Chapter 10. Sequences, etc.

These typed notes have pictures. Thus you are reminded that it is crucial that you copy good
pictures from class. The most important technique in 10.1-10.4 is to look at the ‘pattern’ you see
emerging in the picture. Actually in 10.2-10.4 the most important technique is to (1) write the
sequence as a long list of numbers, and (2) draw the numbers in (1) as dots on a number line, and
seeing the pattern that is emerging with those dots on the number line.

10.1: Least upper bounds and greatest lower bounds.

e Draw a set S of numbers as a subset of the real number line [picture drawn in class]. An
upper bound of S is a number to the right of S in my picture. [Picture drawn in class.] That
is, an upper bound of S is a number « which is greater than or equal to every number in
S. That is, an upper bound of S is a number « such that x < « for all z in S.

A lower bound of S is a number to the left of S in my picture. [Picture drawn in class.]
That is, a lower bound of S is a number 8 which is less than or equal to every number in
S. That is, a lower bound of S is a number § such that x > § for all  in S.

e We say that the set S is bounded abowve, if it has an upper bound. We say that the set S is
bounded below if it has a lower bound. If it is not bounded above, or if it is not bounded
below, then we say that S is unbounded. If it is both bounded above and bounded below,
then we say that S is bounded.

e A maximum of S is an upper bound of S that is in S. A minimum of S is a lower bound
of S that is in S.

e We are mainly interested in this section in the least upper bound of S, written LUB(S) (or
in some books sup(S), and called the supremum). And in the greatest lower bound of S,
written GLB(S) (or in some books inf(.S), and called the infimum).

e Viewed in the picture of S on the real number line [picture drawn in class], to find LUB(S)
start at any upper bound to the right of S in the picture, then walk towards S until you
are forced by S to stop. That stopping point is LUB(S). Similarly, to find GLB(S) start
at any lower bound to the left of S in the picture, then walk towards S until you are forced
by S to stop. That stopping point is GLB(S). [Picture drawn in class.]

¢ Example 1. Find three upper bounds of S = (—o0,0), and identify the least upper bound
LUB(S).
Solution. [Picture of (—00,0) on the real number line drawn in class.] Three upper
bounds are 2,1,0. LUB(S) = 0.

e Example 2. Find three lower bounds of S = {%, %, %, %, --+}, and identify the greatest
lower bound GLB(SS).

Solution. [Picture of S as dots on the real number line bunching up at 1 drawn in class.]|
Three lower bounds are 0, —1, % Also, GLB(S) = %

e Example 3. Determine if the set S = [0,4] is bounded above. If it is, determine the least

upper bound LUB(S).

Solution. [Picture of S as an interval on the real number line drawn in class.] Yes, S is
bounded above, and LUB(S) = 4.



e Example 4. Determine if the set S in Example 2 is bounded above. If it is, determine the
least upper bound LUB(S).

Solution. Look at the picture of S drawn in Example 2. Yes, S is bounded above, and
LUB(S) = 4.

e Example 5. Determine if the set S = {x : 2% < 9} is bounded above. If it is, determine
the least upper bound LUB(S).

Solution. [Picture of S as the interval (—3,3) on the real number line drawn in class.]|
Yes, S is bounded above, and LUB(S) = 3.

e Example 6. Determine if the set S = {z : |x —2| < 3} is bounded above. If it is, determine
the least upper bound LUB(S).

Solution. [Picture of S as the interval (—1,5) on the real number line drawn in class.]
Yes, S is bounded above, and LUB(S) = 5.

e Example 7. Determine if the set S = {z : Inxz < 2} is bounded above. If it is, determine
the least upper bound LUB(S).

Solution. Inx < 2 is the same as z < e“. Note that > 0 since Inx is not defined for
negative numbers. [Picture of S as the interval (0,e?) on the real number line drawn in
class.] Yes, S is bounded above, and LUB(S) = 2.
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e Example. Redo Examples 1-7, but with ‘bounded above’ replaced by ‘bounded below’
and least upper bound LUB replaced by greatest lower bound GLB.

Solutions. 1) is not bounded above, so no greatest lower bound or GLB. We did 2) and
4) already. The set in 3) is bounded below and GLB(S) = 0. The set in 5) is bounded
below and GLB(S) = —3. The set in 6) is bounded below and GLB(S) = —1. The set in
7) is bounded below and GLB(S) = 0.

10.2: Sequences.

e A sequence is a numbered string of objects ai,as,as,---. We often write the sequence as
(an)22, or simply as (a,). The nth term is a,. In this course our sequences are infinite
sequences of real numbers.

e Example 1. List (n? —2n + 1)22, as a string of numbers.
Solution. 0,1,4,9,---.

e Example 2. List (n? —2n +1)22, and (n? —2n + 1)2_,, as strings of numbers (the second
is a finite sequence.

Solution. 1,4,9,16,---; and 1,4, 9.

e Example 3. List (1+ %) as a string of numbers, and draw them on the real number line
noting the pattern that emerges.

Solution. O,1+_T1,1+%,1+_71,1+%,---. This is O,%,%,%,u'. [Picture drawn in class

on the real number line of dots alternating between being to the left and to the right of
1, but always getting closer and closer to 1. These dots each get a number above them: 1

above 0, write 2 above %, write 3 above % , and so on.]



The technique in Examples 1-3 you will use in almost every problem: listing a sequence as a
string of numbers, and drawing them on the real number line noting the pattern that emerges.

A question you will often encounter in the quizzes and tests is to do the opposite of the procedure
we used in Examples 1-3. In each of the examples below the trick I taught in class is to write 1
above the first term in the sequence, 2 above the second term in the sequence, 3 above the third
term in the sequence, and so on, and then find how each number 1,2,3,--- is connected to the
number below it.

e Example 4. Assuming that the pattern continues as indicated, find an explicit formula for
the nth term a,: Here the sequence is —1,1,—-1,1,1,1,—1,---.

Solution. a, = (—1)". So the sequence is ((—1)").

e Example 5. Assuming that the pattern continues as indicated, find an explicit formula for
the nth term a,: Here the sequence is 1,8,27,---.

Solution. a, = n3. So the sequence is (n?).

e Example 6. Assuming that the pattern continues as indicated, find an explicit formula for

the nth term a,: Here the sequence is %, %, %, %, R
- _ n 3 n
Solution. a, = 7. So the sequence is (7).

e Example 7. Assuming that the pattern continues as indicated, find an explicit formula for
the nth term a,: Here the sequence is 0, 2,2 8 8 12 12 .

2n—1+(—1)"
2n—1

Solution. ay = =1+ —(2_1_):. So the sequence is (1 + (2;1_)7; ).

e Example 8. Assuming that the pattern continues as indicated, find an explicit formula for

the nth term a,: Here the sequence is %, —%, %, —%, e
Solution. a, = (_1)n+1% = —(—%)". So the sequence is (—(—%)")

A sequence is called monotone if it is either increasing or decreasing. The boundedness and
monotonicity of a sequence can almost always be discovered by the procedure we did above of
listing a sequence as a string of numbers, and drawing them on the real number line noting the
pattern that emerges.

Example. Determine the boundedness and monotonicity of each of the following sequences: (1)
the sequence (n? — 2n + 1), (2) the sequence (n? — 2n + 1), (3) the sequence (1 + #),

n=1»
4) the sequence ((—1)"), (5) the sequence (n3), (6) the sequence 3,2, 3 4 ... (7) the sequence
213415
(1+ (2;1_):), (8) the sequence (—(—32)").

Solution. These are just the 8 sequences we looked at a few moments ago. The sequence in
Example (1) is 0,1,4,9,---. When one looks at this as dots on the number line at the points
0,1,4,9, and so on, [Picture drawn in class], one sees that Example (1) is bounded below, but not
above (if you are asked for it, the GLB is 0). It is increasing.

The sequence in Example (2) is 1,4,9,---. When one looks at this as dots on the number line
at the points 1,4,9, and so on, one sees that Example (2) is bounded below, but not above (if you
are asked for it, the GLB is 1). It is increasing.

The sequence in Example (3) we saw above is the same as 0, %, %, %, -++. [Picture drawn in class

on the real number line of dots alternating between being to the left and to the right of 1, but
always getting closer and closer to 1. These dots each get a number above them: 1 above 0, write 2



above %, write 3 above % , and so on.] This sequence is bounded below and bounded above, so it is
bounded (if you are asked for it, the GLB is 0 and the LUB is %) This sequence is not monotonic.

The sequence in Example (4) is the same as —1,1,—1,1,1,1,—1,---. This sequence is bounded
below and bounded above, so it is bounded (if you are asked for it, the GLB is —1 and the LUB is

1). This sequence is not monotonic.

The sequence in Example (5) is 1,8,27,---. When one looks at this as dots on the number line
at the points 1, 8,27, and so on, one sees that Example (5) is bounded below, but not above (if you
are asked for it, the GLB is 1). It is increasing.

The sequence in Example (6) is %, %, %, %, --+. [Picture drawn in class on the real number line
of dots between % and 1 but getting closer and closer to 1. These dots each get a number above
them: 1 above %, write 2 above %, write 3 above %, and so on.] This sequence is bounded below
and bounded above, so it is bounded. It is increasing.

The sequence in Example (7) is 0, %, %, %, %, %, %, -++. [Picture drawn in class on the real number
line of dots between 0 and 2, alternating between being to the left and to the right of 1, but always
getting closer and closer to 1. These dots each get a number above them: 1 above 0, write 2 above
%, write 3 above % , and so on.] This sequence is bounded below and bounded above, so it is
bounded. This sequence is not monotonic.

The sequence in Example (8) is %, —%, 2—87, —%, -++. [Picture drawn in class on the real number
line of dots alternating between being to the left and to the right of 0, but always larger and larger
in absolute value. These dots each get a number above them: 1 above %, write 2 above —%, write 3
above 2—87 , and so on.] This sequence is neither bounded below nor bounded above. This sequence
is not monotonic.

The following are done like the last examples, but are a bit harder (except for the first):

Example 9. Determine the boundedness and monotonicity of the sequence (1/1 — %)

Solution. This is the sequence \/I , \/E , \/3 , \/g ,-++, which is ‘the square root’ of the sequence
in Example (6) above. The picture will be similar to the picture drawn in class on the real number

line for Example (6), but with the dots slightly to the right of where they were before. Namely,
dots between % and 1 but getting closer and closer to 1. These dots each get a number above them:

1 above \/g , write 2 above \/g , and so on.] This sequence is bounded below and bounded above,

so it is bounded. It is increasing.

