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8. INFINITE SERIES OF NUMBERS

The following from Calculus II is almost all review, so we will move quickly. You
may need to read it carefully several times. You could also look up several of these
topics on wikipedia.

From Calculus II: An ‘infinite series’ is an expression of the form

o0
> ak = am+ amir +ampa+ - (*)

k=m
Let us call this expression (*). The ay here are real (or complex) numbers.
What does expression (*) mean? In fact we shall see shortly that the expression
means two things.

Usually m = 0 or 1, that is, (*) usually is
ao+ai+az+---

or
ay+azx+asz+---.

We call the number ay, the kth term in the series. Sometimes we will be sloppy and
write ), a; when we mean (*).

The most important question about an infinite series, just as for an infinite
sequence, is 1) does the series converge? and 2) if it converges, what is its sum?
We will explain these in a minute.

In fact an expression like (*) has two meanings:

Meaning # 1: A ‘formal sum’. That is, it is a way to indicate that we are
thinking about adding up all these numbers in the expression (*), in the order

given. It does not mean that these numbers do add up.

Before we go to Meaning # 2, let me say how you ‘add up all the numbers in an
infinite series’. To do this, we define the nth partial sum s, to be the sum of the

first n terms in the series. In this way we get a sequence
51,852,583, "

called the sequence of partial sums. For example, for the series ZZOZO ar, we have

Sp = ZZ;Ol ar. We say the original series converges if the sequence {s,} converges.

If it does not converge then we say it diverges. We call lim s, the sum of the
n—oo

series if this limit exists.

Meaning # 2: Zzim ar = lim s, if this limit exists.

n—oo

e Cauchy test: ), aj converges iff given € > 0 there exists an N > 0 such
that |ant1 + any2 + -+ + am| < € whenever m > n > N.
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[Proof: Since 8, — S = @nt1 + Gpy2 + -+ + am, this is just saying that
the partial sums s,, = 22:1 ay, are a Cauchy sequence. And we know from

Theorem 4.8 that a sequence converges iff it is a Cauchy sequence.]

e In a sum like > =, i the k£ is a ‘dummy index’. That is, it is only

1
E+)k>
used internally inside the sum, and we can feel free to change its name, to

pyat G +11)j, for example,

e Inaseries Y o ajletus call m the ‘starting index’. Thus for example, the
starting index of Y -, k is 2. Any series can be ‘renumbered’ so that its
starting index is 0. That is, any infinite series may be rewritten as Y, ax.
For example, Zzozm ay, which is the same as a,, + am4+1 + @Gmt2 + -,
can be relabelled by letting 7 = k — m, or equivalently k¥ = 5 + m. Then

D @k = D52 Gjm-

Example: Rewrite > 77, £=1 as a series 300 ax.

Solution. Letting j = k — 2, so that kK = j 4 2, the sum becomes

Z b i A
= (G+2)? = (1+2)?
o , : . o _kt1
Of course j is ‘dummy’ so we can rewrite this as >~ , R

There is no reason of course why we chose 0 for the starting index. One can
make all series begin with the starting index 1 if you wanted to, by a similar trick
(let j = k—m+1 or equivalently k = j+m—1). However it is convenient to fix one
starting index, so it may as well be 0. Many of the following results are therefore

phrased in terms of series >, o a.

e Geometric series: This is a series of form ¢ + cx + cax® + cx®> + ---, or
Yoo cx®, for constants ¢ and z. We call x the ‘constant ratio’ of the
geometric series. Note that if you divide any term in the series by the
previous term, you get . We usually assume ¢ # 0, otherwise this is the
trivial series with sum 0.

The MAIN FACT about geometric series, is that such a series converges

c
1—x°

if and only if || < 1, and in that case its sum is

[Proof: As above assume that ¢ # 0, else the result is obvious. The sum of

the first n terms is

n=ctecrtcr*+-- tex" P =cl+artat - Fa"h) .
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There is a well known result in algebra which says that
A4z+2>+--+2"HAl —z)=1—-2"

(to prove it multiply out the parentheses and cancel). Thus if z # 1 then

l+2x+22+- 42l = 11:zmn,sothat

2 n—1 1 —a"
Sp=c+cx+cx®+---+cx =c

1—2

This is the important formula for the sum of n terms of a geometric series.
The only thing that depends on n on the right hand side here is the z",
which converges to 0 if |z| < 1, and diverges otherwise. Thus

