UNIQUENESS OF THE MEASURE OF MAXIMAL
ENTROPY FOR GEODESIC FLOWS ON CERTAIN
MANIFOLDS WITHOUT CONJUGATE POINTS

VAUGHN CLIMENHAGA, GERHARD KNIEPER, AND KHADIM WAR

ABSTRACT. We prove that for closed surfaces M with Riemannian met-
rics without conjugate points and genus > 2 the geodesic flow on the
unit tangent bundle 7'M has a unique measure of maximal entropy.
Furthermore, this measure is fully supported on T'M, is the limiting
distribution of closed orbits, and the flow is mixing with respect to this
measure. We formulate conditions under which this result extends to
higher dimensions.

1. INTRODUCTION

Let X be a compact metric space and F' = {f;: X — X }1cr a continuous
flow. The complexity of the flow can be quantified by the topological entropy

1

hiop(F) = lim lim sup — log A¢ (X, F €),
e—0 t—o00 t

where A(X, F, €) is the maximum cardinality of a (¢, €)-separated set — that

is, a set £ C X such that for every z,y € E, there is s € [0,¢] such that

d(fsz, fsy) > €. The variational principle [Wal82, Theorem 8.6] says that

hiop(F') = sup{hu(f1) : p € Mp(X)},
where Mp(X) is the space of flow-invariant Borel probability measures on
X, and hy(f1) is measure-theoretic entropy. A measure y € Mp(X) that
achieves the supremum is called a measure of mazimal entropy (MME).

If M is a smooth closed Riemannian manifold of negative sectional cur-
vature, then by classical work of Bowen and Margulis, the geodesic flow
F = {fi}ter on the unit tangent bundle 7' M has a unique measure of max-
imal entropy. Moreover, the unique MME is fully supported on 7'M and is
the limiting distribution of closed orbits of the geodesic flow [Bow73, Bow74].
This proof uses Markov partitions; the result can also be proved using ex-
pansivity and the specification property [Bow75| [Era77].
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The corresponding result for rank 1 manifolds with nonpositive sectional
curvatures, where the tools in the previous paragraph may all fail, was
proved by the second author in [Kni98|] using Patterson—Sullivan measures.
An alternate proof was recently given in [BCFT1§| using non-uniform ver-
sions of expansivity and specification introduced in [CT16].

Once M is allowed to have some positive sectional curvatures, there are
two natural conditions to impose that still guarantee some (non-uniform)
hyperbolicity for the geodesic flow. The more restrictive of these is mo
focal points; in this setting many of the tools from nonpositive curvature
still hold, and it is possible to adapt the approaches described above; see
[GR19, LWW20, [CKP20].

We work in the broader setting of no conjugate points, where most of
the tools from nonpositive curvature fail in general; see [BBB8T, Bur92] for
some discussion of the phenomena that can occur. In particular, each of
the above approaches encounters substantial difficulties, so that there is no
straightforward generalization of either [Kni98] or [BCFTIS§|. Nevertheless,
by using tools from coarse geometry together with the result from |[CT16] on
non-uniform expansivity and specification, we obtain the following result.

Theorem 1.1. Let M be a smooth closed surface of genus > 2, and let g be
a Riemannian metric on M without conjugate points. Then the associated
geodesic flow on T'M has a unique measure ji of mazimal entropy. The
measure i has full support, is Bernoulli (hence mizing), and is the limit-
ing distribution of (homotopy classes of) closed geodesics in the sense of

Definition . In particular, the set of closed orbits is dense in T'M.

In fact, Theorem is a specific case of a more general result (Theorem
, which establishes uniqueness for a broad class H of Riemannian man-
ifolds with no conjugate points in arbitrary dimension. The key properties
of a manifold (M, g) € H are:

M admits a negatively curved “background” Riemannian metric;
geodesics emanating from a common point on the universal covering
eventually diverge;

the fundamental group is residually finite;

all invariant measures of “nearly maximal” entropy must have sup-

port on the expansive set, see (2.11]).

See §3|for precise definitions, an explanation of why H contains every surface
of genus > 2, and a discussion of how restrictive these conditions are.
Uniqueness and ergodicity of the MME are provided by an application of
[CT16] (though see Remark [1.5below for a discussion of the stark differences
between our result here and the one in [BCFT18], and the novelties required
in the present setting). Bernoullicity in Theorem requires a result by
Ledrappier, Lima, and Sarig [LLS16], which only applies when dim M =
2. In higher dimensions, we can still obtain mixing by proving that the
Patterson—Sullivan construction gives the unique MME (once uniqueness is
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known). For nonpositively curved closed manifolds of rank 1, Patterson—
Sullivan measures and their geometric applications were studied in [Kni97].
The properties of the Patterson—Sullivan construction were then used by
Babillot [Bab02] to prove mixing of the flow with respect to the unique
measure of maximal entropy. For manifolds in the class H, we use the
uniqueness result to demonstrate that the construction in [Kni98| gives the
MME, and thus obtain mixing as in [Bab02, Theorem 2].

Theorem 1.2. Let M be a Riemannian manifold with no conjugate points
that lies in the class H. Then the associated geodesic flow on T'M has
a unique measure of maximal entropy . The measure p has full support,
is mizing, and is the limiting distribution of (homotopy classes of) closed
geodesics in the sense of Definition [2.27. In particular, the set of closed
orbits is dense in T M.

Remark 1.3. All closed surfaces of genus at least 2 are in the class H. On
the other hand we do not know of any examples of closed manifolds without
conjugate points that admit a metric of negative curvature which are not
contained in H; see §3| for more details. Thus Theorem [T.2] gives uniqueness
and mixing for the MME on all the known examples of manifolds without
conjugate points supporting a metric of negative curvature.

Remark 1.4. Our proof that the Patterson—Sullivan construction gives a
measure of maximal entropy only uses that (M, g) is a Riemannian manifold
without conjugate points satisfying the first two properties in the definition
of H (see §5). Under the extra (strong) assumption of expansivity, it was
proved by Aurélien Bosché in his thesis [Bos18] that this is in fact the unique
MME, but in our more general setting the Patterson—Sullivan approach does
not provide a proof of uniqueness.

Remark 1.5. The proof of uniqueness in Theorem uses nonuniform ex-
pansivity and specification properties as in [CT16]. The idea is to leverage
the coarse hyperbolicity provided by the Morse Lemma, which gives a shad-
owing property in the universal cover at an a priori very large scale R. This
leads to a specification property, which is enough for uniqueness provided
the “obstructions to expansivity” are controlled at an even larger scale. For
this we use residual finiteness of 71 (M) to pass to a finite cover of M whose
injectivity radius is much larger than R. This application of tools from
coarse geometry has no analogue in prior work using non-uniform expansiv-
ity and specification properties [BCET1S8, [CKP20]; in those settings enough
hyperbolicity is available to establish specification at arbitrarily small scales
for a natural family of orbit segments, but those arguments do not work here
due to the failure of various nice properties such as monotonicity of Jacobi
fields and continuity of the stable and unstable foliations.

The proof of mixing in Theorem goes along the same lines as in [Bab02),
Theorem 2| for rank 1 manifolds where there is an abstract result for mixing
provided that the length spectrum is not arithmetic, i.e., is not a discrete
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subgroup of R. However, in our case, there are some technicalities related to
the fact that the flow is not expansive and the expansive set is not open in
general. More precisely, in [Bab02], the continuity of the cross-ratio function
that implies the non-arithmeticity of the length spectrum is established by
considering its restriction to the expansive set and using uniform hyperbolic-
ity for the recurrent subset [Kni98, Proposition 4.1]. See and especially
Lemma for the results that play an analogous role in our setting. We
remark that the cross-ratio has an analogue in the context of contact Anosov
flows, the so called temporal function [Liv04), Figure 2] whose C? regularity
was key in the proof of exponential mixing for contact Anosov flows.

Remark 1.6. In negative curvature, Margulis proved an asymptotic formula
for the number of closed geodesics [Mar69, Mar04], relying heavily on a
leafwise description of the measure of maximal entropy that can be also
be interpreted via the Patterson—Sullivan approach [Kai90]. A key role is
played by the fact that periodic orbits equidistribute to the MME.

It was natural to conjecture [BK85] that a similar result holds in nonpos-
itive curvature, where one must consider free homotopy classes of closed
geodesics. The construction of the unique MME by the second author
[Kni98| resolved part of this conjecture, and the Margulis asymptotic it-
self has recently been announced in a preprint of Ricks [Ric19].

Theorem can be considered as a starting point for extending the Mar-
gulis asymptotic to manifolds without conjugate points, and we complete
this process in a separate paper [CKW20], which in particular includes an
equidistribution result that strengthens the one here; see Remark
Structure of the paper. In §2.1| we give definitions and properties of
manifolds without conjugate points and state the Morse lemma in Theorem
In §2.2] we give the definition of specification and state the general
results for uniqueness in Theorem In §2.3] we describe the property
of equidistribution of closed geodesics. In we discuss the property of
fundamental group being residually finite which is enough to have a finite
cover of arbitrarily large injectivity radius.

In we give a precise definition of the class H of manifolds to which
Theorem applies, and we prove Theorem under Theorem 4 is
devoted to the proof of Theorem (1.2} modulo the mixing property. In g5
we prove that the MME in Theorem [1.2] is given by a Patterson—Sullivan
construction as in [Kni98]. This construction is then used in §6|to prove that
the flow is mixing with respect to the measure of maximal entropy which
completes the proof of Theorem Certain technical proofs are given in
the appendices.

Acknowledgments. We are grateful to the anonymous referees for a care-
ful reading and for many helpful suggestions.
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2. BACKGROUND
2.1. Geometry of manifolds without conjugate points.

2.1.1. Geodesic flows. Given a smooth closed n-dimensional Riemannian
manifold (M, g), we write F = {f; : T'M — T'M};cr for the geodesic
flow on the unit tangent bundle defined by fi(v) = é,(t), where ¢, is the
unique geodesic on M with ¢,(0) = v. It is convenient for us to use the
metric di (v, w) = max,e[,1) d(cy(t), cw(t)) on T'M where d is the metric on
M induced by the Riemannian metric.

Throughout the paper, we will assume that (M, g) is a smooth closed
Riemannian manifold without conjugate points. Such manifolds are char-
acterized by the fact that the exponential map exp,: T,M — M is not
singular for all p € M or equivalently, each nontrivial orthogonal Jacobi
field vanishes at most at one point. The following relationships between this
property and other conditions that give some kind of hyperbolic behavior
are straightforward:

nonpositive sectional curvature = no focal points = mno conjugate points.

The converse implications all fail in general.

The Cartan-Hadamard Theorem says that the universal cover M of (M, g)
is diffeomorphic to R™ via the exponential map and therefore for every pair
of distinct points p,q € M there is a unique geodesic segment c: [a, b] — M
such that c¢(a) = p and ¢(b) = ¢: geodesics are globally minimizing in M.

The group of deck transformations I' is isomorphic to the fundamental
group 71 (M) and acts 1sometr1(:ally on M. In particular, M is isometric to
the quotient M / I'. We write pr: M — M for the canonical projection and

T, . TYM — T'M for the map it induces between the unit tangent bundles.
Given a finite flow-invariant measure x4 on T M, the lift of y is the o-finite
flow-invariant and T'-invariant measure ji on TM defined by

(2.1) AA) = | #orT (v) N A)du(v).

"M
We let 7: T'M — M be the standard projection.