Example 10. a) Write down the first 6 terms, and then the general term of the sequence

defined recursively (or inductively) by a1 =1, ap41 = % + 1.
b) Determine the boundedness and monotonicity of the sequence in (a).

Solution. (a) This is the sequence a; = 1,a2 = 4 + 1= % +1= %, and

a3:%+1:§+1:£,
a4:%+1:%+1:§,
a5:%+1:§+1:%,
a6=%+1_%+1=§—;’.



n_ . .
The general term a, = %, as one can see similarly to how we proceeded when we first met

FExamples 4-8 at the start of Section 10.2 above.

(b) [Picture drawn in class on the real number line of dots between 1 and 2, These dots each
get a number above them: 1 above 1, write 2 above %, write 3 above 2, and so on.] This sequence
is bounded below (by 1) and is bounded above (by 2). This sequence is increasing.

Example 11. Determine the boundedness and monotonicity of the sequence (Z).

Solution. Method 1: On a calculator compute eil, e%, e%, -+, draw these on the real number line,
and note the pattern that emerges. One sees that the sequence is decreasing and bounded below
(by 0) and bounded above (by 1).

Method 2: Let f(x) = Z. We sketched the graph of this at the end of Section 7.4 (see typed
notes), and saw that f is decreasing for x > 1. So (Z5) is decreasing. These numbers are positive,
so the sequence is bounded below by 0 and bounded above its first term % since it is decreasing
[Picture drawn in class on the real number line of dots on the graph of y = X decreasing in height.]

Example 12. Determine the boundedness and monotonicity of the sequence (n%)

Solution. This is the sequence 1, 2%,3%, .-+, which is 1,v/2, V/3, v/4, - - -

Method 1: On a calculator compute these numbers, draw these on the real number line, and
note the pattern that emerges. The first two or three terms are increasing, but then the sequence
starts to steadily decrease, but is always bigger than 1. So it is not monotone, is bounded below
(by 1), and is bounded above. [Picture drawn in class on the real number line of dots]

Method 2: Let f(z) = zx = ex% If one computes f’(x) by logarithmic differentiation one
gets f'(x) = $%1—_J}2rﬁ This is negative if £ > e. So f is decreasing for > e. So /3, V/4,--- is
decreasing. But 1, /2 is increasing, so the sequence is not monotone. These numbers are positive,
so the sequence is bounded below by 0. The sequence is bounded above, because after the 3rd term
it is decreasing and bigger than 0 [Draw a picture].

n2

Example 13. Determine the boundedness and monotonicity of the sequence (n—+3)

Solution. Divide top and bottom by n?: n"—jg = %4_#% Both % and % are decreasing, so the
denominator % + g?’g is decreasing and positive. So the sequence is increasing. These numbers are
positive, so the sequence is bounded below by 0. The denominator % + % gets arbitrarily close to
0, so the sequence gets arbitrarily large. So the sequence is unbounded above.

Another way to see that the sequence is unbounded above is to look at the ‘winning term’ in the

numerator and ‘winning term’ in the denominator and divide them. So, for example n"—+3 acts like
2
n

“~ = n, and the latter is unbounded above. Another way to see that the sequence is monotone:
2
let f(x) = xx—fg, then f/(z) = 2x((212))2m = (9”;:36)“’5 > (0 for > 0. So f is increasing, and hence so is

fn) = 1%,

10.3: Limits of sequences.

e We say that a sequence (a,) converges to a real number a if the numbers a,, are getting
closer to closer to a, as close as we like, as n gets huge. In this case, we write a = lim,, .o a,
or a, — a as n — oo. We also say a, approaches a as n — oo.



The technical definition: a = lim,_,~ a, if for all numbers € > 0, there exists a number N
such that |a, — a| < e whenever n > N.

Note that a = lim, . a, if and only if lim,,_,o, (a, — a) = 0.
If (a,,) does not converge to any number then we say that it diverges.

If the terms in the sequence are all positive and are getting huge without any bound,
we write lim,,_ .o, a, = oco. Note that if the terms in the sequence are all positive then
lim,, .o an, = oo if and only if lim,,_. % = 0. Similarly, if the terms in a sequence are all

negative then lim, oo a5 = —00 if and only if lim, o 7= =0

Suppose that (a,) is increasing. Then lim, . a, is the same as the LUB (and equals oo if
(ay) is not bounded).

Suppose that (a,,) is decreasing. Then lim,,_, o a, is the same as the GLB (and equals
—o0 if (ay,) is not bounded).

FACT: A convergent sequence is bounded. Hence:

An unbounded sequence must be divergent.
(Warning: a bounded sequence does not HAVE to be convergent. See, for example, Example
4 in Section 10.2.)

Example. State if the following sequences converge or diverge. If the sequence converges,
find its limit. If it diverges, explain why. (1) the sequence (n? — 2n + 1)22,, (2) the

n=1
sequence (n? — 2n + 1)2%,, (3) the sequence (1 + (_—i)n), (4) the sequence ((—1)"), (5)
the sequence (n3), (6) the sequence %, %, %, %,---, (7) the sequence (1 + (2_1_);), (8) the

sequence (—(—%)"), (9) the sequence (1/1 — %)

Solution. These are just the 9 sequences we looked at at the start of Section 10.2. The
sequence in Example (1) is 0,1,4,9,---. Since this is not bounded, but is increasing, the
limit of the sequence is oo, by the third last bullet above. The sequence diverges because it
is unbounded (see second last bullet above). Similarly, the limit of the sequence in Example
(2) is 0o, and this sequence diverges.

The sequence in Example (3) converges, and its limit is 1 (since we said when we looked
at Example (3) at the start of Section 10.2, or its picture that we drew there, that these
numbers are getting closer and closer to 1.

The sequence in Example (4) diverges, since these numbers are not getting closer and
closer to any one number.

The sequence in Example (5) diverges (the reasoning is identical to that of Example 1 a
few lines above).

The sequences in Example (6), (7), and (9) converge, and their limit is 1 (since we said
when we looked at those examples at the start of Section 10.2, or their pictures that we
drew there, that these numbers are getting closer and closer to 1.

The sequence in Example (8) diverges, since as we said when we looked at Example (8)
at the start of Section 10.2, it is unbounded. But we said recently that every unbounded
sequence diverges.

Example. Consider the sequence defined recursively by a1 = 1,a,41 = % + 1. State if the
sequences converges or diverges. If it converges, find lim,, ..o G-



Solution. This is Example (10) at the start of Section 10.2, and we said there, or by the
pictures that we drew there, this is an increasing sequence which is getting closer and closer
to 2. So lim,, . a, = 2.

Example. State if the sequence (sin(%)) converges or diverges. If it converges, find its limit.

Solution. It converges with limit 0. To see this, note that as n gets huge, % — 0. Because
sin is continuous, sin(%) is approaching sin 0 = 0.

Example. State if the sequence (cos(;;175)) converges or diverges. If it converges, find its
limit.
nm

Solution. It converges with limit —1. To see this, note that as n gets huge, *%5

Because cos is continuous, cos( Tl) is approaching cosm = —1.

— .

Example. Does the following sequence converge:
1 31 5 3 1 7 5 3 1

27 42 642 86 4 2
Solution. This is a nonnegative sequence, and notice that each term in this sequence is
equal to its predecessor multiplied by a positive number less than 1. Thus this sequence is
decreasing. By the bullet before the FACT on the last page, this sequence converges to its

greatest lower bound.
A very common trick to find limits of sequences is to divide numerator and denominator
through by the highest power in the denominator. We do several examples of this:

Example. State if the sequence (g"%) converges or diverges. If it converges, find its limit.

Solution. Divide numerator and denominator through by n. We get 224l — 2_%, which

2n—3
5+0

has limit . So the sequence converges with hInlt

Example. State if the sequence ( %) converges or diverges. If it converges, find its limit.

1

3
. .. . +
Solution. Divide numerator and denominator through by n®. We get 3—"%1 = %3,

0+0

which has limit = 0. So the sequence converges with limit 0.

Example. State if the sequence ( \/7:‘—+1) converges or diverges. If it converges, find its limit.

Solution. Divide numerator and denominator through by /n. We get
no W/
NCES L 1
n+ J1+2

The numerator here goes to oo and the denominator goes to /1 + 0 = 1. So the sequence
diverges, and its limit is co.

%-:4-33

‘Cheat’ in the previous examples: look at ‘winning term’ in the numerator and Winning
term’ in the denominator and divide them. So, for example 3 5"“ 5"

acts like 22 = ; so the
limit is 5. And 37:‘3_+11 acts like ?;1% = E which has limit 0. And \/n—+1 acts hke % =.n
which has limit oco; so the limit is co.

One can turn many limits (including most of the ones above) into a Calculus I problem by
the following principle: If lim, . f(x) = L in the Calculus I sense, then lim, o a, = L,

if a, = f(n).



e Example. State if the sequence ((2)") converges or diverges. If it converges, find its limit.

Solution. Let f(z) = (2)”. We saw the graph of f in Chapter 7 [Picture drawn in class.]
So limy oo f(z) = 0, hence lim,,_. (3)" = 0. So the sequence converges with limit 0.

e Example. State if the sequence (an) converges or diverges. If it converges, find its limit.

Solution. The answer will be the same as lim,_.o IHTQE This limit is of form 2. By
L’Hospitals rule (later),
1 4 (Inx 1
lim 2T lim dx(d ): lim £ =0.
r—00 T—00 PrE r—oo |

So the sequence converges with limit 0.

e Example. State if the sequence (33—11) converges or diverges. If it converges, find its limit.

n 2yn
Solution. Divide numerator and denominator through by 3. We get 33 0= ;JJF)E, which
371/

has limit Woo = 0 (see previous problem). So the sequence converges with limit 0. Quicker:
look at the ‘winning term’ in the numerator and ‘winning term’ in the denominator and
divide them. One gets (2)", which has limit 0.

e Example. State if the sequence (In(n+ 1) —Inn) converges or diverges. If it converges, find
its limit.