1—2z" 1

lim s, = lim ¢ =c ) |z < 1.
n—o00 n—oo 1 —o1x 1—=x

If . =1 then s,, = c+c¢+- -+ ¢ (n times) which equals ne, which diverges

as n — co. Summarizing: lim s, converges to cy= if |z| < 1, but if
n—oo

|z| > 1 then {s,} diverges, so that the original series diverges. By Meaning

# 2 and the discussion around it (the definition of convergence/divergence

of series, we have therefore proved this MAIN FACT.]

o FACT: If 77 ar and Y, by both converge, and if ¢ is a constant,
then:

. Y oreo (ak + br) converges, with sum > 7 o ar + > peq bi;
. > reo (ar — by) converges, with sum > 7 o ar — > peq bi;
. > oreo (cay) converges, with sum ¢ . ag.

[Proof: We just prove the first and third, the second is quite similar. The
nth partial sum of Y7 (ax + by) is ZZ;& (ag + b)) = Z;& ap +

Z;é bi. By Meaning # 2, (ZZ;& aj) converges, as n — 00, to Y o o ax;
and similarly for the b;’s. By a fact about sums of limits of sequences from
Chapter 4 (Fact 9 (1)), this converges, as n — 00, t0 Yooy @k + Y peo bk-
So the first assertion follows by the definition of convergence and Meaning
49,

Similarly the nth partial sum of 352 (cax) is S5y (car) = ¢ 37—y -
By Fact 9 (4) in Chapter 4, this converges, as n — oo, to ¢Y po ag. So
the third assertion follows by the definition of convergence and Meaning #
2]

e For any positive integer m we can write ZZ‘LO ar = (ap+a1+-+am—1)+

leim ak-
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Indeed Y7 ax converges if and only if >°.° = aj converges. If these

series converge, then their sum also obeys the rule:

Z ak:(ao—l—al—l—---—i—am_l)—i—z ay, .
k=0 k=m

[This is because the nth partial sum of the >_.~, aj series, and the nth
partial sum of the Y7 ay series differ by a fixed constant, namely ag +
ar+ -+ am-1.

From the last fact it follows that the ‘first few terms’ of a series, do not

affect whether the series converges or not. It will affect the sum though.

The Divergence Test: If klim ar # 0 then the series ), ay diverges.
—00
A restatement of the Divergence Test (the contrapositive): If Y, ay

converges, then lim a; = 0.
k—o0

[Beware: If klim ar = 0 we cannot conclude that ), aj converges.
— 00

[Proof: Suppose that >~ ar = s. If s, is the nth partial sum then
Sn — s asn — oo (see Meaning # 2 above). Clearly s,+1 — s too, as

n — oo. Thus a, = sp41 — 8n > s — s =0.]

Homework 11.

(1)

(2)

If >, ai converges define the tail of the series to be the sequence whose
nth term is Y ;- = aj. Prove the tail converges to 0 as n — oo.
If y € R write [y] = max{n € Z:n <y}. If z € [0,1) write a; = [10z],a2 =

[100(z — $5)], a3 = [1000(x — $§ — 1&5)],---. Prove that 0 < ay < 9 for
each k and that ), {t converges, Prove that z = Y {t. Prove

that there is no N such that ax =9 for all kK > N.

1 gk wherea, € {0,1,---,9}

then we write x = 0.a1azas - -+ and call this a decimal expansion of x (or

Continuing with the last question, if x = 3

base 10 expansion). Prove that the decimal expansion of z € [0, 1) is unique
provided that we insist that there is no IV such that ay =9 for all £ > N.

Prove that any nonzero real number may be written as +> - \ = for

n=N 107

some integer N, and with a,, € {0,1,---,9} for all n, and any # 0; and
that this representation is unique provided that we keep the ‘recurring 9
convention’ in question (2). [Remark: Questions 2-4 can be found in many
places on the internet under ‘decimal expansion’; or see e.g. the Appendix
B to Tao’s Analysis I. It can also be done for any ‘base’, not just base 10,

with almost identical proofs.]
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9. NONNEGATIVE SERIES7 AND TESTS FOR SERIES CONVERGENCE.

e A series Zk ay is called a monnegative series if all the terms ay are > 0.

e For a nonnegative series, the sequence {s,} of the partial sums is a nonde-
creasing (or increasing) sequence. Indeed if s, = ag + a1 + - -+ + ap—1 say,
then s,+1 =ag+ a1 + -+ an—1 + ay, so that sp,4+1 — s, =a, > 0.

