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Multipliers, C∗-modules, and algebraic structure in spaces of
Hilbert space operators

David P. Blecher

Abstract. Part I is a survey of the author’s work (on his own or with several

coauthors) on one-sided multipliers and their applications to algebraic struc-
ture in spaces of operators. The proofs given here are new for the most part,

and the emphasis is on the connections with the theory of Hilbert C∗-modules.

In Part II we initiate a theory of one-sided multipliers between two different
operator spaces.

Dedicated to J. von Neumann and M. H. Stone.

1. Introduction

The material surveyed in Part I of this article may be regarded as a ‘fourth
generation’ descendant of J. von Neumann and M. H. Stone’s powerful and magical
framework built around projection lattices, spectral theory, and ‘rings of operators’.
Both von Neumann and Stone of course were authors of the theory of Hilbert
space operators as we know it today. However both were deeply interested in
‘algebraic structure’ naturally appearing in analytic or topological settings, and
the deep relations that then can appear between the algebra, analysis, topology
and/or measure theory. Such relations were an abiding theme for example in the
theory of selfadjoint algebras of Hilbert space operators developed by von Neumann,
on his own and with Murray (see [51, 48] and references therein). In the ‘second
generation’, Gelfand and Naimark, Kadison, and the countless others who have
followed their work, created the more abstract or ‘space-free’ setting of abstract C∗-
algebras (noncommutative topology) and W ∗-algebras (noncommutative measure
theory). A crucial role is played by ‘abstract projections’ in these spaces; which
are closely connected to the ideals of these algebras. In the picture which we are
trying to draw, we regard the C∗-modules and W ∗-modules of Kaplansky, Rieffel,
and Paschke (see e.g. [59, 52]) as an example of a ‘third generation’ product, in the
sense that it is an example of ‘operator algebraic structure’ which is at one further
remove from concrete algebras of operators. The main object of study here is no
longer an algebra, indeed it is a hybrid between a C∗-algebra (resp. W ∗-algebra)
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and a Hilbert space. Nonetheless, the ensuing theory here is not too far from the
abstract C∗-algebra (resp. W ∗-algebra) theory. Indeed much rests on the canonical
C∗-algebras (resp. W ∗-algebras) which are naturally associated with the module.
Another ‘third generation’ concept is the M -ideals of Alfsen and Effros [4, 39],
which permit a generalization to Banach spaces of the notions of ‘two-sided ideal’
and ‘orthogonal projection’ in C∗-algebras.

Operator spaces (which are defined in Section 2 below) may be viewed as a
simultaneous generalization of operator algebras, C∗-modules, and Banach spaces
(the latter for example via what is known as the MIN functor - see e.g. [33]). This
allows us in the ‘fourth generation’, to go to one further remove. We consider a
certain multiplier C∗-algebra (resp. W ∗-algebra) Al(X) which one may naturally
associate with any operator space (resp. dual operator space) X. The elements
of Al(X) are maps on X. Generalizing the M -ideal notion mentioned above, we
will also consider one sided ideals in X, and certain projections on X, namely the
projections in the C∗-algebra (resp. W ∗-algebra) Al(X) which we just mentioned.
Our theory may also be regarded as a generalization of part of the module theory
mentioned in the last paragraph, as we shall attempt to demonstrate in this paper.
However the gap between the third and fourth generation is wider than between
other generations: for example our theory is very far from being as ubiquitous or
successful as C∗-module theory. Nonetheless some of the magic and power seen in
the ‘first generation’ concept does persist to the fourth, largely because we are still
able to utilize von Neumann algebra projection techniques at key points.