Solution. In(n+1) —Inn =In 2 = In(1+ 1). This has limit In1 = 0. So the sequence

converges with limit 0.

e It is sometimes helpful to remember that whether a sequence converges or diverges, has noth-
ing to do with its first few terms. Thus, for example, the sequence 500, 1000, 1500, 2000, 1, &, L

11
» 91354y Fr

converges to 0.

e The ‘squeezing’ or ‘pinching rule’: uppose that (s,),(zy,), and (t,) are sequences with
Sp < xp < ty, for every n > 1. If lim,, s, = s and lim,, ¢, = s, then lim, x, = s.

e If lim,, s, = s and lim,, ¢, = t, then:
(1) lim,, sp +tn, = s+t

lim, s, —t, =s —t;

lim,, syt, = st;

lim,, Cs, = Cs, if C is a constant;

)
)
)
) limy, 52 = 2 if ¢ £ 0;
)
)

tn

10.4: Some important limits.

1 1
= = 1In

1 . . 1
e zn — lasn — oo if x >0 (since xn = en m,andlnTxHO,soenlaneO:l.)

e 2" — 0 asn — oo if || < 1 (this is proved like in the example in Section 10.3 of (%)").

(z™) diverges if z > 1 or < —1 (since these cases are unbounded, or is Example (4) in
Section 10.3).
1 1

L —~0asn—ooif p>0 (since L = (1)? and 1 — 0).



Variant of the ‘squeezing’ or ‘pinching’ rule: Suppose that 0 < a,, < b,,. If b, — 0 then
a, — 0. If a,, — oo then b,, — 0.

e Example. State if the sequence (Sm") converges or diverges. If the sequence converges, find
its limit.

g - >~ i >~ 5 -
Solution: Note that —1 < sinn < 1, so
(822) converges with limit 0.

< sinn . But

n

S|=
S|=
3=

< — 0, so by ‘squeezing’

e We give another proof, using ‘squeezing’, that (h“—") converges to 0. We first notice that
Inz < /x for x > 4, since by Calculus if f(x) = 2% —Inz then f(z) = % _1_5 = f 2> 0
if © > 4. So f(z) is strictly increasing on [4,00), and since f(4) = 4 >0, e must

2
—1In
have f(z) = vz —Inxz > 0 for x > 4. So /x > Inx for x > 4. Thus %g%:

% — 0 by ‘squeezing’ we must have

. Since

S 2

o
e In the last item we showed that Inz < /z. In fact Inz < aP for any p > 0 (the proof is
similar). Similarly, 2P < a® for any p and any a > 1, at least for large x.

e Example. State if the sequence (n%) converges or diverges. If the sequence converges, find
its limit.

Inn

: 1 1 . .
Solution: nn == en — €Y =1 as n — oo, since we just saw that —II;L" — 0.

n

e Example. Show that % — 0 asn— oo.

I 2 2 2 2
Solution: 0 < s s R
n

=N

<

Sl
—_
—_

-1-2 = %. But % — 0, so by by
‘squeezing’ we must have

7L
e Similarly, =+ — 0 as n — oo.

e (1+ )" — e” asn — oco. We shall do this as an application of L’Hospitals rule in the next
section.

10.5-10.6: L’Hospitals rule.

e We have already used L’Hospitals rule twice in this class. First we looked at lim, .. %,
which is called an indeterminant form of type . We saw that

d .
. o1
lim — = lim flx = lim — =0.
r—o0 el T—00 e r—o00 eT
dx
Similarly, lim,_. 22 is an indeterminant form of type 2, and
1
Inx L(lnz . =
lim — = lim %:hmﬁzO.
r—00 T—00 i z—oo |
i

e Example. Find lim,_ S22,

Solution. This is an 1ndeterm1nant form of type . By L’Hospitals rule

. sinz . cosT
lim = lim
z—0 rz—0

=cos0=1.

e Example. Find lim,_, %



Solution. By L’Hospitals rule = lim,_, o % = 00.

Example. lim,_,q % is an indeterminant form of type %. By L’Hospitals rule

1 4] 1
lim N lim -4z nz) =lim £ =1
z—1 1 —1 z—1 % €T — 1) z—1 1

Example. Find lim,_,+ 22,
ex

Solution. This is an indeterminant form of type —2* (actually we still call this an inde-

terminant form of type %), and by L'Hospitals rule it equals

d 1
Z(lnx = — 1
im Ll):lim —4&— = lim ?:—(lim z) (lim — =0.
z—0t i(e;) z—0+ e;(_L) z—0t e% z—0+ z—0% %
dx x2

These kinds of examples can always be applied to sequences (as we did in Section 10.3 when

we showed lim,,_, o lnT" = 0). Here is another example of this:

Example. Find lim,, 12—,1”

Solution. Set x = % As n — oo we have z — 07, so by the previous example

—lnn ﬁ Inz

en = en = 1 — 0.
ez
So lim,, 12—,1" =0.
Example. Find lim,_,; 32%-2%

T

Solution. This is an indeterminant form of type 3. By L’Hospitals rule it equals

0
lim, g %{—1, which is again an indeterminant form of type %. By L’Hospitals rule it
equals lim,_.q _Zi;m = —%.

Example. Find lim, 4+ zlnz.

Solution. lim, o+ xInz = lim, o+ lnTx, and the latter is an indeterminant form of type
—° (actually we still call this an indeterminant form of type 22). By L’Hospitals rule it
equals lim, o+ —%— = —lim, o+ = = 0.

22

Example. Find lim,_ g+ z%.

Solution. This is called an indeterminant form of type 0°. Note that 2% = e*** — 0 =1

as x — 0T, since we just saw that lim,_ o+ zlnz = 0.

Example. Find lim,_ % Iy 1+—t dt.
Solution. By L’Hospitals rule it equals

d o1
lim 2 3 Tt _
X

Example. Show that lim, .o (1 + £)% = €2, and that lim,_.o (1 +1)* =e.



Solution. (1 + 2)* = e*™1+5) - Now z1n(1 + 9) = ln(lfg), and limg ln(lfg) is an
indeterminant form of type 8. By L’Hospitals rule
1
. In(1+9) =) ) a
lim ———* = lim ——— = lim - =a
Thus as © — oo we have that zIn(1 + 2) — a, and so (1 + 2)? = oIn(1+5) _, ¢,

For the last assertion set a = 1.

2)

Proof of L’Hospitals rule: We just do the case that lim, .. % is an indeterminant form

of type %. So lim, . f(z) =lim,_. g(x) = 0. We assume that f and g, and f’ and ¢, are
continuous at ¢. Then f(c) = g(¢) = 0 and

R [ e L N = e i N ()
M) e gla) —gle) e dE | gle) | gla)
0 00

L’Hospitals rule ‘does not work’ if the limit is not of form § or .

10.7: Improper integrals.

There are three basic kinds of improper integrals. To describe them recall that in an
integral ff f(x)dx, we call a and b the lower and upper limits of integration, and f(x) is
the integrand. The first kind of improper integral is when a = —oo or b = oo or both. The
second kind of improper integral is when a or b are numbers that f(z) ‘blows up’ at. For

example, fol ﬁdw, note that % is not defined at 0, and goes to infinity as # — 07. The

third kind of improper integral | f f(x)dx is when f(z) ‘blows up’ at a number between a
and b. For example, f_lz L dx. Here ié ‘blows up’ at 0, and 0 is between —2 and 1.

o Td
An integral may be more than one of the above types, like [ j—g dx.

Example. Determine whether or not the integral [, i—? dx is improper. Give a reason for
your answer. Also, by taking an appropriate limit, compute the value of the integral.

Solution. This is an improper integral of the first kind, since one of the limits of integra-

tion is co. Also,
0 dx C dx
/ — dr = lim — dx.
1 C—oo J1 X
Now

¢ dx 1
-11C
\/1‘ ZE2 ]1 C +1—
as C' — co. We say that this improper integral converges and [ i—? dx = 1.
The last example is really saying that the area underneath the graph of y = # forx > 1,
is 1. [Picture drawn in class.]

Example. Determine whether or not the integral [;° d?x dx is improper. Give a reason for
your answer. Also, by taking an appropriate limit, compute the value of the integral.

Solution. This is an improper integral of the first kind, since one of the limits of integra-
tion is co. Also, [{° % dz = limc .o flc 4 dx. Now

C
/ d_x:1n$]?:ln0—ln1:ln0—>oo
1 X



as C' — co. We say that this improper integral diverges and [/ d% dx = .

The last example is really saying that the area underneath the graph of y = % for x > 1,
is 1. [Picture drawn in class.]

Similarly [ 2 diverges (= 00) if 0 < p <1, and [ % = %1 (it converges) if p > 1.

P
Compute the following improper integrals if they converge: (a) [~_ 0 —m, and (b) [0 ?Cﬁ—l.

Solution. (a) The first integral is lime—, o f() 2717 Now

/CO a;zd—j—l =tan"'z]d =tan !0 —tan"!C = —tan"! C — —(_TW) = g
as C'— —oo. [Drew picture of the tan~! graph in class.] So f_ooo ;% =3
(b) Also, [0, xdel =" —m + Iy =55 dm . To do [5~° —% we observe that
/OC :ﬂd—il =tan ' 2]§ =tan"' C —tan"1 0 = tan~' C' — g
as C' — oo [Drew picture of the tan~! graph in class]. So 00 dil = 5, so that

/°° dx /0 dx +/°° dx 7T+7T
= _ = — — = T.
oo 241 oo X241 o x24+1 2 2

Example. Determine whether or not the integral fo \F is improper. Give a reason for your
answer. Also, by taking an appropriate limit, compute the value of the integral.

Solution. This is an improper integral of the second kind, since % blows up at 0. The
integral is lime_o+ 2 %. Now
L dx

c Vv
1 dx

as C'— 0T. So the improper integral converges, and | i = 2.

1

= 207)L =2 207 — 2

Example. Determine whether or not the integral fol (% — W) dx is improper. Give a
reason for your answer. Also, compute the value of the integral.
Solution. This is an improper integral of the second kind, since (ﬁ — ﬁg) blows up

both at 0 and at 1. Let us write

Al(%—ﬁ)d;p:/{)%(% ( dx—i—/ :E—l))dx'

1
The first integral is lima_, o+ (2:5% + L)]é, which is a finite number. However the second
integral is

1 1
li 212
S (222 4 o

NS = lim (2C%+C—) (V2-2) =

since ﬁ — —oo as C' — 17. So the integral diverges and fol (ﬁ - (m_ll)g)dx is a finite

number plus —oo, which is —oo.

Example. Determine whether or not the integral f_12 —E; dx is improper. Give a reason for
)

your answer. Also, compute the value of the integral.