Therefore, by Theorem 4.4 in Chapter 4 for monotone sequences, we

deduce:

e FACT: A nonnegative series converges if and only if the sequence {s,}
of partial sums is bounded above; and in any case the sum of a nonnegative

series equals the least upper bound of the sequence {s,}.

Thus the sum of a nonnegative series always ‘exists’, but will be 4-oc0 if
(sn) is unbounded. In the latter case ), aj = lim,, s, = +o0.

Repeating, a nonnegative series converges if and only if the {s,, } sequence
is bounded above. The latter happens if and only if the sum of the series is
finite. Thus to indicate that a nonnegative series converges we often simply

write ), ap < oo.

e Example: The HARMONIC SERIES is the important series

1 1 1 >
S e i T
totgtgt ;;—1

=

This is a nonnegative series, so to see if it converges we need only check
if the sequence {s,} is bounded above, where s, = 1+ 1 + % +--- . A
trick to do this is to look at f1n+1 % dx, interpreted as the shaded area in
the graph below [Picture drawn in class]. This shaded area is less than the
area of the n rectangles shown. Hence

ntl g

1 1 1
1+1~—+1~—+-~~1~—2/ — dx.
2 3 n 1 x

So s, > In(n+1) —In(l) — oo as n — 0.

Thus the harmonic series diverges; it has sum +oo.

e The trick used in the previous example can be used in the same way to

prove:

The Integral Test: If f(z) is a continuous decreasing positive function
defined on [1, o) [Picture drawn in class], then "2, f(k) converges if and

only if [ f(z) dz converges (i.e. is finite).
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e p-series. An almost identical argument shows that > -, kip converges if

and only if p > 1. These are called ‘p-series’.

e Basic Comparison Test: Suppose that 0 < ai < by for all k.
1) If 3°, by converges, then ), aj converges.
2) If 3°, ay diverges, then ), by diverges.

[Proof: We have > 7'_; ap < > 7_; bg. So for 1), if (3°;_; by) is bounded
above then (>, _, ax) is bounded above. That is, by the third ‘bullet’ in
this section, if ), by converges, then ), aj converges.

Note that 2) is the contrapositive to 1).]

e Limit Comparison Test: Suppose that >, a; and ), by are nonnega-

tive series. If lim sup Z_: < o0, and if ), by, converges then ), aj, converges.

k—o0
It likniicgf 7= > 0 and )7, by diverges then ), aj, diverges.

[Proof: Suppose that s = limsup %f < 00. By (6) in Theorem 4.14 there
k— o0

exists N with §& <s+1for k > N. So ay < (s +1)bi for k > N. By the
Basic Comparison Test, if ), by converges then ), aj converges.

If s > 0 then by the liminf variant of (6) in Theorem 4.14 there exists
N with Z—: >s—5 =35 for k> N. Soar > 50 for k> N. By the Basic
Comparison Test, if ), by diverges then ", a; diverges.]

e Root Test: Suppose that ), ay is a nonnegative series with lim sup (ak)% =
k—o0
r. If 0 <r <1 then ), aj converges. If 1 < r < oo then ), aj diverges.

[Proof: Suppose that » < ¢ < 1. By (6) in Theorem 4.14 (with € = ¢ — r)
there exists N with a,% < c¢for k> N. So a; < ¢*. Now Zk ck converges
(geometric series), so by the Basic Comparison Test, >, aj converges.

If 1 < ¢ < r then by (6) in Theorem 4.14 there are infinitely many k& with
aé > ¢, or equivalently, ar > c¥ > 1. So >k ax diverges by the Divergence
Test.

Q41
Qg

e Ratio Test: Suppose that ), ay, is a nonnegative series with lim sup
k—o0

R and likminf a(’;? =7r. If0< R <1 then ), a, converges. If 1 <7 < o0
—00 g

then )", a) diverges.

[Proof: Suppose that R < ¢ < 1. By (6) in Theorem 4.14 (with € = ¢ — 1)
there exists IV with aZ—Zl <c¢ fork>N. Soany1 < can, anie < cayi1 <

cay, etc. Generally ayip < c*an. Now Yok cfax converges (geometric
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series), so by the Basic Comparison Test, ), any, converges. So Y, aj
converges.