A subsidiary theme of our article is operator algebraic structure, another pre-
vailing concern of Stone and von Neumann. We will discuss for example charac-
terizations of operator algebras and modules, how rigid such operator algebraic
structure is, Banach-Stone-Kadison type theorems, and so on. This turns out to be
intimately related to the multiplier algebra discussed in the last paragraph. Indeed
the main point is that although Al(X) and the related space Ml(X) are defined
purely in terms of the matrix norms and vector space structure on X, they often
encode ‘operator algebra structure’ (see for example Theorem 5.4 or Example 5.6
(3)). Indeed Ml(X) and Al(X) are key to ‘latent operator algebra structure in X’.
Operator spaces X with trivial (one dimensional) multiplier algebras are exactly
the spaces lacking ‘operator algebraic structure’ in a sense which one can make
precise.

The main part of our article, Part I, is devoted to a survey of much of our work
on these multipliers and their applications to operator algebraic structure (see e.g.
[10, 20, 14, 22, 12, 13, 25]). This is a field which admits very many alternative
approaches. Because of space constraints we are not able to emphasize all aspects
or ‘pictures’ of the theory, instead we will pick one largely self-contained route
through the main results and proofs (the interested reader can consult the papers
just listed for aspects not touched upon here). We follow essentially our original
route from [10], however the proofs (which are postponed mostly to Part II) will be
novel. This route has the advantage of highlighting connections with C∗-modules.

Although Part I is essentially a survey, it is designed in part to set us up
for proving the new results contained in Part II of the paper. These results may
be summarized as constituting the basics of a theory of multipliers between two
different operator spaces X and Y (the existing theory only addresses multipliers
of a single space). For this to work it seems that there does need to be some relation
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between X and Y , or between two C∗-algebras that are canonically associated with
X and Y . We believe that it is high time that this direction was pursued, since it
could have important applications in operator space theory.

We end this introduction with a note on the history of one-sided multipliers of
operator spaces. They were introduced by the author in ’99; and independently by
W. Werner (but in an ‘ordered’ context–see e.g. [68]). We were motivated by some
results in the theory of uniform algebras (see [16]) to seek to generalize the clas-
sical Banach space multipliers [4, 5] to operator spaces, with an eye to improving
on the existing theorems characterizing operator algebras and their modules. We
were able to do this by employing the Arveson-Hamana noncommutative Shilov
boundary (see Section 4 below, such techniques have been used in similar situa-
tions since [21]), and a rather general ‘characterization theorem’—this was called
the ‘oplication theorem’ in [9, 10]—which had the desired applications to opera-
tor algebras and modules. After this, work began towards the tidy and powerful
alternative approach to one-sided multipliers that is presented in the joint paper
[20] with Paulsen. The techniques here were influenced by [34]. A year later, the
author, Effros, and Zarikian [14], partially inspired by an analogous result of W.
Werner, found an extremely simple characterization of one-sided multipliers (see
Theorem 5.1 (iii)). Because this criterion is so simple, it is extremely useful, and
has very numerous consequences; ensuring for example that the theory works well
with respect to quotients, duality, tensor products, and many other basic functional
analytic constructs. Later still, Werner showed in [68] how to view operator space
multipliers within his ordered context, and also showed how some parts of Theorem
5.1 may be deduced from his earlier result.

2. Preliminaries

We reserve the symbols H,K,L always for Hilbert spaces. A concrete operator
space is a subspace X of B(K,H). For such a subspace X we may view the space
Mm,n(X) of m × n matrices with entries in X as the corresponding subspace of
B(K(n),H(m)). Thus this matrix space has a natural norm, for each m,n ∈ N. An
abstract operator space is a vector space X with a norm ‖ · ‖n on Mn(X), for all
n ∈ N, which is completely isometric to a concrete operator space. The latter term,
complete isometry, refers to a linear map T : X → Y such that

‖[T (xij)]‖n = ‖[xij ]‖n

for all n ∈ N, [xij ] ∈Mn(X). A completely bounded map is defined similarly, simply
replacing ‘= ‖[xij ]‖n’ by ‘≤M‖[xij ]‖n’ in the last centered equation, for a constant
M . The least such M is denoted by ‖T‖cb. If ‖T‖cb ≤ 1 then T is a complete
contraction. We write CB(X,Y ) for the space of completely bounded maps, and
set CB(X) = CB(X,X).