Solution. This is an improper integral because 7 ‘blows up’ at 0, and 0 is between —2

and 1. We write flz de = [° R fo I da: a sum of two of the second kind of

improper integral. To do the first 1ntegra1 here

1 1
25 —)5-23,

ol
_l_
ot

c 1 C 1 1
/ _dw = 50310, = 5CF — 5(—2)% = 5C
-2 ,:Uo

as C — 07. So f_02 ii dr =5- 2%. To do the second integral,

8

as C' — 0T. So [y 4 dz = 5. Thus
x5
L1 01 L |
/ —4dx:/ —dz+ | —dz=5-25+5.
—2 5 -2 5 0 x5

e A ”Comparison test”: If 0 < f(z) < g(z) on my interval, and if the integral of g on the
interval converges then the integral of f converges too. If the integral of f on the interval
diverges then the integral of g diverges too.

e Do the integrals converge or diverge: (a) [ Tz d, (b) [ g

: 1 11 _ 3
Solution. (b) T < U= = =l itz > 1. Now since p = 5 > 1, we know from the last
page that [/ 4z converges. So by the ‘comparison test’ above, e fl-fﬁ
x?2
(a) 1—1|-m2 > &L if > 1 (to see this note that this is saying that 2z > 1+ 22 or
42% > 1+ 22 or 322 > 1, which is true if > 1). However I g—i diverges as we saw on the

last page. So by the ‘comparison test’ above, [;° \/ldj:? diverges too.

converges.

e Gabriel’s horn (textbook p. 624). In the bible, Gabriel is an archangel, and the horn is
the trumpet blown at the end of time, heralding a cataclysmic event described in the book
of Revelation. In this problem, we obtain this infinite trumpet by taking the graph of
flx) = % for 1 < z < oo, and rotating it around the z-axis [Picture drawn in class.] The
volume formula for this from Calc I is

V:T('/ (f(x))2dx:7r/ — =T,
1 1z
as we saw recently. So you can easily fill up Gabriel’s horn with water. However in the
homework you will be asked to show that the surface area formula from Calc 1, applied
here, gives that Gabriel’s horn has infinite surface area. So you can fill it up, but you could
never paint it! Interesting... .



Chapter 11. Infinite Series.

First we recall ‘sigma-notation’. For example,

4
Yok =224 447 =449+16=29
k=2

Here > is read as ‘sigma’ but it should be interpreted as ‘sum of’.

Example. Write in sigma-notation: e 4 2e? + 3e3 + 4e? + 5e°.
Solution. The kth term here is ke*. So the series is Y5_; ke

Example. Write in sigma-notation: % + % + % + % + %
Solution. This is almost identical to a sequence example in the previous chapter; the nth term

: _ 2ntl(=pntt (=1)nt! . 5 (—1)k+1
is ap = = 57— =1+ 5.5 So theseries is 3°)_ (1 + “557)-

In most of the rest of this course we study ‘infinite series’. These are expressions of the form

o
Yo oak = Gt Gmpr + ampa - ()
k=m
Let us call this expression (*).
What does expression (*) mean? In fact we shall see shortly that the expression means two
things.
Usually m = 0 or 1, that is, (*) usually is

ag+ay +ag +---

or
a1 +ag +az+---.
We call the number ay, the kth term in the series. Sometimes we will be sloppy and write ), ak
when we mean (*).
The most important question about an infinite series, just as for an infinite sequence, is 1) does
the series converge? and 2) if it converges, what is its sum? We will explain these in a minute.

Example 1. Write in sigma notation:
1 1 1

R I I
t5titg T

Solution. Here the first term in the series is 1, the second term is %, the third term is 515, the fourth

term is 515, and so on. Clearly the kth term in the series is %%1 We may rewrite the series as

> 1
Z 2k—1
k=1

or

i 1
=2

Example 2. Write in sigma notation:
I 11411+
Solution. Note that the kth term is (—1)*. The series may be rewritten Y7, (—1)¥.



Example 3. Write in sigma notation:

! + ! + ! + ! + - ! + ! + ! + ! +
2 6 12 20 2.1 3.2 4-3 5-4
Solution. Here the first term in the series is %, the second term is %, the third term is 4%3, and

so on. Clearly the kth term in the series is m We may rewrite the series as

> 1
; (k+ 1k -

We still have not said what expressions like (*) or those in Examples 1, 2, and 3 mean. In fact
an expression like (*), or those in Examples 1, 2, and 3, has two meanings:

Meaning # 1: A ‘formal sum’. That is, it is a way to indicate that we are thinking about
adding up all these numbers in the expression (*), in the order given. It does not mean that these
numbers do add up.

Before we go to Meaning # 2, let me say how you ‘add up all the numbers in an infinite series’.
To do this, we define the nth partial sum s, to be the sum of the first n terms in the series. In this
way we get a sequence

81,892,83, "
called the sequence of partial sums. We say the original series converges if the sequence {s,}
converges. If it does not converge then we say it diverges. We call nan;O sn the sum of the series if

this limit exists.

Meaning # 2: ) ,a; = nhHolo sp, if this limit exists.

Back to Example 2 above: The first meaning of —1 +1—1+1—1+4--- (or 332,(—=1)*) is as a
‘formal sum’. That is, we we want to think about adding up all the numbers in the expression in
the order given. To get to the second meaning, we must compute the s,,’s. Clearly in this example,
s1=—-1,59=—-14+1=0,s35=—-14+1—-1=-1,84 =—-14+1—-1+1=0, and so on. In fact the
sequence si, Sg, s3, - -+ is the sequence

_17 07 _17 07 _17 07 _17

Does this sequence converge? No. So the series diverges. It does not have ‘Meaning # 2’, and it
has no sum.

Back to Ezample 1 above: The first meaning of 1+ 3 + 1+ 2+ = 372, %%1, is ‘a formal
sum’. That is, it is a way to indicate that we would like to add up all these numbers. To actually
add them up, we need to look at the sequence s,, of partial sums. In this example, s1 = 1, and sg
is the sum of the first two terms, that is so = 1%. Also s3 is the sum of the first three terms:

1 1 3
=14+ 4+ =1=
A R
Similarly
_1+1+1+1_14—|—2—|—1_17
MTITRTYITRT T8 T s
Now you can spot the pattern. The sequence sq, s, 83, -+ is the sequence
1, 117 1§, 12, E,
2" 47 8 16

which has limit 2. Thus the original series > 72, %%1 converges, and its sum is 2. Thus we have

Meaning # 2:
1—|—1+1+1+ =2
2 4 8 B



or
00
Z 1
:2—:

Example 4: Consider the series 14+141+4---. Here the nth partial sum s,,, namely the sum of
the first n terms, is n. Since lim s, = lim n = oo in this case, the series diverges. But its sum,

n—oo n—oo
namely nlingo Sn, 18 00. So this series does have a Meaning # 2, namely its sum 14+1+1+--- = +o00.
Back to Ezample 3 above: The first meaning of § + % +L 4+ =3 m, is ‘a formal

sum’. That is, it is a way to indicate that we would like to add up all these numbers. To actually
add them up, we need to look at the sequence s,. In this example, s;1 = %, and so is the sum of
the first two terms, that is

11 3+1 2
2737676 T3
Similarly
11 1 64241 3
BT TE TR T T2 1
Similarly, s4 = 5, and now you can spot the pattern, it seems that s, = ;77. This can be proved

using the method of ‘telescoping series’: to use this method we consider the kth term m and
use partial fractions. The partial fraction technique asks you to write

1 A B

(x+1Dx x+1+;

Multiplying through by (x + 1)z gives 1 = Az + B(z + 1), so that B =1 and A = —1. Thus
1 1 1

k+Dk — k  k+1°
Therefore setting k=1, k=2, k=3,--- ,k = n in the last equation gives that

1 +1+ 1+ n 1 _(1 1)+(1 1>+(1 1)+ +<1 1 )
T 132743 m+hn \1 2)7\273)7\37 1 n n+1)"
This is called ‘telescoping’, because most of the last expression cancels, and the expression cancels
to yield

1 n
Sn = 1 — =
n+1 n+1
as claimed. Thus the sequence sq, s9, s3,- -+ is the sequence
1 2 3 4
27345

which has limit 1. Thus the original series Y 5, m converges, and its sum is 1. Thus we have
Meaning # 2:

or



e In a sum like Y 72, m, the k is a ‘dummy index’. That is, it is only used internally
inside the sum, and we can feel free to change its name, to Z;";l ﬁ, for example,

e In aseries > 72, ag let us call m the ‘starting index’. Thus for example, the starting index
of Y72, % is 2. Any series can be ‘renumbered’ so that its starting index is 0. That
is, any infinite series may be rewritten as Y p—,ar. For example, > 72, ax, which is the
same as ay, + Gmt1 + Amao + - -+, can be relabelled by letting j = & — m, or equivalently

k=j+m. Then 3227 ar =320 ajim.

Example: Rewrite > 72, k—];Tl as a series y po ag.

Solution. Letting j = k — 2, so that k£ = j + 2, the sum becomes

j+2-1 j+1

i 2 ; 2

o U+2) o +2)
k+1

Of course j is ‘dummy’ so we can rewrite this as > 72 T2

There is no reason of course why we chose 0 for the starting index. One can make all series begin
with the starting index 1 if you wanted to, by a similar trick. However it is convenient to fix one
starting index, so it may as well be 0. Many of the following results are therfore phrased in terms
of series Y 72 ak.

e Geometric series: This is a series of form ¢ + cx + cx? 4 ca® + -+, or 372, ca¥, for
constants ¢ and x. We call z the ‘constant ratio’ of the geometric series. Note that if you
divide any term in the series by the previous term, you get . We assume ¢ # 0, otherwise
this is the trivial series with sum 0.

The MAIN FACT about geometric series, is that such a series converges if and only if

|z| < 1, and in that case its sum is %

[Proof: If ¢ = 0 then the series is 0+ 0+ 0+ --- and the result is obvious. So we can
assume that ¢ # 0. The sum of the first n terms is

sn=ctcrxter’+ - dea" P =c(ltrta®+--+a2™) .
There is a well known result in algebra which says that
(I+az+a? 42" Hl—z)=1—2a"

(to prove it multiply out the parentheses and cancel). Thus if z # 1 then 1 +x + 22 +--- +

_n
gl = 11_9”1, , so that

1— 22"

1—z

sp=ctecxtct’+-tea"t=c

(It is worth memorizing the last formula, the sum of n terms of a geometric series.) The
only thing that depends on n on the right hand side here is the =™, which we saw in 10.4
converges to 0 if |x| < 1, and diverges otherwise. If x = 1 then s, = c+c+---+ ¢ (n times)
which equals nc. Thus lim s, = crL if || < 1. If [z] > 1 then {s,} diverges, so that the

original series diverges.]

e Example. Is the series 6 + 2 + % + % + 2—27 + .-+ a geometric series? What is its sum?



