SPECIFICATION AND TOWERS IN SHIFT SPACES

VAUGHN CLIMENHAGA

ABSTRACT. We show that a shift space on a finite alphabet with a non-uniform specifica-
tion property can be modeled by a strongly positive recurrent countable-state Markov shift
to which every equilibrium state lifts. In addition to uniqueness of the equilibrium state,
this gives strong statistical properties including the Bernoulli property, exponential decay
of correlations, central limit theorem, and analyticity of pressure, which are new even for
uniform specification. We give applications to shifts of quasi-finite type, synchronised and
coded shifts, and factors of -shifts and S-gap shifts.

1. INTRODUCTION

1.1. Main results. Let f: X — X be a continuous map on a compact metric space, and
let ¢: X — R be continuous. The topological pressure is P(p) := sup{h(u) + [ @ du},
where h(p) is Kolmogorov—Sinai entropy and the supremum is taken over f-invariant Borel
probability measures. A measure achieving the supremum is called an equilibrium state
for (X, f,). Existence, uniqueness, and statistical properties of equilibrium states have
consequences for many areas of dynamics and geometry, such as distribution of closed
geodesics [Bow72, [Kni98|; physical measures for smooth maps [Rue76]; entropy rigidity
for geodesic flow [Kat82]; large deviations [Kif90]; multifractal analysis [BSS02]; the Weil-
Petersson metric [McMO8|; Teichmiiller flow [BG11]; phase transitions and quasicrystals
[BL13]; representation theory [BCLS15|; and diffusion along periodic surfaces [AHS16].

Here we study symbolic dynamics. Given a finite set A (the alphabet), the set A% of
bi-infinite sequences is compact in the metric d(x,y) = e~ ™{*ls#vk} and the shift map
o: AZ — A” defined by (0x); = w141 is continuous. A two-sided shift space on A is
a closed set X C A% with 0(X) = X. Replacing AZ with AN} gives a one-sided shift
space; we will work with both one- and two-sided shifts. A word is a finite sequence of
symbols w € A* := J,,~¢ A™; we write |w| for the length of w. Given z € X and integers
i < j, let xpy = TiTigp1 --xj. The set of words obtained this way is the language
L = L(X) = UpsoLn, where L, = {zp,,) : @ € X} C A" for n > 0, and Ly is the set
containing the empty word.

A shift space X is topologically transitive if for every v, w € L there is u € £ such that
vuw € L, and is a subshift of finite type (SFT) if there is a finite set ' C A* such that
X ={xc A% w5 ¢ F for every i < j}. When X is a topologically transitive SF'T, every
Hoélder continuous potential has a unique equilibrium state p, and p has strong statistical
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2 VAUGHN CLIMENHAGA

properties (Bernoulli property and exponential decay of correlations up to a period, central
limit theorem) [Bow75]; moreover, the topological pressure function is analytic [PP90].

A weaker criterion for uniqueness is the specification condition [Bow74], which does
not require the SF'T condition but strengthens transitivity by requiring that there is 7 € N
such that for every v,w € L there is u € £ with |u| < 7 such that vuw € ED Uniqueness
results using non-uniform specification conditions have been proved by the author and D.J.
Thompson [CT12, [CT13]. An important tool in these results, and here, is the notion of the
pressure of a collection of words D C L:

—_— 1 n—1
— Tim = p(x)+p(oz)++p(o"x)
(1.1) P(D,y) := nlggo nlog E sup e .
weDNL, 1ZE€X:ap nj=w}

The variational principle [Wal82, Theorem 9.10] gives P(L, ) = P(y).

Uniqueness is enough to show that the topological pressure function is Gateaux dif-
ferentiable — there are no first-order phase transitions — but does not immediately imply
analyticity, which would rule out phase transitions of all orders. Similarly, the stronger
statistical properties of © do not appear to have been studied using any version of spec-
ification. They are known to hold for systems on which a certain ‘tower’ can be built
[You98, [You99]. Our main result uses a non-uniform specification condition to establish
uniqueness, statistical properties, and analyticity by building a tower. To formulate the
condition, we need the following notion: a word w’ € L}, is a prefix of a word w € L, if
k <nand w' = wy . Similarly, if w’ = wy; |, for some 1 < j < |w| then w’ is a suffix of
w. See for full definitions of the various conclusions.

Theorem 1.1. Let X be a one- or two-sided shift space on a finite alphabet with language
L and let p: X — R be Holder continuous. Suppose there is G C L such that

[I] there is T € N such that for all v,w € G, there is uw € L with |u| < T such that
v'uw' € G whenever v' € G is a suffix of v and w' € G is a prefiz of w;
[IT] there are CP,C® C L such that P(CP UC®U (L \ CPGC®), ) < P(p);
[III] there is L € N such that if u,v,w € L have |v| > L, wow € L, and uv,vw € G, then
v,uvw € G.

Then the following are true.

(i) (X, @) has a unique equilibrium state .

(ii) p has the Gibbs property for v on G.

(iii) p is the limiting distribution of p-weighted periodic orbits.

(iv) (X, 0, 1) has exponential decay of correlations for Holder observables up to a period.

(v) (X,0,n) satisfies the central limit theorem for Hélder observables 1, with variance 0
if and only if ¥ is cohomologous to a constant.

(vi) Given any Hélder continuous 1: X — R, there is € > 0 such that the topological
pressure function t — P(p + t1)) is real analytic on (—¢,¢€).

When X is two-sided, (X, o, ) has the Bernoulli property up to a period.

IThere are many versions of specification in the literature; this definition is specialised for the symbolic
setting and is slightly weaker than Bowen’s original one.
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When G = L, is the classical specification property, holds with CP = C® = (),
and is immediate. Conclusions |(i)H(iii)| are well-known in this case [Bow74], but
are new. When G # L, [I|H[III||should be interpreted as non-uniform specification
conditions}| The idea is that G is a collection of ‘good’ words for which specification holds,
so CP, C*, and L \ CPGC® contain all ‘obstructions to specification’: every w € CPGC®
admits a decomposition w = uPvu® with v € G and uP® € CP*, so w can be made good by
removing the prefix u? and the suffix u*. Condition requires that the obstructions have
small pressure and hence are ‘invisible’ to equilibrium states.

Theorem is an immediate corollary of the following two results. The first of these is
a structure theorem relating X to a countable-state Markov shift X; see for complete
definitions. The second uses the fact that strong positive recurrence implies existence
of a unique Ruelle-Perron—Frobenius (RPF) measure m on X for the potential function
pom: X — R, which has strong statistical properties [CS09].

Theorem 1.2. Let X be a one- or two-sided shift space on a finite alphabet and let p: X —
R be Hélder. If the language L of X has a subset G satisfying the non-uniform specification
conditions I11]|, then there exists an equilibrium state p for (X, p) that satisfies the
Gibbs property (4.17) for ¢ on gE| Moreover, there is a topologically transitive countable-
state Markov shift 3 and a 1-block code m: % — X such that

(a) pom is strongly positive recurrent on 3; and

(b) there is P' < P(y) such that for every ergodic Borel probability measure p on X with
h(n) + [@du > P, there is a shift-invariant Borel probability measure v on ¥ such
that = mev and h(p) = h(v).

In the case when X is a two-sided shift space, the map 7 is injectiveﬁ In both the one- and

two-sided cases, the following weaker property holds:

(1.2) if 2,2 € ¥ have w(z) = 7(2'), then zp, ) = Z,[n,oo) for some n € N.
Injectivity generally fails in the one-sided case; see Example [3.7]

Theorem 1.3. Let X be a one- or two-sided shift space on a finite alphabet and let p: X —
R be Hélder. If there is a topologically transitive countable-state Markov shift ¥ and a 1-
block code w: ¥ — X satisfying @ (b)l, and , then (X, ) has a unique equilibrium
state u, which satisfies conclusions |(iii) of Theorem and the period d in is
given by the gcd of the lengths of periodic orbits in X. In the case when X is two-sided,
(X, 0,u) is Bernoulli up to the period d.

See §3] for a road map of the proofs. Theorem [I.3]is a relatively routine consequence
of well-known results about thermodynamic formalism for countable-state Markov shifts;
see Theorem [3.9 Most of the work in this paper is devoted to proving Theorem [I.2]
whose starting point is an argument of Bertrand for constructing a synchronising word
using specification [Ber8§|. Although [[IJH[III]|do not imply that X is synchronised, we can
still ‘synchronise good words’, produce a collection F C L of words that can be ‘freely
concatenated’ (Theorem , and use F to describe ¥ (Theorem .

2The term “non-uniform specification” is to be understood informally; it is not clear whether these
conditions imply the ones in [CT12] [CT13], or vice versa.

3This is in fact the unique equilibrium state, but the proof of uniqueness waits until Theorem

4For ¢ = 0, this and imply that X and ¥ are h-isomorphic in the sense of [Buz97].
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Structure of the paper. In §§I.2HI.§ we describe: motivating questions behind Theorem
a method for verifying |[I|H[III]| that passes to factors; and applications to a number of
classes of systems, including shifts of quasi-finite type, synchronised shifts, and coded shifts.
Further definitions and background are given in In §3| we formulate some intermediate
results that imply Theorems In §4) we give preparatory results for the proofs,
including mild strengthenings of the Birkhoff and Shannon-McMillan-Breiman theorems
that hold quite generally, not just in the setting of this paper. The results from are
proved in §§5H7] In §§ we prove the remaining results stated in the introduction, including
the applications. We will have occasion to use various conditions that are related to [[I]
and For the reader’s convenience, we gather these in Appendix

1.2. Motivating questions. The non-uniform specification property introduced in [CT12]
was motivated by [-shifts and their factors. Given § > 1 and A = {0,...,[S] — 1}, the
greedy f-expansion of 1 is the lexicographically maximal z € AN satisfying 1 = > ore 2k -k
and the B-shift ¥ 3 is the subshift of AN defined by the condition that = € Yz if and only
if Ty o) = z for all k& € N, where < is the lexicographic order. The S-shift is the natural
coding space for the map z — fx (mod 1) on the unit interval.

For Lebesgue-a.e. 5 > 1, the (-shift does not have specification [Sch97]; however, it can
be described in terms of a countable-state Markov shift, which was used by Hofbauer to
prove uniqueness of the equilibrium state for ¢ = 0, called the measure of maximal entropy
(MME) [Hof78]. The corresponding result for subshift factors of 5-shifts remained open for
some time [Boy08, Problem 28.1], which led the author and D.J. Thompson to introduce
a set of non-uniform specification conditions that are satisfied by the S-shifts, that pass to
factors, and that guarantee uniqueness of the MME. This raised the following questions.

(1) Are there examples of systems with non-uniform specification that do not come from a
countable-state Markov shift?

(2) Hofbauer’s graph structure for the §-shifts (see also [Wal78] for equilibrium states for
¢ # 0) can be used to get the stronger conclusions |(iv)H(vi)| that do not follow from
[CT12]. Can these conclusions be obtained using non-uniform specification?

These questions motivated this paper, which says that the answers are “no” and “yes”,
respectively: non-uniform specification in the sense of |[IJH[I1I]| leads to a countable-state
Markov structure with strong positive recurrence, so its statistical consequences are just
as strongﬁ This can be interpreted as a negative result in the sense that every system to
which Theorem applies could also have been studied by other techniques, by building a
tower or using a countable-state Markov shift. On the other hand, if the system is defined
in a manner that does not make this Markov structure explicit, then it may be difficult to
find the graph that does the job, or to determine its properties; see §1.4] for examples.
One can interpret the Markov shift ¥ in Theorem as a Young tower as in [You99]
by passing to its one-sided version T and inducing on a single state to get a full shift.
Condition@ on strong positive recurrence implies that the tower has ‘exponential tails’,
and @ guarantees that every equilibrium state is liftable to the tower; see [PSZ14] for
further discussion of this approach, and [Hof79), Kel89, [Zwe05] for the original investigations

5Tt should be emphasised that although are similar in spirit to the conditions in [CT12], and
apply to all the examples studied so far using those conditions, there does not appear to be a logical
relationship between the two sets of conditions in the sense of one implying the other.
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of liftability. The effort we expend to prove @ and @ illustrates a general theme: even
when it is clear how to build a tower, it is usually a mon-trivial problem to werify that
equilibrium states lift to the tower and that the tower’s tails decay exponentially; see [Kwa04l,
Buz05l, [Tho06] for symbolic examples, and [Kel89, [PS08, BT09, TT10] for smooth examples.
One goal of the present approach is to give a set of more readily verifiable conditions
that can establish liftability and exponential tails. This will be particularly valuable if
it can be extended to the smooth setting. The non-uniform specification properties from
[CT12, [CT13| have been extended and applied to various smooth systems |[CT16, [CFTIS8|,
CFT| BCET], such as geodesic flows over rank 1 manifolds of nonpositive curvature. It is
expected that the results given here will admit a similar generalisation.

1.3. Obstructions to specification. Since subshift factors of -shifts were the original
examples studied in [CT12], it is natural to ask whether Theorems apply to them
as well. Unlike the non-uniform specification conditions in [CT12], condition |[I1I]|does not
pass directly to factors. Here we give conditions that do pass to factors (see §1.7)), and
which imply [[IJH[III]} These will also be useful for some of our applications (see §l.4)).

Given CT,C~ C A* and M € N, consider the collection

(1.3) G(CE,M) =={we L|wy ¢C Wi ¢CT forall M <i < |w|}

of all words that do not start with a long element of C~ or end with a long element of CT.

Say that C* is a complete list of obstructions to specification if

[I*] for every M € N there is 7 = 7(M) such that for all v,w € G(C*, M) there is u € L
with |u| < 7 such that vuw € L.

The word vuw need not be in G(C*, M) (cf. [T]), so enlarging C* cannot cause to fail;

in particular, every C* that contains a complete list of obstructions is itself a complete list.

The following is used in §I.7] to study factors, and is proved in §8.1]

Theorem 1.4. Let X be a one- or two-sided shift space with language L, and let p: X — R
be Holder. Suppose C* C L is a complete list of obstructions to specification admitting the
pressure bound P(C~ UC™T,¢) < P(p) and satisfying the following condition:

(1.4) (vweC " =veCt) and (vwel =wel).

Then there is G C L satisfying [I]HIIL], so Theorems apply to (X, p).

Ezample 1.5. For the S-shift, let C~ = 0 and C* = {2 ) }nen, Where z is the S-expansion
of 1. In the standard graph presentation, G(C*, M) is the set of words that label paths
starting at the base vertex and ending in the first M vertices, so it satisfies as shown

in [CT12]. Thus C* is a complete list of obstructions to specification. Clearly C* satisfy
(1.4)), and it is shown in [CTI3] that P(Ct, ) < P(p) for every Holder (.

1.4. Shifts of quasi-finite type. We apply Theorem to the shifts of quasi-finite type
introduced by Buzzi in [Buz05]. Say that w € L is a left constraint if there is v € £
such that wp |, v € £ but wov ¢ L; let C’ be the collection of left constraints, and C”
the collection of analogously defined right constraints. The shift space X is a shift
of quasi-finite type (QFT) if min{h(C*),h(C")} < h(L). Topologically mixing QFTs
may have multiple MMEs [Buz05, Lemma 4]. The following result, proved in §8.2 gives
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uniqueness if both lists of constraints have small entropy, or if we have a stronger mixing
condition.

Theorem 1.6. Let X be a one- or two-sided shift space on a finite alphabet with language

L and let p: X — R be Holder continuous.

(1) If X is topologically transitive, then C~ = C" and CT = C* form a complete list of
obstructions to specification and satisfy . In particular, if P(C*UCT, @) < P(yp),
then Theorem [1.]] applies.

(2) Suppose X+ = {x1xy--- | x € X} is topologically exact: for every w € L there is
N € N such that O'N({LU € Xt | T wl] = w}) = X*. ThenC~ =0 and CT = ct
form a complete list of obstructions to specification and satisfy . In particular, if
P(C*, o) < P(p) then Theorem applies.

Part of Theorem applies to many of the piecewise affine transformations studied
by Buzzi in [Buz97]; these are maps on [0,1]¢ given by f(z) = Az + b (mod Z¢), where
A: R — R?is an expanding linear map and b € R%. Buzzi showed that the natural symbolic
codings of such maps are QFTs with h(C’) < h(£), and that they are topologically exact if
either (i) all eigenvalues of A exceed 14 /d in absolute value, or (ii) A,b have all integer
entriesjnge proved that these examples have unique MMEs; Theorem gives another
proof of this result, and lets it be extended to factors (see and to a class of non-zero
potential functions. See also [Tholl] for further results on piecewise expanding maps.

1.5. Synchronised shifts and uniform specification. A shift X is synchronised if
there is s € £ such that vs,sw € L implies vsw € L; then s is a synchronising word.
Shifts with specification are synchronised [Ber8§|, but not vice versa. Note that S-shifts sat-
isfy the non-uniform specification conditions [[I|H[III]| but are not all synchronised [Sch97].

Synchronised shifts can have multiple equilibrium states even if they are topologically
transitive. Every synchronised shift has a canonical presentation via a countable graph
(the Fischer cover), and Thomsen [Tho06] proved that the corresponding countable-state
Markov shift is strongly positive recurrent (for the zero potential) if h(0X) < h(X), where
0X is the derived shift consisting of all z € X that can be approximated by periodic
points of X and do not contain any synchronising words. The following gives a similar
result for nonzero potentials (although the countable graph provided by Theorem need
not be the Fischer cover); see for a proof.

Theorem 1.7. Let (X,0) be a one- or two-sided topologically transitive shift with a syn-
chronising word s € L. Let Y := {z € X | s does not appear in z}. If p: X — R is Holder
continuous and P(Y,p) < P(X,p), then the conclusions of Theorems hold.

Shifts with the classical specification property are well-known to be synchronised [Ber88]
and to satisfy conclusions |(i)H(iii)| for every Holder ¢ [Bow74]. In particular, they have a
unique MME, which is fully supported, leading to the conclusion that h(0X) < h(X). Thus
Thomsen’s results could be used to establish conclusions|(iv) for the unique MME, and
it seems likely that a similar approach would work for nonzero ¢, but it does not appear
that this procedure has been carried out in the literature.

6proposition 1 of [Buz97] only states that such f are topologically mixing, but the proof in [Buz97, §5.1,
Lemma 5] gives topological exactness.
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The proof of conclusions |(iv)| in Theorem [1.1] relies on [CS09], which uses a Perron—
Frobenius theorem and a spectral gap for the appropriate transfer operator associated to
Y. Ruelle [Rue92| proved a Perron—Frobenius theorem using specification directly, but did
not establish spectral gap or a rate of convergence. One class of shifts with specification for
which the transfer operator (for ¢ = 0) has been studied explicitly are the cocyclic subshifts
introduced by Kwapisz [Kwa00, Kwa04]; a cocyclic subshift over a finite alphabet A is
defined by fixing a finite dimensional vector space V and linear transformations ®; €
End(V) for i € A, then putting £ = {w € A* : ®y, -+ Py, # 0} Transitive cocyclic
subshifts often fail to be SFTs (or even sofic), but have specification and hence satisfy
conclusions |(i)H(iii)| of Theorem [L.1| by [Bow74]. For the zero potential, spectral properties
of the transfer operator were studied in [Kwa04], although conclusions |(iv)H(vi)| were not
discussed there. Theorem establishes these conclusions for Holder potentials.

1.6. Coded shifts. Given a finite alphabet A and a set of words G C |J,,ey A", let
€ G for all k}.

A two-sided shift space X C AZ is called coded if X = G* for some G. Such a G is a
generating set for X. There is a sense in which every question about equilibrium states
for a shift satisfying |[I|H[I1I]| reduces to a question about coded shifts. If X satisfies
and 7: 3 — X is the coding map from a countable-state Markov shift provided by
Theorem then (%) C X is a coded subshift of X, and every equilibrium state for ¢
gives full weight to this coded shift.

A generating set G is uniquely decipherable if whenever u!'u? - - - u™ = v'0? - - . 0" with
u',v) € G, we have m = n and u/ = v/ for all j [LM95, Definition 8.1.21]. The condition
of unique decipherability for G is related to for G*, but does not imply it. Thus the
following is not a direct consequence of Theorems (1.1 it follows from Corollary and
Theorem [3.9] below.

Theorem 1.8. Let X be a coded shift on a finite alphabet and ¢ a Hélder potential on X.
If X has a uniquely decipherable generating set G such that D = D(G) :={w € L |w is a
subword of some g € G} satisfies P(D, p) < P(p), then (X, ) satisfies conclusions[(a)}{(b)]
of Thearem and conclusions of Theorem and p is Bernoulli up to a period.
The coding map ™ may not be injective, but it is still finite-to-one p-a.e. for the unique
equilibrium state p, and is injective on {z € X : z is periodic, zo = a} for each state a of ¥.

G := {z € AZ | there is (ny)rez C Z with ng < ngy1 and Ty npir)

It is natural to ask what happens if one removes the condition that G be uniquely
decipherable. In this case one can still define a natural countable-state Markov shift > and
a coding map 7: ¥ — X such that X = 7(X), but now we lose control of the multiplicity
of 7, and indeed, m may decrease entropy; see Example

It is shown in [BH86, Proposition 2.1] that every coded shift admits a uniquely decipher-
able generating set; similarly, [FF92] Theorem 1.7] shows that it is always possible to build
a ‘bi-resolving’ ¥ for which 7 is injective. However, in both cases one must abandon the
original generating set G and pass to a new generating set G’, for which we may a priori
have P(D(G"),¢) = P(¢), so Theorem may not apply. On the other hand, the results
in [CT13] can be used to show that conclusions |(i)H(iii)| from Theorem hold. Thus we
have the following open question.
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Question 1.9. Let X be a coded shift with language £ and a (not uniquely decipherable)
generating set G C L such that P(D(G), ¢) < P(y) for some Holder . Let u be the unique
equilibrium state for (X, ¢). Do conclusions |(iv)| of Theorem [1.1] still hold?