Any concrete operator space is easily seen to satisfy Ruan’s axioms:∣∣∣∣∣∣∣∣[ x 0
0 y

]∣∣∣∣∣∣∣∣
n+m

= max{‖x‖n, ‖y‖m} , and ‖αxβ‖n ≤ ‖α‖‖x‖n‖β‖ ,

for all m,n ∈ N, x ∈Mn(X), y ∈Mm(X), and α, β ∈Mn. Ruan’s theorem, which
is the cornerstone of the theory of operator spaces, states that up to complete
isometry, abstract operator spaces are the same thing as concrete operator spaces.
For more on operator space theory, or on the facts listed in this section, see the
texts [17, 33, 54, 56].
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We saw above that ifX is an operator space then so isMm,n(X), ifm,n ∈ N. In
particular we will reserve the symbols Cn(X) and Rn(X) for Mn,1(X) and M1,n(X)
respectively. Much later we will have cause to use infinite matrices and infinite
columns. For example if I is a cardinal, then the space Cw

I (B(K,H)) of column
I-tuples may be identified with B(K,H(I)). If X ⊂ B(K,H), then Cw

I (X) may be
identified as the subspace of Cw

I (B(K,H)) whose entries lie in X. Also CI(X) may
be identified as the norm closure of the ‘finitely supported’ columns in Cw

I (B(K,H))
with entries from X.

Every operator space X has a dual object which is also an operator space.
Namely, we write X∗ for the dual Banach space of X, with the norm of a matrix
[fij ] ∈Mn(X∗) given by

‖[fij ]‖n = sup{‖[fij(xkl)]‖ : [xkl] ∈ Ball(Mn(X))}.
We call X∗, equipped with this ‘operator space structure’, a dual operator space.
The canonical map from X into X∗∗ is a complete isometry, as one would wish. A
formula similar to the last centered equation defines matrix norms on CB(X,Y )
for any operator space Y , and with these norms, CB(X,Y ) is an operator space.

An injective operator space X has the property that any completely contractive
T : Y → X has a completely contractive extension T̃ : Z → X. Here Z is any
operator space containing Y as a subspace. Alternatively, a subspace X ⊂ B(K,H)
is injective if and only if there is a completely contractive projection of B(K,H)
onto X. Although we shall not need this, in the Banach space case there is a similar
definition, and in this case it is known that the injective Banach spaces are exactly
the spaces C(K) for a Stonean space K.

A concrete operator algebra is a subalgebra A of B(H). By an (abstract) oper-
ator algebra we will mean a unital algebra which is also an operator space, which
is completely isometrically homomorphic to a concrete operator algebra. Unless
stated otherwise we shall always assume operator algebras to be unital, that is,
possessing an identity of norm 1. An approximately unital operator algebra is an
operator algebra with a contractive approximate identity. There is an operator
algebraic version of Ruan’s theorem, reminiscent of the Gelfand-Naimark charac-
terization of C∗-algebras:

Theorem 2.1. (Blecher, Ruan and Sinclair) Up to completely isometric ho-
momorphism, the unital operator algebras are precisely the unital algebras A which
are operator spaces satisfying ‖1‖ = 1 and ‖ab‖n ≤ ‖a‖n‖b‖n, for all n ∈ N and
a, b ∈Mn(A).

We will sketch a proof of this result in Section 5.
If A is a concrete operator algebra then the diagonal C∗-algebra of A is the C∗-

algebra A∩A∗. It is easy to see that the diagonal does not depend on the particular
representation of A on a Hilbert space, thus it is well defined for abstract operator
algebras too. For example if A is unital then its diagonal C∗-algebra is the span of
the Hermitians (in the Banach algebra sense) in A.