Solution: Note that any one term, divided by the previous term, is % So it is a geometric

series, with constant ratio z = % and first term ¢ = 6, so that its sum is

6 3
= 6-2 =9
1
1—-3 2
Example. Find the sum of the series > 72, ﬁ if it converges.

Solution: This is a geometric series, with constant ratio z = 1—12 and first term ¢ = %, SO

that its sum is

3
12 = S _ 3 4
1—+15 1.2-1 0.2
e Example: Recurring decimals. Express the number 5.1233333--- (recurring) as an
improper fraction.
Solution: 5.1233333 - - - equals
5+i+i+3+3+3+—&+3+3+3+

10~ 100 ~ 1000 ~ 10000 ~ 100000 ~ 100 1000 © 10000 100000

Since the last part of this is a geometric series with first term % and constant ratio 1—10,
the last sum equals

512 3 ( 1 ) 512 3 10 512 1 1537

100 1000 \1— L 100 710009 100 300 300 °
FACT: If 372, ar and Y 72, by both converge, and if ¢ is a constant, then:
>ie (ag + by) converges, with sum > 32, ar + Y peo bk;
Y req (ar — bg) converges, with sum > 72 ar — > 1~ bk;
Y req (cay) converges, with sum ¢> 2y a.

[Proof: We just prove the first one, the others are quite similar. The nth partial sum of
Yoieo (ag + bg) is Zz;é (ap +br) = Zz;é ap + Zz;é br. By a fact about sums of
sequences from a few weeks ago, this converges, as n — 00, t0 Y poy ar + > heo k-]

Example: Does Y 72, (3% + (_}c)k

5 ) converge? If so, what is its sum?

Solution. It converges. To see this notice that by the previous item we can write

(2 (DR & 2 & ()P & 2 & -
() Ea s F e ss (F)

k=0

which is a sum of two geometric series. By the rule for geometric series on the previous
page, the series do converge and our sum is

2 1 2
+ = 3%

@

For any positive integer m we can write >.72, ar = (ap + a1+ -+ + am—1) + > fepy k-
Indeed Y72 ap converges if and only if Y 72 ap converges. [This is because the nth
partial sum of the } 7=, aj series, and the nth partial sum of the >";Z,, ai series differ by

w



a fixed constant.| If these series converge, then their sum also obeys the rule:

[o.¢] o
Y ap=(aotar+ -t am1)+ >, ap.
k=0 k=m

e Example. You are told that > ;2 k% = %2. Find }>°725 ki

2
. -2 -2
Solution. > 72, k_12 = 1—1—%—1—22":3 k—g:%_ So "%, kl:%_l_

N[

e From the last fact it follows that the ‘first few terms’ of a series, do not affect whether the
series converges or not. It will affect the sum though.

e The Divergence Test: If klim ay # 0 then the series >, aj diverges.
—00
A matching statement: If ), aj converges, then klim ap, = 0.
—00

[Beware: If klim ar = 0 we cannot conclude that }°; aj converges.
—00

[Proof: Suppose that > 72, ar = s. If s, is the nth partial sum then s, — s as n — oc.
Clearly s,+1 — s too, as n — oo. Thus s,41 — $p = ap, — s — s =0.]

e Example: Determine whether the series > 72 ; kiﬂ converges or diverges.

Solution: It diverges by the Divergence Test, since klim kiﬂ =1#0.
—00

e Example: Determine whether the series 352, (—1)* % converges or diverges.
Solution: It diverges by the Divergence Test, since klim % = 00 # 0. (One can use
— 0

LHospital to see that mILHéO ﬁ = 00).

3k—
3k

e Example: Determine whether the series >, 2 converges or diverges.

Solution: It diverges by the Divergence Test, since klim 31;;2 =1+#0.
—00

11.2-3. Nonnegative Series, and tests for series convergence.

o A series ), ay is called a nonnegative series if all the terms ay are > 0.

e For a nonnegative series, the sequence {s,} of the partial sums is a nondecreasing (or
increasing) sequence.

[Proof: If s, = ap + a1 + -+ + an—1 say, then s,41 = a3 +ag + -+ + ap—1 + an, so that
Sn-i—l_sn:anzo' ]

e Therefore, by a fact we saw in Chapter 10 for a nonnegative sequence, the sum of the series
equals the least upper bound of the sequence {s,} of partial sums. Thus the sum of the
series always exists, but may be co. More importantly, the series converges if and only
if the {s,} sequence is bounded above. The latter happens if and only if the sum of the
series is finite. Thus to indicate that a nonnegative series converges we often simply write

dop Ok < 00.



Example: The HARMONIC SERIES is the important series

111 o
I ottt =Y
k=1

e

2 3 4

This is a nonnegative series, so to see if it converges we need only check if the sequence {s,}
is bounded above, where s,, =1+ % + % +- % A trick to do this is to look at f1"+1 % dz,
interpreted as the shaded area in the graph below [Picture drawn in class]. This shaded
area is less than the area of the n rectangles shown. Hence

1 1 1 ntl 1

1+1-—+1-—+---1-—2/ — dz.
2 3 n 1

So s, > In(n+1) —In(l) — oo as n — oo.

Thus the harmonic series diverges; it has sum +oo.

The trick used in the previous example can be used in the same way to prove:

The Integral Test: If f(z) is a continuous decreasing positive function defined on [1, c0)
[Picture drawn in class], then Y22, f(k) converges if and only if [ f(z) dz converges
(i.e. is finite).

To redo the previous example using this test, let f(x) = %, which is certainly continuous,
decreasing, and positive on [1,00). Also

/ ldaj = lim ldaj = lim (Inc—1Inl) = +o0
1T

c—oo J1 x c—00

So Y52, =332, f(k) does not converge.

p-series. An almost identical argument shows that > 72, k% converges if and only if p > 1.
These are called ‘p-series’.

L
Vk

Solution: Use the p-series test with p = 1/4 and 4/3. So the first series diverges, the
second converges.

Example. Determine whether the series > 52, and Y72 k—%/%converge or diverge.

Example. Determine whether the series > 724 m converges or diverges.

Solution: First note that it does’nt matter that the series starts with k = 3, since the
first few terms of a series do not affect whether the series converges or not. Next let
f(z) = x(Tlx)?’ and apply the Integral Test. Note that

o0 1 ¢ 1
SR = i _ .
/3 z(Inx)? dr el 3 z(lnx)? du

Substituting v = In z we have du = d% so that

¢ 1 Ine 1 1 1 1
-~ _dr = —du = — -llne _ -~ = -
/3 z(In z)? v /1n3 uz w lin 3 lnc  In3
as ¢ — 00. So both the integral and the series converge.

Example. Determine whether the series > 72 4 k\/ﬁ converges or diverges.



Solution: Similar to the last, let f(z) = —2 T and apply the Integral Test. Note that

z(lnz)2
R 1 ¢ 1
/ —— dx = lim — dx.
3 z(lnx)z = Js z(lnx)?

Substituting v = In x we have du = d;“’” so that

c 1 Inc 1
/ oy - / L du = 2udr¢ = 2(VIne—vin3) — o
3 x 1

In :1:)% n3 2
as ¢ — 00. So both the integral and the series diverge.

Basic Comparison Test: Suppose that 0 < ap < b for all k.
1) If >~ by converges, then Y, aj converges.
2) If 3", ay diverges, then Y, by diverges.

Limit Comparison Test: If 0 < klim Z—: < 00, then >, ap converges if and only if >, by
converges. -

Asked whether a nonnegative series ), ar converges, one may first ask: does a — 07 If
not, the answer is ‘no’, by the divergence test. If yes, one may ask how fast does ap — 07 If
very fast, like faster than the terms in a series that you know converges, then it converges
too by something like the Basic Comparison Test.

11.3. Root Test: If )", aj, is a nonnegative series with lim (ak)% = r. If 0 <r <1 then

k—o0

>k ar converges. If 1 <7 < oo then ), aj diverges.

11.3. Ratio Test: If )", a; is a nonnegative series with hm CLZ—:l =\ If0<)X<1 then

k—o0

> ax converges. If 1 < A < oo then ), ay diverges.

Examples. Determine whether the following series converge or diverge: (a) Y 52, \/ﬁ ;

b) 334 o 5@ TR gms s (d) 3R B0 I aor 5 (0
s

Solution: (a) The k3 here is much more important that the k here, so think of the series
as being comparable to >, \/% This is a p-series with p = % > 1,50 > \/% converges
by the p-series test above. Now we can use either the basic comparison test or the limit
comparlson test to see that Zk 1 \/W converges. For example, since k% < k+ k> we have

VE3 < Vk+ k3, so that \/W < \/173' Since Y, \/IT3 converges, our other series converges
by the basic comparison test.
(b) We may start similarly to (a), compare with 332, 4 which is divergent. Lets apply

the limit comparison test, with by = k+1 T and ap = % We have

ak:k—i_\/%:l—l-i—)l

by k vk

as k — oo. Since this limit is > 0, the limit comparison test tells us that > 72 rl\/E

diverges.



(c) Similar to (b), but compare with the convergent p-series Y \/% (see (a)), using the
limit comparison test. We let ay = T and b, = \/7 then

ag VE —k k
e VYRR o f 150
b Vi3 k3

. . . 1
as k — oo. Thus the limit comparison test tells us that Y 72 ; TR converges. 3
(d) You could use the ratio or the root test here. If we use the ratio test with ay = Ig—k,
then ag1q1 = (2“2 , so that

o _ (k13 2 1(@)3 _ 1(1+1>3 1
ar 2.2k k3 2\ k 2 k 2

as k — oo. Since this limit is less than 1, the ratio test tells us that the series converges.

(e) We use the ratio test with a = (k—) Then agy1 = (((kkfl))), But (k + 1)! may be
|

written as (k+1)k(k—1)---3-2-1 = (k+1)k!, and similarly, (2k+2)! = (2k+2)(2k+1)(2k)!.
Thus
apy1 (k+1)k! (2k)! (k+1) B 1
e (2k+2)2k+1)(2K)! kK (2k+2)2k+1)  202k+1)

as k — oo. Since this limit is less than 1, the ratio test tells us that the series converges.