1.7. Factors. Before stating our results for factors we describe another motivating example
from [CT12] to which Theorem applies; the S-gap shifts.

Ezample 1.10. Given S C NU {0}, the S-gap shift Xg is the coded system with generating
set {10" | n € S}. Take C* = C~ = {0 | k € N}, so C* satisfy ([.4), and G(C*, M) =
{0*1w10° € L | a,b < M}. Taking 7(M) = min{s € S | s > 2M}, we see that any two
words in G(C*, M) can be joined by 0° for some 0 < ¢ < 7(M), and so[[I*] holds. Thus C* is
a complete list of obstructions to specification, and one can show that P(CTUC™, ) < P(p)
for every Holder ¢ [CTY17, §5.1.3].

When ¢ = 0, we define the entropy of obstructions to specification asﬂ

(1.5) hapec(X) = inf{h(CT UC™) | C* C L(X) satisfy (L4) and |[T*]}.
Note that [-shifts and S-gap shifts both have hspec( ) = 0. Although the most obvious

way to get hspec( ) = 0 is to have h(Ct UC~) = 0 for some C*, we expect that there
are examples where hspeC(X ) = 0 but the infimum is not achieved; a natural class of
candidates is given by shift spaces coding transitive piecewise monotonic transformations
of the interval, whose structure has been described by Hofbauer [Hof79, Hof81].

It follows from Theorem (1.4 that hg..(X) < h(X) implies existence of a unique MME
together with the other conclusions of Theorem |1 . In § we prove that hZ

increasing under passing to factors, and obtain the followmg results

Spec 18 noN-

Theorem 1.11. Let (X, 0) be a one- or two-sided shift space on @ finite alphabet.

(1) Let (X,5) be a subshift factor of (X, o) such that h(X) > hinee(X). Then the language

of X contains a collection of words satisfying .m for =0, so (X 7,0) satisfies
the conclusions of Theorems|[I.1HI1.5

(2) Suppose X satisfies ged{k € N | o*(z) = x for some x € X} =1 and hgo.(X) = 0,
and that there is G C L satisfying such that LwL NG # O for every w € [,ﬂ Then
every subshift factor of (X, o) satisfies the conclusion of the previous part.

Corollary 1.12. Let X be a nontrivial subshift factor of a B-shift or of an S-gap shift.
Then X satisfies the conclusions of Theorems |[1. .for p=0.

1.8. Hyperbolic potentials. Theorem [I.1Tonly deals with measures of maximal entropy,
so one may ask what can be said about equilibrium states for non-zero potentials on the
factors (X, ). Following [IRRL12], say that ¢: X — R is hyperbolic if

(1.6) lim sup Sngo( ) < P(p).

A similar but distinct quantity was defined in [CT14].

8Compare Theorem E to [CT12l Corollary 2.3 and Theorem DJ; the conclusions here are stronger, and
the hypotheses have some similarities but are independent. Corollary strengthens [CT12, Theorem A].

9G need not satisfy or in particular, it need not be the collection from Theorem
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If ¢ is hyperbolic and hsteC(X ) = 0, then one can easily find C* satisfying (L.4), and
P(C~UCT, ) < P(p); in particular, Theorem [1.4] applies as long as ¢ is Holder.

Every Holder potential is hyperbolic when X has specification [CET, Theorem 6.1]. Buzzi
proved that the same is true for the coding spaces of continuous topologically transitive
piecewise monotonic interval maps [Buz04|, and conjectured that the result remains true
without the assumption that the map is continuousH The result is known for a broad class
of non-uniformly expanding interval maps [LRL14], and for S-shifts [CT13], Proposition 3.1]
and S-gap shifts [CTY1T7, (5.1)]. The proofs of this result for S-shifts and for S-gap shifts
are very specific to these examples and in particular do not pass to their factors.

In the other direction, if X is the coded shift generated by {0"1" | n € N}, then ¢ = t1

is not hyperbolic for |¢| sufficiently large [Conl.

Question 1.13. Is there an axiomatic condition on a shift space X, weaker than specification
(perhaps some form of non-uniform specification), guaranteeing that every Holder potential
on X is hyperbolic? Is there such a condition that is preserved under passing to factors? In
particular, does every subshift factor of a S-shift or an S-gap shift have the property that
every Holder potential is hyperbolic?

Remark 1.14. Since this paper was completed, the author and V. Cyr have shown that if
there is G C L satisfying||1||such that every w € £ can be transformed into a word in G by
changing at most o(log |w|) of its symbols, then every Holder potential on X is hyperbolic
[CC]. This condition passes to factors and settles the above question in the affirmative for
subshift factors of S-shifts. However, S-gap shifts require more edits than this result allows,
so the question for subshift factors of S-gap shifts is still open.

Acknowledgments. I am grateful to the anonymous referees for many comments that
improved the exposition and for spotting errors in earlier versions of the result on factors and
of Lemma the latter, which was also pointed out to me by Qu Congcong, necessitated
a change in the formulation of condition from previous versions. I am also grateful to
Omri Sarig for clarifying aspects of strong positive recurrence as they appear in and
to Dominik Kwietniak for introducing me to cocyclic subshifts and [Kwa00, Kwa04].

2. DEFINITIONS

2.1. Shift spaces and thermodynamic formalism. As in we write L C A* for
the language of a shift space X over a finite alphabet A. When we work with an indexed
collection of words, we write indices as superscripts; thus w', w? represent two different
words, while wy, wsy represent the first and second symbols in the word w. We write |w| for
the length of a word w; given 1 < i < j < |w|, we write Wi 5] = Wi+ Wy When convenient,
we write w(; j = wi11,;], and similarly for wy; ;) and w(; ;). We use the same notation for
subwords of an infinite sequence z € X, allowing ¢ = —o0 or j = oc.

Juxtaposition denotes concatenation and will be used liberally throughout the paper both
for words and for collections of words; for example, given w € A*, we will have occasion to

10The Hélder condition on the potential is with respect to the coding space, not the interval itself; Holder
on the interval is not enough, as the Manneville-Pomeau example shows.
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refer to the following sets, or similar ones:

wL N L = the set of all words in £ that begin with w,

L\ LwL = the set of all words in £ that do not contain w as a subword.
Given a collection D C L, we write
D, :={w €D | |w| =n}, D<p :={w € D | |w| < n}, D>y :={w €D | |w| > n}.

We recall the basics of thermodynamic formalism (adapted to the symbolic setting) and fix

our notation. See [Wal82| [CT12] [CT13] for further details. Given a continuous function

¢: X = R, called a potential, let S,p(z) = ;‘;01 ¢(0ix) and define ¢: L — R by

(2.1) (w) = Su[p] Sjw|p(),
Te|w

where [w] := {x € X | z[g|,|) = w} is the cylinder defined by w. Given D C L, let

; 1
2.2 An(D, @) = P(w) P(D, ) := Iim = log A, (D, ).
(2:2) (D, ) wgne : (D) = Tim_ —log An(D, )

The first quantity is the partition sum of ¢ on D, and the second is the pressure of ¢
on D; note that this agrees with (1.1]). It follows from (2.1)) and (2.2)) that

(2.3) IP(D, 0+ 1) — P(D, )| < [[6]| = sup{le(a)] : o € X}
for all D C £ and continuous ¢, 1. We will need the following consequence of :
(2.4) P(CUD, ) =max{P(C,y), P(D,p)} for every C,D C L.

When D = L we write A, (@) := Ap(L, ) and P(p) := P(L,p). In we defined P(yp)
as sup{h(u) + [odu : p € My(X)}, where M,(X) is the space of all o-invariant Borel
probability measures on X, and h(u) is the measure-theoretic (Kolmogorov—Sinai) entropy.
This agrees with the above definition by the variational principle [Wal82, Theorem 9.10].
A measure p € M,(X) achieving the supremum is an equilibrium state.

When ¢ = 0 we write h(D) := P(D,0) for the entropy of D, and h(X) := h(L) for
the topological entropy of the shift space X; an equilibrium state for ¢ = 0 is called a
measure of maximal entropy.

Because o is expansive, the map p — h(u)+ [ ¢ du is upper semicontinuous on the weak™*
compact set of all invariant Borel probability measures, so it achieves its supremum. Thus
equilibrium states exist for all continuous ¢: X — R. To get uniqueness and statistical
properties, we require a regularity condition on . Given 8 > 0, let

el g == sup{|e(z) — e(y)| /d(z,y)" : z,y € X, 2 # y}.
Write C#(X) := {¢: X — R continuous : lplg < oo}. Note that for every n > 0, we have
(2.5) lp(z) — o) < lels e P" whenever z,y € X satisfy x; = yj, for all |k < n.

We write Cn(X) = Ugso CB(X) for the set of all Holder functions. In addition to the
Hoélder semi-norm [p|5 we will use the Holder norm |[|¢[[5 := [|¢[| + |¢]5. We note that

(2.6) lpooll =lell and |poo|, <ellpl,.



SPECIFICATION AND TOWERS IN SHIFT SPACES 11

We also work with Markov shifts on an infinite alphabet: given a directed graph with
a countably infinite vertex set V', one defines a countable-state Markov shift ¥ c V7%
by the condition that z € V% is in ¥ iff the graph contains an edge from z, to z,; for
every n € Z. One-sided shifts are defined similarly. We write T': 3 — % for the shift map
in the countable-state Markov case, to distinguish from the shift o: X — X. All of our
countable-state Markov shifts are topologically transitive: for any a,b € V there is a
path in the graph that leads from a to b. Given a vertex a € V, let

Per,(3,a) :={z € ¥ :T"z = z and zp = a},

2.7
27) Per} (X,a) :={z € Pery(a) : z; #a forall 1 <i<n-—1}.

We also write

(2.8) Per(X,a) := U Per,(3,a) and Per,(X):= U Per,, (3, a).
neN acV

Let ¥ be topologically transitive and put

(2.9) d=d(X) := ged{n € N: Per,(X) # 0}.

Then ¥ is topologically mixing if d = 1, and when d > 1 there is a spectral decompo-
sition of ¥ into disjoint closed sets %o, ..., g1 such that T(3;) = X(;11) moa 4 and each
(;,T%) is a topologically mixing countable-state Markov shift upon recoding by cylinders
of length d [Kit98 Remark 7.1.35].

Given a countable-state Markov shift ¥ and a shift X on a finite alphabet A, we will be
interested in 1-block codes 7: ¥ — X; this means that there is a map 7: V' — A such
that 7(z), = 7(z,) for every index n.

We use the thermodynamic formalism for countable-state Markov shifts developed by
Sarig and co-authors in [Sar99 [BS03| [CS09]. Those results are for one-sided shifts, but
standard techniques extend the parts we need to two-sided shifts; see

As above, |®|; = sup{|®(z) — ®(z')| /d(z, 2')? . z,2' € ¥,z # 7'} is the Holder semi-norm
of , and C#(X) ={®: ¥ - R: |®]5 < oo}, so that for every n > 0 we have

(210)  |®(z) — ®(z')| < [P, e 7" whenever z,7' € X satisfy z;, = z), for all |k| < n.

Let Ch(X) == Ugso CP(X) be the set of Holder continuous functionsﬂ Given @ € CL (%)
and a € V, write

(2.11) Zn(®,a) := Z €Sn<b(z)’ Z5(®,a) = Z oSn®(2)
z€Per,, (2,a) z€Per}, (X,a)

These vanish if n is not a multiple of d from 1’ The Gurevich pressure of @ is

— 1
(2.12) Pg(®) := lim —log Z,(®,a);

n—00 M

Hgarig’s results hold for the broader class of locally Hélder continuous ®, for which there is |®|5
such that holds for all n > 1, with no requirement on n = 0; equivalently, with no requirement that
® be bounded. All the potentials we deal with will be bounded.

12The definitions here are used by Sarig in the topologically mixing case d = 1; since the shifts we use
may have d > 1 before we apply the spectral decomposition, we make these definitions more generally. See
also [BS03] for the extension from transitivity to mixing.



12 VAUGHN CLIMENHAGA

this is independent of a by topological transitivity. If 3 is topologically mixing then the
limit exists. When ® = 0 we obtain the Gurevich entropy hg(X) = Pg(0).

The potential ® is strongly positive recurrent (SPR) if
(2.13) lim — log ZMN®,a) < Pa(®).

n—o00 n

The definition of SPR in [Sar01] is given in terms of positivity of a certain discriminant.
Equivalence of the two definitions (in the topologically mixing case) follows from [Sar(01]
but is not explicitly stated there; for completeness we prove it in

2.2. Statistical properties. We recall several statistical properties a measure can have,
which will all be satisfied for the unique equilibrium state produced by [[1]]

2.2.1. Gibbs property. Given G C L and ¢: X — R, we say that u has the Gibbs property
for ¢ on G if there is 1 > 0 such thatEg]

for every w € L, we have plw] < Qe 1wIP@+e(w). anq

(2.14) o~ 1wl P(o)+p(w)

for every w € G, we have u[w] > Q

Note that the lower bound is only required on G, while the upper bound holds on all of L.
This weakened version of the Gibbs property was introduced in [CT12, [CT13].

2.2.2. Periodic orbits. For n € N, let Per,,(X) = {x € X | 0"z = z} be the set of n-periodic
points. Note that Per,(X) is finite. Let

1 " -
SW(@Z Z eSkela) s

n
Zk:l ZxEPerk(X) € k=1 z€Per;(X)

(2.15) [in =

be the p-weighted periodic orbit measure corresponding to periodic orbits of length
at most n. Say that p is the limiting distribution of p-weighted periodic orbits if
1, converges to p in the weak™ topology.

2.2.3. Bernoulli property. Given a state space S and a probability vector p = (pg)qes, the
Bernoulli scheme with probability vector p is (S%, o, pp), where o is the left shift map

and pp,[w] = HZ 1pal for every w € S*. When X is a two-sided shift space, we say that p
has the Bernoulli property up to a period if there are disjoint sets Yp,...,Y; 1 C X
such that p(U) Y:) =1, o(V;) = Y(i4+1) mod ¢> and (Y, o, uly, - d) is measure-theoretically
isomorphic to a Bernoulli scheme. In particular, this means that (X,o,pu) is measure-
theoretically isomorphic to the direct product of a Bernoulli scheme and a finite rotation.

The analogous property for one-sided shifts is stronger than we can reasonably expect to
obtain in general, since entropy is not a complete invariant of one-sided Bernoulli schemes.
Thus for one-sided shift spaces, all that our results give regarding the Bernoulli property is
that the natural extension is Bernoulli up to a period.

L3We will use Q1,Q2, ... to denote ‘global constants’ that are referred to throughout the paper. We will
use K or C for ‘local constants’ that appear only within the proof of a given lemma or proposition, and are
not used for more than one or two paragraphs.
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2.2.4. Decay of correlations. Let (X, o, ) be a shift space with an invariant measure .
Given 91,19: X — R, consider the correlation functions

Corl(wr, ) i= [(ro0™)badp — [vrd [ vadp

Here we take n € N if X is one-sided, and n € Z is X is two-sided. We say that the system
has exponential decay of correlations for observables in C#(X) if there is 6 € (0,1)
such that for every 11,19 € C?(X) there is K (¢1,13) > 0 such that

(2.16) |Cork (1)1,12)| < K (11, wg)ﬁw for every n.

Since Cor¥ is linear in both 11,19, it suffices to consider the case [1du = [odu =0,
so Cork(11,19) = [(¢1 0 0™)ha du. Tt is also worth noting that although does not
specify how K depends on 11, 92, we can use the following lemma, proved in to deduce
existence of C' > 0 such that K (1, ¢2) = C|[¢h1]|s]|¢2]| 5 satisfies (2.16).

Lemma 2.1. Let (By, || - ||1) and (Ba,| - ||2) be Banach spaces, and {F;: By x By — R}ier
a family of continuous bilinear functions. Suppose A: I — (0,00) is such that for every
Y1 € By and 1y € Ba, there is K(11,1¢2) > 0 such that |F;(1,¢2)| < K(1,12)A(i) for
all i € I. Then there is C > 0 such that for all ¢y € By, ¥ € By, and i € I, we have

[Ei (41, ¢2)| < Clignllallvhal2A(2).

Lemma applies to the estimate in by taking I = Z for two-sided shifts and
I =N for one-sided shifts, then putting F, (11, v9) = Cort (i1, ) and A(i) = i,

As with the Bernoulli property, we say that (X, o, 1) has exponential decay of correlations
up to a period if if there are disjoint sets Yp,..., Yy 1 C X such that ,u(U;i;Ol Y:) =1,
o(Yi) = Y1) mod d» and (Y7, o, uly; - d) has exponential decay of correlations.

2.2.5. Central limit theorem. Given (X,o,u) as above and ¥: X — R, we say that the
central limit theorem holds for % if ﬁSn(w — [ % du) converges in distribution to a

normal distribution A (0, o) for some o, > 0; that is, if

. 1 _ 1 T #2/(202)
s el | 75 (St = foan) < = o [ eV

for every 7 € R. (When oy = 0 the convergence is to the Heaviside function.) Say that
1) is cohomologous to a constant if there are a p-integrable function u: X — R and a
constant ¢ € R such that ¢ (z) = u(z) — u(ox) + ¢ for p-a.e. x € X. One generally expects
that oy, = 0 if and only if ¢ is cohomologous to a constant. This will hold for us as well.

3. INTERMEDIATE RESULTS AND STRUCTURE OF THE PROOFS

We will prove Theorem via Theorems and below (and their corollaries); for
Theorem see Theorem The strategy for Theorem [1.2]is to use |[I]H[III]| to produce
F C L satisfying the following free concatenation property, which is just|[I]{with 7 = 0

[Ip] Given any v,w € F we have vw € F.

Mwhen 7 = 0, the gluing word u is forced to be the empty word, and thus is independent of v, w.
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Once the collection F has been produced there is a natural way to construct a countable-
state Markov shift 3 that represents (part of) X. Writing

(3.1) I=1(F):=F\FF ={we F|w# uv for any non-trivial u,v € F}
for the set of irreducible elements of F B we use the alphabet
(3.2) Ar={(w,k) e IxN|weland 1<k <|wl}

think of (w, k) as representing the state “we are currently in the word w, and have seen the

first k symbols of w”. Let ¥ = X(F) C (A;)? be the Markov shift with transitions

- (w, k) = (w,k+1) forany we I and 1 <k < |w|,

(3:3) (w, |Jw|) = (v,1) for any w,v € I.

Then ¥ is topologically transitive, and the value d from ({2.9)) is given by d = ged{|w| : w €

F}. In particular, ¥ is topologically mixing if and only if ged{|w|: w € F} = 1. Define a

1-block code 7: ¥ — X by (w, k) — wy, the kth symbol of w. For ¥ and 7 to satisfy the

conclusions of Theorem we need two more conditions on I and F = I*.

[IT'] P(I,¢) < P(yp), and there are EP,E°% C L with P(EPUESU (L \ EPFE®), ) < P(yp).

Note that if F satisfies |[IT']} then G = F satisfies with CP® = P, We also need the

following variant of [I11]]

[IIT*] If x € X and @ < j < k < £ are integers such that T k), L5,0) € F, and there are

a < jand b > k such that z(q ;), T p) € F, then zp; ;) € F.

To compare [[IIT*]| and |[TIT]| it is helpful to reformulate the latter as followsm

[ITI] There is L € N such that if z € X and i < j < k < ¢ are integers such that k —j > L
and (i), 2(j.0) € G, then k), Zjie) € G-

Figure [3.1] illustrates both conditions. Although i, j, k, ¢ must appear in the order shown, a

can be to either side of ¢ (or equal to it), so long as a < j; similarly, there is no constraint

on b and ¢. There is no requirement in |[IIT*]|that k& — j be large; in practice we will produce

F such that every overlap has length at least L, so the case k — j < L will never arise.

ZL/ ,] :Eg ¢ aefj e F Vi
| 1 1 1 1
T I T

L —— ~%/—/'W—"
v Egu k EJ:U k e F b
[L11] (I117]
= =
T T
13 eg 4

FIGURE 3.1. Conditions |[IIT]|| and III*L

Condition ([IIT]| implies the following two conditions (but not vice versa). These can be
used in its place in Theorems and [1.20""| which is useful for the applications in [CP].

Loywe adopt the convention that F does not contain the empty word.

L6Note that has no requirement on k — j, while @ does not ask for a,b, so neither of these
conditions implies the other one.

1TWe will use [I11.]| repeatedly, while only appears once (see the footnote at the end of .
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[III,] There is L such that if wv,vw € G, |v| > L, and uvw € L, then v € G.
[ITI,] There is L such that if wv,vw € G, |v] > L, and zuvw € G for some = € L, then
uvw € G.

The following result gives one half of the proof of Theorem [I.2} the other half is given by
Theorem and its Corollaries 3.4 and 3.8

Theorem 3.1. Let X be a one- or two-sided shift space on a finite alphabet, and let ¢ €

Ch(X). Suppose there is G C L = L(X) satisfying [I]} [IL]], [TIL.]l and [IIL,]] Then there

is F C L satisfying |[Lol}, [IT']l, and|[III*]| such that a measure p has the Gibbs property for

@ on G if and only if it has the Gibbs property for ¢ on F. If in addition G satisfies

[I'] there is T € N such that for allv,w € G, there is u € L with |u| = T such that v'uw’ € G
whenever v € G is a suffiz of v and w' € G is a prefix of w,

then ged{|w| | w € F} = ged{|v|+ 7| v € G}.

The proof of Theorem [3.1] is given in 7]

Remark 3.2. Although Theorem guarantees that & := TUEP U ES U (L \ EPFE®) has
P(&,¢) < P(p) (by [[IT']), we may have P(E, ) > P(CPUC*U(L\CPGC®, ¢). This happens
already for SFTs; let X be the SFT on the alphabet {1,...,k} where x is allowed if and
only if &y 41 — x, = 1 or 2 (mod k) for every n. Then h(X) = log2, and we show in
that if F C L is any collection satisfying then for every choice of EP, 5 C L we have
h(&) > h(X) — %. This is despite the fact that £ itself has specification and so we can
take G = £ and CP = C® = () in Theorem

Once we have obtained F satisfying [[To]} [[IT]} and [[TIT*]| the relationship between ¥
and X is given by the following result; see Figure for the overall structure.