2.1.2. Coarse hyperbolicity using a background metric. An important strat-
egy throughout the paper will be to compare the geometric properties of M
with respect to two different Riemannian metrics g and gg, where g is the
original metric we are given, and gg is a ‘background’ metric which we will
always assume to have negative sectional curvatures.

Remark 2.1. Existence of a negatively curved background metric places gen-
uine topological restrictions on M. In particular, as stated above the uni-
versal covering is diffeomorphic to R™ and by Preissmann’s theorem each
abelian subgroup of the fundamental group is infinite cyclic. Therefore, in
dimension two it forces the genus of M to be at least 2 and in higher dimen-
sions excludes examples such as Gromov’s graph manifolds of nonpositive
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curvature for which uniqueness of the MME is known [Kni98| §6]. On the
other hand in this paper we do not impose any local assumptions such as
restrictions on the curvature.

We will write d,d” for the distance functions associated to g, gy on both
M and M. The first crucial observation is that by compactness of M and
the equivalence of the quadratic forms of g and gg, there exists a constant
A > 0 such that for every p,q € M, we have

(2.2) A7 d(p,q) < d(p,q) < A-d°(p,q).
This has an important consequence for topological entropy. Generalizing an
earlier result of Manning [Man79] in nonpositive curvature, it was shown by
Freire and Mané [FM82] that on a closed manifold without conjugate points,
the volume growth in the universal cover is equal to the topological entropy
of the geodesic flow:

1
(2.3) heop(F) = lim ~ logvol(B(p, ),
where p is any point in M and B(p,r) C M s the ball centered at p of

radius r. We say that g has positive topological entropy if its geodesic flow
F has hiop(EF') > 0. The following is an immediate consequence of (12.2) and

3.

Lemma 2.2. If M admits a metric gy without conjugate points that has
positive topological entropy, then every metric g without conjugate points on
M has positive topological entropy. In particular, this occurs if M admits a
metric gg with negative sectional curvatures.

From now on we consider a closed Riemannian manifold (M, g) without
conjugate points which admits a background metric gg of negative curvature,
and thus has positive topological entropy. This lets us deduce certain coarse
hyperbolicity properties, for which we recall that Hausdorff distance dpy
between two subsets C,Cy C M (with respect to g) is defined by

dp(Cy,Cq) = inf{r >0:C, CT.(Cy),Cy C Tr(Cl)}

where T,(C) := {p € M : d(p,C) < r}. We denote by d%, the Hausdorff
distance with respect to d°. The following result goes back to Morse [Mor24]
in dimension two, and Klingenberg [KIi71] in higher dimensions. We follow
the statement from |[GKOSI14, Theorem 3.3]; see [Kni02, Lemma 2.7] for a
detailed proof.

Theorem 2.3 (Morse Lemma). If g, g0 are two metrics on M such that
g has no conjugate points and go has negative curvature, then there is a
constant Ry = Ro(g,go) > 0 such that if c: [a,b] = M and «: [ag,bo] = M
are minimizing geodesic segments with respect to g, go, respectively, joining
c(a) = alag) to c(b) = a(by), then dg(cla,b], afag, bo]) < Rp.

We prove the following consequence in Appendix [A]
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Lemma 2.4. Let g be a metric on M without conjugate points. If M ad-
mits a metric of negative curvature then for every Ry > 0 there is Ry > 0
such that for every T > 0 if c1,c2: [0,T] — M are two geodesics with
d(c1(0),¢2(0)) < Ry and d(c1(T'), c2(T)) < Ry, then d(ci(t), ca(t)) < Ry for
all t €10, 7).

Remark 2.5. When g itself has nonpositive curvature, Lemma follows
easily from the convexity of the distance function ¢ — d(c1(t), ca(t)) between
two geodesics. In our more general setting we rely on the background metric
of negative curvature and use the Morse Lemma.

2.1.3. Busemann functions and horospheres. Given v € Tlﬂ, recall that
¢y: R — M denotes the geodesic with ¢,(0) = v. For each t > 0, consider

the function on T'M defined by byt (p) = d(p, cy(t)) — t.

Lemma 2.6 ([Esc77, Proposition 1]). For every v € T'M and p € M,
the limit b,(p) := limy_o0 by ¢(p) exists and defines a C' function on M.
Moreover, grad b,(p) = lim;_, grad by ¢(p).

Existence of the limit is essentially due to the fact that geodesics on M are
globally minimizing. The limiting function b, is called a Busemann function,
and was shown in [Knig6] to be in fact C'(1:1),

Observe that if t > 7, then by (cy (7)) = d(cy(7),cp(t)) =t =(t—7) —t =
—7, so we have

(2.4) bu(co(t)) = —t and — grad by (co(t)) = éo(t) = fo(v).

Given v € T'M, the stable and unstable horospheres H?*(v) and H"%(v)
are the subsets of M defined by
(25)  H°(v):={pe€ M :by(p)=0} and H"(v):= H*(—v).

We refer to ¢,(c0) as the center of the stable horosphere H*(v). Similarly,
cy(—00) 1= ¢, (00) is the center of H"(v), where we write ¢, (t) = ¢, (—t).

We also consider the (weak) stable and unstable manifolds, which are the
subsets of T*M defined by

(2.6) We(v) :={—grad b,(p) | p € M} and W%Ww) := —W?(—v).

Some justification for this terminology will be given in the next section. For
the moment we observe that W#(v) is the union of the unit normal vector
fields to horospheres centered at c,(cc), and that it is F-invariant by (2.4).
The regularity of the Busemann function implies that the horospheres are
C(1) manifolds and the stable and unstable manifolds are Lipschitz.

2.1.4. Manifolds of hyperbolic type and the boundary at infinity. We say that
(M, g) has the divergence property if any pair of geodesics ¢; # ¢o in (M, g)
with ¢1(0) = c2(0) diverge, i.e.,

(2.7) tlgélo d(cy1(t), ca(t)) = oo.
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Remark 2.7. Every surface without conjugate points has the divergence
property |Gre56]. In higher dimensions it is unknown whether this con-
dition always holds.

The following definition and theorem are due to Eberlein [Ebe72].

Definition 2.8. A simply connected Riemannian manifold M without con-
Jugate points is a (uniform) visibility manifold if for every e > 0 there exists
L > 0 such that whenever a geodesic c: [a,b] — M stays at distance at least
L from some point p € M, then the angle sustained by c at p is less than e,
that is

Zy(e) = sup_ Zyle(s),elt) < c.

a<s,t<b

Theorem 2.9. Let (M,g) be a closed manifold without conjugate points
which admits a background metric go of negative curvature. Then (M, g) is
a visibility manifold if and only if (M, g) has the divergence property.
Remark 2.10. We remark that Ruggiero [Rug03] obtained this result without
assuming the existence of a negatively curved background metric. Instead he
assumed the weaker condition that M is hyperbolic in the sense of Gromov
[Gro87].

Definition 2.11. We say that a closed manifold (M, g) without conjugate
points is of hyperbolic type provided it carries a background metric gy of
negative curvature and it satisfies the divergence property.

Remark 2.12. By Remark[2.7]and the classification of surfaces, every surface
of genus > 2 without conjugate points is of hyperbolic type.

Now we assume that (M, g) is of hyperbolic type, and describe a compact-
ification of M following Eberlein [Ebe72]. Two geodesic rays c1, ¢z [0,00) —
M are called asymptotic if d(cy(t),ca(t)) is bounded for ¢ > 0. This is an

equivalence relation; we denote by OM the set of equivalence classes and call
its elements points at infinity. We denote the equivalence class of a geodesic
ray (or geodesic) ¢ by ¢(0c0). The following construction is useful.

Lemma 2.13. Given p € M and v € T1]\7, for each t > 0 let c; be the
geodesic from p to c,(t), with ¢;(0) = p. Then the limit w := lim;_, ¢:(0) €
TPIM exists and has the property that w = — grad b, (p) and c(00) = ¢,y(00).
Proof. Lemmal[2.6]gives existence of the limit and the claim regarding b,. To
show that ¢, (c0) = ¢,(c0), we apply Lemma 2.4 with Ry = d(p, 7(v)) to the
geodesics ¢, ¢y [0,t] — M, which gives d(ce(s),cv(s)) < R for all s € [0, t]
where Ry depends only on p and v. Since ¢,(s) = limy_,o0 () for all s > 0,
we conclude that d(cy(s),cy(s)) < Ra, and thus ¢, (00) = ¢,(00). O

Lemma 2.14. Given any p € M and ¢ € OM, there is a unique geodesic

ray c: [0,00) — M with ¢(0) = p and c(o0) = &. Equivalently, the map
Ip: TI}M — OM defined by fp(v) = cy(00) is a bijection.
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Proof. Surjectivity follows from Lemma Injectivity is an immediate
consequence of the divergence property. [l

Following Eberlein we equip OM with a topology that makes it a compact
metric space homeomorphic to S"~!. Fix p € M and let f,: TlM — OM be
the bijection v — ¢,(00) from Lemma[2.14] The topology (sphere topology)
on OM is defined such that fp becomes a homeomorphism. Since for all
q € M the map fflfp T1]\7 — T1]\7 is a homeomorphism, see [Ebe72], the
topology is independent ¢ on the r reference point p.

The topologies on OM and M extend naturally to cl(M ) = M UM by
requiring that the map ¢: Bi(p) = {v € T, M : |lv|| <1} — cl(M) defined

by
e
fp(v) [ofl =1
is a homeomorphism. This topology, called the cone topology, was intro-
duced by Eberlein and O’Neill [EOT3] in the case of Hadamard manifolds
and by Eberlein [Ebe72] in the case of visibility manifolds. In particular,

cl(M ) is homeomorphic to a closed ball in R™. The relative topology on oM

coincides with the sphere topology, and the relative topology on M coincides
with the manifold topology.

Remark 2.15. The isometric action of I' = 71 (M) on M extends to a con-
tinuous action on OM. Since by [Ebe72| the geodesic flow is topologically
transitive, every I'-orbit in M is dense, i.e. the action on M is minimal.

Definition 2.16. Given p € M and £ € OM, let v € Tle be the unique
unit tangent vector at p such that c,(c0) = §. We call by(q,&) = by(q) the
Busemann function based at & and normalized by p, i.e. by(p,§) = 0.

The following important property of visibility manifolds is due to Eberlein
[Ebe72, Proposition 1.14].

Proposition 2.17. Let M be a visibility manifold and

A={(q,2) € M xcl(M) | q+#z}.
Consider the map V: A — TM such that V(g,2) € quM 18 the unique

vector with cy ) (d(q,2)) = z. Then V: A — TM is continuous with
respect to the topology defined above.

Corollary 2.18. For p,q,z € M define by(q,z) = d(q,z) — d(p,z). Then
for all p € M, compact subsets K C M, § € OM and all € > 0 there exists
an open set U C cl(M) such that

|bp(Q7 z) — bp(q75)| <€
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for all g € K and z € U. In particular, we have
(2.8) liné d(q,z) —d(p, z) = by(q,&) for every p,q € M and e OM.
zZ—r

Proof. For p € M and z € CI(M) consider the function ¢ + by(g,2). Then
for ¢ # z we have grad b,(q, z) = —V(q, 2). For a compact set K C M define
B(K)=cl{qg € c[0,1] | ¢:[0,1] = M geodesic with ¢(0) = p,c(1) € K}
which is compact as well. Choose r > 0 such that K C B(p,r) and € > 0.
Since V: A — TM is continuous it is uniformly continuous on compact

subsets. In particular, for £ € OM there exists a neighborhood U C cl(M )
such that U N B(K) = 0 and ||V (g, 2) — V(q,§)|| < & for all ¢ € B(K) and

z € U. For g € K and z € U and the geodesic ¢ : [0,1] — M with c(0)=p
and ¢(1) = ¢g. we obtain

1
bl 2) = (a1 = | [ Gutelt).2) - bp<<c<t>,s>>dt'
1
= / (grad by (c(t), z) — grad by(c(t),§), ¢ ' / le(t)]|dt < e

0
which yields the claim made in the corollary.