(f) Converges by the root test with a; = —(lnlk)lm

since (ak)% = W — Vask— oo

e Examples. Determine whether the following series converge or diverge: (a) > .72 ﬁ ;

(b) Yo 7 o © I gy () X g (0 Xy g o (f)
Ekl%? (8) X210 57— ()Zklor,ﬁ%z%; (i) Zﬁlﬁ%ﬂs )

SR Srs (k) SRS (LR () o, B2 (m) o, AL

[These are for extra practice. Some were done in class or review session; all worked in Pam B’s
online notes. Items (a)—(d), (g)—(i) can also be answered very quickly by the ‘winning term’ trick.

For example, in (h) the ‘winning terms’ in numerator and denominator give 4]% = 4—1k. So our series

behaves like >, ﬁ = %Zk %, which diverges (basically is the harmonic series). So the series in
(h) diverges too. That is the trick. To fully justify this though, if pressed for a proof, one would

use the limit comparison test, with b, = ﬁ.
- : . _ sin(g) _ 1 n — Sin(g
In (f), use the limit comparison test, with a,, = \/Ek and b, = e Then ‘g—n =1 — 1 as
k — oo. Since Y, by is a convergent p-series, the series in (f) converges by the limit comparlson

test. ]

Order of tests for nonnegative series: If you dont recognize it as a geometric or p-series, etc, I'd
use the following order: divergence, limit comparison, root, comparison, integral, ratio. Use the
ratio test if you have factorials, the root test if you have powers, limit comparison test if you have
‘winning terms’, integral if terms are decreasing.

If you are not asked for working, then many such problems may be done instantaneously if you
use the following rules (memorize): Y, %5, >y Z—IZ, ok kk—,l all converge rapidly for any number
a. This is because the top grows much much more slowly than the bottom. The same argument

applies to series like >, %—,f, etc.



11.4. Absolute and conditional convergence

A series Y. ay is called absolutely convergent if Y, |ay| converges.

e Example. 1+%—%+%+%—%+4—19+' -+ is absolutely convergent, because 1+%—|—%+%+- x

converges (by the p-series test with p = 2).
e Key Fact in 11.4: Any absolutely convergent series is convergent.

e We shall see that the converse is false, a series may be convergent, but not absolutely
convergent. Such a series is called conditionally convergent.

e (Proof of Key Fact: If 3", |ax| converges, then so does >, 2|ag|. However 0 < ay, + |ag| <
2|ag|. So by the basic comparison test, > (ar + |ag|) converges. By the ‘difference rule’
(3rd ‘bullet’ in the FACT towards the end of the notes for Section 11.1 only), >, ar =

>k (ar + laxl) — g lax| converges.)
e Fxample. Does series 1 + % — % + 1—16 + % — % + % + - -+ converge or diverge?

Solution. It converges, since as we saw in the previous example, this series is absolutely
convergent. So by the Key Fact above it is convergent.

H 2
e Example. Does the series Y, smg? ) converge or diverge?
. : sin(k72) . . sin(k72) 1
Solution. The series ) || converges by the comparison test, since |=—7—| < 7,

; 2
and Y, k—lz is a convergent p-series. So the series ), Smg{# converges absolutely. So by

the Key Fact above it is convergent.

e The Alternating Series Test: Suppose that ag > a1 > as > ---, and that limg ap = 0.
Then ag — aj + az — az + --- (which in sigma notation is 3, (—1)*ay) converges.

[Proof: The 2nth partial sum is
Sop = ap—ai1+ax—ag+---—am_1 = (ap—ai)+ (a2 —az) + - + (a2p—2 — azn—1).

Each bracketed term is nonnegative, so that ss, sy, sg, -+ is an increasing sequence, so it
has a limit s say. Similarly

Sop41 = ag — (a1 —az) — (a3 — aq) — -+ — (agn—1 — a2n)

and each bracketed term is nonnegative, so that si, s3, s5,- - is a decreasing sequence, and
so has a limit ¢ say. But sg,4+1 — S2, = a2, which has limit 0 as n — co. So s = ¢ and this
is a finite number. Thus {s,} converges.]

e Example. Determine whether the series 1— % + % — % +- - - is convergent, converges absolutely,
converges conditionally, or diverges.

Solution: The series 1 — % + % — i + .-+ is convergent by the Alternating Series Test.

But it is not absolutely convergent, because 1+ % + % + - - is the divergent harmonic series
(which we met close to the start of Section 11.2). So 1 — 3 + % — 2+ is conditionally

convergent. We’'ll see later that its sum is In 2.



e Example. Determine whether the following series are convergent, converges absolutely,
-, (@ Ty (0P (VEFT-VE) .

Solution: Both series are convergent by the Alternating Series Test. But (a) is not
absolutely convergent, because >, ﬁ is divergent by the p-series test of Section 11.2. So

converges conditionally. (a) >, (?/lgk, (b) Zk

(a) is conditionally convergent. Series (b) is a convergent geometric series, and so is Y, 2%,
so series (b) is absolutely convergent and hence not conditionally convergent. Series (c)
is not absolutely convergent, conditionally convergent, convergent, and not divergent (this
example will probably be done in the review).

e A much more difficult fact to prove is that any ‘rearrangement’ of an absolutely convergent
series is convergent and has the same sum.

e Example. 1— % + % — % + % — % + % — - .- converges, since it is a ‘rearrangement’ of the
absolutely convergent series considered at the beginning of this section.

e Example!. For any z show that klingo f; = 0.

| k

Solution: Consider the series ), 7 k, This series is absolutely convergent, since ), 7 is

convergent, as one can check using the ratio test: for if ap = o k', then as k — oo

U S SR
ag (k+1)! |z|* (k+1)
Thus ), “’f{—? is convergent, so by the line after the Divergence Test, kh_)ngo xk—l,c = 0.

o If 92, (—1)*ay is a convergent alternating series as in the ‘alternating series test’ above,
with sum s, and if s, = Y7, (—1)¥ay, then |s, — 5| < |any1|. Note that |s, — s| is the
error in approximating s by the sum of the first n terms in the series.

e Example. Approximate the sum of > 72 (—1)’“% by its first six terms, and estimate the
error in your approximation.

Solution. Y 8_, (—1)* & ~ 0.63194 (calculator). The error in this approximation is less
than |az| = 4 = 0.00019 (calculator).

(_1k)f+1 with error less than 0.001.

Solution: We have by the last bullet that |s,, — s| < |apt1]| = n+1)4,

than 0.001 if ﬁ < 0.001, or equivalently if (n + 1)* > 1000. This will be true if n = 5.

+1)
So an approx1mat1on to D5y C 1) with error less than 0.001 will be s5 = 27, (G

k4
1— ¢+ 31 — 71 — =1, which is O 94754 (calculator).

e Example. Approximate > 7,

and this will be less

11.5. Taylor Series.

e We are now ready to finish the Calculus 2 syllabus with a discussion of Taylor and Power
series. Up until now we have pretty much proved everything in these notes for Chapter 11
(although you are not expected to read most of these proofs). However from now on the
proofs become too lengthy to include.

IWe did this example another way towards the end of Chapter 10.



e The nth Taylor polynomial of a function f(x) is defined to be

" " (n)
Po(z) = f0)+ f'(0)z+ f2('0) 22 f3('0) B n'(O) .

. . . M M (k)
which in sigma notation is >°_ u k!(o) zk

The Taylor series or MacLaurin series of a function f(x) is defined to be
Z 0 n 0
f(0)+ £ (0) = + f2(' ) z® + f3(| ) a4

. . . . . (k)
which in sigma notation is > ;. fk—!(o):nk

e Example. Find the 7th Taylor polynomial of sinz. Also, find the Taylor series of sin z.

Solution: If f(x) = sin(z) then f/'(x) = cosz, f”( ) = —sin(x), f"(z) = — cosz, and then
it starts repeatmg, f(4 (z) = f(z) = sin(z), fO®)(z) = f(x) = cosz, and so on. Thus we
have £(0) = 0 = f®(0), f/(0) = 1 = f©(0), f(0) = 0 = f©(0), f"(0) = ~1 = f7(0),

and so on. Thus

1 1 1 o7 2 2 2’
and the Taylor series of sin x is
2 2> 2’
ST T TI

e Example. Find the Taylor polynomial Py(z) for . Also, find the Taylor series of e*.

Solution: If f(z) = e” then e* = f/(x) = f"(x) = f"(x) = ---. Thus we have 1 = f(0) =
f'(0) = £7(0) = f(0) = f®(0), and so on. Thus
B 1, 1 1, 1, 1, 1,
Py(x) = 1+x+2x +3'a: +4 = 1+x+2x +6x +24x
The Taylor series of e*
1 1
1+:E-|-2l‘ —|——:17+ Z E

e Example. Find the nth Taylor polynomial, and the Taylor series, of In(1 — ).
Solution: If f(x) = In(1 — z) then f'(x) = —(1 —z)~!, and
F1@) = —(—1) (1 —2) 2 (1) = —(1 — 2)?
Similarly, f”(x) = —(=2)(1 —x)73 - (=1) = —2(1 — x)~3, and
P @) = ~(-8) 20 )" (~1) = 3201 2)*

and so on. In general, the pattern is f*)(z) = —((f__;)); Also f(0) = In(1) = 0, f/(0) =

1, f7(0) = —1, f"(0) = =2, f®(0) = —3-2, and in general f*)(0) = —(k —1)!. Therefore

PO _ k-1t 1

k! Kk
for k=1,2,3,---. So the nth Taylor polynomial of In(1 — z) is




The Taylor series of In(1 — z) is —x — 72 — ; — -+ In sigma notation this is — > 72 %

We define the Taylor remainder to be
Ry (z) = f(z) — Pu(2).
This is the error in approximating f(z) by P,(x). Note

f(x) = Pp(z) + Ru(z).

Example. Find the Taylor remainder Rs(x) for f (:17) = sinzx.
Solution: Rs(x) =sinz — Ps(z) =sinz —z + é—? -z, *, by the example above.