Theorem 3.3. Let X be a two-sided shift space on a finite alphabet with language L, and

let ¢ € Cw(X). Suppose that F C L satisfies and let I = F\ FF. Let ¥,7 be as in

B.1)-@3)-

(A) If F satisfies [IIT]| then m is 1-1 on X.

(B) I is uniquely decipherable if and only if w is 1-1 on Per(X,a) for every a € Aj.

(C) If I is uniquely decipherable and F satisfies[[IT']| then ® = pom € Ch(X) has Po(®) =
P(p) and is strongly positive recurrent.

(D) If F satisfies[[IT']| then there is P' < P(y) such that every ergodic i € M,(X) with
h(p) 4+ [@du > P satisfies p(m (X)) = lﬁff

(E) If I is uniquely decipherable and F satisfies then there is P' < P(p) such that
every ergodic pn € My (X) with h(p) + [ @dp > P' has #7(z) < 0o p-a.e.

(F) If u is a o-invariant probability measure on (%) and p-a.e. x has #r~(z) < oo, then
there is a T-invariant measure v on ¥ such that = mv and h(pn) = h(v)

(G) If I is a generating set for X and D =D(I) :={w € L | uwv € I for some u,v € L}
has the property that P(D(I),¢) < P(y), then F = I* satisfies [IT']

181f 7 is 1-1, this immediately implies the liftability condition = 7.v by taking v := (7~ !).u. Without
injectivity the situation is more delicate.

19This differs from the rest of the statements in the theorem in that it is simply a special case of a
standard result on finite-to-one measurable factor maps; see Lemma
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(HY If F satisfies |[IT'], then there is at least one equilibrium state p that has the Gibbs
property for ¢ on F.

Theorem is proved in §5] and is illustrated by Figure [3.2] The properties involving
p in the last row of that figure are to hold for every ergodic pu with h(p) + [@du > P,
where P’ is some threshold < P(yp); in particular, they hold for every equilibrium state
(since every ergodic component of an equilibrium state is itself an equilibrium state)m
The labels on the arrows indicate which part of Theorem [3.3] establishes the corresponding
implication. Two arrows leading to a single property indicate an “and” relationship: both
of the corresponding hypotheses are required to deduce the conclusion.

[TT] P(D(1),¢) < P(p)]
) (G)]
mis 1-1 (B)] | I uniquely [T [(H)) 3 u, Gibbs

on Per(3,a) decipherable for ¢ on F
/ @

Pg(®) = P(p) 4@/ El v, p=mw

& SPR #rt <ool @y — )

@ H-a.e.

FI1GURE 3.2. The logical structure of Theorem with conclusions @ and
@ of Theorem marked.

Corollary 3.4. Let X be a two-sided shift space on a finite alphabet, and let p € Cp(X).
Suppose F C L(X) satisﬁes M7, and[[TIT]|, and let ¥ be the two-sided countable-state
Markov shift given by (3.1)~(3.3). Then the 1-block code w: ¥ — X defined by (w, k) — wg,
is 1-1, and conclusions @@ of Theorem hold. Moreover, (X,o,¢) has at least one
equilibrium state satisfying the Gibbs property for ¢ on F.

Proof. Follows from parts [(A)] [B)] [[C)] [(D)] and [(H)] of Theorem O

We remark that as in Theorem [3.3] the equilibrium state in Corollaries [3.4] 3.5}, and [3.§]
is in fact unique, but we need Theorem [3.9] to prove this.

Corollary 3.5. Let X be a coded shift, and suppose I is a uniquely decipherable generating
set with P(D(I),¢) < P(p) for some ¢ € Cy(X). Let ¥ be the two-sided countable-state
Markov shift defined in f, and w: % — X the I1-block code defined there. Then
there is P' < P(p) such that if p € My(X) is ergodic and has h(p) + [@du > P’, then
p-a.e. ¥ € X has #m1(x) < co. Moreover, 7 is 1-1 on Per(X,a) for every state a of ¥;

conclusions |(a)H(b)| of Theorem hold; and (X,0,¢) has at least one equilibrium state
satisfying the Gibbs property for ¢ on F = I*.

2011 fact we will eventually prove a posteriori that the equilibrium state is unique, but this must wait

until Theorem
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Proof. Follows from parts |(G)], [(C)} (D)), and of Theorem O

The following example shows that without condition [[IIT*]|or unique decipherability, the
coding map 7 can fail to relate equilibrium states on ¥ to equilibrium states on X.

Ezample 3.6. Let X C {0,1}? be the SFT defined by forbidding the word 111, and let
F = {0} U{w € L>2 : w neither starts nor ends with the word 11}. Then F satisfies
we get [ = I(F) = {0,01,10,101} as the irreducible elements of F, and D(I) is finite so
P(D(I),¢) < P(p) for all ¢ € Cy(X). However, 010 = (01)(0) = (0)(10) € F has two
different “factorisations’; in particular, 7~!(x) is uncountable whenever z contains infinitely

many copies of the word 010. It is not hard to show that |[IIT*]| fails and h(X) > h(X).

For one-sided shift spaces, it turns out that injectivity (even on a set of full measure) is
too much to ask for.

Ezample 3.7. Let X C {0,1}" be the one-sided SFT defined by forbidding the word 11,
and let F = {w € L(X) : wy,| # 1}. One can easily check that I = {0,10} and conditions
I[To]l [IT'], and [[IIT*]| are satisfied, but every = € X starting with the symbol 0 has two
preimages under 7.

Consequently, in the following version of Corollary for one-sided shifts, we can only
deduce the weaker version of injectivity given in (|1.2]).

Corollary 3.8. Let X be a one-sided shift space on a finite alphabet, and let p € Cp(X).

. ; . NU{0} .
Suppose F C L(X) satisfies [IT']|, and |[IIT*]. Let ¥ C A; be the one-sided
countable-state Markov shift given by (3.1)—(3.3), and 7 the 1-block code there. Then (|1.2))
holds (and thus the map m is 1-1 on Per(X) := U,enPern(X)); conclusions |(a)H(b)| of
Theorem hold; and (X,o,¢) has at least one equilibrium state satisfying the Gibbs
property for ¢ on F.

Corollary [3-§|is proved in §5.6l Now Theorem [I.2|follows from Theorem [.I]and Corollar-
ies[3.4] and [3.8] Theorem [I.3]is an immediate corollary of the following result, which differs
from it only by clarifying that an even weaker injectivity property@ than suffices to
deduce everything except the precise value of the period; this allows it to be used with
Corollary [3.5 to prove Theorem [I.8]

Theorem 3.9. Let (X,0) be a one- or two-sided shift space on a finite alphabet, and let
v € Cu(X). Suppose that there is a topologically transitive countable-state Markov shift
(X,T) and a 1-block code : ¥ — X such that there is a state a for ¥ such that 7 is 1-1 on
Per,, (X, a) for alln € N, and in addition properties @@ from Theorem hold. Then
Po(pom) = P(p), and (X, ) has a unique equilibrium state u, which satisfies conclusions
(Gi)H(vi)| of Theorem[1.1. The period d in[(iv)| is a factor of p = ged{k : Pery(X) # 0}, and
d=pif holds[n the case when X is two-sided, (X, p,n) is Bernoulli up to the
period d.

Theorem is proved in using the existing literature on countable-state Markov
shifts. We use the results formulated by Cyr and Sarig [CS09], but the work of Young
[You98| [You99] should certainly be mentioned here as well.

2 njectivity on ¥ implies (T.2), which in turn implies injectivity on Per, (3, a) for every a,n.
221y particular, d = p if 7 is injective on X.
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4. PREPARATION FOR THE PROOFS

4.1. Ergodic theorems. In the proof of Theorem [3.3] we will need mild strengthenings of
the Birkhoff and Shannon-McMillan—Breiman ergodic theorems. These are general results
that hold beyond the setting of this paper. Throughout this section, (X,T,u) is any
invertible ergodic measure-preserving transformation.

The Birkhoff ergodic theorem [Pet89, Theorem 2.2.3] says that if f: X — R is an L'
function, then for p-a.e. z € X and every ¢ > 0 there is N = N(x,¢) such that for all
n > N we have |15, f(z) — [ fdu| < e. We start with an elementary lemma.

Lemma 4.1. For all (X,T,p) as above, all f € Ll(){,u), and p-a.e. x, the function
fa(2) = max{|f(T*z)| | —n < k < n} satisfies limy_,o0 £ fn(x) = 0.

Proof. By Birkhoff’s ergodic theorem, p-a.e. x has the property that %ZZ;& f(T*z) and
%Z’,;‘;(l) f(T~%z) both converge; each such z has L f(T"z) — 0 and % f(T""z) — 0. Let
kn, € [-n,n] be such that f,(z) = f(T* z). If there is K € N such that |k,| < K for
all n, then 1|f,(z)| < 1|fx(z)| — 0. If there is no such K, then |k,| — oo since it is
nondecreasing, and since |k,| < n we get %|fn(:c)| < |f(T*n2)/ky| — 0. O

Theorem 4.2. If (X, T, ) is an invertible ergodic measure-preserving transformation and
f: X — Ris an L' function, then for p-a.e. v € X and every ¢ > 0 there is N = N(x,¢)
such that for alln > N and € € [0,n] we have |LS, f(T~*z) — [ fdu| <e.

Proof. Without loss of generality assume that [ fdu = 0 (else replace f by f — [ fdu).
Applying Birkhoff’s theorem to 7" and 7!, for every 0 < ¢ < 1 and p-a.e. x € X there
is No € N such that for all n > Ny we have |S,, f(z)| < ne/2 and |S,(f~"z)| < ne/2. Let
M = max(1, fy,(z)) and N = 2M Ny/e. Given n > N and £ € [0,7n], we are in one of the
following three cases: (i) ¢,n — ¢ > Np; (ii) £ < Ng and n — € > N — Ng > M Ny/e > Ny;
(iii) n — £ < Ng and £ > M Ny/e > Ny. In the first case our choice of Ny gives

1S, F(T~%2)| < |Sef (T )| + |Sn_ef ()] < e/2+ (n—£)e/2 = ne/2 < ne.
In the second case our definition of M and N gives NoM = Ne/2 < ne/2, so
S0 f (T~ 2)| < [Sef (T~ 2)| + |Sn—rf (x)| < NoM + (n — £)e/2 < ne,
and the third case is similar, which proves the theorem. U
Given a countable (or finite) measurable partition a of X, write a(z) for the partition
element containing x, and for integers ¢ < j, write ag = Vi: T~ *a. Recall that

H,(a):= Z —u(A)log u(A), hu(a,T) := lim lHH(ag).

n—oo
A€a n

The Shannon-McMillan-Breiman theorem [Pet89, Theorem 6.2.3] says that if H,(a) < oo,
then for p-a.e. x € X and every € > 0 there is N = N(x,¢) such that for all n > N we
have | — Llog p(af(z)) — hu(a, T)| < e.

Theorem 4.3. If (X, T, u) is an invertible ergodic measure-preserving transformation and
a is a countable measurable partition with H,(a) < oo, then for p-a.e. v € X and every
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e > 0 there is N = N(x,¢) such that for alln > N and £ € [0,n] we have
1
(4.1) - log u(a’i}e(a:)) — hu(o, T)| < e.

Proof. We adapt the standard argument to get the Shannon—McMillan—Breiman theorem
from Birkhoff’s theorem [Pet89, Theorem 6.2.3], using Theorem where necessary.

Let I,,(z) = —log pu(af(z)) and fy(z) = I(z) — In_1(Tz) = —log (ﬁggggg). Note that

I, fn 2 0. Then f* :=sup,>; fn € L' [Pet89, Corollary 6.2.2], and as shown in the proof
of [Pet89, Theorem 6.2.3], we have f, — f > 0 both pointwise a.e. and in L', where f is an
L' function such that [ f du = h,(a, T). Moreover, iterating the relation I, = f,,+1I,—10T

gives Iy = fn 4+ fac1 0T + I 00T? =... = Zz;é foroT*, and so
1 n—e L. e 1 —t 1= ket
(42) = —logu(a™y (2)) = ~L(T~"%) = —S, f(T~"2) + = 3" (fuos — H(T*"2).
n n n ni=

By Theorem for p-a.e. x and every € > 0 there is IV such that for all n > N, we have
1 -

— |t - [ s

Thus to prove (4.1)) it suffices to find N’ such that for all n > N" and 0 < ¢ < n, we have

%Snf(T_el‘) — hu(a,T)

€
< -
-2

n—1
(4.3) =S | (fus — D) < .
n i 2
Givenm € N, let Fi, = sup;>,, | fj — f|. Then0 < F,, < f*+f € L', and F,,, — 0 pointwise
a.e., so by the dominated convergence theorem there is m such that 0 < [ F,,, du < /4.
We control the part of the sum in with £ < n —m by applying Theorem to Fip,
obtaining N; € N such that for all n > Ny and ¢ € [0, n] we have

(4.4) =3 |k = HI )| < = 30 BT ) < =
n n 4
k=0 k=0
To control the part of the sum with & > n — m, note that |f,_ — f| < g := f*+ f € L'
for all k, so by Lemma we have

n—1 n—1
LY e DT 52 Y (T < D) -0
k=n—m+1 k=n—m+1

as n — oo since m is fixed. Choosing Ny € N such that ™g,(z) < /4 for all n > Nj, we
can add this to (4.4) and obtain (4.3)) for all n > N’ := max(N1, Na) and 0 < £ < n. O

4.2. Bounded distortion and counting estimates. Now we return to the setting of
symbolic dynamics. Let X be a one- or two-sided shift space, and L its language. Given
B > 0and ¢ € CP(X), we see that for every w € L, and every z,y € [w], [2.5) yields

‘gp(akx) - cp(aky)‘ < leplg e~ Amin(k.n=k) for all 0 < k < n, so that in particular

(4.5) 1Sne(x) — Snp(y)] < 2]l > e =i |plq < oc.
j=0
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This can be thought of as a bounded distortion condition, and we think of ||, as the bound
on distortion of S, within an n-cylinder.
It follows from (|4.5)) that for every v, w € L such that vw € L, we have

(4.6) P(v) + p(w) — [iplg < Slow) < S(v) + G(w).
(The upper bound is immediate from ({2.1)).)

In the proofs of both Theorems [3.1] and [3:3] we will need various estimates on partition
sums over £ and over G. We start with the general observation that given C,D C £ and
m,n € N, the bound @(uv) < $(u) + ¢(v) gives
(4.7) AminCnDa ML) < > 37 ePWe?M) = A (C,0)An(D, ¢);

u€Cy, vED,,
this will be used in several places, as will the following consequence.

Lemma 4.4. Given C,D C L, we have P(CDNL, ) < max{P(C, ), P(D,¢)}. Thus if G
satisfies then P(G, ) = P(p), and if F satisfies |[II']| then P(F,¢) = P(y).

Proof. Let P’ > max{P(C,¢), P(D,¢)} be arbitrary; then there is C' > 0 such that
Ai(C @) < CeFr and Ay(D, @) < Cet™ for all k,¢ € N, and gives
An(CDN L, p) < 3 AK(C 9)An k(D) < Y- (CFF)(Cel™MP) = (4 1)C2%en",
k=0 k=0

so P(CDNL,p) < P'. Sending P’ \,max{P(C, ), P(D,¢)} completes the proof. O

The following are similar to estimates appearing in [CT12, Lemmas 5.1-5.4] and [CT13,
Section 5]. The chief difference here is that we may have £\ CPGC® # (), but because the
pressure of this collection is controlled, we get the same results.

Lemma 4.5. Let X be a shift space on a finite alphabet and ¢ € Cy(X). Let G C L(X) be
such that and hold. Then there is Q2 > 0 such that for every n we have

(4.8) e"Ple) < Ay () < QoemPP).

Furthermore, there are Q3 > 0 and N,ng € N such that for every n > ng there is j €
(n — N, n] with

(4.9) Aj(G.¢) = Qael ().

Proof. For the first inequality in (4.8]), we start by observing that Ly, C L,L, - L, (k
times), and so by iterating (4.7) we get

(4.10) Agn(p) < An(‘P)k,

which yields ﬁ log Akn () < % log Ay (). Sending k& — oo gives the first half of (4.8]). Next
we use [[I]|and (4.5]) to prove that there is C' > 0, independent of n, such that

(4.11) An(G,p) < CemP@)

for every n; then we use and to prove the second half of .

By |[I]| there is a map 7: G, x G, — G given by 7(v,w) = vuw, where u € L depends
on v, w but always satisfies |u| < 7. Iterating and abusing notation slightly gives a map
7: (Gn)* — G of the form w(vt, ..., vF) = vlule? - .- u#~1v*. This map may not be injective
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but we can control its multiplicity by observing that each u’ has length in {0,...,7},
and so #7 '(w) < (7 + 1)* 1. Truncating m(w) to the first kn symbols gives a map
71 (Gn)* — Lux; because we delete at most k7 symbols, the multiplicity of this truncation
map is < (#A4 + 1)¥. Thus for each w € L, we have #7~H(w) < (7 + 1)F L (#A + 1)+,
Furthermore, (4.6)) yields
plotul - ) > p(oh) -+ () = k(Tllell + [ola),
and since truncation deletes at most k7 symbols, we have
(a0 > poh) + -+ o(0F) = C'k
for some C’ independent of n, k, v, ..., v*. It follows that

An(p) > (T + 1) 7F(HA+ 1) Fe kN, (G, )",

1 1 1
7108 Akn(9) = —log An(G, ) — —(C" +1log(7 +1) + 7log(#A + 1))
Sending k — oo gives ({4.11]).

By condition there is € > 0 and K > 0 such that
(4.12) A (CPUCS, @) < KeMP(9)=e)
(4.13) An(L\ CPGC3, ) < Ken(P(¥)=e)

for all n. From ([.13) we get A, () < An(CPGCS, ) + KeMP(#)=¢) 5o it suffices to prove
the upper bound in (4.8)) for A, (CPGC®, ).

Write a; = A;(G,p)e 7P(#) and observe that a; < C by (&11). Since every word
x € (CPGC®),, can be decomposed as = = uvw where u € CP, v € G, and w € C®, we have

i+j+k=n
2 i(P(p)— j P k(P(p)—
i <K .Z_ (H(P#)=2) 4 (TPP) k(Pl)—2)
i+j+k=n
n
= K26np(<,0) Z ajef(iJrk)E _ KZGnP(QD) Z an—m(m + 1)efm€‘
i+j+k=n m=0

Because ap—m < C and Y,,~o(m + 1)e”™° < oo, this proves the second half of (4.8)).

Finally, we use (#.13) and (4.14) to show (4.9). Note that it suffices to produce j €
(n — N,n] with a; > Q3. Using (4.13), (4.14]) and the first half of (4.8)), we have

enPP) _ genP@)=2) < A, (CPGCS, @) < K2enT(¥) Z Ap—m(m+1)e” ™,
m=0

me

which yields % <1-Ke ™ < K23 _gan—m(m+1)e”
chosen such that Ke 0% < % Thus we can use the inequality a,—m < @2 to get

whenever n > ng, where ng is

N-1

1 _ _
§K 2 < Z p—m(m 4+ 1)e™ ™ 4+ Z Qa(m + 1)e™ ™.
m=0 m>N
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Let N be large enough that K’ := %K‘Q — Q2 p>n(m+1)e™™ >0, and let Q3 > 0 be
small enough that (m + 1)6_”‘8 < K'/(NQs3) for all m > 0. Then

K/Nl N-1
NQ3ZaanZanmm+1 mEZK/ = Zanm>Q37

so there is 0 < m < N with a,_,, > @3, which completes the proof of Lemma [4.5 O

Lemma leads to the following bound. Given v € L and 1 < i <n — k, consider
(4.15) Hn(v,7) = {w € Ly | wijipp) = v},

the set of words where v appears starting in index 7, but the entries of w before ¢ and after
i + k are free to vary (this is the finite-length analogue of a cylinder set). We will mostly
be interested in the case when v € G. We will also need to consider

(4.16) G ={wpg:wegG1<i<|w]} and H"(v)=G"NovL.

We have the following non-stationary version of the Gibbs property (for the measure-
theoretic equivalent, see [CT13] §5.2] and §2.2.1)).

Proposition 4.6. If G satisfies and ([I1]|, then there is Q4 > 0 such that for every
1<i<i+k<n, we have

An(Hn(v,1),0) < Que"FIP@ITEW) for every v € Ly,

A (Hn(v,1), @) > Qfe("_k)P(“"H@(”) for every v € Gy,

and similarly, for every 1 < k <n, we have

(4.18) Ap(HH(0),0) > Q7 LePRIPOF2W) for every v e Gir.

Proof. For the upper bound in , observe that gives
An(Hn(v,1),9) < Mi(L,9)? Ny i1 (£, 0),

and using gives A (Hn(v,1), ) < (Qo)2e(=RIP(P) (V)

length < 71

/ \ n+‘r+\

|—|—|—H—| |
1 z+k "

(4.17)

FIGURE 4.1. Estimating A, (H,(v,1)).

For the lower bound in , we use the usual specification argument. Let N, ng, Q3
be as in Lemma and let ¢ = max(ng, 7). We start by considering the case when i > ¢
and 7 + k < n — ¢, illustrated in Figure By Lemma for every such i, k, n, there are
p,q € N such that

Ap(G, ) > Q3e?T®) and p € [i,i + N],

(4.19) N
Ay(G,p) > Qzel @) and i+ k+q € [n,n+ N].
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Let w! € G, and w? e Gy be arbitrary. Then by there are u!, u? € L with |u3| < 7 such
that wlulvu?w? € G. Note that |w'u!| € [i,i+ N + 7], and so by truncating at most 7+ N
symbols from the beginning and end of wlulvu?w?, we obtain a word T'(w!, w?) € H, (v, 1)
with the property that the first ¢ — |u1] symbols of T'(w!, w?) match the last i — |u1| symbols
of w!, and similarly for the end of T'(w!,w?) and the beginning of w?.