Corollary 2.19. Given p,p',q € M and £ € 8M, we have by (q,§) =
bp(q,&) —bp(p', €). In particular, all Busemann functions based at § coincide
up to an additive constant and by (q,§) = —be(p', §).

Proof. Given p,p',q,z € M we obtain by (q,2) = by(g,2) — bp(p,2) and
taking the limit z — £ corollary yields the claim. O

The following result justifies the terminology ‘stable manifold’ for W*#(v).

Lemma 2.20. Let (M, g) be a closed Riemannian manifold without conju-
gate points and of hyperbolic type. Then for each v € T'M, we have
(2.9) W (v) = {w € T'M : ¢, is asymptotic to c,}.

Proof. By Lemma both the left- and right-hand sides of (2.9)) contain

exactly one point from each TI}M . By Lemma 2.13L each T;M contains a
w that lies in both the left- and right-hand sides. The result follows. ([

We say that a geodesic c: R — M connects two points at infinity n,¢& €
OM if ¢(—o0) := ¢~ (00) =1 and ¢(o0) =, where ¢~ (t) = ¢(—t).

Lemma 2.21 ([Kli71]). For every n,§ € OM with n # &, there exists a
geodesic ¢ connecting n and &.

The geodesic ¢ in Lemma [2.21]is not always unique; there may be multiple
geodesics connecting 1 and &, in which case n and £ are in some sense ‘con-
jugate points at infinity’; we allow such points in M even though we forbid
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conjugate points in M. In the more restrictive setting of no focal points
(in particular, if M has nonpositive curvature), any two distinct geodesics
connecting 1 # & € M must bound a flat strip in M, but this is no longer
the case in our setting.

Given v,w € T'M, observe that c,(d+00) = ¢, (+00) if and only if w €
W#(v) N W*(v) by Lemma and so ¢, is the unique geodesic joining
¢y(£00) if and only if

(2.10) We(0) N W) = {éu(t) st € R} = {fv : t € R}.

We can also give a characterization in terms of the horospheres: ¢, is the
unique geodesic joining ¢, (+00) if and only if H*(v) N H*(v) consists of the
single point 7 (v).

In the following we call

E={veT'M: W) N W) = {é(t) : t € R}}

(2.11) _
={veT'M : H*(v) N H%(v) is a single point}.

the expansive set, which we will use in the definition of H in From the
discussion above, we have v € £ if and only if ¢, is uniquely determined up
to parametrization by ¢, (+00).

2.2. A uniqueness result using specification. We use an approach to
uniqueness of the measure of maximal entropy that goes back to Bowen
[Bow75]; see Franco [Fra77| for the flow case. This approach relies on the
properties of expansiveness and specification. We will use versions of these
properties that differ slightly from those used by Bowen and Franco, but
which keep the essential features; we describe these now, together with a
general uniqueness result proved by the first author and D.J. Thompson
[CT16] that extends Bowen’s result to a more nonuniform setting.
Let (X, F') be a continuous flow on a compact metric space.

Definition 2.22. Given € > 0, say that a point x € X is expansive at scale
€ if there is s > 0 such that

{y € X s d(fizx, fry) <€ for allt e R} C {frx : t € [—s,s]}.

Let NE(e) be the set of points in X that are not expansive at scale €. The
entropy of obstructions to expansivity at scale € is

(2.12) h;p(e) = sup{h,(f1) : p € Mp(X), n(NE(e)) = 1}.
Definition 2.23. Given § > 0, we say that the flow has specification at scale
d > 0 if there exists T = 7(8) such that for every (z1,t1), ..., (zN,tN) €

X x [0,00) there exist a point y € X and times T1,...,Tn € R such that
Tjt1 — (T +t;) € [0,7] for every 1 < j < N and

fr,(y) € By, (x;,08) = {z € X: sup d(fox;, f2) < 5}
s€[0,t5]
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foreveryj e {1,...,N}. Itis convenient to also use the notation s; = Tj+t;
for the time at which the orbit of y stops shadowing the orbit of x;, and
7j = Tjy1 — s; for the time it takes to transition from the orbit of z; to the
orbit of xj11. See Figure for the relationship between the various times.

T2

ty < > to R t3 tn

& | & | & I ce S S|
xy T2 T3 TN
yx 1 1 1 1 Il ce Il ]
T S1 T S2 Ty S3 TN SN

FI1GURE 2.1. Book-keeping in the specification property.

Remark 2.24. Tt is well-known that the specification property holds for tran-
sitive Anosov flows, including the geodesic flow on a smooth negatively
curved closed Riemannian manifold; see [Bow72] and also Appendix

The following result is proved in [CT16, Theorem 2.9].

Theorem 2.25. Let (X, F') be a continuous flow on a compact metric space,
and suppose that there are §,e > 0 with € > 406 such that heLXp(e) < hiop(f1)
and the flow has specification at scale 6. Then (X, F') has a unique measure

of mazimal entropy.

Remark 2.26. The result proved in [CT16] is more general (and more com-
plicated) in two ways: it applies to nonzero potential functions, and it only
requires specification to hold for a (sufficiently large) collection of orbit seg-
ments. The version stated here follows from [CT16, Theorem 2.9] by putting
$p=0,G=D=XxRF,and P=8=10.

2.3. Limit distribution along periodic orbits. Let X be a compact
metric space and f;: X — X a continuous flow. Given T' > 0, let P(T") be a
maximal set of pairwise non-homotopic periodic orbits with period at most
T, and let P(T) = card P(T). Let pur be the invariant probability measure
defined by

()
1 1
(2.13) L@dﬂT:fmye;T)Mo/@(ry(S))dS

for each p € CV(X).

Definition 2.27. We say that a flow-invariant probability measure p is the
limiting distribution of (homotopy classes of) periodic orbits if ur — u in
the weak* topology. If this occurs in the case when X = T'M and f; is the
geodesic flow, we also say that p is the limiting distribution of (homotopy
classes of) closed geodesics.

Remark 2.28. In our proofs of Theorems [T.1] and we prove equidistribu-
tion of periodic orbits in the sense of Definition [2.27] One could also pursue
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a stronger equidistribution result by fixing § > 0 and writing P(T, §) for the
set of orbits in P(T) with period in (T — 4, T]; in negative curvature and in
nonpositive curvature, the measures corresponding to P(T, ) as in
converge to the MME as T' — oo for every § > 0 [Mar04, BCFT18|. This
stronger equidistribution result, which is crucial for the Margulis asymptotic
estimates [Mar69, [Mar(04], turns out to be true in our setting as well, as we
prove in [CKW20]. However, it requires machinery that we do not develop
here; the crucial step is to show that for every § > 0, card P(T,J) grows
with exponential rate hop(f1). As we discuss in this growth is already
known for card P(T'), which gives an estimate for card P(T, ) if we restrict
to “most” T, but the stronger estimate is beyond the scope of this paper.

It is worth observing here that the notion of length does not depend on
which representative of a free homotopy class we choose.

Lemma 2.29. Let M be a manifold with no conjugate points. If c1,co are
closed geodesics in the same free homotopy class, then they have the same
length.

Proof. Let {; be the length of ¢;. Lifting the homotopy to the universal
cover M gives geodesics ¢1,62: R — M such that d(é;(nfy),éa(nls)) =
d(¢1(0),¢2(0)) =: r for all integers n. Thus
nﬁl = d(51(0>, 61(7%1))
< d(¢1(0),¢2(0)) 4+ d(¢2(0), éa(nls)) 4+ d(c2(nla), ¢1(nly)) = 2r + nlsy,
where the equalities use the assumption of no conjugate points so that

geodesics minimize distances in M. Dividing by n and sending n — oo
gives f1 < {9, and by symmetry this suffices. O

2.4. Residually finite fundamental groups.

Definition 2.30. A group G is residually finite if the intersection of its
finite index subgroups is trivial.

For surfaces we have the following result which was first proved by Baum-
slag [Bau62] and then Hempel [Hem72] gave an alternative proof.

Theorem 2.31. Every surface has residually finite fundamental group.

Later on, Hempel [Hem87] proved that fundamental groups of three man-
ifolds are residually finite. It is an open problem whether every manifold
supporting a negatively curved metric has a residually finite fundamental
group [Arz14].

For our purposes we need the following implication of a manifold having
residually finite fundamental group.

Proposition 2.32. Let M be a smooth Riemannian manifold and suppose
that m (M) is residually finite. Then for every R > 0 there is a smooth
Riemannian manifold N and a locally isometric covering map p: N — M
such that the injectivity radius of N is at least R.
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Proof. Fix a point x in the universal cover M, and consider the finite set
Z ={yem(M)\{e}:v(x) € B(x,2R)}. Since m1(M) is residually finite,
for each v € Z there is a finite index subgroup G, < (M) such that
v & Gy. Then G =), Gy < mi(M) is a finite index subgroup such that

d(xz,v(x)) > 2R for all nontrivial v € G. In particular, N = M/G defines a
compact manifold that is a finite cover of M has injectivity radius at least
R. To see this, we can consider without loss of generality that z € D where
D is a fundamental domain corresponding to the covering M — M. Then
there is a fundamental domain of M — N that contains all vD where v € Z
and by the definition of Z, this domain contains a ball of radius > R. I

3. A CLASS OF MANIFOLDS WITH UNIQUE MEASURE OF MAXIMAL
ENTROPY

Now we can define the class H of manifolds to which Theorem [I.2] applies.

Definition 3.1. Let H denote the class of closed smooth Riemannian man-
ifolds (M, g) without conjugate points such that the following conditions are
satisfied.

(H1) M supports a Riemannian metric go for which all sectional curva-
tures are negative,

(H2) (M, g) has the divergence property;

(H3) the fundamental group m (M) is residually finite;

(H4) sup{hu(f1) : p € Mp(T'M),1(E) = 0} < hiop(F), where & is the
expansive set defined in and Ji is the lift of u given in ;

We show below that every closed surface without conjugate points and

genus > 2 satisfies [(H1)H(H4); this is the key to deducing Theorem
from Theorem [L.2]

Remark 3.2. As observed in Remark there are rank 1 manifolds of non-
positive curvature for which fails, but which have unique measures of
maximal entropy by [Kni98|. Thus this condition places a genuine topolog-
ical restriction on the class of manifolds contained in H.

In higher dimensions, the status of the other conditions is less clear; we
are not currently aware of any examples for which holds but any
of ((H2)H(H4)| fails. It is known that holds whenever dim M < 3

[Bau62, [Hem72l, [Hem87], and it is an open problem in geometric group
theory to determine whether implies in general [Arz14].

Following similar arguments to those in [BCETI1S8, §8], condition
can be verified under the following assumptions (we omit the proof):

(1) Conditions [((H1)H(H3)| hold;

(2) the expansive set £ has non-empty interior;
(3) the finite cover N of M constructed in the next section has the

property that its geodesic flow is entropy-expansive at scale 100,
where § is given in in (4.1]) below.
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Proof of Theorem [1.1] assuming Theorem [I.3. Let M be a closed surface of
genus > 2, and g a metric on M with no conjugate points. We claim that

conditions [(H1)H(H4)| are satisfied. Indeed, |[(H1)|is a standard result;
(H3)|is Theorem [2.31} and [(H2)] was proved in [Gre56]. The proof of [(H4)]

is a consequence of the following proposition.