Taylor’s Theorem. If f(**1) is continuous on an open interval I containing 0, then for
every x € I we have

" m (n)
f@) = 10+ o+ T %02y T IOy

where R,(z) = & [ f"*V(t)(x — )" dt. There exists a number ¢ between 0 and x such

that
f(n+1)(c) n+1
el A
(n+1)!
This is the Lagrange formula, or the Lagrange form of the remainder. Thus if | fT1(¢)| <
M for all t between 0 and x then

[ Bn(2)] <

R, (x) =

M’x‘n—l—l
(n+ 1)

We can take M to be the maximum of |+ (¢)| on the interval [0, z].

e Note that the Mean Value Theorem from Calculus I is the case n = 0 of Taylor’s Theorem.
e Example. Assume that f is a function such that |f®*) (z)| < 2 for all . Find the maximal
possible error if Pg(%) is used to approximate f (%)

Solution: We may take M = 2. The error in using Ps(3) to approximate f(3) is Rs(3), and
have

1 M|3A 1 1
)| < 2 = — = 0.0052.
B < =~ = 553 = 792 = 0005
So the maximal possible error is less than 0.0052.

Example. Assume that f is a function such that |f*(z)| < 2 for all z. Find a small n such
that the maximal possible error is smaller than 0.001, if Pg(l) is used to approximate f (l)

Solution: Just as in the previous example, M = 2. The error in using P, ( ) to approximate
f(3)is Rn(3), and have

M|%|"+1 B 1

(n+1)!  27(n+1)!

If we want the error smaller than 0.001 we can solve 5 (n+1)' < 0.001. That is, 1000 <

2" . (n + 1)!. Clearly n = 4 will do that job: 1000 < 25! = 16 - 120. So if n = 4 then the
maximal possible error (if P3(3) is used to approximate f(1)) is smaller than 0.001.

[Ral3)] <



e Example. Find the Lagrange form of the Taylor remainder R,, for the function f(z) = e2*

and n = 3.

Solution: We have f'(z) = 2e%*, f"(z) = 22e** f"(z) = 23¢** f4(x) = 2%**. So the
Lagrange form is

B f(4)(c) . 942c . 9e2¢ 4
Rs(x) = 4!x—4!x— 3

e KEY POINT: Up until now, we have not considered at all the question of whether the
Taylor series of f(z) converges. Clearly it does converge when x = 0 to f(0) though. The
partial sums of the Taylor series of f(z) are just the P, (x), so it follows that the Taylor series
converges to f(z) if and only if P,(z) — f(x), or equivalently, if and only if Jim Ry, (z) =0.

To check if nhngo R, (x) = 0, the last fact in Taylor’s theorem is very useful, as we shall

now see in many examples:
. 3 5 7 .
e Example 1. Show that the series x — 5 + F7 — % + -+ converges to sinzx for every number
x. Thus for every number x,
x> xd af

sinz = x_§+ﬁ_ﬁ+"'

Solution: The series in this example is the Taylor series of f(z) = sinx, as we saw on the
previous page. To show that the series converges to sinz for all z, by the KEY POINT
above, we need to show that lim_ R, (z) = 0. Note that |f™+V)(z)| = |sinz| or |cosz], so

that |f(*1(z)| < 1 for every number z. So we can take M = 1 in the last part of Taylors

theorem, and
‘n—l—l

|z
S ]

But the right hand side here converges to 0 as we saw close to the top of page 9. So by the
squeezing or pinching rule lim R, (z) = 0.
n—oo

e Example 2. An exactly similar argument shows that for every z,

£E2 33‘4 33‘6
cost =l-grt g e
2 3 00 k
. _ LN
e —1+£E+§+§+ = k"

e Example 3. Using the example a couple of pages back of the Taylor series of In(1 — ), show
(a) that 1— 1+ % — 1+ -+ has sum equal to In2.
(b) Approximate In2 with error less than 0.05, using a ‘Taylor approximation’.
(c) Find a value of n so that P,(z) approximates In 2 with error less than 0.001.
Solution: (a): Let f(x) = In(1 — z). We saw in an example a couple of pages back that the

x2 x3

Taylor series of In(1 — z) is —x — & — % — ..., Putting z = —1 we see that the Taylor
series of In(1 —x) is 1 — 1 + % — 1+ when z = —1. And f(-1) = In2. But this is
not a proof that 1 — % + % — % +--- =1In2 yet. What we need to show is that the Taylor

series converges to f(z) when x = —1, but by the KEY POINT above, this is the same as
showing that R,(—1) — 0 as n — oco. So let us show the latter.



We also saw in that example a couple of pages back that f ("+1)(t) =1 goif

(1_t)(n+1)7
—1<t<0then 1—t>1,sothat [I —¢#"t! > 1, so that we have
|
(n+1) ™"
£ 0] = e <
So we can take M = n! and = —1 in the last line of Taylors theorem and get
n! 1
[Rn(-1)] < = — 0

(n+ 1! n+1
as n — oo. Thus by the KEY POINT above, the Taylor series of In(1 — ) when x = —1,
whichis 1 — 142 — 1+ ..., converges to f(—1) = In(2).

To get (b), we want the Taylor remainder |R,,(—1)|, which is the error in approximating
f(=1) by P,(-1), to be less that 0.05. We just saw that |R,(—1)| < —5. So if n+1 < 0. 05
we will be done. But 1 < 0.05if n > 20. Thus Pyy(—1), which equals 1 2+3 4+
is a Taylor approxnnatlon to In 2 with error less than 0.05.

Item (d) is just like (c¢), we want |R,, ( 1)] < 0.001. In (a) we saw that |R,(—1)| < n+1
So if 1 < 0.001 we will be done. But 1 < 0.001 if n + 1 > 1000. So choose n = 1000.

20’

e Example. Estimate the error if Py({j) is used to approximate sin({). If you do not have
a calculator do not simplify your estimate too much, but it should be a number (that is, it
should have no variables in it).

Solution: We want to estimate R4(+5), when f(z) = sinx. Since |f®)| = |cosz| < 1, in the
estimate for R, (x) in the last line of Taylor’s Theorem, we can take M = 1, and so that

estimate becomes:

71.5

120 - 105"

1 T

< 5=

10

5
. _
Final answer: 150555+

e Example. Let P, be the nth Taylor Polynomial of the function f(z). Assume that f is
a function such that |f(™(z)| < 1 for all n and x (the sine and cosine functions have this
property.) Find the least integer n for which P, (0.5) approximates f(0.5) to within 0.001.

Solution: In the estimate for R, (x) in the last line of Taylor’s Theorem, we can take M = 1,
and so that estimate becomes:

1
|R,(0.5)] <

1
(n+1)! 20t (p + 1)1

and this is < 0.001 if 2°"(n + 1)! > 1000. This is true if n = 4 (since 2°5! = 3840).
‘Answer’: n = 4.

(0‘5)n+1 _

11.6. The Taylor series of a function f(z) about a number a, is the series
" m
f@)+ f(a) (x —a) + f2('a) (r—ap+L 3(|a)

o o *)
which in sigma notation is 33, £ kk!(“) (x — a)*.

(x—a)’+ -

e The nth Taylor polynomial of a function f(z) about a number a, is defined to be

" a " a (n) a
P,(x) = f(a)+f’(a)(a:—a)+f2(!)(:B—a)2+f3(!)(:):—a)3+---+fn!()(:L"—a)”




and the Taylor remainder R, (z) = f(z) — P, ().

e Example. Suppose that g is a function which has continuous derivatives, and that
9(2) =3,¢'(2) = —4,¢"(2) = 7,¢"(2) = —5. Find the Taylor polynomial of degree 3
for g centered at x = 2.

Solution: Ps(z) =3 —4(z —2) + 2(z — 2)* = 2(x — 2)*.

e Example. Find the Taylor series of f(z) = 2? + 3z — 1 about z = 1.
Solution: f(1) =3, f'(z) =2x+3, f'(1) =5, f"(x) = 2, f"(x) = 0, and so on. So the
Taylor series about x =1 is

FO)+ 1) -1+ D

(z—-1?40+0+--- = 34+5(x—1)+ (z—-1)>%

e Example. Expand f(z) = 2% + 3z — 1 in powers of (z — 1).

Solution: This is just another way to ask for the Taylor series about x = 1. So the
answer is 3+ 5(x — 1) + (x — 1)2.

e Example. Find the Taylor series of Inz about x = 1. Also find the nth Taylor
polynomial of Inz about x = 1.

Solution: Let f(z) = Inz. Then f'(z) = 27!, f"(z) = —272, f"(2) = +2273, fW(2) =
—3-2z7%. In general f®)(z) = (—=1)*'-(k—1)la=*. Thus f(1) =0, f/(1) = 1, f"(1) =
—1, (1) = 2, f®(1) = =3 -2, and in general f®(1) = (=1)*'. (k —1)!. Thus

(k) _
f k!(l) — (_1)k 1%.

So the Taylor series about x = 1 is

PPN U | GO | G G 1}

2 3 4
The nth Taylor polynomial about x =1 is
(c=1? (=10 1
P(x)=(x—1)— — e (=) =™
(z) = (z—1) 5t + (=) e

e Just as in 11.5 we have Taylor’s Theorem: If f(®*1) is continuous on an open
interval I containing a, then for every x € I we have

"(a e (n) a
@) = f@+5a) =)+ D g ap D gy T ey g
and R,(z) = & [T fD(t)(z — t)" dt, and indeed
_ f(n+1)(c> n+1
R.(z) = m(m —a)

for some number ¢ between a and x. This is the Lagrange formula, or the Lagrange
form of the remainder. Thus if | f™*+ ()| < M for all t between a and z then

M|:E—a|"+1
Ro(z)| < —/———
@)l < (n+1)!

Again we can take M to be the maximum of | f™*(¢)| for ¢ between a and z.



e Example. Using the last example, approximate In(1.1) with error less than 0.001.

Solution: Let @ = 1,z = 1.1 in Taylor’s Theorem above. In the previous example we
saw that f"TU(t) = (=1)"-nlt7""! so that [f" V()] = nlt™"" L <nl if 1 <t < 1.1
From the last line of Taylor’s Theorem,

'(0.1)+t 0.1)+t

R,(11)] < MO (D"

(n+1)! n+1
Notice if n = 2 then [Ry(1.1)] < 23% < 0.001. So the approximation we want is
the 2nd Taylor polynomial, which by what we did in the previous example will be

2 2

Pyz) = (z—1) — @ Thus In(1.1) is approximately P(1.1) = (0.1) — (0‘21) =
0.1 —0.005 = 0.095.

e Example. Find the Taylor polynomial Ps(x) for the function f(z) = \/x about x = 4.
Also find the Lagrange form of the remainder Ry(x) for the function f(x) = /x about
x =4.