This defines a map T': G, x G; — Hy(v,7). Note that

P(T(w', w?) 2 p(w'utvu?w?) — (2N +27) ¢ |
> @(w!) + ¢(v) + @(w?) — 2N +47) ] - 2|¢lq,
Moreover, since |u!|, |u?| € {0,...,7} and truncation removes at most 2(N + 7) symbols
from w'uvu?w?, each word in H, (v,) has at most (74 1)2(#A+1)2NV+7) preimages under
the map T'. Thus there is C' > 0, independent of n, v, 7, such that
An(Hn(v,1) > (7 4+ 1) 2(FA+ 1) 2D 57 57 Pt
wleg, w2eg,
>C Z Z eP(W) g@(v) p(w?) > C(Q3)? e?W)g=(n=k)P(e)
wleg, w2eg,

where the first inequality uses the multiplicity bound, the second uses (4.20)), and the third
uses ([4.19)). This proves the lower bound in (4.17) aslongasi > candi+k <n—c. If i <c¢
then we dispense with G, and define T': G, — Hy (v, i) by T'(w) = (u'vu?w)p ), where u?
comes from and u' € £;_1 is any word such that u'vu?w € L. The rest of the proof
proceeds as above, and the case ¢ + k > n — c is similar. Finally, the lower bound in

for A (H(v), ) proceeds as in the case i = 1, taking u' to be the empty word and notlng
that T'(w) = (vuw)p ) € G since vulw € G by (1]} and hence T'(w) € HT (v). O

(4.20)

We need one more counting estimate that we will use in the proof of Theorem which

strengthens (4.9) when |[I| is replaced with |[I]|

Lemma 4.7. Suppose that F satisfies [Io]] (md. and let d = ged{|w| | w € F}. Then
there is Qs > 0 such that Ang(F, @) > Q5™ @) for all sufficiently large n.

Proof. Replacing o with o, we assume without loss of generality that ged{|w| | w € F} =1,
so there is m € N such that for every n > m we have n = Zle a; |wz| for some a; € N
and w' € F. Write (w®)% for the word w’ repeated a’ times and note that by we have
w = (w!)® .- (w*)%* € F, and |w| = n. Thus F, is non-empty for every n > m.

Now by there are ng, N € N and (3 > 0 such that for every n > ng + m there is
j € (n—m—N,n—m] with

(4.21) Aj(F, @) > Q3€J'P(sa) > Q36*(m+N)P(<P)€nP(s0)_
Since n — j € [m,m + N), by the definition of m there is w € F,_;; note that [p(w)| <
(n—i)llell < (m+ N)|¢ll. Now we can useto get

F,p) > Z eP(0w) > o=p(w)=lely Z e?) > e_H‘p”(m'i'N)_'SO'dAj(f’ ),
vEF; vEF;
where the second inequality uses the first half of (4.6). Together with (4.21)), this completes
the proof of Lemma [£.7] O
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5. PROOF OF THEOREM [3.3] AND COROLLARY [3.8|

Throughout this section, X will be a two-sided shift space, £ its language, and F C L
will satisfy [To]} so that I = F\ FF has I* = F C L. Let ¥ be the countable-state Markov
shift constructed in T:Y — X the shift map, and 7: ¥ — X the one-block code given
there. We will denote a typical element of 3 by z = {z;},cz, where each z; is of the form
(w, k) for some w e I, 1 <k <|w|.

The list of items to prove in Theorem 3.3 was 1llustrated in (?7). In §5.1| we prove [ﬂ

and [(B)} in §5.2 we prove [(C) 1n 3| we prove (D) in §5.4| we prove [(E) and [(F)} in §5

we prove [(G)| and [(H)] Corollary [3.8]is proved in §5.6
5.1. F-marking sets, injectivity of 7, and unique decipherability.

Proposition 5.1. If F satisfies [IIT*]| then m: ¥ — X is injective.

Proposition 5.2. The set I is uniquely decipherable if and only if w is 1-1 on Per(%, a)
for every a € Aj.

This section proves Propositions and which are and respectively. First
we set up some terminology. Say that a (finite or infinite) set J C Z is F-marking for

reX 1fx[”) € Fforalli,j € Jwithi < j. Calli,j € J consecutive if k ¢ J for all k
between ¢ and j. We record some immediate consequences of |[I - | as a lemma.

Lemma 5.3. J C Z is F-marking for x if and only if x; jy € F for all consecutive indices
1 < jin J. In particular, the following are equivalent.

(1) J is F-marking.

(2) There are ar, — —oo and by, — oo such that J N [ag, by] is F-marking for every k.

(3) JNJa,b] is F-marking for every a,b € Z with a < b.

Say that J C Z is bi-infinite if J N [0,00) and J N (—o0,0] are both infinite. Say that
J C 7Z is maximally F-marking for z if there is no F-marking set J' C Z with J' 2 J.
Recall that I is the collection of irreducible elements of F. The following lemma collects
properties of bi-infinite F-marking sets, and relates these to the multiplicity of the map .
The proofs are immediate from the definitions.

Lemma 5.4.

(a) A bi-infinite set J C Z is mazximally F-marking for x if and only if x4 € I for all
consecutive indices © < j in J.

(b) Given z € X, the set J(z) := {j | z; = (w,1) for somew € I} is bi-infinite and
mazimally F-marking for m(z) € X.

(¢) If J C Z is bi-infinite and mazimally F-marking for x € X, then there is exactly one
z € ¥ such that 7(z) =z and J(z) = J.

(d) Given x € X, we have x € w(X) if and only if there is a bi-infinite F-marking set J C Z
for . There is a 1-1 correspondence between elements of 7~1(x) C ¥ and bi-infinite
mazximal F-marking sets for x.

As @ clarifies, Lemma [5.4(c)| does not yet prove injectivity of m, since it is a priori
possible that some x € X has multiple maximally F-marking sets. To show injectivity of =
it suffices to show that every x € X has at most one bi-infinite maximally F-marking set.
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We accomplish this by showing that arbitrary unions of bi-infinite F-marking sets are still
bi-infinite and F-marking. This is where we need |[ITI*]}

Lemma 5.5. Suppose F satisfies |[IIT*|| and let {J\}ren be any collection of sets Jy C Z
such that each Jy is F-marking for x. Let r < s be integers such that r > minJy and
s <maxJy for all \. Then (Uy Jx) N|[r, 8] is F-marking for x.

Proof. Pick j < k in (Jy Jy with »r < j < k < s. Let A\, X' be such that j € Jy and k € Jy.
Because min Jy < r there is ¢« € Jy with ¢ < j; similarly, max Jy > s implies that there
is £ € Jy with £ > k. Thus ¢ < j < k < £ are such that z[; ),z € F; see Figure
Moreover, choosing a € J) with a < r and b € Jy with b > s, we have z [, j), T p) € F, and
it follows from Condition that z(; ) € F. This holds for all j,k € (Uy Jx) N [r, 5], so
we are done. O

S eF H
N Lf_/%lfr—’\-\b

:],\ a VJ;%/——/K

F1GURE 5.1. The union of F-marking sets is F-marking.

Lemma 5.6. If F satisfies|I11*|| and {Jx C Z} e is a collection of bi-infinite F-marking
sets for x, then Jy Jx is a bi-infinite F-marking set for x.

Proof. By Lemma J Nla,b] is F-marking for all integers a < b, so by Lemma J is
F-marking for x. O

Now we can prove that 7 is injective, as follows: given = € 7(X), let {J)}rea be the
collection of all bi-infinite F-marking sets for x. This collection is non-empty by Lemma
By Lemma J =y Jy is bi-infinite and F-marking for z. Moreover, if J' is any
bi-infinite F-marking set, we have J' C J by construction, so .J is maximal, and it is the
only bi-infinite maximal F-marking set. Thus 7 is 1-1, which proves Proposition

Proposition [5.2] is a consequence of the following.

Lemma 5.7. For each a = (v,i) € Ay, the following are equivalent.

(1) I is uniquely decipherable.
(2) The map I, Pery(X,a) — Fp_jy| given by I1,(2) = 7(2)(jo|—in—q 8 1-1 for alln > |v|.
(3) 7 is injective on Per(X, a).

Proof. We start by proving that and are equivalent. Define ¢: I — A} by t(w) =
(w,1)---(w, |w]), and let Gy, = {¢(w) : w € I}. Observe that G%; is contained in the

language of ¥, and the map II,, is the composition of the following two maps.
Pern(zya/) — (GE)N—W‘ (GE) N f _ I*
Z — Z(jv|—i,n—i] L(’wl) - L(wk) s wl . wk

The first of these is always injective since every z € Per, (X, a) is completely determined
by z(_;,—; and satisfies z(_; |,|—;) = ¢(v). The second map is injective if and only if I is
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uniquely decipherable; indeed, this is the definition of unique decipherability. Thus and

are equivalent.
For the equivalent of the last two conditions, first observe that if fails then fails.

Conversely, if y,z € Per(X,a) have y # z and 7(y) = m(z), then taking n > |v| to be a
common multiple of their least periods, we get y,z € Per, (X, a) and II,,(y) =II,,(z). O

5.2. Strong positive recurrence.

Proposition 5.8. If F satisfies [II']| and I = F \ FF is uniquely decipherable, then ® =
pom e Cy(X) satisfies Po(®) = P(p) and is strongly positive recurrent.

In this section we prove Proposition 5.8 which is[(C)} From (2.5)) we have |o(z) — ¢(y)| <
|g0\5e_5" whenever x,y € X have zj = yy, for all |k| < n. Then for every z,z’ € ¥ with

zj, =z for all |k| < n, we have m(z); = 7(2');, for all |k| < n (since 7 is a one-block code)
and hence |®(z) — ®(z")| < |¢l4 e~P". In particular, ® € C,(%).

Lemma 5.9. If I is uniquely decipherable, then there is Qg > 0 such that for every a =
(v,i) € Ar and n > |v| we have
(51) e_QGAn—|U|(]:7 90) < Zn(vaa) < eQGA’rL—|v|(]:a 90)7
(5.2) e N,y (T\{0})",9) < Zi(®,a) < €PN, 1 (T {v}), ).
Proof. Given n > |v|, let II,, be as in Lemma and note that II,, is a bijection between
Per,, (X, a) and F,,_, for all n.> |v|. Let 7 = IL,'; then
(5.3) Zn(®,a) = > Sn®(r(w) Z5(®,a) = S eSn®(T(w))
WEF o] we((I\{v})*)n—1o|
For all z,y € [w] and w € Ly, (4.5) gives |Spp(z) — Sne(y)| < |¢ly, so each w € F,, has
15n®(7(w)) — @(w)| < |olq + [v] ]l
Along with (5.3)), this completes the proof of Lemma O
It follows from (b.1) and Lemma that Po(®) = P(F,¢) = P(y). By (2.13) and

Lemma [5.9] in order to prove that @ is strongly positive recurrent, which will complete the
proof of Proposition it suffices to show that P((I')*,¢) < P(y) whenever I' G I. This
uses the following result; note that P(I,¢) < P(p) = P(I*, ) by and Lemma

Lemma 5.10. If I C L is uniquely decipherable such that I* C L and P(I,p) < P(I*,p),
then for every I' G I we have P((I')*,¢) < P(I*, ¢).
Proof. Given w € I*, let 0 = jo < j1 < --- < j¢ < jep1 = |w| be such that wy;, ;.. 1 € I for
all 0 < i < /?=/{(w). Given {,n € N with ¢ < n, let J, = {J C [1,n) | #J = {}; for each
J € Jp, let

Xo(J) = {w € (I")n | U(w) = £ and {j;(w)}iy = J}.
Given § > 0, let Ry = {w € I | #(w) > § |w|}; we will prove Lemma by showing
that for sufficiently small values of §, we have
(5-4) P(I"\ Rs, ) < P(I", ),
(5.5) P((I')" NRs. ) < P(I", ),
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and then applying (2.4) to (I')* C ((I')* N Rs) U (I*\ Rs). To prove (5.4)), we start by
writing (1% \ Rs)n = U Uy, Xa(J), so that
[on]

(5.6) AT\ Rs) < 3% Al

(=0 JEJ,

To get ([5.4)), we will get upper bounds on #J, and on A, (X, (J),¢). For the first of these,
we observe that #J, < () and use the following useful result.

Lemma 5.11. Given 6 € (0,1), write h(§) = —dlogd — (1 — 0)log(1 — §) for the standard
entropy function. Then for every n € N and 0 < £ < n, we have (7[}) < nehGom,

Proof. First note that flk logtdt < 2?21 log j = log(k!) < flk log t dt +1log k. Evaluating the
integrals gives klogk — k 4+ 1 <log(k!) < klogk — k+ 1 + logk, and so

. log () = log(n!) — log(¢!) — log(n — ¢)!
(5.7) < nlogn +logn — flogl — (n —{)log(n —¥¢) = h(%)n + logn,

which proves the lemma. O

Given § € (0, %) and 0 < ¢ < én, we conclude from Lemma that #J, < neM®n_ To
bound A, (X, (J), ¢), fix € > 0 such that P(I, ) < P(I*, ) —2¢; then there is K such that
Aj(I, ) < KedPUT9)=¢) for all j, and so

l
An(Xn (), 0) < ] Ajisa—i (1) < K Ten(PUT0) =),
i=0
Together with ([5.6)) and the bound on #J,, this gives
An(I*\ Rj) < (0n + 1)neOn ont1en(PU"¢)=e)

and follows by taking ¢ small enough that h(d) + dlog(K) < e.

To prove (5.5), we will consider for each k > 0 the collection A* = ((I')*I*) N Rs. By
unique decipherability, each w € A* uniquely determines u',...,u* € I’, ¢ > k + 1, and
uFtL . ub € I such that w = u! - - - uf. Tt follows from the definition that A**t! ¢ A* and
(I"* N Rs)n C AF for all k < |[6n], so we can estimate A, ((I')* N Rs,¢) from above by
estimating A, (A% \ AE*1 ). Let d = ged{|u| | v € I}; note that ((I')*), = 0 whenever n
is not a multiple of d, so we can restrict our attention to the case when n is a multiple of d.

Fix v € I\ I'. Given u € (I')* with |uv| < n, we have (uv(I*)p—jue) NRs C AZ\AfLH@
Taking the union over all such u gives

(68) A"\ R5@) + Aa(A\ A o) > Y AL oI e 9):
UG((I’)k)gnfm
and we observe that
Ay (uv(I7),, vl @) > Z eP(W)+o(v)+(w)=2lply — e“s(“)*QW'deﬂ“)An,‘uw(I*,Lp).
we(l*)n—mv\

23This requires unique decipherability to guarantee that uvw ¢ AT for every w € (I Vo= juv]-
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Since we assumed that n is a multiple of d, and the same is clearly true of |uv|, Lemmas
and [L.7] give, for n sufficiently large,

Ao (I%, ) > Qs 1DP@) > Qre MPWIQIIA, 1 (17, ),
so writing v = Qse~[V1P( SO)Q ?()=2l¢la gives

(5'9) An(uv(l*)n—\uvh 90) = 7€¢(U)An—|u|(l*a 90)'

Moreover, for every k < |dn] — |v|, we have

(5.10) An=J (19, < U () anen () € (V)< (1),
>6m £>6m

where the first inclusion uses the fact that each element of I has length at least 1, and the
last inclusion uses the fact that £ — k > [dn] — (|dn] — |v|) = |v|. Combining (5.8), (5.9),
and (5.10)), for every k < [dn] — |v| we get

An(I*\ R, @) + Ap(AP\ A 0) > Y ST 4P > yA, (A" o).
UE((I)*) <n— o] WE )|y
We conclude that
A (A ) = A (AR, ) = A (AP N AR ) < (1= 7)An(A%, 0) + An(I7\ R, )
for all k < [dn| — |v|. Using the fact that A = (I*),, and ((I')*NRs)n C AR e get
An((I)" N R, ) < A (AL ) < (1 — ) PPI=lIA (17, 0) + 6nn (T7\ Rs, ).

For any sequences by, c, > 0, we have m%bg(bn + ¢,) < max(lim % log by, lim % logey),
and using ([5.4)) we conclude that

P((I'"* N Rs, ) <max (P(I*,¢) + dlog(l — ), P(I* \ Rs, ) < P(I*,¢),
which proves (5.5) and completes the proof of Lemma O

5.3. Approximate equilibrium states charge the tower.

Proposition 5.12. If F satisfies with I = F \ FF, then the collection & = T U
EPUES U (L )\ EPFE®) has the following property: for any ergodic measure p on X with
p) + [odu> P(E'p), we have p(r(X)) = 1.

Note that Proposition establishes [(D)] by taking P’ = P(€’,¢), since then gives
P’ < P(¢). To prove the proposition, we will need the following notion: say that R C Z is
&'-restricting for x € X if for every i < j € Z with z}; ;) € £, the interval [, j] contains
at most one element of R.

First we prove in Lemma that = € m(3) whenever z has a bi-infinite &’-restricting
set; then in Lemma [5.15| we show that u-a.e. x € X has such a set whenever p is ergodic
and h(p) + [ @dp > P(E',¢). Together these will complete the proof of Proposition [5.12]

Lemma 5.13. If x € X has a bi-infinite £ -restricting set R C 7Z, then it has a bi-infinite
F-marking set J, and hence x € 7(¥) by Lemma |5.4(d)|
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Proof. Enumerate R as R = {r, },ez where r, is increasing (see Figure |5.2). Given n € N,
note that x,_ . ) € EPFE® since otherwise we would have a word in £\ EPFE® C & that
crosses more than one index in R. Thus there are j' < j” in [r_,,r,) such that

Tlr_p,5) € EP, Ty gy € F, T ) € &,

Now use the decomposition F = I* = [Jyen I* to get an increasing sequence { jf}fill such

that 57 = j/, jiq = j”, and Tijm g, ) € I for every 1 <i < k. Put ji =r_p, and ji!, 5 = 1n.
Then Tl gn ) € &' for each 0 < i < k+ 1. Since R is £ -restricting, we conclude that

#{le[-n,n):ree [l jia]} <1 forevery 0<i<k+1;

in particular, if 4, ¢ are such that j* <7y < j7 , then j | € [rg,rs41). Since j§ =r_, and
Jito = Tn, it follows that for every ¢ € [~n,n) the interval [r¢,7¢41) contains at least one

element of J, := {j 5:11' Note that J,, is F-marking for z.

S R S
-1 1 1
g L1 J2 jds |
N T 1 B - B - B |
T
Loy iyt
Js i H—t—— i

FIGURE 5.2. Constructing a bi-infinite F-marking set.

By the previous paragraph, there is sg € [rg, r1) such that the set Ng :={n € N | sg € J,,}
is infinite. Similarly, there are s; € [r1,72) and s_1 € [r_1,79) such that N; := {n € Ny |
s1,5-1 € Jy} is infinite. Continuing in this manner, we choose for each ¢ € N two indices
S¢ € [re,res1) and s_p € [r_g,7_g41) such that Ny = {n € Ny | sg,s_¢ € Jp,} is infinite.
It follows from the definition of J,, that x[y, ,, ) € F for every £ € Z, so J := {s¢}sez is a
bi-infinite F-marking set for x. U

Lemma 5.14. Let pu be an ergodic measure for X, and let D C L be such that P(D, ) <
h(p) + [@du. Then for p-a.e. x € X, there is n = n(x) € N such that for all k > n and
all £ € [0, k] we have x(_yy_g) ¢ D. Equivalently, the measure of the following sets decays
to 0 as n — oo:

(5.11) Bn(D) :={x € X | vy }_g) € D for some k >n and £ € [0, k]}.

Proof. Fix € > 0 such that h(u) + [ @du — 5e > P(D, ). By Theorems and for
p-a.e. x € X there is N, € N such that for all n > N, and ¢ € [0,n] we have

6:12) o) SO Sagloe ) za( [odu-c),  nez e,

Let A, = {z € X | N, < n}; then u(A,) - 1l asn — oo. If K > n and w € Ly is such
that JE[’U)] N A, # 0 for some 0 < ¢ < k, then we can choose x in the intersection, so that

T[_g,—¢+k) = w and k > Ny; then (5.12) gives

plu) < O and - g(w) > (Suplo~n)) ~ Iely 2 b ( [ du—2¢).
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S0 we get

(5.13) plwle=?®) < e~ kh(w+ [ pdu=3e)  —kP(D,p),—2ke
Summing over all long cylinders that intersect A,, N By, (D) gives

k
u(An N Ba(D) < 37 30 3 (o fw] N Ay)

k>n weDy £=0

< Z(k +1) Z e kP (Dyp) g=2ke () — Z(k + 1)eka(D’“0)e*2k€Ak(D, ©).

Choose C' such that Ag(D, ) < CeFP(P:#)+e) for all k. Then

1(An N Bn(D)) < C Y (k+ e — 0asn— oo,

k>n
s0 (B (D)) < p(X \ An) + p1(An N Bp(D)) — 0 as n — oo. Thus pi(N,ey Br(P)) = 0, and
so for p-a.e. € X there is n > 0 with 2 ¢ B, (D), which proves Lemma [5.14] O

Lemma 5.15. Let p be any ergodic measure on X with h(p) + [@du > P(E',¢). Then
p-a.e. x € X has a bi-infinite &' -restricting set.