Proposition 3.3. Let M be a surface of genus > 2 without conjugate points,
and p € Mp(T'M) an ergodic measure with h,(f1) > 0. Then p(T'M \
E)=0.

Proof. Let u € Mp(T'M) be a ergodic measure with h,(fi) > 0. This
implies by Ruelle’s inequality that p-a.e. v € T'M has nonzero Lyapunov
exponents, and hence by Pesin theory v has transverse stable and unstable
leaves. Using Lemma the stable and unstable manifolds of p-a.e. v
correspond to normal fields of the stable and unstable horospheres, and
thus these horospheres intersect in a single point, so u-a.e. v € £. O

Finally, the topological entropy of the geodesic flow is positive by Lemma
so Proposition establishes Thus Theorem applies to every
surface of higher genus with no conjugate points, giving a unique measure
of maximal entropy u, which is ergodic and is the limiting distribution of
closed geodesics. It follows from [LLS16] that u is Bernoulli which concludes
the proof of Theorem O

4. UNIQUENESS AND EQUIDISTRIBUTION

4.1. Proof of uniqueness. In this section we prove the first part of The-
orem [1.2] by using Theorem to establish uniqueness of the MME when
(M, g) is a smooth closed Riemannian manifold without conjugate points
satisfying [(FIT)] [(F4)]

The first step is to pass to an appropriate finite cover. Let A be given
by , and Rg by the Morse lemma. Fix Ry > 3ARy and let Ry be
given by Lemma [2.4} observe that the proof in Appendix [A] gives Ry =
4Ry + (6A% + 1)Ry. Let

(4.1) §=Ry+2=4Ry + (6A% + 1)Ry + 2.

and fix ¢ > 405. By and Proposition there is a finite cover
N of M whose injectivity radius exceeds 3e. Observe that the covering
map p: N — M naturally extends to a finite-to-1 semi-conjugacy from the
geodesic flow on T'N to the geodesic flow on 7'M which implies that

Lemma 4.1. The pushforward map p.: Mp(T'N) — Mp(T*M) is sur-
jective and entropy-preserving.

It follows from Lemma that if the geodesic flow on T'N has a unique
measure of maximal entropy, then so does the geodesic flow on 7'M . Ergod-
icity follows from uniqueness because otherwise every ergodic component will
be an MME. Similarly, if the unique MME on T' N is the limit distribution
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of periodic orbits, then the flow on T1N satisfies limp_,0 % log P(T,6) =
htop(f1), and since the semi-conjugacy is finite-to-1, the same is true of the
geodesic flow on T'M, so Proposition m gives the corresponding result
for T M.

Thus prove the claims in Theorem regarding uniqueness and closed
geodesics, it suffices to prove them for geodesic flow on 7' N, which we will
do using Theorem From now on we consider X = T'N and let F be
the geodesic flow.

Lemma 4.2. If v € NE(¢) C T'N, then any lift v of v to T'N = T'M
has the property that v ¢ £. In particular, if p € Mp(T*N) is such that
u(NE(e)) = 1, then p(€) = 0.

Proof. If v € NE(e), then for every s > 0, there is w € T'N such that
w ¢ {fiv : t € [—s,s]}, but d(fiv, frw) < € for all ¢ € R. Given a lift v €
T'N = T'M of v, let @ € T'N be a lift of w with d(7, @) < e. Then for all
t € R there is a unique y(t) € m1(N) such that d(f;v,v(t) fiw) < €; existence
follows since d( fiv, frw) < €, and uniqueness follows since 2¢ is smaller than
the injectivity radius of N. The function v: R — 71(N) is continuous and
thus constant on R, so d(fiv, fiw) < € for all ¢ € R. In particular, taking
s > € we conclude that v, w are tangent to distinct geodesics between the
same points on OM, and thus v ¢ £. The claim regarding p and i follows
immediately. O

It follows from Lemma and Condition [(H4)| that
hasep(€) < sup{hy(f1) : p € Mp(T' M), [il(€) = 0} < hyop(F),
which verifies the entropy gap condition that is needed for Theorem [2:25]
Proposition 4.3. The geodesic flow of (N, g) has specification at scale 9.

This is a consequence of Theorem and Remark below. The basic
idea is to use the Morse Lemma to go from orbit segments for F' to orbit
segments for F¥, then use the specification property for F¥ to find a single
go-geodesic that shadows each of these in turn, and finally to use the Morse
Lemma again to show that the g-geodesic with the same endpoints in M
shadows the original sequence of orbit segments.

Once specification at scale § has been proved, Theorem [2.25] implies that
the geodesic flow on T'N has a unique measure of maximal entropy L.

4.2. Specification. Let M be a smooth closed Riemannian manifold with-
out conjugate points satisfying [(H1)| and [(H2)l Let Ri, R2,d be as given
above. This section is devoted to the proof of the following.

Theorem 4.4. There exist 7,7 > 0 such that given (v1,t1),..., (v, tg) €
T'M x (0,00) and T1, ..., Ty € R with Tip1n—T;>tj+7 foralll <j <k,
there are Tj € [T — 7', Ty] and w € T'M such that for all 1 < j < k, we
have ijw € By, (vj,0).
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Remark 4.5. The conclusion of Theorem [4.4] is a mild strengthening of the
specification property from Definition [2.23] To deduce that property from
this one, observe that the property here remains true if 7,7’ are replaced
by max(7,7’), and then choosing Tj1 = Tj + t; + 7, the times T} satisfy
Tjp1 = (T5 4 t5) < Tjyr — (Tj — 7+ ) < 2.

Note that it suffices to prove Theorem in the case when Tj,1 =T} +
t;j +7; to reduce the general case to this one, replace t; by 141 —Tj—7 > t;
and observe that this does not weaken the condition on w.

Let FO = {f} denote the geodesic flow in the background (negatively
curved) Riemannian metric. We identify T'M for go with T'M for g in
the natural way. To establish specification for F', we use the hyperbolicity
properties of F° as in [BCETIS), §4] together with the Morse Lemma.

Let W* and W* denote the strong stable and unstable foliations of 7'M
for the background flow F°. (We follow the notation in [BCFTIS] rather
than that used in §2| where this notation referred to the weak foliations;
in this section we will not use any of the foliations for the flow F.) Equip
the leaves of these foliations with the intrinsic metrics d®* and d“ defined
by pulling back the metrics that the horospheres inherit from the Rie-
mannian metric. Let W denote the foliation whose leaves have the form
{f2(W*(v)) : t € R}, and define d°® on each leaf of W locally by d°* (v, w) =
|t| + d*(ffv,w), where t is such that ffv € W*(w). Given p > 0, let W (v)
denote the d“-ball in W*(v) of radius p centered at v, and similarly for Wg*.

The foliations W and W* have the following local product structure
property: there are k > 1 and § > 0 such that for every e € (0,4] and all
wy,wy € B(v,€), the intersection W} (w;) NWES (wa) contains a single point,
which we denote by [w1,ws], and this point satisfies

d" (w1, [wr, wo]) < kdi (w1, w2),

d® (wa, [w1, wo]) < kdy (w1, w2).
Proposition 4.6. For every p > 0, there exists T > 0 such that for every
v,we T'M, we have f(Wi(v)) NW5*(w) # O for every t > T.

Proof. Since every leaf of W% is dense in T'M, a simple compactness ar-
gument as in [CETI18 Lemma 8.1] gives R > 0 such that W}{,_p(ftov) is
p/k-dense in T'M for every v € T'M and t € R. By the local product
structure, we have Wi(ffv) N W5*(w) # 0. Since leaves of W* are uni-
formly expanded by f, there exists T' > 0 such that f (W (v)) D Wg(f{v)
for every v € T'M and t > T, which completes the proof. ([

Since leaves of W* are uniformly expanded by f?, there is A € (0, 1) such
that whenever v, w lie in the same leaf of W*, we have

(4.2) d“(f°v, fOw) < Ad“(v,w) forallt > 1.
Let p' > 0 be sufficiently small that Ry > 3A(Rp + p’), and let
(4.3) p=p(1-N)/2
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By Proposition there exists 7' > 1 such that f;(W(v)) intersects
Wes(w) whenever ¢ > T. We will prove Theorem with 7 = AT and
7' = 279, where 19 = 27 + TARy + 4Ap'.

Definition 4.7 (Correspondence between orbit segments). The following
procedure defines a map E: T M x (0, 00) — T M x (0, 00) with the property
that if (v,t) represents an F-orbit segment, then E(v,t) represents an FO-
orbit segment that shadows it to within the scale given by the Morse Lemma.
(1) Given (v,t) € T'M x (0,00), the corresponding F-orbit segment
projects to the g-geodesic segment ¢, ([0,1]).
(2) Let z,y € M be the endpoints of a lift of c,([0,t]) to M.
(3) Let s = d°(x,y), and let a: [0,s] — M be a go-geodesic that lifts to
a segment running from x to y.

(4) Let E(v,t) = (&(0),s).

Wi W wg n |

\u /

\\““ 37 k Ya 3 t !
\ T 4
/7 uu uu uu S

W) 4 Wi w; w;

v
wyr 1

FIGURE 4.1. Proving specification. Horizontal lines corre-
spond to orbit segments with length given by the number in
the middle of the line; labels above endpoints of lines repre-
sent time. The top half of the picture corresponds to F, g, d,
the bottom half to FY, gg,d"; the two halves are related by
specific applications of the map E and its inverse.

Fix (v1,t1),..., (g, tg) € T'M x (0,00) and T1,..., T}, 81,...,5: € R
with 77 = 0 and
si=Tj+t,  Tin=sj+T

~

We define sequences t;, v}, t,, w!, sb, T, 3;, A; recursively (see Figure [4.1)).

1 7Y Ty Ty
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o Let 51 =11, §1 = 51, and Aq :T{ =0.
o Let (w},}) = (v}, 1) = E(vr, ).
Now fix j > 2 and suppose all terms have been defined for 1 < < j.

o Let{; =t;+A;_1 and (v],t;) E(vj, ;).

e Let T’—s 1+T and sj —T’—l—t’
e Use Prop081t10n to get w such that

frr(wy) € FROWS(FY w)1) NWES()).
e Put (wj;,3;) = E71(w,s;) and Aj = s; — §;.

3 %5
Observe that dcs(fT,w V) <pandforall 1<i<j<k,

> Vs
(4.4 d(fu) o) < N,
For each 1 <i < k, summing (4.4) over j from i to k — 1 gives

(4.5) d"(fgwi, fow Z N7 < p(1 = N7

Jj=i+1
Let aj;: [0,s7] — M be a go-geodesic corresponding to (w}, s%). Then for
each i, there is a go-geodesic f;: [0,t)] — M corresponding to (vl,t) such
that for every 1 <i < j <k and every 0 <t <}, we have

(4.6)  d°(Bi(t), o (T} + 1)) < d(fpuwf, vf) + d*(fowp, fgwi) < p.
In particular, writing z; = 5;(0), y; = Bi(t}) € M, we have
(4.7)  d°(2i,04(T))) < p/ and do(yz,aj( D) < p forevery 1 <i<j<k.

Let b;: [0,£;] — M be the g-geodesic connecting z; and y;; note that b;

corresponds to the F-orbit segment (v;, ;). Let ¢;: R — M be the g-geodesic
with the property that

(4.8) ¢j(0) = a;(0) and ¢;(3;) = a;(s}).
We prove Theorem by showing that ¢;(0) has the desired shadowing
properties.

