* Solution: (a) Suppose sn" én by LeFwith € = 1'there exists IV 'such'that |‘53 »
whenevén > N. Now |s,| = lsn s+ 5| < |sn— SIC‘Q|3[ < 15| whenever #82 N
, M ma.x{lsll |52| O lsN| 1 —qui} then clearly ]snl < Z\%}f elther n< N or n > N

. ..Method 2: The function f(z )
" (o) — £(6)-

= |z is antiauous7 50 by the ‘main theorem. for.continuity’:

(d) That glve y €>

Solutlon stafn) | #_)C& Therefore by “Fact 6’ hmn M O

2n+1 2n+1

3. EComplete the: sentence A Set S’ is closed 1ff jfor every sequence (sn) in* S’ 1f (sn) converges

Solution: ... its hﬁrgit igpin g'jztoo.v
4. Using the -6 definition, show that lim, ,, 22248 = 4, [17]
.... )
" Solution:: 2’:’741?1;&@ 3 D 20:;:; 1 9(2%9011(; =0 T if. |z = IE 1 then) < &< 2 and s0
z +C§ > 1. Also, 0 < 2330) < 4 andso 1 5@2:1: +1 695 Therefore
20 +3z+3 | [2z+]1]lz 1] G.%a: 1
z4+1 O Jz+1] '

2z°+3z+3 4‘ <

Given g‘g 0 chod® 6 = min{l,e/CS)}. THen 0 < |z — 1| < & implies that -

5lz — 1] <50 <L e '
i §<1
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5. Suppose that f: (a,b) = R, g: (a,0) =R, LER, and a < ¢ < b.

(a) Define what it means for f to be continuous at ¢ (in terms of -d). [5]
(b) Prove that if f.is continuous at ¢ then f(s,) — f(c) for every sequence (s,,) converging
to c. ' , [7]

(c) Prove that if f(z) and g(z) are continuous at ¢, then f(z)+ g(z) is continuous at c. [§]
(d) Prove that if f(z) is continuous at ¢, and f(c) > 0, then there is a neighborhood U of

c such that f(z) > f(c)/2 forall z € U. 8]
Soln. (a) For every € > 0 there exists a § > 0 such that |f(z) — ]Ec))| <_¢ wheneyer
lz —¢| < 4. @ Q@ @& & (1 .

@ @ . R— o)
(b) Given@ S 0 there exists a 3> 0'such that |f(z ) f(c)| < e whenever |z—c| < 6. Since
Cj)s — ¢ ther&Bxists N such that |sn—c| < §ifn > N. Thus if n > N then |f(s,)— f(c)bé
That is, f(sn) = & (o). ©
~ / Q DN
(c) If s,@ ¢, then f(s,) Q f(c) and g(s,) = g(c) (byc(%)) By Fact 9 for sequences,
F(sn) + 9(sn) & f(c) + g(c). By the converse of %))) (Main Theorem # 2), f(z) + C%)(a:) is

continuous at c.

(d) Let 6@ f(c)/2, then ga deﬁmtlon there 1595 > 0 such that |f(z) g< e=L/2
when |z ©c| < 6. Now |f(z) — L| < e = L/2 ifBlies that f(z) > L — L/2 = L/2. Thus on
the nelghborhoodc% N(c, ) we have f(z) > L/2. @

6. (a) Complete the sentence: A nonempty set S is compact iff every sequence in S has a

[4]
(b) State and prove the Min-Max/Extreme Value Theorem. Your proof should contain the
proof about Range(f) being compact. [21]

Soln. (a) ... subsqugnce that conxcr%"ges to a numbe8n S. wgm,é,j

(b) The ‘min-max theorem’ states that if C is a coggpact set and if f : C — R is

muous, then there exist x@nz € C such that flz) < f (x)@ flzo) forall z € C G)‘ [4]

We first use the criterion in (a) to show that f(C) is compact. So leiify,) be a sequence in

@f(C). fy, D (z,) then (z,,) is a sequence in C, so B¥ (a), there is a conve®nt subsequence (D
Zn, @& z € C. By the Main Theorex@# 2 Yny, Of(xnk) f(z), and f(z) € f(C). So by @
the criterion in (a), f(C) is compact.(p _ v

§ Any compactset in R has a minimum andgg maximum element, by another thcggem from

l class. Thus there exist z;, ézb € C such that f(z1) < f(zx) < f(zg) forallz € C. fARD]
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