Proof. Let E be the set of points satisfying the conclusion of Lemma with D = &';
given = € E there is n(z) such that for all £ > n(x) and all £ € [0, k] we have 2_gj_p) & &'.
By Lemma [5.14 we have u(X \ E) = 0, hence u(c~™(X \ E)) = 0 for every m € Z, and we
conclude that E' := (1,,cz 0~ ™FE has full g-measure. For every z € E' and every m € Z
there is n(m) € N such that for all a <m < b with b —a > n(m), we have z[, ) ¢ £'.
Given x € E', define r; € Z by 1o = 0; 7j41 = rj +n(r;) for j > 0; and rj_1 = r; — n(r;)
for j <0. Let R = {rj};ez, and note that R is bi-infinite. We claim that R is &’-restricting
for . Note that by the construction of R, we have rj;1 —r; > min(n(r;), n(rj4+1)) for every
Jj € Z. Thus if a < b € Z are such that a < rj and b > 7,41, we either have b — a > n(r;)
or b—a >mn(rjy1). It follows from the definition of n that x, ;) ¢ &', since 7,741 € [a, b],
and we conclude that R is &'-restricting for x. U

5.4. Finite multiplicity and liftability.

Proposition 5.16. Suppose that I is uniquely decipherable and F = I* satisfies . Let
E'=TUEPUE U (L\ EPFE®), as in Proposition and let p be an ergodic measure
on X such that h(p) + [wdu > P(E',¢) and h(p) + [wdu > P((I')*,¢) for some I' G 1.
Then #m~1(x) < 0o for p-a.e. z € X.

This section is devoted to Proposition which establishes |(E)| by taking P’ =
max(P(E', ), P((I')*,¢)) (note that P! < P(p) by and Lemma [5.10), and Lemma
below, which is m Let I' G I be as in the hypothesis, and fix v € I'\ I'. Then
a = (v,1) € Ay is a vertex in the graph giving ¥, and we write

E"={n(z1-2zn) |z€X,neEN,z; #a forall 1 <i<n}
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for the collection of all words in £ that can be lifted to a word in the language of X that
avoids a. Observe that &” C £'(I')*€’, and thus by Lemma we get

P(E",¢) < max{P(€',0), P((I')",9)} < h(p) + [ ¢ d

Now consider the sets Cy := By(£”) as in (5.11)). Applying Lemma with D = &7,
there is N € N such that p(X \ Cn) > 0. Consider the set E:={zx € X | f"(z) € X\ Cy
for infinitely many positive n and infinitely many negative n}. If u is ergodic, then Poincaré
recurrence implies that p(E) = 1, and so the proof of Proposition is completed by the
following lemma, the idea of which goes back to Bowen and Marcus [Bow78, p. 13—14] (see
also [PP90, p. 229] and [Sarl3, Theorem 12.8]).

Lemma 5.17. For every x € E we have #m~!(x) < N2

Proof. Suppose there are N2 + 1 distinct points z!,. .. ,ZNZH € ¥ such that 7(z') =
for every 1 < ¢ < N 2 4+ 1. Then there is m € N such that the words zf_m’m} are all
distinct. By the definition of F, there are ni,ny € Z such that n; < —m < m < no and
f™(x), f*2(x) € X \ Cn. By unique decipherability and the definition of ¥, for every pair

of integers k1 € (nq1 — N,n1] and ko € [ng,ng + N) there is at most one z € 7 !(z) such
1

that z;, = zj, = a. In particular, from the collection z ,...,zN2+1, there must be some
z' € 771(x) with the property that zj, # a for every k € (nl._ N,nq], or zj, # a for every
k € [n2,n2 + N). But then either m(z{, _y, ) € E" or (2, nps ) € E", contradicting
the assumption that f™ (x), f"2(z) € X \ Cn. O

Part of Theorem is the following well-known lemma; for a proof, see [Sarl3]
Proposition 13.2]@

Lemma 5.18. If u is an ergodic invariant measure on X such that p(n(X)) = 1 and
#17Y(x) < oo for p-a.e. x € X, then there is an ergodic invariant measure v on ¥ such
that v = p, and moreover h(v) = h(u).

5.5. Verifying the pressure gap and Gibbs property. The remaining items in Theo-

rem (3.3 are and which we prove here as Propositions and respectively.

Proposition 5.19. If I C L is a generating set for X for which D = D(I) = {w € L :
LwLNIT #0} has the property that P(D, ) < P(p), then F = I* satisfies|[IT']]

Proof. The collection D consists of all words that appear as subwords of a generator; in
particular, I C D. Let P = &% = D; we claim that £\ EPFES C DD U D, so that
TUEPUESU(L\EPFE®) C DDUD, which will be enough to prove [IT]| since P(DDUD, ¢) =
P(D, ) by and Lemma To prove the claim, we show that £L C DFDUDDUD.
Observe that since X = I°, for every w € L, the nonempty open set [w] intersects [°°.
Writing 2 € [w] NI, there is (ng)rez C Z such that ng, < nj41 and vF = Ty niy,) € 1 for
all k € Z. Let j < k be integers such that n; <1 < n;y1 and ng < |w|+1 < ngyq. Then

24T he result there is stated in the context of surface diffeomorphisms, but only uses the fact that u-a.e.
point has at least one and at most finitely many preimages.
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w = T[] I8 a subword of z(,,. ) = wlwl T .. wk. If k = j this implies that w € D; if
k=j+4 1 then w € DD, and if k > j + 2 then

€ DFD,

which proves the claim and completes the proof of Proposition [5.19} O

_ JHL Wkl
W= T1n;0)W W Ll |w]

Recall a standard construction of an equilibrium state: write §, for the point mass at
r € X, then for each w € L, let x(w) € [w] be a point that maximises 5},,, and consider
the measures defined by

1 . 1 n—1
(5.14) Up = ——— E 6‘p(“’)6x(w), fy = — g kv,
An([‘) SO) weLny n k=0

Proposition 5.20. Fvery weak* limit point p of the sequence {p,} is an equilibrium state
for ¢, and has the Gibbs property (2.14]) for ¢ on F.

Proof. The first claim is shown in the proof of [Wal82, Theorem 9.10]. For the second, first
fixn € Nand w € £,,. Then for m >n and 1 <k < m — n, we have
Ay (Hom (w, k), @) - Qelm— v P()+o(w)
A (L, ) - emP(p) ’
where the inequality uses Proposition for the numerator and Lemma (specifically

the first inequality of (4.8])) for the denominator. Sending m — oo gives the upper Gibbs
bound in (2.14). To prove the lower Gibbs bound, we observe that when w € F, we have

vl (w]) = SmPm (W, F), @) Qs em=Iw) P(e)+(w)

Vm(aik[w]) =

Am<£a W) N QQemP 2
for all sufficiently large m; the inequality uses Lemma [4.5| for the denominator and Lemma
[4.7 for the numerator. Sending m — co completes the proof of Proposition [5.20 O

5.6. Proof of Corollary Let X = {z € A : Tiroo) € X for all n € Z} and
Y ={zc A%: Z[n,) € X for all n € Z}. Define p: X — X by p(z) = T[0,00), and p: PRy
similarly. Then p is not 1-1 but the induced map p,: My(X) — My(X) is an entropy-
preserving bijection, and similarly for p,: Mz(3) = Mp(Z ); see [CT12, Proposition 2.1]
for a proof of this well-known fact. Now ¢ = pop € Cp(X) and & = P op € Ch(X) are
related by ® = p o7, where 7: ¥ — X is the natural 1-block code. Because X and X have
the same language, Corollary [3.4] applies to (X @), so <I> is strongly positive recurrent, and
there is P' < P(¢) such that for every ergodic 1 € M, (X X) with h(u)+ [ @ dp > P’, we have
p = mev for some v € Mp(X) with h(p) = h(v). Since Z,(®,a) = Z,(®,a), which gives
Pg(®) = Pg(®), and similarly for Z, this implies conclusion @ for ®. Conclusion

for (X, ¢) follows since p., p. are entropy-preserving bijections (and hence P(p) = P(®));
existence of an equilibrium state with the Gibbs property for ¢ on F follows similarly.

To prove ([1.2)), suppose z,z’ € ¥ have 7(z) = m(z’). Choose z € p~1(z) and 7’ € p~1(z/).
By Lemma [5.4(d)| Z = 7z € X and &’ = 7z’ € X have bi-infinite F-marking sets J, J' C Z.
Choose r € N such that JN[0,7) # ) and J'N[0,7) # (). Because Z[g ) = jl[o,ooy J'N[0, 00)
is an F-marking set for #, and so by Lemma[5.5, (JUJ’)N[r, 00) is an F-marking set for .
Let a = min(J N[r,00)), and let J” = JU(J'N[a,00)). Then J” is a bi-infinite F-marking
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set for Z. By Lemma J” is contained in a bi-infinite maximal F-marking set for Z, and
so by Lemma [5.4[b)] every j € J” has z; = (w, 1) for some w € I.

A similar argument applies to z’, so for all sufficiently large n € JUJ’, there are w,w’ € I
with |w| = |w’| such that z, = (w,1) and z], = (w’,1). Since I is uniquely decipherable by
Proposition this implies that w = w’, and we conclude that zf, ..y = z’[nm). Injectivity
on Per(X) follows since every z € Per(X) is completely determined by z, ) for any n € N.

6. CONSEQUENCES OF STRONG POSITIVE RECURRENCE

In this section we prove Theorem Equality of P(¢) and Pg(®) is proved in §6.1]
together with conclusions and uniqueness and periodic orbits. The remaining
statistical properties are proved in for one-sided shifts, and for two-sided shifts.
Before proceeding, we recall some well-known facts about the relationship between the one-
and two-sided cases.

Let X and ¥ be two-sided, with alphabets A and V, respectively. As in define
p: AL — ANV} by p(z) = T[0,00), and define p: V% — VNUO} similarly. Let Xt = p(X)
and X7 = p(X). Then p,: My(X) = My(XT) and p.: Mp(X) = Mp(ET) are entropy-
preserving bijections. The following result goes back to Sinai [Sin72), §3.2]; see also [Bow75),
Lemma 1.6], and [Daol3l Theorem 3.1] for the countable-state case.

Lemma 6.1. Given a two-sided countable-state Markov shift ¥ and U € Cy(X), there is
a bounded function u € Cy(X) such that the function VT := ¥ —u+uoT € Cy(X) only
depends on non-negative coordinates; that is, VF(z) = UT(2') whenever z, = z}, for all
k> 0. The maps ¥ — u and ¥ — U are linear. The function ¥ can be considered
as a function X — R, and is Holder continuous with the same constant and exponent as
Ut: Y — R. Finally, for any z € ¥ we have

(6.1) (S0 0% (5(2)) — $,0(2)| < 2]ul.
6.1. Equality of pressures.

Lemma 6.2. Let ¥ be a one- or two-sided countable-state Markov shift and © a 1-block
code from ¥ to a shift space X on a finite alphabet. Then for every ¢ € CP(X), we have
® =porm € COX) with @[5 < |l If there is a state a for X such that m is 1-1 on

Per,, (3, a) for every n € N, then Pg(®) < Timy o0 51083 peper, (x) €7 < P(gp).

Proof. The estimate on [®[; follows since 7 is a 1-block code and hence does not expand
distances. For the estimate on Pg(®), observe that injectivity of = on Per, (X, a) gives

Zo(@a)= 3 Mmoo ST eSiele) < 4, (),

z€Per,, (3,a) x€Per, (X)
taking logs, dividing by n, and sending n — oo completes the proof. O

Lemma 6.3. If (X,T) is a topologically transitive one- or two-sided countable-state Markov
shift and ® € Cy(X) satisfies Po(®) < oo, then Pg(®) = sup{h(v)+ [P dv:v e Mp(X2)},

and there is at most one v € Mr(X) that achieves the supremum.
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Proof. The one-sided case follows from [Sar99, Theorems 4 and 7] and [BS03, Theorem
111 In the two-sided case, let @+ € C,(X*) be given by Lemma Then we have

Pg(®) = Pg(®T) = sup (h(ﬁ*u) + /q>+ d(ﬁ*u)> = sup ( ) + /@du)
veMrp(X) veMr (3
where the first equality uses (6.1]), the second uses the one-sided result and the fact that
Py is a bijection, and the third uses the fact that p, preserves entropy and that &, &* are
cohomologous so they have the same integrals with respect to any invariant measure. [

Lemma 6.4. If X, ¥, 7, © are as in the hypothesis of Theorem[3.9, then ® = p o7 has
Po(®) = P(p). Moreover, (X,0,¢) and (X,T,®) have unique equilibrium states p, m,
related by pu = mam

Proof. Observe that (X, 0, ¢) has at least one equilibrium state by upper semi-continuity
of entropy. If p is any ergodic equilibrium state for (X, o, ¢), then by we have p = m,v

for some v € My (X) with h(v) = h(p). Along with Lemmas [6.2 and [6.3] this gives

Pa(®) < P(p) = hip) + [ wdu=hiv) + [ @dv < PG(@).
Thus Pg(®) = P(p), and v achieves the supremum in Lemma [6.3] Since there is at most
one v achieving this supremum, the result follows. ([l

Lemma establishes conclusion |(i)| of Theorem For the result on periodic orbits,
let y1n, be the measures from (2.15). As in [Wal82, Theorem 9.10], any weak* limit point of
the sequence p, is invariant with h(p) + [ @ dp > lim, o 1 log > zcPer, (X) en?(@) = P(y),
where the last equality follows from Lemmas[6.2/and[6.4 This shows that every weak*- limit
point of the sequence pu, is an equilibrium state for (X, ¢); by uniqueness, this proves

6.2. One-sided shifts. Now we prove statistical properties for one-sided shifts; see §6.3] for
the two-sided case. Let X, ..., Y,_1 be the disjoint closed sets in the spectral decomposition
of ¥, so that (X;,T?) is a topologically mixing countable-state Markov shift upon recoding
by cylinders of length p. Under this recoding, 3; is equipped with the metric

dy(z,2') = e hr(me )7 kp(z,2') = min{|k| : z Zipk, (p+1)k) 7 Z/[pk,(p+1)k)},
relative to which we have the following result for ® := >°* j;O oo T,
Lemma 6.5. @' is Hélder continuous in the metric dy,, with |®'|5 < pePP D5
Proof. For each z,z’ and 0 < j < p we have d(T7z,T7z') < e~ (kp(z.2")~1)p < ePd,(z,z')P,
and thus |®'(z) — @'(2')| < || Y02) d(T7z, T92)° < pet? |®| ; dy(z,2')P°. O

For each i, ®' € C(%;) is strongly positive recurrent and (X;, T?) is topologically mixing.
Let m € Mr(X) be the unique equilibrium state for (3,7, ®) from Lemma then
m; = m|y, - p is the unique equilibrium state for (3;, 77, ®).

253ee also [Sar15l Theorem 5.5]. Our assumptions here are stronger than Sarig’s; in particular, we only
consider ® € Ch(X), which are required to be bounded above and below, while Sarig considers locally
Hoélder potentials that may be unbounded, and thus must restrict the supremum to measures satisfying
f ® dv > —oo. In our setting there is no need to do this.
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To obtain the statistical properties claimed in conclusions we use the formula-
tion given by Cyr and Sarig in [CS09], which is most convenient to our present setting. What
follows could also be done using the machinery of Young towers developed in [You98| [You99.

By [CS09, Theorem 2.1], strong positive recurrence of (X;,7¢, ®') implies the spectral
gap property |[CS09, Definition 1.1], and then [CS09, Theorem 1.1] implies the following.

e Exponential decay of correlations. Given B > 0, there are 6 € (0,1) and C' > 0 such
that for every ¥y € L>®(%;,m;), ¥y € CF(%;) and n € N we have

/<\I/1 OTpn)\IJQ dmi —/\Ifl dmi/\Ifg dmi

In [CS09] the upper bound is K (¥, V3)0"; the bound here uses Lemma
o Central limit theorem. If ¥ € C,(%;) has [ ¥ dm; = 0 and is not equal to v —voT?
for any continuous v: ¥; — R, then there is oy > 0 such that for all 7 € R we have

1 n—1 1 s t2
6.3 lim m;ze ;| — U/(TPrg) < 74 = / e
( ) n—00 ! { ! | \/ﬁ k:z:%] ( ) - } U\IJ’\/% —00

27 dt.

e Analyticity of pressure. If U' € CP(%;), then t > PL" (®'++V’) is real analytic on a
neighbourhood of 0; we write ng to emphasize that the quantity here is Gurevich
pressure for the action of TP on the shift whose alphabet is words of length p.

Now we prove |(iv)H(vi)| for X. For let Z; = w(%;) C X; these sets may not be disjoint
since 7 is not 1-1. Given 0 < j < p, let X; := Uf;ol ZiNZitj (mod p)- Then Xj is o-invariant
and so be ergodicity we have p(X;) =0 or u(X;) =1 for each j. The set {j : u(X;) =1}
is closed under addition mod p, so d := min{j > 0 : u(X;) = 1} is a factor of p. Given
0<i<dletY; = Ui/zdofl Ziyka; then p(Y;NYy) = 0 for all i # ', and o(Y:) = Yit1 (mod a)-

Note that if is satisfied, then given z,z’ € ¥ with 7(z) = 7(2'), we have T"z =
T"z' for some n € N; let ¢« € {0,1,...,p — 1} be such that T"z = T"z' € ¥%,;, then
z,7 € %,_, (mod p)- Lhus the sets Z; are all disjoint, and hence d = p when holds.
Observe that the argument in this paragraph and the previous one works in both the one-
and two-sided cases.

Now we restrict our attention to the one-sided case. For each 0 < i < d, let u; =

%Zif&l TeMiskd, S0 1i(Y;) = 1. Given ¢, ¢ € CP(X) with [y dp; = [adp; =0, let
U, =vjor e CP(X), so

(6.2) < W1 o | Wl 6™

p/d—1

<D

k=0

(6.4) 10 dn,

/(‘1’1 o Tdn)‘lfg dmi_,_kd

Write dn = pq+ 7 for ¢ € Nand r € {0,1,...,p — 1}; then since m; g = T¥%m;, we have

‘/(‘1’1 o T Wy dimiy pa

_ ’/(\1,1 o THHPTH7Y (0, o TU) dpm,

d da
< O Wy o T oo || Wy 0 T 567" < C[ W1 oo | W2 | e 05",
where the first inequality uses (6.2)) and the second uses (2.6)) (with 7" instead of o). Along
d
with ([6.4]), this gives ‘f(lh o o)y dpi| < CHEPP||h1[|oo|[¢h2]| 507", which proves (iv)
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For the central limit theorem in conclusion fix ¢ € CA(X) with [¢du = 0. Let
U =¢omand ¥ =5,V so [V dm; =0 for each i.

Lemma 6.6. If ¥/ = v — v o TP for some continuous v: ¥; — R, then ¢ = u—wuo o for
some p-integrable u: X — R.

Proof. Let f = Y0 LjWoTP 177 then f — foT = p¥ — W, Writing g = 2% OvoTJ
gives g —goT = v—voTp =V so(f+g)—(f+g)oT =p¥. By [Goulb, Theorem 1.6],
v € L'(m), so f+g € L'(m). Consider the conditional expectation h = E[f + g | 7118,
where B is the Borel o-algebra on X. By (7~ !B)-measurability of ¥ = v o 7, we have
(65)  h—hoT=E[(f+g)—(f+g)oT|x B =Ep¥ | = 5] = pU.

Since h is (7~ !'B)-measurable, there is u € L'(u) such that h = pu o, and (6.5) gives
u—uoo =1 p-a.e (using the fact that pu(7X) = 1). Modifying u on a null set gives the
coboundary relationship everywhere. O

By Lemma if 1) is not cohomologous to a constant, then ¥’ ## U — v o TP for any
continuous v, so . holds for some g/ > 0. Using p = mom = + Zz o T«mj, we get

p—1 n—1

(6.6) ,u{x : \/%Spnw(a;) < T} = ;%qm{z \1ﬁ 2 O\I/ "(TPkz) < T}

Lt / 7 dt = A
e ! " as,
oy V2T J— oV 27‘(’
where the last equality uses the change of variables s = t/,/p. By comparing W Spnt) to

%S Nt for pn < N < p(n+ 1) and using continuity in 7 of the last expression in (6.6)), this
implies the central limit theorem for ¢ with oy = oy’ //p, completing the proof

Finally, for analyticity we start by observing that given ¥ € C}(X), Lemma gives
PL"(S,¥) = p- PL(¥), and thus t + Pg(® + tV) is real analytic on a neighborhood of 0.
Now observe that injectivity of 7 on Per, (X, a) does not depend on ¢, and that properties
@ and @ are stable under uniformly small perturbations. More precisely, if ¢ € Cp(X)
has 2H1/)H < Pg(®) — lim 2 log Z7(®, a), then for ¥ = 1) o  we have

lim — logZ*(CD—I—\If a) < || + lim — logZ*(<I> a) < Pa(®) — ||| < Pa(® + V),

so & + \I/ is strongly positive recurrent as well. Similarly, if P’ < P(p) is as in @ and
2||¢]| < P(p) — P’, then every ergodic u € M, (X) with h(u) + [(p + ) du > P+ [|¢|
has h(p) + [@du > P’, and thus p = mw for some v € Mp(X) with h(rv) = h(p); since
P’ +||9]| < P(p) — ||| < P(p+1)), this shows that ¢ + ¢ satisfies[(b)] By Lemmal6.4] we
conclude that for all ¢ € C(X), there is € > 0 such that Pg(® + t¥) = P(p + ty)) when
|t| < e, hence t — P(p + t1)) is real analytic on a neighborhood of 0, proving

6.3. Two-sided shifts. Now suppose that X is a two-sided shift space satisfying the hy-
potheses of Theorem for some two-sided countable-state Markov shift 3, 1-block code
m: X = X, and ¢ € Cy(X). Let ® = porm € Ch(X), and let dT € CL(XT) be given by
Lemma Since ® is strongly positive recurrent, it follows from that ®7 is strongly
positive recurrent as well. Let y and m be the unique equilibrium states for (X, o, ¢) and



SPECIFICATION AND TOWERS IN SHIFT SPACES 37

(3, T,®) from Lemma and let m™ = p,m, so that m™ is the unique equilibrium state
for (X, T,®"). Finally, let 77: ¥+ — X be the 1-block code defined by the same map
V - Aasm then ttop=pom, and so ut = 7fm™ = p,p.