First note that by the Morse Lemma, for each 1 < i < j < k there are
17,5 € R such that

(49)  d(oy(T}), ¢;(T})) < ARg and d(ay(s}), ¢;(3])) < ARo.
We can take Tg =0 and 5; = 5. Using (4.7)) gives
(4.10) d(wi,¢;(T)) < A(Ro +p') and d(yi, ¢;(51)) < A(Ro + p).

This, together with Lemma will establish the necessary shadowing prop-
erties once we have proved the followmg lemmas relating §7, 8;, s; and TJ

Lemma 4.8. For every 1 <i < j <k, we have |§f — 8| < A(Ro+2p').
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Lemma 4.9. For every 1 <i < j <k, we have

(4.11) ATYT —2AR, < T/ — 5, <7+ 2AR,,

(4.12) | — (T7 +4:)] < 2A(Ro + ).

Lemrpa 4.10. For every 1 < i < k, we have |§ig —si| <7+ 5ARy + 4Ap
and |TF —T;| <21 +TARy +4Ap'.

In what follows, we will repeatedly use the following elementary conse-
quence of the triangle inequality.

Lemma 4.11. If (X,d) is a metric space, then for every w,z,y,z € X we
have

|d(w, x) = d(y, 2)| < d(w,y) + d(z, 2).
Proof. The triangle inequality gives d(w, x) < d(w,y) + d(y, z) + d(z, ), so
d(w,z) —d(y,z) < d(w,y) + d(z,x), and the other inequality is similar. [

Before proving Lemmas we demonstrate how they complete the
proof of Theorem 4.4, Since 3 — Tk = d(ci(TF), cx(8F)) and t; = d(zi, y;),
we can apply Lemma - to these four points to deduce that

|(3F = TF) — til < d(ex(TF), 20) + d(ex(37), yi) < 2A(po + 9'),
where the last inequality uses . Thus
d(er (T + 1), yi) <137 = (TF + ) + d(ex(37),v:) < 3A(po + p') < R,
so Lemma [2.4] gives
(4.13) d(ci(TF 4+1),bi(t)) < Ry for all 0 < i < k and 0 < t < t;,
where Ry = 4Rg+ (6A%+1)R;. Taking T; = TF gives the desired shadowing
property, with 7} = [T; — 70, T; +70] by Lemma 4_10L where 19 = 27 +7ARy+

4Ap’. Replacing T; by T; + 9 gives the form of the property stated in the
theorem.

Now we prove Lemmas [£.8H4.10]

Proof of Lemma[f.8 Since & = d(c;(0),¢;(57)) and 3; = d(ci(0), ¢i(3:)), we

(2

can apply Lemma to these four points to get

157 — 3| < d(cj(0),¢i(0)) + dlci(5:), ¢;(5]))
= d(j(0), a3(0)) + d(vi(s}), ¢;(5]))
< Ap' + d(ai(s)), aj(s}) + d(oy(s)), ¢j(5])) < 2Ap' + ARy,

where the last inequality uses (4.5) to compare «; and «;, and (4.9) to
compare o; and c;. ([l
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Proof of Lemmal[{.9 Since Tij —§g_1 = d(cj(ég_l), ¢;(T7)), we apply Lemma
to these two points and o;(s}_), a;(T}) to get

If}j - 55 1 d(aj(sg—ﬁaaj(
< d(c;(5_,), a;(sj_1)) + d(c;(T?), o;(T))) < 2AR,.

Since d°(ovj(si_y), a;(T})) = T —s,_, = T, (2-2) gives us the bounds A~!T <
d(aj(s;_q),a;(T})) < AT = 7, which proves (4.11). To prove (4.12), we
observe that & — T/ = d(c;(T7),c;(3))) and d(zi,y;) = ti, so we apply
Lemma, to these four points, obtaining
(8] = T) = &| < d(e;(T]), ) + dlce;(3]), wa),
and then (4.10) completes the proof. O
Proof of Lemma[{.10 Recall that A; = s;—§; and #; = t;+A;_1,80 t; —t; =
A;_1 =8;_1— 8_1. From Lemma [4.9] we have
|88 — (3 7+ 8)| < |8F — (TF + )| +|TF — (80, +7)| < T+4ARy +24)'.
Recalling that s; = s;—1 + 7 + t;, we have
18 = sil <157 = (i + 7+ )|+ 1y +7+ 1) = (sic1 +7 +63)]

<74+ 4ARy+ 240 + |58 | — 51 4+ 1 — t;]

=7+4ARy + 2Ap/ + ‘5?_1 —Si—1+ (82'_1 — éi—l)’

<7+ 4ARy + 240 + A(Ro + 20),

where the last inequality uses Lemmal[4.8] One further application of Lemma
[4.9] gives
Tf =T < |TF = (351 + )|+ (81 +7) = (sim1 + 7))
<7+ 2ARy + (1 + 5ARy + 4Ap"),

which proves the lemma. O

4.3. Equidistribution of closed geodesics. To prove that the unique
MME p is the limiting distribution of (homotopy classes of) closed geodesics,
we start by recalling the following standard fact, which can be proved by
following [Wal82, Theorem 9.10] or [Kni98, Proposition 6.4].

Proposition 4.12. Given J C (0,00), suppose that for each T € J there is
a set C(T) of closed geodesics with length at most T such that

. 1
(4.14) TlTl_r%o T log card C(T') = htop(f1) > 0,
€

and that there is € > 0 such that each C(T) is (T,€)-separated for each
T € J, meaning that any two distinct elements of C(T') admit unit speed



22 VAUGHN CLIMENHAGA, GERHARD KNIEPER, AND KHADIM WAR

parametrizations c1, ca such that d(ci(t), ca(t)) > € for somet € [0,T]. Then
the invariant probability measures vy defined by

1 el
(4.15) pdvr = ——— o(c(t)) dt
/ T cardC(T) ce%:(T)/O

have the property that every weak® accumulation point of {vr}rey is a mea-
sure of mazimal entropy.

Since the MME p is unique, we could prove that p is the limiting distri-
bution of closed geodesics by applying Proposition with C(T") = P(T)
(recall if we knew that

(1) imp—oo 7 log P(T) = hiop(f1), and

(2) there is € > 0 such that P(T') is (T}, €)-separated.
Unfortunately the second of these turns out to be false in general, so we
must do a little more work, but the failure is not dramatic. First we obtain
the growth rate estimate by recalling the following special version of a result
from [CKO02] which was partially based on ideas in [Kni83].

Theorem 4.13. Let (M, g) be a closed Riemannian manifold (not necessar-
ily without conjugate points) admitting a metric of negative curvature. Let
P(T) be the number of free homotopy classes containing a closed geodesic
of period less than T'. Then there exist positive constants A, B and Ty such
that

hT
(4.16) A% < P(T) < B

for all T > Ty, where h = lim,_,o % log vol(B(p,r)) is exponential volume

growth (volume entropy) on the universal covering M.

This result was formulated in |[CK02] in the general context of Gromov
hyperbolic metric spaces and since M is Gromov hyperbolic the result ap-
plies in our setting. As remarked in in case of no conjugate points the
volume entropy coincides with the topological entropy of the geodesic flow,
and we conclude that holds with h = hyop(f1)-

Now we turn our attention to the question of whether orbits in P(T') are
(T, e)-separated. In general, two closed geodesics of different lengths can
lie in different free homotopy classes but still shadow each other arbitrarily
closely: consider the center circle and boundary circle of a (flat) M&bius
strip. However, if the lengths are close enough, this cannot occur.

Lemma 4.14. Let € > 0 be such that 2¢ is smaller than the injectivity
radius of M, and let c1,co be closed geodesics with lengths in (T — €, T] for
some T > 0. If c1,ca are not homotopic, then there is t € [0,T] such that
d(ey(t), ca(t)) > e.

Proof. Suppose that d(ci(t), ca(t)) < € for all ¢ € [0,T]. We prove that ¢, c2
are homotopic. Let |¢;| be the length of ¢;, and let 5 = |ca|/|c1]; observe
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that |8 — 1| < €/|c1|. Then for each t € [0, |¢1]] we have

d(c1(t), e2(Bt)) < d(ci(t), ea(t)) + (B — 1)t| < e+ ﬁt < 2.

This is smaller than the injectivity radius, so there is a continuous vector
field V' on ¢; such that exp,, ) V(c1(t)) = c2(Bt) for all ¢ € [0, |e1]]. Then
the map H: [0,1] x [0, |e1|]] — M given by H(s,t) = exp,, ) (sV(c1(t))) is a
homotopy between c¢; and cs. O

Motivated by Lemma let P*(T) denote the number of free homotopy
classes of closed geodesics with lengths in (7' — €, T]. (Note that by Lemma
the length does not depend on the representative chosen.) A priori it
is possible that P*(T") will be ‘too small’ for some values of T,

J:={T>0:PYT)>T3"}.

Now given T' > 0, write T;, := T — ne and N = |T/e], and observe that
P(T) = 27]:[:0 P*(T,,). We split the sum into three parts: writing

Ir:={n:T,€IN(T/2,0)} and I, :={n:T, € (T/2,00)\ T},

we have
(4.17) P(T)=P(T/2)+ > P*(T,)+ > P*(Tp)
n€lr nell,
From we see that
P(T) 2% P and  P(T/2) < Be"/2,
and thus

P(T/2) _ Be"? TB 0
(4.18) PT) < %ehT = —0as T — oo.

The definition of J gives

T /TN\-3 4
Z P*(T, Z T3 < = ( ) hT — jehT’
nell, nell, 2e12 er
and thus
2o, PX(T0) 4 T 4
4.1 Zmelr” YW o e A SN T
(4.19) P(T) 2 A° car 0T oo

Now given a set P(T') of pairwise non-homotopic closed geodesics with
lengths at most 7', let ur be the corresponding periodic orbit measures
defined in (2.13)), and let vy be the periodic orbit measures associated to
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PHT):={ceP:|c| € (T —¢T]}. Observe that

1 N
HT = ( ) Z I/Tn
(4.20) n=0
P(T/2) Yonety P, Lner, PH(Tn)vr,
= p(r) M Py P(D)

As T — oo, the total weight of the first expression goes to 0 by , and
the total weight of the third expression goes to 0 by . It follows that the
limit points of {ur} as T — oo are the same as the limit points of {vr}rey.
By Proposition and Lemma every such limit point is a measure
of maximal entropy. Because the measure of maximal entropy is unique, we
conclude that ur — p, which completes the proof of the equidistribution

property (Definition [2.27)) claimed in Theorem

5. PATTERSON—SULLIVAN MEASURE AND THE MME

In this section we assume that M is a closed Riemannian manifold without
conjugate points having the divergence property of geodesic rays and admit-
ting a metric of negative sectional curvature, i.e., we are only assuming that
conditions [(H1)| and [(H2)|in Definition are satisfied. We will show that
under this assumption the Patterson—Sullivan measure can be used to define
a measure of maximal entropy which is fully supported on T'M. If we add
the conditions [(H3)| and [(H4)| from Definition we obtain uniqueness as
was shown in §4]

5.1. Poincaré series and the Patterson—Sullivan measure. If I' de-
notes the group of deck transformations, for p,q € M and s € R, we consider
the Poincaré series

P(s,p,q Z e—sdpa)

vyel

Since M is Gromov hyperbolic it follows from [Co093| that the series con-
verges for s > h and diverges for s < h, where h is the topological entropy.
For z € M the set A(I") of accumulation points of the orbit I'z in M is called
the limit set. Since M is cocompact we have AT) = OM. Fixz € M, s> h
and consider for each p € M the measure

1
5.1 gy = ——— E —sd(pz)s
( ) va 5 P(S7x, $) Ere it

where 0, is the Dirac mass associated to y € M. Using the fact that
Sd(p, ) —sd(a:,'y;v) < e_Sd(p ’71‘) < 65d(p7 ) —Sd(l’7’y:1,‘) fOI‘ every T,p [= M and
v € I', we see that

(5.2) e < s (C(M)) < P,
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in particular, the v, ; s are all finite. Moreover, we clearly have
(5.3) 'z C supp vy s C L.
Now choose for a fixed p € M and a weak limit lim Up,z,s, =: Up-

k—o00
The divergence of the series P(s,z,x) for s = h and the discreteness of

I' yields that the support of v, is contained in the limit set. Moreover, one
obtains:

Proposition 5.1. There is a sequence s — h as k — oo such that for every
p € M the weak™® limit klim Upa,s, = Vp exists. The family of measures
—00

{l/p}peM has the following properties.