A similar argument does the case r > ¢ > 1. By the liminf variant of
(6) in Theorem 4.14 there exists N with aZ—:l > c for k> N. In this case

k

aAN+k > ckan. Now cfay — oo as k — 00, so by the Divergence test,

>k N4k diverges. So Y, aj diverges.]

From Homework 12 Question 3 (a) below it is easy to see that the root test
is more powerful theoretically than the ratio test. That is if the ratio test
works to prove convergence or divergence, then the root test would give the
same conclusion. However the converse is not true (if the root test works,

the ration test might not). See Homework 12 Question 2.

Condensation test Suppose that ag > a3 > as > --- > 0, and that
limy ar = 0. Then ), a; converges iff >, 2% ao1 converges.

[Proof: Let s, = > p_o ar and t, = > p_, 2% agr. If n < 2% then

IN

a1+ (a2 +as) + (e + -+ +ar) + -+ (agr + agegy + -+ agrr1q)
< ay 4 2ag +4dag + -+ 2% age =ty
Thus if (¢;) is bounded then (s,) is bounded; and so by the fact in the

paragraph before the harmonic series a few pages back, >, aj converges
if >, 2% agn converges. If n > 2% then

v

Sn a1 +ag + (az+aa) + -+ + (agr—141 + -+ + aox)

1 k1 1
> §a1+a2+2a4+---—|—2 agk:§tk.

So t < 2s,. Thus if (s,) is bounded then (¢;) is bounded; and so by
the fact in the paragraph before the harmonic series a few pages back,

>k 2F age converges if 3, ay converges.

e As an application of the condensation test note that the harmonic series

>o2, L diverges because Y, 2% o =Y, 1= o0.

n=1

Homework 12.

(1) Test for convergence (giving reasons): (a) Y., ’2’—:, (b) S>> 1

(2) Suppose >, | ay is the series $+3+55+35+55+- - -. Find limsup,,
1

n=2 (logn)2’

© TEonE @) T, e (0 X D
(f) ZZOZI 1++:_n

an

n

and limsup,, as. Can we conclude that ), a, converges using the ratio
test? Using the root test?

1 o
2= liminf,,

An41
n
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(3) (a*) Show (or look up) that

liminf |s,41/5,| < liminf |s,|Y™ < limsup |s,|*/™ < limsup |s,41/sn],
n n n n

for any sequence {s,} in R\{0}.

(b) From (a) it is easy to see that the root test is more powerful theoretically
than the ratio test. For example, deduce that if {|s,+1/s,|} converges then
{|5n|"/™} converges to the same limit.

(c¢) Calculate lim,, o (n!)'/™ .

Try do of as many as possible of the questions in Homework 12 Question 1 using

the condensation test.

10. ABSOLUTE AND CONDITIONAL CONVERGENCE

A series ), ay is called absolutely convergentif 3, |ax| converges. Recall that

ar, here could be a complex number (you can view complex numbers as elements of
R? here).

e Any absolutely convergent series is convergent.

[Proof: By the Cauchy test above (the first and second page of this chapter),
since ), |ax| converges, given € > 0 there exists an N > 0 such that

|@nt1 + anyo + -+ am| < |ant1] + |ang2| + -+ |am| <, m>n > N.

By the Cauchy test again (but used in the other direction), Y, ax con-

verges.]

e The converse is false, a series may be convergent, but not absolutely con-

vergent. Such a series is called conditionally convergent.

o If 377, ax converges absolutely then | >~ ax| < > oo |akl.

[Proof. Note | > _; ax] < > p_; |ar|. Take the limit as n — oo in this

inequality, and use Fact 4 about sequences from Chapter 4 to see that

|ZZo:1 ax| < ZZL |a|.]

e The Alternating Series Test (a.k.a. Leibniz Test)/Alternating Se-
, and that

limg ar = 0. Then agp — a1 + az — az + -+ (which in sigma notation

ries approximation: Suppose that ag > a3 > as > ---
is Y72 (—1)*ay) converges, and moreover |s, — > ro (—1)* ax| < a, for
all n, where s, is the nth partial sum Zz;é (—kay.

[Proof: We have noticed before that if m > n then s, — s, = by, + b1 +
-«+ =+ by,_1, where by is the kth term. Here b, = (—1)kak, where ay, is as
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above. Note that ay4+r —antr+1 > 0,80 ap —apy1+apt2 —apts+--- > 0.