We prove assuming that X7 is topologically mixing; the extension to the topo-
logically transitive case is just as above. Given mixing, the previous section gives C' > 0
such that for every ¢, ¢5 € C8(X*) with [+ du = [¢5 du = 0, we have

(6.7) \ [t oo™ dut| < Clluf v 156" for all n > 0.

We deduce exponential decay of correlations for the two-sided shift (X, o, u) following
[PP90, Proposition 2.4] (see also [You98, §4]). Given vy,v2 € C?(X) with [¢1du =
[odu = 0 and k € N, we approximate ¢; with functions ¥ € C?(X) that depend only
on the coordinates —k, ..., k, as follows. Choose any function &: Lopr1 — X such that
§(w)i = wiypy for all [if < k; then define (x: X — X by G(z) = {(_ky). Finally,
put ¢F = 1; o (. Observe that |¢F|s < |¢i|5 since d((rx, Cry) < d(z,y) for all x,y € X.
Moreover, |[¢; — ¥F|| < \1/1|6 e Pk,

Since ¥¥(o*x) only depends on T[o,00) = P(T), we can treat YEoo
and thus for every n > 0, and give

/ (Uf o 0™)0h du\ - / (VF 0 0®) 0 ™) (W5 0 o®) dp| < C|lhr ||l g™ 0™
Thus by writing

(Y100™)hy = (Y1 00™ — P} 0 0™ )ho + (¥f 0 ™) (b2 — Y) + (¥F 0 0™)(¢5)
and integrating, we deduce that

\ / (W1 0 0™ dp| < [ — ¥l Iv2ll + [ [ll[b2 — ¥ || + Cllul||v2] g™ 6™

< |[tnllgllv2llp(2e=7F + CePFgm).

Fix v > 0 small enough that Sy + logf < 0, and given n € N, choose k£ € N with
yn/2 < k < yn; then the above estimate gives

oo uadn

which proves exponential decay of correlations for (X, o, ).

For the central limit theorem, consider ¢ € C#(X) with [+¢du = 0. Let ¥ = ¢ o
7 € CP(X), and let ¥+ u be as in Lemma As in the previous section, if v is not
cohomologous to a constant then neither is . By we have

k as a function on X,

(6.8)

< [ullpllvallp(2e™P7/2 4 KelPrtioein),

= = 2ul
—= 2 V(T (2)) — —= D U(TF2)| < ==
v 7 Ve
Write GE(7) = p{z € X | ﬁ Sy ¥(ofx) < 7}, and similarly for GT'(7) (summing over
T-orbits on ¥1). Then gives G (7‘ — %) < Gi(T) <GP (T + M) , and thus

NG
GH(7) converges to the right-hand side of (6.3) (this uses continuity of that expression).

(6.9) <
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For analyticity, we observe that the linearity in Lemma [6.1| gives (® +t¥)" = & + ¢ U+
s0 Pg(®+tV) = Pg(®+ +¢¥T) is analytic in ¢ near 0, and as in the one-sided case we have
P(p +t)) = Pg(® + tW) for |t| sufficiently small, proving conclusion of Theorem

Finally, it follows from [Daol3| that (3,7, m) is Bernoulli up to a period, and thus its
factor (X, o, u) is also Bernoulli up to a period by [Orn70].

7. PROOF OF THEOREM [3.1]

Now we turn our attention to Theorem [3.1] and assume that we have G C L satisfying
[ITT]} [[ITL.]] [TIT,]] We must produce F C L satisfying MT'], and [[TIT*]} such that
1 has the Gibbs property for ¢ on G if and only if u has the Gibbs property for ¢ on F.
We first dispense with a trivial case. We say that G C L is periodic if there is a periodic
sequence r € X such that every w € G appears somewhere in .

Proposition 7.1. If (X, ) is such that there is a periodic G C L satisfying and || I1]]
then there is F C L satisfying|[Io]} ([IT'], and |[IIT*]|

Proof. Let x € X be periodic such that every w € G appears in x. Let d € N be the least
period of z and let F = {z[; 4q | k¥ € N}. Then F has and (the second assertion
uses the fact that d is minimal). Let CP,C® be given by and put &P = CPL<4 N L,
¥ = L<4C*N L. Then given any u? € CP,v € G,u® € C°, we note that there are i € [1,d]
and j € (|v| —d,|v]] such that v; ;) € F, and hence wPvu® = (uPop ;)vp 4 (v epu’) €
EPFES. Together with the observation that P(EP, ) = P(CP,¢), P(E%, ¢) = P(C®, ¢), and
I = F\ FF is finite, this establishes O

For non-periodic G, the key to producing F satisfying |[I]| is the following definition.

Definition 7.2. Given G C L satisfying we say that (r,c, s) is a synchronising triple
for Gifr,s € G, c € L<;, and given any ' € Lr NG and s’ € sLN G, we have r'cs’ € G. In
this case we write F"%% = ¢(Lr NsLN Q)E

FIGURE 7.1. A synchronising triple (7, ¢, s) and the collection F™“* it generates.

Theorem [3.1] follows immediately from Proposition [7.1] and the following two results,
which we prove in and respectively.

Proposition 7.3. Every G C L satisfying has a synchronising triple (r,c, s), and both
r and s can be chosen to be arbitrarily long. In addition, we have:

26Note that this is not the same thing as defining F™° to be all words in G that are of the form csxr,
since we allow s and r to overlap.
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(a) If (r,¢,s) is any synchronising triple for G, then F™° satisfies |[Io]}

(b) If (r,c, s) is any synchronising triple for G, then a measure p is Gibbs for ¢ on G if
and only if it is Gibbs for p on F%.

(¢) If G is not periodic, then it has a synchronising triple (r,c,s) with r,s arbitrarily long
and

(7.1) [res] Mo Fres) = 0 for every 1 < k < max{|rc|, |cs|}.

If in addition G satisfies[[U']] for some T € N, then we can take |c| = T and get ged{|w| |
we Frost =ged{lv|+ 7 |v e G}.
(d) If G satisfies for some L € N, and (r,c, s) is any synchronising triple satisfying
and |r|,|s| > L, then F"** satisfies [[IIL"]]
Proposition 7.4. Let X be a shift space on a finite alphabet and ¢ € CP(X) for some
B> 0. Suppose G C L(X) satisfies [I], [IL]], [IIL], [IIL,]} If (r,c,s) is any synchronising
triple for G satisfying and |r|,|s| > L, where L is large enough for both [IIL,]| and
to hold, then F = F"o% = c(sL N Lr N G) satisfies [IT]}: for I = F \ FF we have
P(I,p) < P(p), and there are EP,E% C L such that P(EP U ES U (L \ EPFE®), p) < P(yp).

7.1. Producing a collection of words with free concatenation. In this section we
prove Proposition [7.3] We start by establishing existence of arbitrarily long synchronising

triples in §7.1.1] In §7.1.2] we prove parts|(a)] and [(b)] In §7.1.3|we prove part In §7.1.4]

we prove |(d)|

7.1.1. Ezistence of a synchronising triple. The following lemma mimics the proof from
[Ber88| that specification implies synchronised.

Lemma 7.5. Suppose G satisfies . Then givenv,w € G, there are g € vLNG, p € LwNG,
and ¢ € L<; such that (p,c,q) is a synchronising triple for G. If in addition G satisfies
for some 7 € N, then (p,c,q) can be chosen so that |c| = T.

Proof. Define a partial order on G x G by writing (v, w) = (v, w’) if v € V'L and w € Lw'.
Given v,w € G, let C(w,v) = {¢c € L<; : w'cv’ € G for all (v',w') < (v,w)}. It follows
from the definition that C(w,v) C C(w,v) whenever (v,w) > (v,w). By C(w,v) is
nonempty for all v,w € G§*| Since C(w,v) is finite, there is a pair (p,q) € G x G such that
(p,q) > (v,w) and C(w,v) = C(q,p) for all (v,w) > (p,q), which implies that (p,c,q) is a
synchronising triple for G. For the claim about the case when G satisfies it suffices to
replace L<, with £; in the definition of C'(w, v) and then repeat this argument. O

Note that p, g can be taken arbitrarily long by choosing long words v, w in the lemma.

7.1.2. Free concatenation and Gibbs properties. Now we take an arbitrary synchronising
triple (p,¢,q) and let F = FP%1 = ¢(LpN gL N G). Given any v,w € F there are v/, w’ €
LpNgLNG such that v = ev’, w = cw’, and since (p, ¢, q) is a synchronising triple we have
vew' € LpN gl NG as well, so vw = cv’cw’ € F. Thus F satisfies

For part @ of Proposition we show that a measure p has the Gibbs property for ¢
on F if and only if it has the Gibbs property for ¢ on G. Note that the upper bound in
is required to hold for all w, so it suffices to check the lower bound.

27This is the only place in the paper where we require the conclusion of for v # v and W # w;
everywhere else, it would suffice to only require vuw € G in
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Suppose p is Gibbs for ¢ on G with constant @)1, and (p, ¢, q) is a synchronising triple.
Then we have pw € G for each w € FP%4, and in particular

pw] > plpw] > Qple PHIP@HEED) 5 Qo1 o~ wlPe)+6w) o ~lpl(P)Hiel)

so w is Gibbs for ¢ on FP“4. Conversely, if u is Gibbs for ¢ on FP*“? then given w € G
there are u,v € L<; such that cquwuvp € c¢(¢€L N LpNG) = FP49 and hence

plw] > plequuwop] > Qe leauwvpl P(e)+(equwvp)
> Qy te~ ealHpI+2n)(Ple) Hlel) o~ lwlP(p)+o(w)

so p is Gibbs for ¢ on G. This completes the proof of Proposition [7.3{(a)H(b)|

7.1.3. A synchronising triple with no long overlaps. Now we prove Proposition [7.3(c)l As-
sume that G C £ satisfies |[I]] . and is not periodic; this has the following consequence ™

Lemma 7.6. Suppose G has and 1is not periodic, and let (p,c,q) be a synchronising
triple for G. Then there is £ € N such that #Gey, || = 2™ for all m € N.

Proof. Let F = FP%4. First we show that there are v,w € F such that |w| > |v| and
w ¢ vL. Suppose this was false; then we can define x € AN by x; = w; whenever w € F;.
This is well-defined since v; = w; whenever v,w € F>;. Moreover, given v € F we have
vv---v € F for arbitrarily long concatenations of v with itself, so x; ,| = v; = z; for any
kE>0and 1 <1i < |v|. It follows that x is periodic, and that every v € F appears as a
prefix of . But then x contains every w € G as well, since as in there are u,v € L<,
such that cquwvp € F.

By the previous paragraph there are v, w € F such that v; # w; for some i < min(|v|, |w|).
Let £ = |[v] - |wl|; let u' = vv---v and u? = ww---w, where we concatenate |w| copies of
v and |v| copies of w so that |u!| = |u?| = ¢. By construction of v, w we have u! # u?.
Now for every m € N and y € {1,2}", we have u¥' ---u¥m € F,y. Moreover, different
choices of y yield different words in Fp,p, so that #F,,¢ > 2™. Since F C cG, we get
#gm€—|c| > 2™, g

Now let (p, ¢, q) be a synchronising triple for G with |p|, |q| > L, where L is the constant
from [[I11,]|l Let ¢ be as in Lemma and choose a > 0 such that aflog(#A4) < log2,
where we recall that A is the alphabet. There are arbitrarily large m,n € N such that

1 2
(7.2) Loy 2rtleedl o < om)
«
Say that a word w € L is k-periodic if
(7.3) wit = w; for every 1 <i < |w| —

Lemma 7.7. For sufficiently large m,n satisfying (7.2)), there are v € Gtm—|e| and w €
Gin—|c| such that v is not a subword of w, and w is not k-periodic for any 1 <k < o |w|.

287 very similar result is proved in [CT12, Proposition 2.4]; see §6.3 there. Our hypotheses here are
different; neither set of conditions implies the other.
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Proof. Consider the collection P* = {w € L | w is k-periodic for some 1 < k < o |w|}. If w
is k-periodic then it is determined by its first k entries, so
laN]

(14)  #PR< Y (AN < (FAN S (#A)T = AN (255):
k=1 =0

#A-1
Write v := (log 2)/¢ — alog # A and note that v > 0 by the choice of a. When N = ¢n —|¢|
for some n € N, Lemmagives #Gn > 2" > 2N/t and so
(7.5) B o (FAL) ctmmmammtan » (#471)

#Py — \ #A4 #A
For n sufficiently large this gives #Gn > #Py;, so there is w € Gy = Gy, |¢ that is not
k-periodic for any 1 < k < a'|w|. To put it another way: for every sufficiently large n there
is w € Gp,_|¢ such that
(7.6) for every 1 < k < o |w| there is 1 < j < |w| — k with wy1; # wy.

Now let m,n € N be such that is satisfied and holds for some w € Gy,
Note that w contains at most |w| subwords of length ¢m — |c[, while #G,,_|.| > 2™ > |w|
by Lemma and . Thus there is v € Gyp,_|¢ such that wy; ) # v for every
1 <4 < |w|— |v|; that is, v is not a subword of w. O

Let v, w be the words provided by Lemma By there are u,u’ € L<, such that
r=wvup € G and s = qu'w € G. Then (r, ¢, s) is again a synchronising triple for G; we show
that it satisfies condition , which can be thought of as forbidding ‘long overlaps’ of rcs
with itself. Suppose that & > 0 is such that there is x € [res] N o~*[res]. Then we have

(7.7) (0, res]) = Tkt |res|) = TCS = vupequw.
Figure illustrates the three possible ranges of k that we must deal with:

(1) 1 <k < |vupequ|, so v starts in x before w starts in o*(x);
(2) Jvupequ’| < k < |upcqu'w| = |res| — |v|, so v is a subword of w;
(3) k> |Jupcqu/w| > max(|vupe|, |cqu'wl).

T S

—_——
Lvw P ah w ,

{Tk.’l,'

vl P q w .

T Case 1

v Poeld w ,

Case 2 L

) 1 . ! w
v P e d w \

Case 3 L

FiGURE 7.2. Cases 1 and 2 are forbidden by our choice of v, w. Case 3 is permissible.

The first half of gives |vupequ’| < Im+27+|peq| < a(fn—|c|) = a |w|. In particular,
if Case 1 occurs then we have wy |y|—x] = Wit1,w) for some & < Jvupequ’| < a|wl, so w
is k-periodic, contradicting Lemma [7.7] Thus Case 1 does not occur. Case 2 is forbidden
since by Lemma v does not appear as a subword of w. Thus is not satisfied for
any 1 < k < |res| — |v|. Since |re| < |es| = |res| — |r| < |res| — |v], this proves (7.1).

For the final claim in part note that when G satisfies for some 7 € N, Lemma,
gives a synchronising triple (p, ¢, q) with |c¢| = 7. As above, this extends to a synchronising



42 VAUGHN CLIMENHAGA

triple (r,c, s) satisfying (7.1)). Let F = {Jw|: w € F"**} C Nand G = {|w| : w € G} C N.
Clearly F' C || + G = 7+ G, so ged(F) is a multiple of d := ged(t + G). On the
other hand, 7 + G C N is closed under addition by so there is N € N such that
dANN[N,00) C 7+ G. For every w € G we have csuwvr € F™* for some u,v € L;, and so
FOor+G+ @2r+|r|+|s]) DdANN[N + 27 + |r| + |s|, 00), which gives gcd(F) = d.

7.1.4. Absence of long overlaps implies |[I1I*|. Now we prove part @ of Proposition
Let (r,c, s) be a synchronising triple for G satisfying (7.1). We show that
F:=F=cB" =c(sLNLrNG)

satisfies [I11*]| if G satisfies |[I11,]|l Note that F satisfies by part [(a)]

FIGURE 7.3. Establishing |[IIT*]]

Suppose x € X and 1 < j < k < £ are integers such that z[; ), z[; ) € F and there are
a < j and b > k such that x|, j), 7 5) € F (see Figure . We must show that z; ) € F.
Let j/ = j — |r| and k¥’ = k — |r|; then we have

Llj"g'+lres|) = LK K +|res|) = TCS,

so (7.1)) gives k — j = k' — j' > max(|rc|, |es|). Thus z(; ;1)) = ¢ and z[j e k) € SL N Lr.

It remains only to show that ;| x) € G. For this we observe that ;) € F implies
Tliyiel k) € G, and x50 € F implies x4 ¢ ) € G. Note that i + |¢] < j + |c| < k < ¢, and
that k — j > max(|rc|, |es|) implies k — (j + |c|) > max(|r|,|s|) > L, so by [[III,]| we have
Tjplelk) € G- It follows that z(; ;) € F, which establishes for . This completes the
proof of Proposition [7.3]

7.2. Construction of £P and £°. In this section we prove Proposition modulo a few
lemmas that are proved in §7.3.1] The argument here uses ideas similar to those in the
proof of Lemma but is more complicated.

Suppose G satisfies [T], [TT], [[TIL,]} [ITI,]|and let 7, ¢, s be a synchronising triple satisfying
and such that |r|,|s| > L, where L is large enough for both |[II1, || and |[III} | to hold.
Let F = F™%% and I = F\ FF; we must prove that P(I,p) < P(¢) and produce EP,E% C L

such that
(7.8) P(EPUE U (L\EPFE®), p) < P(y).

To this end, given w € G, consider the set of times where the synchronising triple appears
in a ‘good’ position relative to the start of the word:

(7.9) Gy (w) :={i € [|r], |w| = [es|] | wyr ;) € G and Wi |y iy(es) = TS}

Let S(w) = {i € G5 (w) | W(it|e,jw] € G} be the set of such times that are also ‘good’
relative to the end of the word. Then consider the collection

E={weg|Sw)=0}



SPECIFICATION AND TOWERS IN SHIFT SPACES 43

Note that F C ¢G, and if cw € F has S(w) # (), then for i € S(w) we have
W) €9, Winlrlitles]] = 7€ Wiitle|jwl] €Y = CW = CW[ 4 CW(it|c| Ju|] € FF;

this shows that [ = F\ FF C ¢€, so P(I,¢) < P(&,¢) by Lemma

Let EP := CPE and &% := £C°. We must describe £\ EPFE®. By [[IIL,] and (7.1)), given
w € G and i,j € S(w), we have we ) € F. Given v € CPGC® we write v = vPwu® for
uP € CP, w € G, and u® € C5. Then we have the following trichotomy: either

o #S(w)=0,s0w € & and v € CPEC® = CPES; or

o #S(w)=1,s0w € E€ and v € CPEEC® = EPES; or

e #S(w) > 1, in which case we take i = min S(w) and j = max S(w) to obtain wy; ; €

&, wi ) € F, and w(j |, € €. In particular, this gives v € CPEFEC® C EPFE®.
We conclude that £\ EPFES C CPES U EPES U (L \ CPGC®), so Lemma {4.4] gives
PEPUE U (LN EPFE), ¢) <max{P(£,¢), P(C®,¢), P(C°,p)}

By and the fact that P(I,¢) < P(&, ), we see that in order to prove [[IT']| it suffices
to show that P(&,¢) < P(p).

As in et GF = {wpy | we G,1 <i < |wl}, and similarly G~ := {wy; o)) | w €
G,1 <i < |wl|}. The following lemma (proved in §7.3.1)) says that with very few exceptions,
words in G admit a decomposition with no prefix, and words in G~ admit a decomposition
with no suffix. In the proof, and below, we will use the collection

(7.10) C:=CPUCSU(L\CPGC).

Lemma 7.8. If G satisfies [II], and |[IIL,]| with some CP,C® C L, then P(Gt \
(GC%),p) < P(p), and similarly P(G~ \ (CPG), ) < P(p). In particular, there are & > 0
and Q7 > 0 such that for every n € N we have

An(GT\ (GCY), ) < Qre P8,
An(G™\ (CPG), p) < Qre™ PO,

(7.11)

€g i— el € GF (w)
—t—
N ———— | e
€ Gu
Gé”(w)aij v

FIGURE 7.4. Candidates for good occurrences of (r, ¢, s).

Given w € G, define G (w) as in (7.9). For M € N and w € GF, let
G (w) = {i € [Ire|  Jw] = |s[] | i = |e| € GT (w) and wg i € G},

as illustrated in Figure The indices i € GM (w) are ‘candidates’ for good occurrences
of the synchronising triple (7, ¢, s). Note that here ¢ represents the position where s starts,
rather than the position where r ends; this differs from our convention with G7 (w) but
will be more convenient in what follows. To guarantee that an index i € GM (w) represents
a genuinely good occurrence (that is, ¢ — [c| € S(w)), we will eventually need the added
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property that there is no long obstruction beginning at 7; that is, w1 ¢ CP for any
i/ > i+ M — L. By Lemma[7.8| this will (typically) guarantee existence of j € (i,i+M — L]
such that w; |, € G; this in turn will allow us to apply and deduce that w; |, € ¢
and hence i — |c|] € S(w).

¢C
eg

v | | r

C

L
5| [ | w e HM(v)

e0um

L c|
[ - 1
NG B

GM(w) 3i

FIGURE 7.5. Obtaining i € S(w) from i € GM(w).

To show that nearly every word w has indices in GM (w), we will work left to right,
estimating the probability that the synchronising word appears soon in a good position,
conditioned on the symbols we have seen so far. For each v € G, let H'(v) := GT NvL and
consider the following collection, illustrated in Figure

HM (v) := {w € HT(v) | there is i € [[v| + |re], [v] + |re| + 7] N GM (w)

such that w; ;) ¢ C for any i’ € [i + M — L, |wl]},

Here C is as in (7.10). The following is proved in §7.3.2|and is the source of the exponential
decay that we eventually obtain.

Lemma 7.9. There is v > 0 such that there are arbitrarily large values of M € N such
that the following holds for every v € G and n > |v| + 7+ |rc| + M:

(7.12) An(HY (0), ) > YA (HT (0), ).