(a) {Vp}pEM s T-equivariant: for all Borel sets A C OM, we have
Uyp(7A) = vp(A).

(b) %(5) = 0@ for almost all & € M, where by(q,§) is as in
Deﬁmtzon

(c) supp Vp—ﬁMforallpEM

Proof. Fixp € M. Let sk — h be such that the weak™ limit limy_,o0 1) 4.5, =:
vp exists. To see that s; works for all g, define a function ¢: cl(M) — R by

~Jd(q,2) —d(p,z) ifze M,
v(z) = {bp(q, 2) if 2 € OM,

and observe that (5.1) gives % = e *¥ for all ¢ and s. The function

is continuous by (2.8)), so using the fact that e=**¥ — ¢~ uniformly, we
deduce that for any continuous ¢: cl(M) — R we have

hm /¢quxsk = hm /(be kY Avp .5, = /(ﬁe hy dvy.

This proves that v, := limy, v, , 5, exists for all ¢ € M, and that E holds.
For [(a)} it suffices to observe that (5.1) gives

1 Z e—sd(yp,ax) 5()@ (’YA)’

Vap,z,s(VA) = m
7 acl

1

and that upon re-indexing by 6 = v~ «, the sum is equal to

Ze—sd P:YPE) § L pr(VA) = Ze sd(p, ﬁw)gﬁ (A),
per Ber

so that vy 4 s(YA) = Vpa,s(A). Taking a limit as s — h gives [(a)]
Finally, for we use the fact that I" acts minimally on M (see Remark
2.15). Suppose & ¢ supp v, then 7§ ¢ supp, for all v € T, since given an

open neighborhood U C M of ¢ with vp(U) = 0 we have 0 = v4,(v(U)) =
vp(y(U)) by @ and @ Since the orbit I'¢ is a dense and the supp,
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is closed we obtain supp v, = () which contradicts the non-triviality of the
Patterson-Sullivan measure. O

Remark 5.2. Since |by(q, )| < d(p, q) for all p,q,§ propertyl@limplies that
for every p, g € M and any measurable subsets A C OM that % < ehd(pa)

q
For ¢ € OM and pE M consider the projections
pre: M — &M and Pry: M\ {p} — oM
along geodesics emanating from £ and p, respectively. That is, pre(z) =
C¢,2(00), where ¢, is the geodesic with c¢ (—00) = &, ¢¢4(0) = x and

prp(x) = ¢p2(00), where ¢, is the geodesic with ¢, »(0) = p, ¢, +(d(p, z)) =
.

Lemma 5.3. There exists R > 0 such that for all x € CI(M) and p € M,
the shadow set pryB(p, R) of the open geodesic ball B(p, R) with center p

and radius R contains an open set in OM .

Proof. For x € cl (M) and p € M, let v = —V(p,z) be given by Proposition
By the definition of the topology on M, for every v € T I}M and
e > 0 we have A.(v) := {cy(00) : Zp(v,w) < €} is open in OM. For every
n € Ac(v) there exists a unique geodesic Cg,n with respect to the metric of
negative curvature joining § := ¢,(—o0) and 7; every such geodesic stays
at a bounded distance to p and this distance can be made arbitrary small
by choosing e arbitrary small. By the Morse Lemma, every geodesic C(E),n
corresponds to at least one geodesic c¢, which stay at Ry distance (see

Theorem [2.3)). By choosing € small enough and R large, we can guarantee
d(p, ce,y) < R which implies that A.(v) C pr,B(p, R). O

Using Lemma [5.3| we obtain:

Proposition 5.4. Let {Vp}peﬁ be the Patterson—Sullivan measures and fix
p > R, where R is as in Lemma[5.3

(a) There exists £ = {(p) > 0 such that for every = € cl(M), we have
vp(praB(p, p)) = L.
(b) There is a constant b = b(p) such that for all x € M and & =
Cp,ﬂc(_oo)’
1
ge*hd(p’””) < vp(pre(B(z, p)) < be P,

(¢) A similar estimate holds if we project from p € M, namely there is
a constant a = a(p) > 0 such that for allp € M,

1
L7 < vy (pry(B(a. ) < e 0.
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Proof. The last two estimates follow from and the defining properties of
vp. To see this, observe that given A C OM, Proposition gives

)+ o
A
If A=preB(x,p) or prpB(z, p) then corollary [2.18] implies that |(b,(p,n) —

d(p,z))| is bounded by a constant for all 7 € A, which yields [[b)] and [(c) .
The first estimate is a consequence of the followmg steps.

Step 1: supp vp = OM for one and, hence, for all p € M using Proposi-

tion

ForvGle\Z 7r‘(x)ande>01etA = {cw(oo ):wETlMand
Z(v,w) < €} C OM as in the proof of Lemma/5.3| Fix a compact set K C M
such that |J . v(K) = M and a reference point 29 € K. Then it follows:
Step 2: For all p > R there exists € > 0 such that for all p € K and

x € CI(M)

Ac(v) C pra(B(p, p))
for some v € T;OM.
Suppose Step 2 is false. Then there exists p > R and sequences p, € K,
Ty € cl(M) such that

Al/n(v) ,@ pra, (B(p’m ,0))

for all v € T1 M. We can assume after choosing a subsequence that x, —
& e cl( ) and p, — p € K. Since p?"g(B(p, p)) contains some open set
in &M there exists ¢ > 0 and vy € TIIOM such that Ac(vo) C pre(B(p, p)).
The continuity of the projection implies the existence of ng such that for
all n > ng we have: CA./(vo) C pra, (B(pn,p)). But this contradicts the
choice of the sequence. Then Step 2 is true.

Step 3: For all € > 0 there exists a constant { = {(e) > 0 such that

vp(Ae(v)) > ¢

for allv e T, ;OM and p € K. This is a consequence of the following facts:
each v, is fully supported (Step 1); sup{b,(¢,&) : { € OM,p,q € K} < o0
by compactness and continuity; and there is a finite collection of open sets
in &M such that each A, ( ) contains an element of this collection.

Now consider = € cl(M ) and p € M. Choose v € T such that vp €
K. Since vp(prz(B(p, p)) = Vyp(pryaB(yp, p)) the estimate (a) follows from
Steps 2 and 3. O

5.2. Construction of the measure of maximal entropy using the
Patterson-Sullivan measure. Now we construct an invariant measure
for the geodesic flow using the Patterson-Sullivan measures v,. Broadly
speaking, we follow the approach in [Kni98|, which was originally carried



28 VAUGHN CLIMENHAGA, GERHARD KNIEPER, AND KHADIM WAR

out in negative curvature in [Kai90]; however, as we will see below, the
present setting introduces some technical difficulties that require some work
to overcome.

By Proposition vp is I'-quasi-invariant with Radon-Nikodym co-
cycle

5.4 F.6) = o) - Lt
For (¢,n) € 92M = (OM x OM) \ diag consider
(5.5) Bp(&,m) = —(bp(q; &) + by(q:m)) ,

where ¢ is a point on a geodesic ¢ connecting & and 7. In geometrical terms
Bp(€,m) is the length of the segment ¢ which is cut out by the horoballs
through (p, §) and (p,n). Since grad, b,(q, &) = — grad, b,(g,n) for all points
on geodesics connecting ¢ and 7, this number is independent of the choice
of ¢. An easy computation using , see [Kni98, Lemma 2.4], shows:

Lemma 5.5. Forp € M, the measure fi on M defined by
dii(€,m) = "7 &M duy (€)dvy(n)

1s I'-invariant.

Now we use i to produce a I'-invariant and flow-invariant Borel measure m
on T'M that projects to a finite flow-invariant Borel measure 1 on T'M. We
will need the projection P: T'M — 9> M given by P(v) = (cy(—00), ¢y (00)),
where ¢, is the geodesic with ¢,(0) = v.

In negative curvature, we can proceed as in [Kai90]: P~1(¢,7) is a single
trajectory — the set of tangent vectors to a single geodesic — and so writing
A¢,n for Lebesgue measure on P~Y(&,7), one obtains a I'-invariant and flow-

invariant measure on 7'M by

(5.6) i(A) = /a en(A) (e, n).

2M

One can follow the same approach in nonpositive curvature, where P~1(&, )

is either a single geodesic or a flat totally geodesic submanifold of M on
which the flow acts isometrically [Kni98|]. In our setting, however, the flow
need not act isometrically on P~1(&,n) (the flat strip theorem fails), and
on such sets it is not clear how to define a flow-invariant measure in a
measurable and [-invariant way. Nevertheless, we can prove the following.

Theorem 5.6. Let M be a smooth closed Riemannian manifold without
conjugate points satisfying conditions . Then P~Y(&,n) is a sin-
gle geodesic for fi-a.e. (§,7n) € 82M, and thus defines a o-finite Borel
measure i on TYM. This measure is fully supported, gives full weight to the
expansive set € from , and is the lift of the unique MME 1 on T'M
as in . In particular, 1 is ergodic fully supported on T'M.
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The rest of this section is devoted to proving Theorem Although we
will ultimately conclude that P~1(¢,n) is a single trajectory fi-a.e., this will
not come until the end of the proof: first we must construct an MME p using
i without knowing this fact, and then use to deduce that the measure
1 given by gives full weight to £, at which point the construction of
will finally allow us to deduce the desired result for f.

Remark 5.7. As we will see in the proof, Theorem remains true if we
replace [(H3)| and [(H4)| with the assumption that there is a unique MME
w1 and that the lift g defined by satisfies 1(£¢) = 0. The construction
below produces an MME even if we only assume that M is a manifold
without conjugate points satisfying|(H1)|and [(H2)| The extra assumptions
are not used until we deduce the expansivity-related properties of this MME,
including and full support.

To prove Theorem most of the work goes into producing an MME on
T'M using fi. First define an equivalence relation on 7'M by writing
(5.7) v~wiff H¥(v) = H*(w) and H"(v) = H*(w).

Write [v] for the equivalence class of v, which projects injectively under 7
to the compact set H*(v) N H*(v).

Lemma 5.8. Ifv,w € T'M are such that v ~ w and pr,v = pr, w, then
v =w.

Proof. Given v,w as in the hypothesis, it follows that v,v = w for some
v € I'. Suppose that v # wj; then v is not the identity, so by [KL71l, §1.4],
7 fixes exactly two points on M, which are the endpoints of an axis c. In
other words, there exist a geodesic c: R — M and a real number a # 0 such
that ve(t) = ¢(t + a) for all t € R, and such that ¢(£o0) are the only two
fixed points of v in OM.