Hence

Sm — 3n| = Qp — 0np41 +an+2 — - =0np — (an-i-l _an+2) - (an+3 _an+4) — S Ap,
since antit1 < anyi. It follows that (s,,) is Cauchy, so convergent. That
is, Ypey (—1)*a), converges. Letting m — oo and using Fact 4 about
sequences from Chapter 4, we have | "7 (—1)Far — sn| < an.]

(-

zr— with an error of less

Example. Approximate the sum of > p-
than 0.001.

Solution. The error in using s, to approximate the sum is < |ap41| =

m (note the starting index of this series is 1, not 0, which means we

have to change the formula in the last result slightly). Now m < 0.001

if (n + 1)* > 1000. Choosing n = 5 will work. So an approximation with

(71,34“1 = 0.94754 (calculator).

an error of less than 0.001 is s5 = 22:1

e Exercise. Test for convergence/absolute or conditional convergence: y 7 |

Next we prove the ‘fundamental fact about power series’ (this was already men-
tioned in the last ‘bullet’ before Theorem 4.14). Namely consider the power se-
ries > 7o cka”® (here  and the ¢, can be complex numbers if you wish). We
set R = oo if limsup,, |c,|# = 0, and R = 0 if limsup,, |¢,|* = oc. Otherwise

set R = ——L1 . This is the radius of convergence of the power series. In

limsup,, |cn|™

the homework you are asked to show that in place of limsup,, |cn|% you can use

limsup,, | % |

Theorem 10.1. Let > .7, cxx® be a power series, and define R as above. Then

> neo ckxt converges absolutely if |x| < R, and it diverges whenever |z| > R.

Proof. Set aj, = cxz® and we are going to apply the root test to Y, |ax| to check

if that converges. Note |a,|# = |, |2|. By Theorem 4.14 (4) we have

limsup,, |an|% = limsup,, |cnz"|% = limsup,, |cn|% |z] = |«| limsup,, |cn|% = %
if 0 < R < co. Note that limsup, |¢,|7 |z| = 0 if R = oo, and by the root test
Sreo lak] = Yopey lek||z|® converges here, so >y cxx® converges absolutely.

Similarly, if 0 < R < oo and |z| < R then by the root test >, |ck||z|* con-

verges and so Y o, CkzF

converges absolutely. If |z| > R then by the root test
Yoo |cxx®| diverges, and indeed if one looks at the proof of the root test one sees
that in this case |c,z*| > 1 for infinitely many k. Thus >, cxz® diverges by the

divergence test. O

(—1)2n
n! '
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o If >°, ay is a series, and f : N — N is a bijection (that is, is one-to-
one and onto), then the series Y -, ay) is called a ‘rearrangement’ of
> re ak. It is not hard to see that a rearrangement of a convergent series

need not converge.

Theorem Any ‘rearrangement’ of an absolutely convergent series is

convergent and has the same sum.

[Proof: Suppose that Y 7~ aj is absolutely convergent, and that e > 0
is given. Then Zzozl ar is convergent too, with sum s say, so s, — s
where s, = >, _; ax. Choose N with >°7°  |ax| < § (see HW 11 Q 1),
and [s, —s| < § for n > N. Choose M € N such that {1,2,--- , N} C
{f(0), f(2), -, f(M)} (this is possible since f is bijective-why?). Let t,, =
Y ko1 Gfry- Ifn > M we have that all the terms ay, in s, = >, _; ay with
k < N cancel with terms a ;) in tn, = >_,_; afu). So (and also using the

triangle inequality),

Isn = tn| < lanti| + |any2 + -+ <

DO

So

€
2
Hence t,, — s. So the rearrangement is convergent and has the same sum.

]

€
|tn—s|§|tn—sn|+|sn75|<§+ =, n > M.

e Dirichlet test: Let ), aj be a series whose partial sums form a bounded se-
quence. Suppose (by,) is a decreasing sequence with limit 0. Then )", arby
converges.

e Abel’s test: Suppose that ), aj converges and b, is a monotonic conver-

gent sequence. Then )", apby converges.

We will not prove the last two results (see e.g. Apostol’s text for proofs, they are
not hard).

Adding parentheses: Let Y o | ai be a series, and suppose that 1 < ny < ny <
- are integers. Let by = Y )L, ap,bo = D02 ) ag,bs =02 ag, . We
call Y77 | by a series obtained from Y~ | aj by adding parentheses.