In order to apply Lemma we need to show that for w € G*, we have wi €6
‘often enough’ Thanks to Lemma [7-8 we can do this by controlling how many words can
have long segments covered by a small number of words in C. To this end, given 6,5 > 0,
consider the collection

CP9 .= {w € L | there are {(iq,i] C [1, w|]}2_; with B < 2|8 |w]]

such that w, ;) € C and #UB (ia,1] > 26 |wl|}
I

a=1
of words for which at least 24 of the length of the word can be covered by a small (< 2| |w]])
number of subwords lying in C. When 8 < 4, the following estimate (proved in §7.3.3)) shows

that C#9 has small pressure, and gives a concrete estimate on the partition sum.

Lemma 7.10. For every § > 0 there is 3 > 0 such that P(CP9, o) < P(yp). In particular,
there are Qg > 0 and 6 < 1 such that

(7.13) An(CPP, 0) < Qg ()

for every n € N. Moreover, because CP0  CBo for every 0 < ' < B, (7.13)) remains true
if B is replaced with any smaller positive number.
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Let 6 = 1/8, and let 8 > 0 be such that Lemma holds. Choose an integer M >
max (371, 2(|re|+7)) such that Lemma 7.9 holds and such that writing T' = 2(M + |rc|+7),
the quantity ¢ := (max(0,e~¢))7 satisfied™

(7.14) Q2(Q7+Qs)C(1-0)"' (1 - )7 <.
Observe our choice of M guarantees that % < B and that T < 3M; we will use this in
Lemma below. For every k € N and m > kT, Lemmas [7.8 and give

Am(GT\(GC%), ) < Qr¢Fem P,
Am(CP, ) < Qs(Fem P,
Consider the intervals I := (57, (j + %)T] for j € N, and write

(7.15)

(7.16) A" :={weG"|forall0<j<kandicl;nGM(w),
there is ¢’ € [i + M — L, |w|] such that w; ;) € C}
for the set of words which avoid genuinely good occurrences of (7, ¢, s) in the first k intervals

I;; in particular, any candidate good occurrence within these intervals is ‘ruined’ sometime

before the end of w by a long obstruction from C. Note that A**1 c A* and that if

v € AF and |v| > kT, then H*(v) C A*. On the other hand, there may be w € A* with

W, kT ¢ AR

Our goal is to relate A, (A1, ) and A, (A", ). We do this by decomposing (most of)

AF into collections H (v) where v € G, and then applying Lemma Given k € N, write

my = (k+ )T — (7 + |rc]),

zZF.={veg||v € kT, M), v er) € Ak,v[m ¢ G for any kT < i < |v|}.

We will use the following observations.

(1) The collections {HT(v) | v € Z*} are disjoint; no word in Z* is a prefix of any other.
Indeed, given v/ € Z¥ and v € v/£N G with v # ¢/, we have kT < |v/| < |v| and
v =V € G, 800 ¢ zZk,

(2) Given v € ZF and n > (k + 1)T, we have HM(v),, C Hj(v) \ A**L. To see this,
observe that HM (v) € HT(v) by definition, and that moreover any w € HM (v) has
some i € GM(w) such that

e i€ [|v]+|rc|, v+ |re| + 7] C Ii (this last inclusion motivates our choice of my),
and
o w ¢ C forany i’ € [i + M — L, |wl].
The existence of such an i guarantees that w ¢ A*+1.
The following lemma, proved in relates A to | |,czx HT (v) up to a small term whose
partition sum is well controlled by Lemmas [7.§ and [7.10]

Lemma 7.11. For every k > 0 and n > my, we have

(7.18) || i (w) C A C ( ] Hg(u)> Uk,

vEZk vEZF

(7.17)

29Recall that &,7, 6 are provided by Lemmas and , respectively. Note that in Lemma , 0%
is independent of the choice of M.
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where

VE = (G \ (GC) )y L (U U A Téf;f;TcM).

=0 ¢=kT

Moreover, V¥ := J,en V¥ satisfies the bound (with 0,¢ as in ([713)-(7-15))
(7.19) Ay (V¥ 0) < Qs Q7 + Q8 Z Ajp (A p)¢FTem=iTIP(),

Now we estimate A,(A*, ). Given v € Z¥ and n > (k + 1)T, we recall from above that
HM (v),, € H(v) \ AEHL and so Lemma [7.9| gives
(7.20) An(HF (0) N AL ) < Ap(HF (0) \ HY (0), ) < (1= 1) An(HF (0), ).
Summing over v € Z* and using A**! C A* together with the second half in (7.18) gives
(7.21) M) < (30 (@) N AL 0)) + 2,0 )

vEZF

Using the first inclusion in ([7.18)) together with (7.20) gives

o AT )N AT ) < 3T (1= )AL (HT(v),0) < (1= 7)An(AY, ),

veZk veEZk

and so from we obtain
(7.22) A (AR 0) < (1= 7)An (A", ) + An (VP ).

Let aj, := sup,,sr An (A, ©)e "P@) so that A, (A*, @) < are™®) for all n > kT. Lemma
gives aj, < ag < Qo; we will prove that aj, < QanF for some n < 1. Write (7.19) as

and multiply both sides of (7.22) by e "F(®) to get

Qr+ Qs =2

(7.23) are1 < (1= 7)ap + Q727 3 a;¢" .

j=0
Rewriting (7.14) as (1 —7) + Q2(Q7 + Qs)¢(1 —0)~1(1 — ¢)~! < 1, choose 1 < 1 such that

Q7+Q8 ¢

i e

(7.24) (1= "+ Q2
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Let by = azn~* and observe that by = ag < Q2. Suppose that k is such that b; < Q2 for
every 0 < j < k. Then (7.23) gives

. —|— o . s
best = apsan~ D < (1= agy ) + Q Q7 Qs (k+1) Zb jch=i

k—1 k—j
( )bkn_1+Q Q7+Q8 12@ (C)

<
<Q2(( N+ Qo Qit§8'$'1j§7><Q2,

where the final inequality uses (7.24)). It follows by induction that by < Q9 for every k € N,
and thus ay < Qan® for every k. In particular, this gives

(7.25) An(Ak, p) < anke”P(w) for every 0 < kT < n.

It remains to relate &, to A¥. Given n € N large, choose k;, € [7%, 4] NN. We claim that

knT
(7.26) £, Abn < U LG \cpg)nm>.
m=0

Indeed, given w € G,,, suppose that w is not contained in the right-hand side of ; that
is, w ¢ AF» and W Jw|] € CPG for every 0 < m < k,T. Then by the definition of Al
there are j < ky, and i € GM(w) N I; such that w(; ¢ C for any ¢ > i+ M — L. Since

iJw|) € CG, this implies that there is ¢ € [i,i + M — L] such that w |, € G. Applying
to Wi i+-m] and wg, ), we conclude that w; |, € G, and hence i—|c] € S(w m In
particular, this proves that S(w) # 0, so w ¢ &,, establishing (7

Using together with and , we now have the estimate

EknT
An(E, ) < An(Ak"a ®) + Z A (L, 0)An—m (G~ \ CPG, )

m=0

knT
< anknenP(cp) + Z QQGmP(@)Qw(nfm)(P(@)*é)
m=0

< Qoe"P) <77;T +Qr Y

Z:nfknT

Taking logs, dividing by n, and sending n — oo gives
P(€,¢) < P(p) + max(gp logn, —§) < P(y).

This completes the proof of Proposition [7.4] and hence of Theorem modulo the proofs
of Lemmas [7.8§] which we give in the next section.

7.3. Proofs of Lemmas [7.8H7.11]

30This is the only place in the paper where we use |[ITII}]
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7.3.1. Proof of Lemma . We prove the lemma for G\ GC%; the other claim follows from
a symmetric argument. It suffices to show that P(G* \ GC% ¢) < P(p), which we do by
finding R,S C £ and ¢ € N with GZ_\ GC° C R U S, proving that P(R, ) < P(p) and
P(S,¢) < P(yp), and applying (2.4).

Fix ¢ > 0 small enough that P(C,y) + & < P(yp), so there is C' > 0 with
(7.27) An(C, ) < Ce™P)=) for every n € N.
Then fix @ > 0 such that a(P(¢) + ||¢|]) < e. Let N,Qs3,no be as in Lemma S0
that given any n > ¢ := 7 + [ng/a| we can choose mn € [an — 7 — N,an — 7] for which

A, (G, ) > Qgem"P("") Note that m,, + 7 < an and 2 Sy = Q.

Given w € g>c, let £ € L be such that wz € G. For every v € G, it follows from .
that there is u = u(v, w) € L<, such that vuwz € G. From now on we will consider z as a
function of w, and u as a function of w,v. Consider the collection R C GZ_ given by

R:={we gge | for all v € Gy, there is 1 < k < |w| such that vu(wy y) € C}.

In particular, for every n > ¢ and w € G \ R, there are v € G, and u € L<, such that
vuw € G and vu(wp g)) ¢ C for every 1 < k < |w|. We will consider v, u as functions of w
whenever w € G\ R. Let

S:={we g;c \R | |w| > L and there is 1 < j < |vu| + L such that (vuw)j jyuw|] € C}-

We will demonstrate below that P(R U S, ) < P(y). First we observe that if w € G\
(RUS), then we have vuw ¢ C and hence vuw € CPGC®, so that in particular there are
1 <i < j < |vuw| such that
(vuw)py 4 € CP, (vuw)(; 5 € G, (vuw) (j jvuw|) € C°

By the choice of v and u, we have i < |vul, and by the definition of S, we have j > |vu|+ L.
In particular, writing £ = j — |vu|, we see that wg |, = (Vuw) jvuw| € C°, and also wy g
is the intersection of the two words (vuwz)(; ;) € G and (VW) (jyul,jvuws] = WT € G. Since
¢ > L this gives w4 € G (by and thus w € GC5.

Having proved that GZ_\ GC* C R U S, it remains to estimate P(R, ) and P(S, ). To
estimate A, (R, ), we will estimate the partition sum of the collection {vuw | v € Gp,,,, w €

Ry} in two different ways. First, note that every such vuw has length between n + m,, and
n +my + 7, so along the same lines as in the proof of Lemma we have

(7.28) > N eftu) > NN o) ed(w) = (Tlielitlel)

'Uegmn WERR 'Uegmn WERR
> e~ A, (G ) AR(R, @) > e~ TIHE QuemnPOIA (R, ).

On the other hand, for v € G, and w € Ry, we have vuw € Cpy, 4 ju|+-£Ln—k for some
1 <k <mn, and thus as in (4.7),
-

Z Z e (vuw) Z Z Z ?() P (y)

n
'Uegmn wWERR k=1t= ecmn+t+k YyELy i
n

| /\

(7.29)

T

Z (mn+t+k)( (w)fE)Q2€(n*k)P(<ﬁ).

| N
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Observe that for every 1 < k <n and 0 <t < 7 we have
(n —k)P(p) + (my +t + k) (P(p) — )
=(mn+my+t)P(p) — (mp+t+k)e<(n+my+7)P(p) — mpe
and so ([7.29) gives
Z Z ecﬁ(vuw) < n(7'+ 1)Q206(n+mn+T)P(<p)€—mn€,

VEGm,, WERA

which together with (7.28)) gives
An('R’ 4,0) < 67||<P\|+\80|dQ;le—mnP@P)n(T + 1)Q206(n+mn+7—)P(@)e—mns
< €T||<P\|+\90|ng1n(7- + 1)Q2Ce(n+‘r)P(<p)efmns,

and we conclude that P(R,¢) < P(p) — ac < P(p).
Now we consider A, (S, ¢). For every w € S,, we have v € G, and u € L; for some t < 7
such that vuw € L;Clyyp)—j for some j < [vu| + L. This gives

(730) An(S,0)= 3 #® < 3 plremaliel+lelago(vu)

weSy, wESy
T mp+t+L
< eomllelltlela S™ 5™ AL (L, 0) Ay t40—i (C. 0).
t=0 j=1

For each choice of ¢, 7 we get

A (L, 0) Ay ttn—j (C, ) < Q2ejP(s0)Ce(mn+t+n—j)(P(s0)—6)
— QQCe(anrt)P(sO)enP(<p)€f€(n+mn+tfj) < QQCeanP(so)enP(v))efef

where { =n+m, +t—j>n— L, and so
mp+t+L

Yo AL Q) A ttin—j (€ p) < QoCe PRI PP em=n=L)(1 — ¢7¢)71,

j=1
Together with ((7.30)), this gives

An(S, ) < @@L elelaQ,CenP @) (7 4 1)e =1 (1 — ¢75) 7,

and we conclude that P(S, ¢) < P(¢)+a(P(p)+|¢ll) —e < P(¢), where the last inequality
uses our choice of a. This proves Lemma [7.8]

7.3.2. Proof of Lemma[7.9. We first describe the values of M that we will use, then give
a computation that proves (and shows that «y is independent of M). By Lemma
there are arbitrarily large values of £ such that Ay(G, ) > Q3e” (#). Given such an ¢, define
7 G — Uizo 8L N Gjg|404i using |E| by m(w) = suw where u = u(w) € L<-, and s is from
the synchronising triple. Then we have

ST Aen(sLNG ) > Y efliuw) > N Plsw)gplw) el
=0

weGy wea
> e~Ustnliell=lelap (G, ),
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so in particular there is M € [|s| + ¢, |s| + £ + 7] such that

Ay (sLNG,p) > (T4 1)—16—(|s\+7)||<p||—\s0\dQgeep(p)
> (1 + 1) le= sHDULI+P@)~I¢la Qg M P (%)

Putting Qg = (7 + 1)~ te~(slHNI#l+P(©)=I2la Qs we will use this in the form
(7.31) Ap (8L NG, 9) > QoeMP®),

Note that M can be taken arbitrarily large, and that Qg only depends on Qs, 7, |s|, ¢.

Now we fix v € G and n > |v| + 7 + |re| + M. By [[I]| there is p € L<; such that
vpr € G. Write i = |vpre| and m =n —1i > M. For any s’ € sL NGy and w € H; ('), the
synchronising property of (r, ¢, s) gives

vprcew € 7-78]‘//[(1),@') = {z € H(vpre) | i € GM(x)};

that is, ¢ represents a ‘candidate’ good occurrence of the synchronising triple in vprcw. We
first estimate how many such words vprcw there are, and then show that in most of them,
1 must be a genuinely good occurrence; that is, there is typically not a long subword in C
beginning in position i. To start, Proposition gives

(7.32) Am(HF (), ) = Qplem=MIP() ¢o(s))
so we have
An (7?[\‘87\//[ (’U, i), 4,0) > Z Z e@(vprcw) > Z Z eaﬁ(vprc)eaﬁ(w)e—hp\d
s'esLNGar wE’H::L(s’) s'esLNGar wGHTtL(s’)

> PO lprelllel=2ela ™A (1 (), ).

s'esLNG

Using the bounds from (7.31)) and ((7.32)), we get

Z Am(H+(8/),S0) 2 Z Q (m—M)P(p) (p(S/)

s'esLNG s'e€sLNG vy
> Qp e MP@IN(sLNG, ) > QrlemPPQ,

which gives

(7.33) An(HM (v,7), p) > P emP@)elprelliel=2ela g1 Qq.

The upper bound in Proposition gives

together with ([7.33|) this gives

(7.35) An(H (0,3),0) = 2yAu (K (v), )

for v = %e_(7+|“3|)(P(%0)+HAOII)—QIsoLiQ_ZQQ. Applying Proposition again gives
(7.36) Ap(H (v), ) > QLM NP 2] > Qg lemP(9)elrelP (@) o2 (v)
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We must exclude those words x € @(v, i) for which z(; ;) € C for some i’ € [i+ M — L,n].
Let B(v,7) be the set of such x; note that B(v,i) C Uji—; ;s vpreCy—iLy_ir, so taking
C,e > 0 such that A(C,p) < CeF @)= for all k € N, we have

n

An(B,i),0) < > PPN i(Co ) Ani (L, )
i'=i+M—L
< PO Tlel+p(r0) z": Cel=D(P(©)=9) 0, (=) P(¥)
i’=i+M L
< (P)TIgI+(e) (=) P(2) (19~ (M-LIE(] _ g=2)~1.

Since e("=IP(¥) = ¢mP(¥) by (7.36) we can take M large enough that for every n and v we
get Ay (B(v,1)) < yA,(HT (v), ); together with (7.35)) this shows that

An(HY (0,3) \ B(v, 1), ) = yAu(H' (v), ).
Finally, H (v,4) \ B(v,i) € HM(v), completing the proof of Lemma

7.3.3. Proof of Lemma . Given 3,0 > 0 and w € éﬁi,d, let 74,14, be as in the definition
of CP% for a =1,...,B < 2|An|. Write I, = (iq, ) NN and observe that if some i € [1, |w]]
is contained in I, for three distinct choices of a, then one of the corresponding intervals I,
is contained in the union of the other two, and hence can be removed from the collection
without changing (J, I,. Thus without loss of generality we may assume that every ¢ €
[1,|w]] is contained in at most two of the I,, and by re-indexing if necessary, we have

’i1<’i/1§’i3<’ig§-~~, i2<i/2§i4<i£1§"-

Either Y, even(ih — 1) = 01 or Y., oqq(ih, — iq) > on. Write jp,j; for the indices in the
larger sum, so b = 1,..., B’ where B’ < [8n]| (since B < 2|An]). We see that w €

L CJ’—J1£32 J{CJ’—J2 . Cj/_jbﬁn_j/; in particular,
[Bn]
°C U U[’h it—iLia—itCiy—ia * Cip—in Lnjy
Br=1jj
where the inner union is over all sequences 0 < j; < ji < jo-+- < le/ < n such that
S(Jp — J») > on. Assume that § < %, so 2B’ < 2|fn] < n; then the number of such
sequences is at mos - (2(;;,1)) < (22(?;3) < 4(2Lﬁ |) < 8ne h(B)2n where we use Lemma [5.11

- 2

For each such sequence we can write £(j,7") = >, (j, — j») > dn and use (4.7), Lemma 4.5

and (7.27)) to get
An(L5Ci—j Lot Cir—js -+ Cit—j Lt > ©)
< QB H1em—tGINPW) OB LTI PE)=0) < 9y (QaC)PrenP(#)een

Y

31The factor of 2 in the top half comes since we allow j, = jpi+1; to associate each such sequence to a
strictly increasing sequence we can duplicate each of the numbers 0,1, ..., n.
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where C, ¢ depend on C, but not on j or 5. Summing over all choices of B" and of j, j' gives

An(éﬁ’é, ©) < 85n2eh(ﬁ)2nQ2e(log(ch))ﬁnenP(w)675871,

and we conclude that
P(CP, ) < 2h(8) + Blog(Q2C) + P(y) — be.
For small enough § this is < P(¢), which proves Lemma

7.3.4. Proof of Lemma . First we prove the inclusions in ([7.18]), then we prove the
estimate in (7.19). For the first inclusion in (7.18), if v € 2" and w € H*(v), then
WL kT] = V[1,kT) € AP by the definition of Z*, so w € A*.

The second inclusion requires more work. Let my be as in , and let w € .Afl. If
W1 m,] & GC°, then w € Yk, so we may assume that W[1,m,] € GC°. Thus there is i € [1,my]
such that wy; ; € G and w(; ) € C° C C. Let k' = [i/T], so that 0 < &' < k, and let j < &
be maximal such that wy; j7) € A7

First suppose that k' = k. Thus ¢ > kT, and so taking ¢/ > kT to be minimal such that
v :=wp i € G, we see that v € Z¥ and w € HT(v). So we move on to the case k' < k.

Lemma 7.12. Supposew € A¥, 0 < k' <k, andi € [K'T, (k' +1)T) are such that wp ) €G
and W m,) € C, and j < k' is mazimal such that wy jr) € AJ. Then there is £ € [K'T,|w|]
such that (§T,£] contains B = k' — j intervals {(iq,i,)}2_, such that

alSa=1
(7.37) w(;,,ir] € C for every a, and #Ule(ia,ig] > %(E —J7T).

Proof. 1f j = k' then taking ¢ = k'T suffices. So assume j < k. Given 1 <a < B = k' —j,
we have wyy (jyayr] ¢ A7t by maximality of j. Thus there are j, < j + a and i, € I;, =
(jaT, (jo + 3)T] such that w;, ¢ ¢ C for all &' € [ig + M — L, (j + a)T]. Note that j < j,
because wy; j7] € AJ,and so jT <iq < (jo+3)T < (j+a—3)T.

On the other hand, w € A* and so for each a there is !, € [iy + M — L, |w|] such that
1 € C. By the previous paragraph we must have i;, > (j + a)T. Let { = maxg iy,.

Wia,if,
Because i, < K'T for all a = 1, ..., B, we have
B B
Uil > (U (G+a= BTG+ 7)) U (T 0,
a=1 a=1
which proves (7.37)). O

Let ¢ be given by Lemma If £ > kT then we have w € Y*, since wiiTy € CP9 for
(5:%and,BZ%,bytheestimateB:k’—jg%(é—jT). A
Now consider the case £ < KT'; we claim that in this case we have w1 ,,] € Ch9. Put

io = i and i, = my,; consider the collection of intervals {(iq,i,]}2_, C (5T, ms]. Note that
B+l=k—j+1<k—j<t(my—jT).