Now observe that v ~ w gives P(v) = P(w) = P(yv) = vP(v), so
P(v) = P(w) = ¢(£o00) since v has no other fixed points. Without loss of
generality assume that ¢(oco) = ¢,(00) = ¢,(00) and that ¢(0) € H*(v), so
that H*(w) = H*(v) = H*(¢(0)). Then we have

H?(¢(0)) = H*(w) = H*(v) = vH*(v)
= vH*(¢(0)) = H*(7¢(0)) = H*(é(a)),

implying that @ = 0, so 7 is the identity. This contradicts our assumption
that v # w, and proves the lemma. O

This equivalence relation projects to TlAM: we write v ~ w if v, w have
lifts that satisfy . Let Q: T'M — T'M/~ and Q: T'M — T'M/~ be
the quotient maps. These are continuous when we equip the quotient spaces
with the metric d([v], [w]) = min{d(v',w’) : v' € [v],w’ € [w]}. The flow
F takes equivalence classes to equivalence classes, fi[v] = [f;v], and thus it
descends to a continuous flow on the quotient spaces.
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Since by the Morse Lemma (Theorem equivalence classes are com-
pact, the measurable selection theorem of Kuratowski and Ryll-Nardzewski
[Sri98, §5.2] guarantees existence of a Borel measurable map V: T'M/~ —
T'M such that Q o V is the identity. Then Lemma guarantees that for
every v € T'M, pry!(V(pr,[v])) intersects [v] in a single point, which we
denote V([v]). We conclude that V: T'M /~ — T'M is a measurable map
such that Q o V is the identity, and moreover

(5:8) V(3lv]) = %V ([v]).

Now define a measure vg ,, on each P~1(£,n) by fixing any v € P~1(£,n) and
putting for a Borel measurable set A C T'M

(5.9) ven(A) = Leb{t € R: V([f]) € A}.

Note that this is independent of the choice of v. Use this to define a measure
v on T'M by

o) = | _veald)ditén).

Observe that v is I'-invariant by , and as in [Kai90, [Kni9g| it descends
to a finite Borel measure v on T' M. Without loss of generality we scale the
metric so that v(T*M) = 1.

The measure v is not necessarily flow-invariant. However, the measure
m = Qv is a flow-invariant measure on TM /~ because Qe is flow-
invariant on each P~1(£,n)/~. Now the set Q;'(m) of Borel probabil-
ity measures is weak™ compact and closed under (f;). for all t € R, so
the usual argument from the Krylov—Bogolyubov theorem for producing
an invariant probability measure (take a weak™ limit point of the family
vr = & fOT (ft)svdt as T — oo) shows that there is a flow-invariant Borel
probability measure u on T'M with Q«p = m. This lifts to a I'-invariant
and flow-invariant Borel measure ji on 7'M by .

We claim that p is a measure of maximal entropy. For this we will need

some estimates on & that carry through to . More specifically: it follows
from (5.9) that v¢,(A) < diam A for all A, and thus

(5.10) 7(A) < il(P(A)) diam A.

The same bound holds for each (f;).7, and since g is a limit of convex
combinations of such measures, we obtain the same bound for ji:

(5.11) fi(A) < i(P(A)) diam A.

To show that p is a measure of maximal entropy, we consider a measurable
partition A = {Ay,..., A;,} of T'M such that the diameters of all elements
in A are less than e with respect to the metric d; defined at the beginning

of 1)
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Lemma 5.9. Let 0 < € < min{R,inj(M)}, where inj(M) is the injectivity
radius of M. Then there is a constant a > 0 such that

p(e) < e g
for alln € N and o € .Agcn).

Proof. With € fixed as in the hypothesis, let Ry > 0 be the constant given
by Lemma with R} = ¢, and let r¢ := diam M. We will determine the
constant a in terms of €, Ro, and rg.

Fix v € o and observe that oo C ﬂZ;(l) f-rBa, (frv,€), so for every w € «
and t € [0, n] we have d(cy(t), cw(t)) < €. Let p € M be the reference point
used in the definition of the measure i and v € T )M be a lift of v such that
d(md,p) < diam M = rp. Since € < inj(M) we can lift the set a to a set

& € T'M such that for all @ € & we have d(cg(t), c3(t)) < e for all t € [0,n].

Let c3(n) =  and § = cg(—00). Let c¢, be the geodesic connecting &
and x such that c¢ »(n) = . The construction of this geodesic in the proof
of Lemma[2.13] yields the estimate d(c¢ (1), ca(t)) < Rp for all t € (—oo,n).
Applying this with ¢ = 0 we get

d(C&I(O),p) < d(C&x(O),?T(UN])) + d(ﬂ'(w)7p) <e4+rog+Ry=:7

ie., & € pry(B(p,r1)). Therefore, if P: T'M — 92M denotes the endpoint
projection as in the paragraph following Lemma [5.5, we have

(5.12) P(&) C U ) xpry(B(z,e).
n€pre(B(p,r1))

For each n € pry(B(p,r1)) choose a point ¢ € B(p,r1) that lies on the
geodesic ¢, ;. Then, using the transformation rule for the Patterson—Sullivan
measure, Proposition [5.4(b)| and the estimate

d(‘]vx) 2 d(l'vﬂ-@) - d(ﬂ-ﬁvp) - d(p7 Q) Z n—ro—ri,
we obtain
vp(pry(B(z,€))) < ehd(p’q)uq(prn(B(x, €)) < ehrip e—hda,r) < pe—hn

for a constant b = be("0t211) > (0, where the first inequality follows from

Remark Recalling the definition of i in Lemma [5.5] we see that

(5.13) u(P(d))g( sup ehﬂp@m))Behnup(aﬂ).
(€mEP(a)

The supremum is at most Sup{ehﬁp(&”) : the geodesic joining £ and 7 inter-
sects B(p,r1)}, which is finite. Thus combining (5.11)) and (5.13|) proves the

lemma. |

Nowe we can complete the proof of Theorem First we show that
is an MME. Choose a partition A as above, and use Lemma to deduce
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that

HAP) = 3 w(a) (~logp(a)) > (hn—loga) Y p(a) = hn —loga.
acAf ac Al

Hence, h < h(f1,A) < hu(f1) < h, which proves the claim. Because we
showed in §4f that ((H1)H(H4)| imply uniqueness of the MME, we conclude
that p is the unique MME, and in particular is ergodic.

Now we show that P~1(¢,n) is a single trajectory fi-a.e. Indeed, if fi gives
positive weight to the set of pairs (£,7) for which P~!(¢,7) contains more
than one trajectory, then we would have (£¢) > 0, contradicting
Thus fi-a.e. (£,1) has the property that P~1(¢,n) is a single trajectory, and
thus immediately gives an invariant measure, without the need for the
later averaging procedures; this measure must be fi. s

Using we can deduce that p is fully supported. Indeed, if U € T*M
is open then P(U) C 92M is open as well by the definition of the topology
on M. Thus ji(P(U)) > 0, and immediately gives z(U) > 0, which
proves Theorem

Remark 5.10. As discussed in Remark we could replace [(H3)| and [(H4)
with the assumption that the MME is unique and has a lift giving full weight
to £. We conjecture that uniqueness immediately implies this expansivity

hypothesis. Indeed, if we select for each (§,n) € M a single trajectory

V(€,m) € T'M corresponding to one of the geodesics connecting & and 7,
and then take A¢, to be Lebesgue measure along this geodesic, we might
expect to immediately obtain an MME (or rather its lift) by , and
then observe that making two different choices Vi and Vo would give two
distinct MMEs unless P~1(¢,7) is a single trajectory fi-a.e. However, it is
not clear how to define V' in a way that is simultaneously measurable and
I'-equivariant, and so for the time being this remains a conjecture.

6. ON MIXING OF THE MEASURE OF MAXIMAL ENTROPY

In this section we follow the ideas of [Bab02, Theorem 2] to prove that
the MME constructed in the previous section is mixing.

Theorem 6.1. Let M be a smooth closed Riemannian manifold without

conjugate points satisfying conditions |(H1)H(H4)| Then F' is mizing with
respect to the unique MME u.

Remark 6.2. As in Remark we could replace ((H3)H(H4)| with the as-
sumption that the MME is unique and that its lift gives full weight to &£.

As in [Bab02, Theorem 2], the proof of Theorem is based on three key
properties of the flow that are derived from the assumptions of Theorem [T.2}
e the product structure properties of the measure of maximal entropy

that is given by the Patterson—Sullivan construction in
e the continuity of the cross-ratio function which is discussed in §6.1}
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e Lemma below gives enough hyperbolicity p-a.e. to run a version
of the Hopf argument, which uses the fact that u is ergodic together
with the previous ingredients to establish mixing.

6.1. The cross-ratio function. Most of the definitions and properties be-
low are given in [Dal99] which are inspired by similar concepts in [Ota92].
However, since in [Dal99], the case of negative curvature is considered, for
completeness, we include all the proofs.

Given two distinct points £, € M, (&) denotes a a_geodesic, which
is not necessary unique, joining £ and &'. Given p € M and & e 8M
H,(¢) denotes the horosphere centered at ¢ containing p. Observe that
H,(&) ={q € M : bp(q,€) = 0} = H*(v), where v is the unique unit tangent
vector at p such that ¢,(00) = £ (see Lemma and Definition [2.16)).

When M is a manifold of hyperbolic type (Definition , Pesin proved
continuity of the map £ — H,(&) by first observing that [Ebe72 Lemma,
1.6] establishes the followmg axiom of asymptoticity for M: suppose that
Ty, T € M Up,V € TlM and t,, — oo are such that z,, — z, v, — v, and
let ¢, be the unique geodesic from z, to ¢, (t,); then for any limit point
w € TEM of the sequence ¢, (0) € TQ}n]TJ/, we have ¢,(00) = ¢,(00) [PesTT,
Definition 5.1 and Proposition 5.4]. He then used the axiom of asymptoticity
to prove the following continuity result [Pes77, Lemma 6.2]; see also [Rug07,
Lemma 4.11].

Proposition 6.3. Let (M, g) be a compact Riemannian manifold without
conjugate points. If M is of hyperbolic type then for every p € M, the
map & — Hp(§) is continuous where {H,(£),& € OM} is equipped with the

compact open topology: in other words, if & — & € OM and K C M is
compact, then Hy(&,) N K — H,(&) N K uniformly.

Lemma 6.4 (Definition). For p € M, the length of the segment in (£,&')
with end points in Hy(&) N (§,£') and Hy(&') N (&,&') does not depend on
the choice of the geodesic (£,&'). In particular the Gromov product (§[E"), is
well defined as the length of that segment, see Figure [6.1]

Proof. Let v, w E T M associated to two different geodesics joining § and
¢ as in Figure Then the proof follows since the flow on M tangent to
grad b, takes horospheres to horospheres. O

Remark 6.5. Observe that (§|¢'), = 5,(&, ), recall (5.5).

_Fixing a reference point p € M , the cross-ratio of four points &,&,n, 7 €
OM, with &, & distinct from 7,7/, is defined by

€, 0] = ((En)p + (E)p) — (E)p + (€7)yp) -

We remark that from the continuity of the map & — H,(§) (Proposition
6.3]), the cross-ratio function is continuous on

OM)D = {(¢,&,n, 1) € (OM)* : {&€,€'} N {n, 7} = 0}
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FIGURE 6.1. Gromov product.