Theorem 10.2. If 7 aj converges, and by,ni are as above, then >, b
converges and has sum Yy~ aj. Also:
a) If S°7°, ax is a nonnegative series, then Y o . ap converges i >, b
k=1 k=1 k=1
converges.
(b) If the sequence (ngy1 — ng) is bounded and lim,, a, = 0, then Y oo ax

converges iff > poq by converges.
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Proof. Let s, = > ,_, ar. Note that by = sp,,,b1 + by = Sp,, -+, generally by +
by + -+ + by = S,,. So the partial sums of Y ;- | by converge to > .-, ak, since
they are a subsequence of (s,), and subsequences of convergent sequences converge
with the same limit.

(a) The one direction of the ‘iff” is proved above. For the other direction,
the key point is the principle (2nd bullet in Section 9) that a nonnegative series
converges if and only if its associated sequence of partial sums is bounded above.
Since n; < mg < --- are integers, they must be unbounded above. So for any n,

there exists a N with n < ny. Then

ZakSZNak:bl'f'bQ-F""i‘bNSZbk-
k=1 k=1 k=1

So the partial sums of Y 7 | ai are bounded above by Y 7° | by. Hence if Y 7° | by
converges then so does Y 7, a (by the principle mentioned above (second bullet
in Section 9)).

(b) The one direction of the ‘iff” is proved above (a). For the other direction,
suppose that ng11 — ng < C for all k, and suppose that Y p-; by converges with
sum s. Let Kj be such that |s — Zgzl bi| < € for N > K;. Since a,, — 0 there
exists a Ko > ng, such that |a,| < & whenever n > K. Choose K such that
ng > Ko > ng,. Suppose that n > nx > ng,. Then there exists a p with

ng <np <N < Npgi. S0

n p
€
Is—; ax| < |s—; bpllan, 11|+ lan, 4o+ lan| < e+C5 =26, 0>,

since n, > ng > Ks. So Zzozl ap converges to s. O

If s, is the nth partial sum of a series ), ay, define the Cesdro means to be
the sequence (o) defined by o, = %(51 + 52+ -+ 5,). Wesay that ), ay is
Cesdro summable if the sequence (0,,) converges, and in this case lim,, o, is called

the Cesdro sum of the series ), ay.

Theorem 10.3. If Y, aj converges with sum s, then it is Cesdro summable and

its Cesaro sum is s.

Proof. Let t, = s, — s,7, = 0, — 8. Then it is easy to see that 7, = %(tl + to +
-+« +1t,). Let € > 0 be given. Since ¢, — 0 the sequence is bounded: |t,| < K for
all n, say, and there is an N with |¢,,| < € for n > N. Then

1 1 NK
|70 | < g(|t1| + |t + -+ tN]) + ﬁ(|tN+1| +o ) < — +e n> N.

From this it is clear that 7,, = 0, — s — 0. So 0, — s. O

Homework 13.
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Suppose that z, = a, + ib,, where a,, b, € R. Show that (a) ) z, is
convergent if and only if both > a, and >, b, are convergent; (b) >, 2,
is absolutely convergent if and only if both )" a, and ), b, are absolutely

n=1 n?

convergent; (c¢) >.°° ((j%n + 4 ) is convergent but not absolutely con-

vergent.

If ", a, converges absolutely, show that Y. a? and ), T4 converge
absolutely (you may assume if you wish that that no a, = —1). If }°_ a,
diverges show ) na, diverges.

Prove or look up a proof of Riemann’s result that any conditionally conver-
gent series has the property that if a € R is given, there is a rearrangement
of the series which has sum a. Show also that there is a rearrangement of
the series which diverges.

Suppose that 220:1 ay, converges. Does a1 +ag+---+ajg—ai1+aj+aje+
<o 4 agg —ag +agy + -+ azg —as + as; + - -+ converge? If so, prove it,

and find the sum; if not find a counterexample.

Show that the radius of convergence of 7= ¢,z is lim,, | o | if this limit

exists. You may assume cj, is never 0.

Also: do [Lay, 5th Ed] 8.1 Q 10, 11; 8.2 Q 9, 11; 8.3 Q 7. (These are the same
numbers in Sections 32, 33, 34 in the 3rd or 4th Edition of [Lay]. Also, those who

did not ‘present’ in class please read the proof of Theorem 10.2 and turn in an

explanation in your own words of the proof.