It remains to show that # U2 ((iq,i,] > L(my — jT). From (7.37) we observe that
#UB  (ig,1)] > $(¢ — jT). Moveover, this union is contained in (j7,¢], so writing ¢ =
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max (i, /), we use the general inequality w+$ > min( % Z) to get

. / _p
(738) #Ua:()(l'aﬁll/a] — (# Ua l(la’ a]) + #(6 mk] 2 min (17 M E )

mg — jT' (L —4T)+ (mg —£) 2" my — /4
Since i < (k' + 1)T 0> KT, we get £/ =max(i,l) < L+T,sol'—¢ <T. Recall from
that my, = kT + T — (7 + |rc|); since i < (k' + 1)T < kT (using k' < k) and ¢ < kT, we get
¢ < kT and hence my, — ¢/ > L — (1 4 |rc|) = M > L, where we use the bound following

(7.14) to get T'< 3M. Thus (|7.38)) gives

mk—fl_ my — ' _ 1 1 _1
my — 4 (m =)+ (' —=1) 1—}—% 1+T/3 4

This proves that w;rm,) € CP% and completes the proof of (7.18).
To complete the proof of Lemma we must prove the estimate in (7.19). We do this

using (4.7), Lemma 4.5 and (7.15)) to get
An((GT\(GC) )iy Ly @) < QrCFe™ PO QpermIP0) = QrQy¢hen®
for the first part of Y*, and for the second part, (£.7)), Lemma and (7.13)) to get

k-1 n
(U U Tceﬁ 5]T n— K?@) < Z Z AjT(Aja@)Af—jT(Cﬂyav(p)An—f(ﬁa@)

§=0 ¢=kT §=0 ¢=kT

©) Qs T ITIP(9) (e (n=OP(¥)

VAN
||M|

i

ET—jT
<0 uem—mzvm
- 1-6
Adding the two estimates (and loosening the first) gives 1 H This proves Lemma [7.11] -

8. PROOFS OF OTHER RESULTS
8.1. Proof of Theorem We start with a lemma. Given A C L, let

P(A, ) == sup — log An(A, )
neN T

and consider the collection A* = {w!---wk € £ | w’ € A for all 4}.
Lemma 8.1. Let ¢ be Holder and A C L>pr for some M € N. Then
(8.1) P(A*,¢) < P(A,0) + h(gp),
where h(§) = —dlogd — (1 — §)log(1l —9).
32Gtrictly speaking, in we could put Q7 outside the fraction, and only multiply it by the term

in the sum corresponding to j = 0, but the looser estimate leads to less cumbersome bookkeeping and is
sufficient for our purposes.



54 VAUGHN CLIMENHAGA
Proof. Given n,k € N, let
Ny ={(n1,n2,...,n%) € NP | an =nand n; > M for all 1 <i < k}.

Note that Ny, is empty for all k > §7. Now we have

Ap(A0) =D 3 Pt < §7Y 3 i P
k Ny

keN Nk wIGAnl ,"'wkeAnk wleAnly'”wkeAnk

wlwkel
b [n/M] )
<SS S T A (Ap) < D7 (#Ng)en %)
k Ny i=1 =1

Recalling Lemma, we see that for every k < {7 we have #N < (}) < neh(ﬁ)", which
gives the estimate

An( A%, ) < n2 M~ Leh(Gr)nenP(Ag)
We conclude that P(A*,¢) < P(A, ¢) + h(3), as claimed. O

Now we prove Theorem As in the statement of the theorem, let C* satisfy (1.4]) and
and fix ¢ > 0 small enough that P(CT UC™,¢) + 3e < P(p). We start by choosing
parameters M, 7, N to satisfy certain pressure estimates; then we use these to define CP, C®.

Finally, we define G and verify
STEP 1 (choosing M, , N): Choose M € N such that h(4;) < € and
(8.2) P(CSy, @) <P(C 9)+e,  P(CLy.0) <P(CT o) +e.
Let 7 = 7(M) be as in and consider the collections
D™ :={w € L | there exists © € L<, 4 such that wz € C™},
D = {w € L | there exists ¥ € L<, 4 such that zw € CT}.

These have the same pressures as C*; indeed,

T+M A T+M R '
MWD e) =3 Y <Y T il
=0 weD, =0 yec—

n+i

jo(w)|=i
< (74 M + 1)elelat Ml 7 HM)PCs,,0)

Sending n — oo gives P(D~,¢) < P(C™, ), and the estimate for DT is similar. Thus we

can choose N > M large enough that 10%2 < e and

A

(8.3) P(DZy.0) <P(C™,p)+e,  P(Diy,0) <P(CT o) +e.
For use in Step 3 below we record the fact that (I.4) holds for D*: that is,
(8.4) (vw e DT =veDT) and (vweD = we D).

This follows quickly from (1.4)) for C*: if vw € DT then there is * € L<,4 such that
xvw € CT, and since ((1.4) gives zv € CT, we get v € DT. The case vw € D~ is similar.
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STEP 2 (definition of CP,C®): Consider the collections
CPi=(Copy U D;N)*v C = (CiM UDSN)™
By Lemma [8:1] we have ) . . .
(8:5) P(CP,0) < P(Ch UDLy, ) + h(3)-
To estimate the P term we note that for n € [M, N) we have
An(CSy U D>N» @) =An(Coppr ) < e"FCanr) < P 0)Fe)
using , while for n > N we have

< 2¢" max{P(C ZMW)P(D;\N‘F’)} < 2€n(maX{P(C_7<P),P(C+7<P)}+5)

using and ( . We conclude that
(C‘M UDIy, ) < P(CUCT, o)

Together with ( and the estimate on h(4;) this gives

(8.6) P(CP, ) < P(CTUCT, ) + 3¢ < P(p).

The estimate for P(C®, ) is similar.

STEP 3 (definition of G): Now we describe G such that and [I1I]| hold and we have
P(L\ CPGC®, ¢) < P(p). Let

(8.7) Gi={we L\ (D"UD7) |wyi & C  wiw|—ijuy ¢ C* for all M <i < |uwl,
and wyy ) & DT, w(jy|—ijw)) € D for all i > N}.

P(C-uUCt, @)+ 2¢,

Given w € L, decompose w as w = uPvu® by beginning with v = w and w? = u® = (), and

then proceeding as follows.

(1) Choose the smallest i € [1, |v|] such that vy 5 € C5), U D>N (if such an 7 exists); then
replace u” with uPv ; and replace v with v(; |- Iterate this step until no such 7 exists;
note that uP € CP.

(2) Take the resulting word v and choose the smallest i € [1,|v[] such that vy —; ) €
C;M UDsy (if such an 7 exists); then replace u® with v, |, u® and v with vy |,/
Iterate this step until no such i exists; note that u* € C5.

(3) Observe that the resulting word v satisfies v € G U DT U D™ by the definition of G.

We conclude that £\ CPGC® C CP(Dt UD™)C®, and in particularm
P(L\CPGC*, p) < max{P(CP, ), P(DT,¢), P(D™, ), P(C",¢)} < P(¢).

It remains to show that G satisfies [[I]| and For [[T]| first note that G C G(C*, M), and
so by for every v,w € G there is u € L<; such that vuw € L. Fix any such v and
observe that for all v" = wv}; |, and w' = wp ;] we have v'uw’ € L since it is a subword of
vuw. When v/, w’ € G, the following lemma implies that v'uw’ € G, which establishes

33In fact, the estimates given here and earlier show that we can make P(C° UC® U (L \CPGC®), o) as close
to P(CT UC™, ) as we like by taking M, N large.
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Lemma 8.2. Ifv',w' € G and u € L<, are such that vV'uw' € L, then v'uw' € G.

Proof. We prove that
(1) v'uw’ ¢ DT and v'uw' ¢ D~
(2) (V'uw')pg ¢ € and (V'uw’) (o |—ijvruw)) € CT for all 4 > M;
(8) (v'uw')py ¢ DT and (V'uw') (| —i o] € D~ for all i > N.
In each case we prove only the first assertion; the second follows by a symmetrical argument.
For we see that v’ ¢ DT implies v'uw’ ¢ DT by (8.4). Forwe consider (v'uw')
in the following three cases.
o M <i<[v|. Then v' € G gives (v'uw)p =} 5 ¢ C™.
o || < i < |[vu| + M. Then since v/ ¢ D~ and i — [¢v/| < 7+ M, we must have
@’uw’)[lvﬂ = U/(uw/)[l,i—|v’|] §§C_ .
e i > |v'u|+ M. Then w' € G gives wfl,i—\v’u\] ¢ C~, so (L4) gives (v'uw')p ¢ C™.
For @, if N <i<[o/], then (vuw)py 5 = vy » ¢ D by the definition of G; if i > |v/|, then
v’ ¢ DT implies (v'uw’)p 4 ¢ DT by (8.4). Thus v'uw’ € G, which proves Lemma O

The proof of has a similar flavour. If uvw € £ and wv,vw € G, we show that
wow € G, and that v € G if |[v| > N. As above, we verify the conditions involving C~ and
DT; the other conditions follow from symmetric arguments. We start with vow.

(1) Since uv ¢ DT, we have uvw ¢ DT by (8.4).
(2) Fori > M, we check (uvw)y; ¢ C~ in the following three cases.
e M <i < |uv|. Then uv € G gives (uvvw)); 5 = (uv);y ¢ C.
e |uv| <i < |uv|+ M. Then uv ¢ D~ implies that (uvw)p 4 = (W)W i—jue)) ¢ C~
since i — |uv| < M.
e i > |uv[+M > |u|+M. Then vw € G gives (vw)( ;| & C~, hence (uvw)p 5 € C~
by .
(3) If N <i < |uvl, then uv € G gives (uvw)p 4 = (wv)py € DF. If i > |uv|, then uv ¢ D
gives (uvw) ;) ¢ DT by (8.4).
We conclude by showing that v € G whenever |v| > N.
(1) Since vw € G and |v| > N, we have v = (vw)[,jy) ¢ DT
(2) Given i > M we have vj; ;) = (vw)[1 ;) € C~ since vw € G.
(8) Given i > N we have vy ; = (vw)p ;) € D since vw € G.
This establishes for G and completes the proof of Theorem

8.2. Shifts of quasi-finite type. To prove Theorem we first prove for ¢t =t
and C~ = C". Given vw € CT = C¥, let u € L be such that (vw) 2, |vuwu € £ but (vw)u & L.
Then vjy |, (wu) € £ but v(wu) ¢ L, so v € CT = C’. The proof for C~ = C" is similar.
Now we show that C~ = C” and C* = C¢ always form a complete list of obstructions to
specification as long as X is topologically transitive. Fix M € N and let 7 € N be such
that for every v,w € L<p there is u € £ with |u| < 7 such that vuw € L£; note that such
a 7 exists because X is transitive and L<js is finite. Then given any v,w € Q(Ci,M ),
there is u € L<; such that vjj,|_pr41,joquwp g € £. Since v,w € G(C*, M), we have that
V[jo|—M, o] ¢ Ct = C*, and hence V[jo|=M, o] UW[1,01) € L. Proceeding inductively and using
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the fact that v, & Ct for any i > M, we conclude that vuwyy ) € L. A similar
induction using wy; ;) ¢ C~ = C" yields vuw € L. Since M was arbitrary, this gives

The proof for C~ = () and CT = C’ in the topologically exact case is similar. Given
M € N, exactness gives 7 € N such that for every v € L<js, we have 07tM[y] = X+, In
particular, for all v € L<j; and w € £, we have o7 M[v] D [w], so there is u € £, such that
vuw € L. Then given any v, w € G(C*, M), there is u € £, such that V(|- oUW € L,
and the same inductive argument as before shows that vuw € L, so holds.

8.3. Synchronised shifts. To deduce Theorem [1.7] from Theorems [1.2] and let s be a
synchronising word and let G = LN sL N Ls be the set of words that start and end with s
(though s may overlap itself). Choose ¢ € £ such that scs € £, and let 7 = |¢|. For every
v, w € G we have vcw € G by the definition of a synchronising word, so G satisfies since
the gluing word ¢ does not depend on the choice of v, w € G, the statement in involving
v and w’ holds automatically. Writing CP = C% = L(Y) = L\ LsL for the collection of
words that do not contain s as a subword, every w € L is either contained in CP, or has
w = uPvu® € CPGC® by marking the first and last occurrences of s as a subword of w. Thus
P(CPUCPU(L\CPGC®), p) = P(Y, go) and the hypothesis that P(Y, ¢) < P(yp) implies [II]|
Finally, taking L = |s| we see that |[III]|is immediately satisfied by the deﬁmtlon of G.

8.4. Proof of Theorem Theorem [1.11] is a consequence of Theorem and the
following two propositions.

Proposition 8.3. If X is a shift factor of X, then h < hdee(X).

spec( ) spec

Proposition 8.4. If there is G C L satzsfymg. such that every w € L has LwLNG # (),
then every subshift factor X of X has h(X) > 0 or is a single periodic orbit. In particular, if
ged{k | Pery(X) # 0} = 1, then every non-trivial subshift factor of X has positive entropy.

Proof of Proposition[8.3 Let (X,&) be a shift factor of (X, o). We prove that hspec( X) <
hslpec( ) by showing that if C* C £ satisfy anfl then there are C* C L satisfying
the same conditions and with the property that L(C~UCT) < h(C~UCT).

We follow the proof of [CT12], Proposition 2. 2]: given two shifts X X on finite alphabets
A, A with a factor map 7: X — X, there is some m € N and 0: Lom+1(X) — A such
that 7(2)n = 0(Z(n—mntm)) for every z € X and n € Z Writing ©: Lyy2m — Ly for the
map induced by 6, we consider C* C L satisfying (T.4) and |[I*]] n and put C~ = = 0(C),
Ct=0(h). Slnce #Cro < #C;) oy, and similarly for C+ we get h(C~UCH) < h(C~UCT).

To prove ) for C*, observe that given @ € C* and 1 < i < |w|, there is w € Ct such
that @ = @(w), and in particular @y ;) = O(wp i12m)) € OCY) = Ct since CT satisfies
(T.4). The proof for C~ is similar.

Finally, every G(C*, M) has specification in the sense of given © € G(C*, M), let
v € L be such that © = ©(v). Then 7y ; ¢ C~ for all i > M implies that vy ¢ C for
all j > M + 2m, and we similarly deduce that vy |, ¢ C* for i < |v| — M — 2m, hence
v € G(CT, M +2m).

Now given @, @ € G(C*, M), there are v,w € G(C*, M + 2m) with O(v) = ¢ and O(w) =
w. By [I*] for C* there is u € £ such that |u| < 7(M +2m) and vuw € £. Thus O (vuw) =
6'@(U(\v|—2m,\v|}uw[l,Qm])'w € Z, SO g(CNi, M) satisfies|[I*][with 7(M) = 7(M+2m)+2m. O
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Proof of Proposition[84 If G is periodic in the sense of Proposition then L is periodic
as well, since LwL NG # () for every w € L, so X is a single periodic orbit. Thus if X is
not a single periodic orbit, Lemma [7.6] applies to give h(G) > 0, hence h(X) > 0.

If X is a shift factor of X with factor map ©: Lyyom — Ly, then taking G = O(G) w
see that G has ' indeed, given any 0,w € g We take v,w € G such that O(v) = and
©(w) = W, then there is u € L<, such that if o', w' € G have v € Lv' and w € w'L, then
v'uw' € G. In particular, vuw € G, and ©(vuw) = i € G, where |i| < 7+ 2m. Now if
o', € G have © € L' and @ € @'L, then there are v/,w’ as above with ©(v') = @ and
O(w') = @, and thus ¢'aw’ = O(vuw') € G, so G has

Moreover, given any @ € £ we have @ = O(w) for some w € L, and thus there are
u,v € L such that uwv € G, hence @it := O(uwv) € G. We have shown that G satisfies
and has the property that L&L NG # O for all @ € £. It remains only to show that
if gcd{k | Perp(X) # 0} = 1, then X is not a single non-trivial periodic orbit. For this it
suffices to observe that if 2 € Pery(X), then o*(2) = z and hence 5%(0(z)) = O(c*(z)) =
O(x), hence ©(z) is periodic with period a factor of k. If X is a single periodic orbit with
least period p, then p divides k& whenever Pery(X) # (), and hence p = 1. O

8.5. Proof of claim in Aq[®] > 0 iff (2.13). The definition of strong positive
recurrence in [SarO1] involves positivity of a certain discriminant A,[®]. More precisely,
one defines the induced pressure function v(p) := Pg(® + p) for p € R; this function can
take finite or infinite values, and we will not need to use its definition, only its properties
as proved in [Sar01]. Writing p}[®] = sup{p | 7(p) < oo}, the discriminant is A,[®] =
sup{v(p) | p < pi[®]}. By [Sar0l, Proposition 3], the function v(p) is continuous and
strictly increasing on (—oo,p}[®]]. We show that A,[®] > 0 iff holds. By [Sar(1l
(2),(4),(6)], we have A,[®] = v(pk[®]) and

—p(®)  Aq[®] >0,

% . —El o * a =
(8.8) Pal®] =1 1 8 Z,(®,a), Pe(®) {_p;;[q)] AL[®] <0,

where p(®) is the unique solution of v(p) = 0, which exists iff A,[®] > 0.

Now if A,[®] < 0, then shows that Pg(®) = lim 2Z7(®,a), so that fails. Tt
remains to consider the case when A,[®] > 0, so the two sides of are given by —p[®]
and —p(®), where v(p(®)) = 0 and v(p}[P]) = Ay[P]. Since v(p) is strictly increasing in p,
it follows that A,[®] > 0 iff p(P) < p;[®], which is equivalent to ([2.13).

8.6. Proof of Lemma [2.1] Given ¢; € Bj, define a family of continuous linear maps
{K;bl. By — Rlier by K/ (p2) = Fn(¢1,92)A(i)"1. Then for every i € I we have
|K;p1 (Y2)] < K(11,12), so the family {Kzﬁl}ig is pointwise bounded. By the uniform
boundedness principle Co(1) = sup;e; || K Y| < 0o. Now we define a family of contin-
wous linear maps {K,: Bi — R}icryyen, by Ky, (1) = Fu(tbr, o) AG) Y sll; . For
each i and vy we have K], (¥1)] = K" (Va)l/[[¥al2 < I | < Co(th), so the family
{K; i 1o YielpseB, is pointwise bounded. Applying the uniform boundedness principle again
gives C := SUD;c1 ynep, | z@“ < 00, and thus for all ¥ € By, Y9 € By, and ¢ € I, we have

|Fi (1, )| = Ky, (V) l2l|28(0) < IEG g, [ 11 1902]12A() < Clln 11 [92]12A().-
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8.7. Proof of claims in Remark Suppose F C L(X) satisfies Let B = {w; |
w € F} and C = {wy, | w € F}. Then bywe have ¢ — b for every ¢ € C and b € B.
Since each a € A has exactly two followers (two choices of b such that a — b) and no two
choices of a have the same set of two followers, one of B, C' must be a singleton, call it {a}.
Then every word in F either starts or ends with a. Let D :={w € L | w; # a for all 1 <
J < |wl|}. Then for any choice of £P,£% and any w € D, we have either w € £\ EPFE®, or
w = uPvu® for some v? € £°%, v € F, and v’ € £%; v must be the empty word since w does
not contain the symbol a, so D C (£ \ EPFES) U EPES, and by Lemma 4.4 we get

h(D) < max{h(L\ EPFE®), h(EP),h(E%)} < h(E),
where £ = TUEPUESU (L \ EPFE?®). Each state has two followers, so there are always two
choices for the next symbol, giving #£,, = k2"~ and h(X) = log2. We estimate h(D):
given u € {1,2}", define m(u) € Dyp41 by m(u)1 = a + 1 (working mod & throughout) and
m(u)iy1 = 7(u); + u; unless the right-hand side is a, in which case we set m(u);+1 to be
whichver of a + 1 is legal. Given u,v € {1,2}", we have 7(u) = 7(v) if and only if u; = v;
for all ¢ such that 7(u); ¢ {a — 2,a — 1}, and since 7(u); € {a — 2,a — 1} occurs at most

twice in each k/2 consecutive values of i, every w € D,41 has #7 1(w) < 9?K/2. Thus
#Dp 1 > 2274/ giving h(E) > (D) > (1 — 1) log2.

APPENDIX A. LIST OF CONDITIONS

For ease of reference, we list here the various versions of [IT]| |[III]| that appear
throughout the paper. First we list variants of which all give a specification property.

[I] There is 7 € N such that for all v, w € G, there is u € £ with |u| < 7 such that v'uw’ € G
whenever v € G is a suffix of v and w’ € G is a prefix of w,

[I'l There is 7 € N such that for all v,w € G, there is v € £ with |u| = 7 such that
v'uw’ € G whenever v/ € G is a suffix of v and w’ € G is a prefix of w.

[Ip] Given any v, w € F we have vw € F.

[I*] For every M € N there is 7 = 7(M) such that for all v,w € G(C*, M) there is u € L
with |u| < 7 such that vuw € L.

Observe that is stronger than [[T]] and [[Ty] is stronger than both of them. Theorem
is devoted to going from [[I] to [Iy]] without control on ged{|w| | w € F}; gives
control of this ged. Condition |[I*]|is used in Theorem G(C*, M) is defined in (1.3)).

The variants of control the pressure of prefix and suffix collections.

[II] There are CP,C® C L such that P(CP UC® U (L \ CPGC?), ¢) < P(p).

[II'] P(I,¢) < P(y), and there are EP,E% C L with P(EPUESU (L \ EPFE®), p) < P(p).
Observe that |[IT']|is stronger than [II]| since it imposes a condition on the set of generators
I = F\ FF in addition to the collection F = I*. Note that |[II']| only makes sense for
collections satisfying [[Tg]| so that we can talk about a ‘set of generators’.

The variants of |[I1I]|impose conditions on how G behaves under intersections and unions.
We start with two equivalent formulations of |[III]| then list other related conditions.

[III] There is L € N such that if u,v,w € £ have |v| > L, uvw € L, uwv,vw € G, then
v, uvw € G.
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[III] There is L € N such that if x € X and i < j < k < ¢ € Z are such that k—j > L and
Tlik)> Tlje) € G, then T k) Tlie) € g.
[IIT*] If x € X and 7 < j < k < £ are such that zy; 1, 7(j, € F, and there are a < j and
b > k such that x|, ;), T p) € F, then x(j) € F.
[III,] There is L such that if uwv,vw € G, |v| > L, and uvw € L, then v € G.

[III,] There is L such that if uv,ow € G, |v| > L, and zuvw € G for some = € L, then
uvw € G.

Condition [[TIT*]| neither implies nor follows from [[IT1]} Conditions [[IIL,]| and [[IIL,]| both
1L, |

follow from |[III{, but do not imply it, because of the freedom in choosing z in ||

As

seen in Theorem [3.1] these conditions are actually sufficient to prove the main result, which
is important for the applications in [CP].
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