Moreover as in [Bou96], we observe that for ¢ € M,

(6.1) (€1€)p = (1€ q = bp(a: &) + bp(a;€)

This implies that the cross ratio does not depend on the reference point

p. Using Corollary [2.19 and the fact that I' acts on M by isometries, we
have:

(6.2) bp(4,€) = bp(p',€) + by (a,€) Vp,p',q € M and V€ € OM,
(63) by (1(0), (&) =by(q,€) ¥p,g € M, ¥y €T and V¢ € IM.

Given (€,&,n,7) € (OM)@, we fix v € (&, n). Let vy := (¢,n) N H(v),
vy := (§,n' )N H™(v1), v3 = (§,1') N H*(va), va := (§m) N H"(v3). We have
the following

Lemma 6.6. vy = fic ¢ 51 (v).

Lemma is due to Otal [Ota92] in the case of negative curvature and
it shows the analogy between the cross-ratio function and the temporal
function in [Liv04] Figure 2].

Proof. Let (£,&,n,1) € (8M Y4 and p € M. It suffices to consider the case
when b, (p) = 0, so that ¢ := m(v) € Hy(n). We refer to Figure [6.2 where the
dotted horospheres Hy(§), Hy(¢'), Hyp(n), Hp(n') all pass through p € Hy(n)
and cut out geodesic segments whose lengths are the four Gromov products
involved in the definition of the cross-ratio [£,&',n,n]. Writing ¢; for the
foot point of v;, the figure also illustrates the fact that, from the definitions



GEODESIC FLOWS WITHOUT CONJUGATE POINTS 35

FIGURE 6.2. Proof of Lemma [6.6]

of the vectors v;, we have

q € Hy(n), @€ qu(fl): q3 € qu(nl)a qa € Hy,(6),

which in terms of Busemann functions can be written as

bp(%n) = bp(Q1777)’ bp(legl) = bP(Q2a§/)’
bp(q2,m') = by(g3,1'), bp(q3, &) = bp(qa, &)

Using these in the definition of the cross-ratio gives

(&8 m,n] = (€ + (€1 — Elnp — &1y
= —bp(g3, &) — bpaz, 1) — bp(q1, &) — bp(qr,m)
+ by(q4, ) + bp(qa, m) + bpa2, &) + by(q2,7')
= bp(qs,n) — by(q,m)-

Recalling (6.2), this last quantity is equal to by(ga,n), and since both ¢, g4
lie on the geodesic connecting ¢ and 7, we conclude that vs = fp, (4 4,77)(1)) =
fie,¢' n)(v), which finishes the proof.
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6.2. Asymptotic convergence. The aim of this section is to prove some
hyperbolic estimate for almost every point with respect to the MME.
Given v € T'M, let ¥ be a lift of v to T'M, and let

(6.4) W*(5) = W8(@) Nnw "H®(%) C T'M.
Given R > 0 and & € T'M, let
Wi (0) = {w € 7' H*(9) : d(fyb, fy9) < R for all t > 0}.
Observe that W**(0) = (Jpo W (D). Define W"*(9) and W§"(v) similarly.
Recall from that
pr, £ ={v e T'M : W*(3) n W™ (3) = {8} }.
Fix R > 0 and consider for each v € T'M and t > 0 the following value:

or(v) = sup{d(w,?) : foyw € W (f_0)}
Lemma 6.7. Ifv € pr, &, then ¢ (v) N0 monotonically as t — oo.

Proof. Monotonicity follows from the fact that f_;w € Wg*(f—¢0) implies
fovw € WiE(f_pv) for all t' < t, so the sets in the definition of ¢; are nested
decreasing as ¢ increases. For convergence to 0, suppose v € T'M is such
that ¢y(v) 4 0; then there are § > 0, t, — oo, and w, € f;, W5 (f-,0)
such that d(w,,v) > ¢ for all n. Since d(w,,v) < R, we can replace W,
with a convergent subsequence that has w, — @, and observe that f_,w €
Wi (f-0) for all t > 0, so w € W (0) N WE*(0); moreover, d(w, ) > J, so
W # 0, and thus v ¢ pr, £. O

Let p be a flow-invariant probability measure on 7" M such that u(pr, £) =
1. Since each ¢; is measurable and bounded, and p is finite, the monotone
convergence theorem implies that ¢; — 0 in the L' norm. Observing that
the function ¢y o f; satisfies

loto full = /sotoftduz /wtdu: el

by flow-invariance of p, we conclude that ¢; o f; — 0 in L'. Thus for any
sequence t,, — 00, there is a subsequence ¢,, — oo such that Pt,, © ft"k —0
p-a.e. Note that

ei(frv) = sup{d(frw, f10) : w € WE(0)};
thus we can prove the following.

Lemma 6.8. Let p be a flow-invariant probability measure on T'M with
p(pr, €) = 1. For every t, — oo there is a subsequence t,,, — oo such that

(6.5)  d(ft,, W, ft, ©) = 0 for p-a.e. v € T'M and every @ € W5 ().

Proof. The preceding discussion shows that for each R > 0 and every t,, —
0o, there is a subsequence t,, — oo such that holds with W**(0)
replaced by W*(0). Applying this with R =1,2,3,... gives a nested family
of subsequences, and the usual diagonal argument gives a subsequence that
works for every R. Since W**(0) = (Jp-o W7 (0), this proves the lemma. [
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6.3. Proof of mixing. Now we prove that the unique MME p for geodesic
flow on 7'M is mixing, using its product structure to run a version of the
Hopf argument due to Babillot [Bab02].

Suppose for a contradiction that p is not mixing. Then there is a contin-
uous function ¢ on T'M such that ¢ o f; does not converge weakly to 0 in
L?(1). Now we need the following lemma.

Lemma 6.9 ([Bab02, Lemma 1]). Let (X, B,m,(T};)ica) be a measure pre-
serving dynamical system, where (X, B) is a standard Borel space, m a (pos-
sibly unbounded) Borel measure on (X, B) and (T})ica an action of a locally
compact second countable abelian group A on X by measure preserving trans-
formations. Let ¢ € L*(X,m) be a real-valued function on X such that
Jodm =0 if m is finite.

If there exists a sequence (t,) going to infinity in A such that ¢ o Ty, does
not converge to 0 in the weak-L? topology, then there exist a sequence (sy)
going to infinity in A and a non-constant function 1 in L*>(X,m) such that

woT,, —v and @oT_,, — 1 in the weak-L* topology.

We conclude that there is s,, — oo and a non-constant ¢ € L*(T'M, )
such that ¢ o fis, — 1 in the weak-L? topology. Applying Lemma we
can replace s, with a subsequence such that for p-a.e. v € T' M, we have

li_)m d(fs,w®, fs,v) = 0 for all w® € W (v),

6.6
(6.6) ILm d(f_s, 0", f—s,0) = 0 for all @* € W"*(v).

Lemma 6.10 ([Bab02]). Let () be a sequence that converges weakly in
L*(X,B,m) to some function . Then there is a subsequence (¢n,) such
that the Cesaro averages
1 &
AKZ = ﬁ Z Pny,
k=1
converge almost surely to .

Proof. In [Bab02] this is quoted as a consequence of the proof of the Banach—
Saks theorem (see p. 80 of Riesz—Sz. Nagy 1968), which gives a subsequence
such that the square of the L2-norm of Ax —1 is O(1/K), and then almost-
sure convergence of (Ag2) follows from Borel-Cantelli. O

Thus there is a set R C T'M such that u(R) = 1 and a subsequence
Sy, — 00 such for every v € R, the following are true:

(1) the convergence statements in hold;
2
(2) 7 it P(fon, v) = (v) as k — oc.
Let 1; be a lift of ¥ to M , and smooth 1/; along the flow by replacing it

with v — foe Y(f)dt. By choosing e small enough, v is not constant. By
continuity of ¢ and the two properties just listed, we see that

if v,w € R and @ € W*(?) or @ € W*(%), then ¢(v) = ¥ (w).
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There is a set Ry of full y-measure such that for every v € Ry, the function
t— 1;( f10) is well-defined and continuous at all real ¢; in particular, the set
of periods of this function is a closed subgroup of R. This subgroup only
depends on the geodesic: v and fiv have the same subgroup for all ¢ € R.
By ergodicity of u, there is a single subgroup that works for p-a.e. v. This
subgroup is not all of R since 1; is not constant, and now the remaining parts
of the proof can be carried out exactly as in [Bab02]:

Because v, x v}, is a product measure, there is a set £ C 92M of full
Vp X Vp measure, a real number a > 0, and a I'-invariant function z; defined
fi-a.e. on T'M such that for every (z,y) € E, the group of periods of v
restricted to ¢, is exactly aZ.

Next step (page 69 of [Bab02]): for Vﬁ—a.e. quadrilateral, the cross-ratio

belongs to aZ. Since v, is fully supported on oM , every cross-ratio of a
quadrilateral belongs to aZ.

Since the cross-ratio of (x,z,y,y) is 0, the same is true of any nearby
quadrilateral, which leads to a contradiction; choose p on ¢, and let 2/, 3/
be such that the corresponding geodesic is regular, passes through p, and is
sufficiently close to ¢, ,, then we have a quadrilateral with strictly positive
cross-ratio (‘Fact’ on page 72 of [Bab02]), a contradiction.

APPENDIX A. MORSE

Proof of Lemma[2.4 Let Ry > 0 and ¢1,¢q: [0,T] — M be two geodesics
with
d(c1(0),¢2(0)) < Ry and d(ci(T),c2(T)) < Ry.

For i = 1,2, let «;: [0,T;] — M be a go-geodesic such that «;(0) = ¢;(0)
and «;(T;) = ¢;(T). By Theorem [2.3| we have dp(c;, i) < Ry for i = 1,2,
where Ry depends only on g and gg. Without loss of generality we assume
that 77 < T,. Then the triangle inequality gives

d°(a2(0), as(Ty)) < d°(a2(0), a1(0))+d° (@1 (0), a1 (Th))+d’ (1 (T1), a2(Tz)).
Note that d°(;(0), o;(T;)) = T;, and that gives
@(05(0), 01(0)) = &*(e3(0), 1 (0)) < Ad(e2(0), e1(0)) < ARy,
with a similar bound on d°(a;(T}), aa(Ts)). We deduce that
(A.1) Ty < Ty + 2ARy,
and consequently
d°(aq (T1), aa(Th)) < d(a1(Th), ae(Ty)) + |To — Ti| < 3AR;.

Since go is negatively curved, the function ¢ + d°(aq(t),az(t)) is con-
vex, and therefore achieves its maximum on [0,73] at an endpoint; since
d®(a1(0), a2(0)) < ARy, we conclude that

(A.2) d®(ay(t), az(t)) < 3AR; for all t € [0,T].
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Since dp(ci, ;) < Ryg, for every ¢t € [0,T], there exist tg,t’ € [0,7] such
that d(c1(t), a1(to)), d(ca(t'), aa(tp)) < Ro. Using the triangle inequality via
aq (to), as(tp), ca(t') together with and ([A.2)), this gives
(A.3) d(ci(t), ca(t)) < 2Ro + 3A%Ry + |t — 1|
As in the proof of ([A.1]), the triangle inequality via ¢1(0) and ¢;(t) gives

t' = d(c2(0),ca(t')) < Ry +t+ (2Ro + 34%Ry),
and a symmetric argument gives

it —t| < 2Ry + (3A% + 1)Ry.

This and complete the proof by putting Ry := 4Rg+ (642 +1)Ry. O
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