity and specification
L(Rufus Bowen, Math. Syst. Theory, 1974/5)

Uniform hyperbolicity

(Anosov diffeo, subshift of finite type, etc.)

Ruelle-Perron-
Frobenius operator

Markov Anisotropic
partitions | Banach spaces




Looking ahead

Many open questions
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Some

counter-
examples




Some counterexamples

when we go beyond uniform hyperbolicity




Existence and uniqueness

in shift spaces with specification
Shannon-McMillan-Breiman: If v is an MME
then v[w] ~ e~ for “most” w € L,,.

Katok estimate: If v is an MME and v(2) > 0,
then #{n-cylinders intersecting Z} ~ e™.

Why does this limit exist? .... Initial .Existence Uniqueness Specification
upgrades (in general) for SFTs




Initial upgrades

Fekete’'s lemma also guarantees existence of
h, =lim tH,(53,), since n — H,(5,) is
subadditive. Again, it also gives h, < %Hy(ﬂn) for
all n, which will be important in the proof of
unigueness (via the “uniform Katok estimate”).

Measure-theoretic entropy:

Bn =A{[w] : w € L,} (partition into n-cylinders)

H,(Bn) = > —v[w]log v[w] < log#L,

weLn

h, (o) = lim %HU(ﬁn) <h



Measure-theoretic entropy:
Bn = {[w] : w € L,} (partition into n-cylinders)

Constructing an MME Ho(B) = S —viwllog v[w] < log#L,

weLn

h,(o) = lim %Hv(ﬁn) <h

For SFTs, can use eigendata of transition matrix to
build an MME (Parry measure) with the property that
there is ¢ > 0 such that u[w] > ce™" for all w € L,,.




Uniqueness

Adler-Weiss argument: for SFTs and more

Proof of
uniform
Katok

estimate




Uniform Katok estimate

Upgrade "subexponential” to "uniform"

By is the partition into n-cylinders
Cn = {25, 25} has H, () < log2
H,(- | -) is conditional entropy

H.,(5n|z,) is entropy of v restricted to Z,
and nor ali ed



How to get uniformity?

Uniform Uniform
counting =% Katok
bounds estimate

|

= Uniqueness

Uniform
counting
for SFTs

Specification




Lower counting bound:

Upper counting bound:

Fekete's lemma: by subadditivity,
h = lim 2a, exists (and = inf a,)

Mixing SFT: 7 € N such that in 7 steps, we can
get from any symbol to any other symbol

Givenany v € £, and w € L,,, we can find
u € L. suchthat vuw € Ly +m

Obtain injective map £, x Ly — Lp+r+m



Specification

£=Un£n

E_quivalently, for every wt, ..., wk € L, there are
u' € £, such that wlutw?u? - - uftwk € L.




Non-uniform specification

Uniform
counting
bounds

Decompositions (still)




Every word in £ can be transformed into a
“good” word (in G) by removing a prefix

Decom pOSing the language from CP and a suffix from C°.

Example: Given S C N infinite, the S-gap

shift is X c {0, 1}* defined by forbidding all

words 10”1 with n ¢ S. One decomposition is
CP={0":n >0}

G ={10™10"...10" : n; € S}
C*={10" : n > 0}

Here G has specification (with = = 0) and
h(CPuUC®) =0.



Uniform counting

limilogc, =h(CPuUCS)—h<0
SO ¢, decays exponentially fast

Decomposition map £, — [ ] € x G x C®

i+j+k=n




“The collection GM := {uPvus : |uP|, US| < M}
has specification for every M € N”

Obstructions to specification
have small entropy

|

Uniform counting bounds

1 !

Construct an
MME that is
"Gibbs on good"

Uniform Katok
estimates

|

Approximate by good cylinders
and prove unigueness




Topological/smooth dynamics

A non-uniform
result

The guts of
/‘ the proof

Need to remove Specification
this limit Expansivity




Expansivity

Entropy at scale ¢

Symbolic case:
equidistributed on n-cylinders

One-sided: n > 0 (appropriate if non-invertible)
Two-sided: n € 7Z (appropriate if invertible)

We consider one-sided case for simplicity. Then
expansive iff ()., Bn(x, €) = {x} forall x € X.

Arguments and estimates are done with finite
values of ¢ and n. Expansivity and uniform
counting estimates guarantee that working with
these finite values gives us a complete enough
picture; sending ¢ —+ 0 and n — oo doesn’t
override what we find out for fixed ¢, n.



Specification "space of orbit segments"

Can ¢-shadow anything using gaps of length

In non-symbolic systems,
going from 1-step to
multistep requires some
expansion/contraction

up to scale € > 409 down to scale ¢



Technical irritants

Try to run the symbolic arguments
through the dictionary

Similar "scale-changing" is necessary for
specification-based arguments

This leads to yet more scale-changing




Obstructions to expansivity

Thus Misiurewicz construction gives an MME

(With Pacifico-Yang-Yang improvement)




Applications

The strategy is always to identify the
obstructions to expansivity and specification,
and then find a way to control their entropy

Non-uniform
hyperbolicity

Partial

hyperbolicit
Symbolic Uz U

examples




Symbolic examples

Beta-shifts, S-gap shifts, and factors
(C.-T., Israel Journal, 2012)

Many shifts of quasi-finite type
(C., Comm. Math. Phys., 2018)

S-limited shifts
(Matson-Sattler, Real An. Exch., 2018)

1-sided almost specification
(C.-Pavlov, ETDS, 2019)

Negative beta shifts

(Shinoda-Yamamoto, Nonlin, 2020)

S-graph shifts
(Dillon, DCDS, 2022)



Bonatti-Viana examples
(C.-Fisher-T., Nonlinearity, 2018)

Maine examples
(C.-Fisher-T., ETDS, 2019)

Partial hyperbolicity and

dominated splittings Certain partially hyperbolic attractors
(Fisher-Oliveira, Nonlinearity, 2020)




Katok example
(Tianyu Wang, ETDS, 2021)

Lorenz attractor, sectional-hyperbolic flows
(Pacifico, Fan Yang, Jiagang Yang,
Nonlinearity 2022 and arXiv:2209.10784)
Non-uniform

hyperbolicity

Geodesic

flows




Non-positive curvature
(Burns-C.-Fisher-T., GAFA, 2018)

No focal points
(Chen-Kao-Park, Nonlinearity 2020
and Advances 2021)

Non-uniforml
Y Surfaces with no conjugate points

hyperb°l|c (C.-Knieper-War, Advances, 2021)
geodesic flows
CAT(-1) spaces
(Constantine-Lafont-T., Groups
Geom. Dyn., 2020)

Flat surfaces with singularities
(Call-Constantine-Erchenko-Sawyer-Work,
IMRN, 2022)
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