Solution: We have f’(lzc) = %at_%, and f"(z) = —%%x_%, and f’r”(:)s) = %x_%. So
f4) =2, f(4) = %4—5 = i’f”(4) = _%4—5 = _%’f”’(zl) = %4—% =3 =23 9o
Py(x)=2+3(x—4) — Lz — 4?2+ Lz —4)°

The Lagrange form of the remainder is

£ (e) 3.-3 c3
Ryfa) = == (o —4)* = &

Here ¢ is a number between 4 and z.

11.7. Power Series.

e A power series is a series of the form Y52 ¢ 2%, or in longhand,
2 3
cot+cor+cx+cezxt+ -

where cg, ¢1, o, - - - are constants.

e Example 1. 1+ 2 + 2%+ 2% +---.
4 6

e Example 2. 1—“’;—?4—52—!_52_!4_...

e Example 3. > 77, %

e KEY RESULT IN 11.7: For any power series .52, ¢ o¥, there is a constant R,
called the radius of convergence of the power series. We have 0 < R < oo and
(a) If R =0 then the power series only converges when = = 0.
(b) If R = oo then the power series converges for every number x.
(¢) If 0 < R < oo then the power series converges if —R < z < R, and it diverges if

|x| > R.
Thus the set of numbers x for which the power series converges is an interval

centered at the origin on the number line. This interval is called the interval of
convergence. [Picture drawn in class].



e Examples. Find the radius of convergence and the interval of convergence for each of
Examples 1, 2, 3 above.

Solutions: Example 1 above is a geometric series, and from the geometric series
test, we know it converges only for x € (—1,1). This is its interval of convergence.
Its radius of convergence is therefore 1.

Example 2: we said in 11.5 that this series converges for all x to cosz. So its
interval of convergence is (—o00, 00), and its radius of convergence is therefore oo.

Put x = 1 in Example 3, and one gets the divergent harmonic series (see Section
11.2). Put = —1 in Example 3, and one gets a convergent alternating series (this
was a major example in Section 11.4). Thus the interval of convergence must be
[—1,1), and the radius of convergence is 1.

e A formula for the radius of convergence R:

R = lim x|
k—oo [Cpy1l

if this limit exists.

e Example 4. Find the radius of convergence and the interval of convergence for the
power series Y02, k a*.

Solution: The radius of convergence of the power series 332, k 2" is 1 since

1
lim —— = lim r = L
Since this series diverges when z = 1 or = —1, but the radius of convergence is 1,

the interval of convergence must be (—1,1).

e If the limit in the ‘formula for R’ above does not exist, try

R = lim

koo |Ck|%

if this limit exists.
[These two ‘formulae for R’ are easily proved using the ‘ratio test” and ‘root test’. ]

e The sum function of a power series: Suppose that 32 ¢, x¥ is a power series,
and suppose that [ is its interval of convergence. For z in I, define f(z) to be the sum
of the series; that is f(z) = 232, cx z* (in the sense of Meaning # 2 of the sum of a
series (see 2nd page of these typed notes on Chapter 11)). Then f: I — (—o00,00) is
a function defined on the interval of convergence. We call f the sum function. It is
actually a continuous function on I, and differentiable in the interior of I as we shall
see in the next section.

e Examples. In Example 1 above, the sum function is, by the geometric series formula,
f(z) = . In Example 2, the sum function is cosz.



In Example 3, the sum function f(x) = >72, x—; is defined on the interval of
convergence. On the last page we saw that the interval of convergence is [—1,1). So

% 2% is a continuous function on [—1,1), and it is differentiable on (—1,1).

k
In Example 4, the sum function f(x) = 332, k 2% is defined on the interval of
convergence. What is this interval? Since this series diverges when z =1 or x = —1,

but the radius of convergence is 1, the interval of convergence must be (—1,1). So
>, k a* is a continuous function on (—1,1).

e The results in this section above have variants for power series Y3, ¢ (z — a)*
about a number a. One simply replaces 0 by a, and = by x — a in places, etc. The

radius of convergence R still has the formula R = lim L_ if this limit exists (or

k—oo el k

klim ‘C‘If—i') The interval of convergence of this power series about * = a will be
either [a— R,a+ R],(a— R,a+ R],[a— R,a+ R), or (a — R,a+ R) [Picture drawn in
class|. Outside of the interval of convergence it diverges, but inside its sum function
is continuous.

e Example 4. Find the radius of convergence and the interval of convergence for the
power series Y50, k (z — 1)k

Solution: The radius of convergence of the power series Y32, k (z — 1)¥ is 1 since

lim —— = = 1

lim ——
Since this series diverges when z = 0 or x = 2, but the radius of convergence is 1, the
interval of convergence must be (0, 2).

11.8. Differentiation and integration of power series.

e The differentiated power series of a power series co+c; x+co x2+c3 23+cq 24+ -,
is the power series

€1 4200 x4+ 3¢ 2% +4dey 22+ -

e Example. The differentiated power series of the power series 1 +x + 22 + 2% + -+ is
the power series 1 + 2z + 322 + 423 + - - .

e KEY RESULTS ON DIFFERENTIATING POWER SERIES: Suppose that a power
series Y72 Ck 2" has a radius of convergence R > 0. Then:

A) the differentiated power series has the same radius of convergence R.
Let f(x) be the sum function of the power series (defined on the previous page),
and let g(x) be the sum function of the differentiated power series.

B) f(x) is differentiable on (=R, R), and f’'(z) = g(z) for all z in (=R, R). That
is, if —R < x < R then

fl(z) = i key, xF71,
k=1



C) We can iterate this process, and look at the ‘second differentiated power se-
ries’ (i.e, the differentiated power series of differentiated power series) >7°, k(k —
L)cp, 2*72. By A) and B), this has the same radius of convergence R, and its sum
function equals f”(x) on (=R, R). Thus if —R < z < R then

Zk —1ck:c -2,

Similarly for f”(z), f®(z), and so on.

D) Putting x = 0in f(x), f'(x), f"(x), f”(x) and so on, we find from B) and C) that

f(0) = co, f'(0) = ¢y, f"(0) = 2¢2, and more generally, f*)(0) = klcg, or ¢ = f“:,( ).

E) Because of D), the Taylor series of f(x) is our original power series Y52, cx @
Part E is saying that the sum function f(z) of a power series on its interval of
convergence, has Taylor series equal to the original power series.

Example: Find a simple formula for the sum of the series z +2 2> +3 2® +4 2% + - -

Solution: The geometric series 1 + z + 22 4 -+ converges to —— for 6 (—1,1).
Differentiating this, we have by B) above that 1+2z+3x2+- - - converges to L (= ) =

(1—2)72 for all x € (—1,1). Multiplying by x shows that x+2 z?+ 3 2* +4 xt
converges to x (1 — z)~2 for z € (—1,1). This is the desired sum function.

Equality of power series. Suppose that 332 aj, 2% and 3222, by ¥ are two power
series whose sums are equal (i.e. Y32, ap 2% = Y32, by 2%) for all x in an open

interval containing 0. Then ag = by, a; = by, - -+, ay = by for every k.
[Proof: Let f(z) = 352, ar ¥ = 3232, by, * for all x in this interval. By D), we
have a; = f(k)(o = by, for every k.|

The integrated power series of of a power series co+c¢; +cp 224+c3 23 +cq 2+ -+,
is the power series
z? z3 x?

Col"l‘Cl?‘l‘CQ?‘l‘ng‘l‘"'

RESULT ON INTEGRATING POWER SERIES: Suppose that 32, ¢ zF is a
power series with radius of convergence R > 0. Then the integrated power series has
the same radius of convergence R. If f(z) is the sum function of 332 ¢ z*, and if
F(z) is the sum function of the integrated power series, then [y f(t) dt = F(x), for
|x| < R.

Example 1. Show that tan™ JT—I———I—%—Q—I—;‘F"' yfor =1 <2z < 1.

Solution: Consider the series 1 — 2% + x — 25+ ... This is a geometric series which

converges for —1 <z <1, with sum + ——. By the last bullet,

3 5 7

x +:c x n /1‘ dt tan- tan—1 0 — tan—!
r— 42 4 = —— = tan "z —tan =tan "z
3 5 T o 1+1¢2



e Example 2. Showthattan_lx:x—§+gﬂ5—5—m—77+~-~ yfor —1 <z < 1.

Solution: Note that the power series here converges when z = 1 and when x = —1,
by the Alternating Series Test (from Section 11.4). So the sum function f(x) of this
power series is continuous on [—1,1] by the second last bullet or so in Section 11.7
above. Hence

f(1) = lim f(x) = lim tan 'z = tan'1.

r—1— r—1—

That is, tan™'1=1—1+1 -1+ ... Similarly f(—1) = tan~(-1).

e Example 3. Showthatw=4(1—%+%—%+-~-).

Solution: By the previous example 7 = tan'1=1— % + % — % 4

e Example. Note coshz = $(e* 4+ ¢7%). But

e 2?2 2?2 2?2 xt
e+e:4Hw+§+§+~+HLm+§—§+m%ﬂﬂ+§+ﬂ+m)
Thuscoshx:%(em+6_m):1+§+z—?+-~-.Similarly,
, 1, . 3 b
smhx:§(e —e ):x+§+§+~-._

3

e Example. Expand 22 cos z® in powers of .

Solution: We know that

_1 z? at b
cosx = —§+E—g+---.
Thus
3\2 314 316 6 12 18
s @) @)t (@) R R A
TR TR T TR T T
Thus
8 14 20
2eospd =2 L 2 T
r7cosT” =1 2'+4! 6'+

e Read Abel’s theorem, bottom of page 693 in text.

e Similar results about differentiation and integration hold for power series about a
point = a. For example: If co+c1 (z—a)+ea (x—a)*+ez (x—a)®+eq (x—a)*+- -
is a power series with radius of convergence R > 0, then the ‘differentiated power
series’ is the power series

c1+2c (1 —a)+3c3 (x—a)® +4cy (v —a)* +--- |

and this has the same radius of convergence R. If f(z) is the sum function of the
power series, and if g(z) be the sum function of the differentiated power series, then



f(z) is differentiable on (a — R,a + R), and f'(z) = g(z) for all z in (a — R,a + R).
That is, if a — R < x < a + R then

f(z) = g: ke (z—a) L.

The integrated power series is the power series

(z —a)? (x —a)’ (z —a)*
co (z—a)+a 5t 3 to Y+
The integrated power series has the same radius of convergence R. If f(x) is the sum
function of 35, ¢ 2%, and if F(z) is the sum function of the integrated power series,

then [y f(t) dt = F(x), for |z —a| < R.

END OF COURSE