We end this section by discussing the ‘classical’ multiplier operator algebras of
C∗-algebras and operator algebras. If A is an approximately unital operator algebra
one may define the left multiplier operator algebra LM(A) to be the subalgebra of
A∗∗ defined by {G ∈ A∗∗ : GA ⊂ A}. (We recall that the second dual of a C∗-
algebra is also a C∗-algebra, and hence the second dual of an operator algebra is an
operator algebra). It may also be defined to be the concrete operator algebra {T ∈
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B(H) : Tπ(A) ⊂ π(A)}, for any nondegenerate completely isometric representation
π : A → B(H). It may also be defined to be CBA(A), the operator space of
completely bounded right A-module maps on A. All of these three algebras are
completely isometrically isomorphic to each other, as is well known (see e.g. [13]
Section 6 for proofs and references). If A is a C∗-algebra then inside LM(A) we
have the multiplier C∗-algebra M(A) (see e.g. [55, Section 3.12]). Indeed M(A) is
precisely the diagonal C∗-algebra (defined in the last paragraph) of LM(A).

3. A review of C∗-modules and their maps

In this section we define C∗-modules, and review some of their basic theory,
which we will use from time to time in the rest of this paper. We also state some
new results about maps on C∗-modules which will motivate the main theorem in
Section 5, and which will also illustrate a key theme in this paper, namely that an
algebraic condition is often equivalent to a metric one.

Throughout this section B is a C∗-algebra; and the reader is referred to [44, 67]
for additional clarifications if needed. We recall that a right C∗-module over B is a
right module Y over B which possesses a B-valued inner product 〈·|·〉 : Y ×Y → B
satisfying a minor modification of the usual conditions defining a Hilbert space.
That is, we want linearity in the second variable; and we require that 〈y|y〉 ≥ 0 and
〈y|y〉 = 0 if and only if y = 0; and that 〈y|za〉 = 〈y|z〉a. Here y, z ∈ Y and a ∈ A.
We note it follows from these and the polarization identity that 〈y|z〉∗ = 〈z|y〉.
Finally we require that Y be complete in the norm ‖y‖ = ‖〈y|y〉‖ 1

2 (this is a norm
by a simple variant of the usual Cauchy-Schwarz argument). A C∗-module over B
is called full if B is the closed span of the range of the inner product.

There is an analogous definition of left C∗-modules. By a C∗-bimodule we shall
mean an A-B-bimodule over C∗-algebras A and B such that X is both a right and
a left C∗-module over B and A respectively, with the left module inner product [·|·]
being related to the right module inner product by the formula x 〈y|z〉 = [x|y] z
for all x, y, z ∈ X.

If Y, Z are two C∗-modules over B then we write Y ⊕c Z for their C∗-module
sum, and we will regard this as a ‘column’. Namely Y ⊕cZ is the usual direct sum,
but with inner product

〈
[
y1
z1

] ∣∣∣ [
y2
z2

]
〉 = 〈y1|y2〉+ 〈z1|z2〉,(1)

for y1, y2 ∈ Y, z1, z2 ∈ Z. This is again a C∗-module over B. The corresponding
norm in Y ⊕c Z is given by the formula∣∣∣∣∣∣∣∣[ y

z

]∣∣∣∣∣∣∣∣ = ‖〈y|y〉+ 〈z|z〉‖ 1
2 , y ∈ Y, z ∈ Z.

Although we shall not use this, we remark that one may describe the C∗-module
direct sum without referring to the ‘inner product’. Namely, suppose that B is
a nondegenerate ∗-subalgebra of B(K) say. It is possible to describe the natural
Hilbert space norms on Y ⊗BK and Z⊗BK without recourse to the inner products
(see [8, p. 263-264]). Let H be the Hilbert space sum of these two spaces. Then
Y ⊕c Z may be identified with an obvious subspace W of B(K,H). For S, T ∈W ,
S∗T equals the quantity (1) above, in B ⊂ B(K).
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A submodule J of a C∗-module Z is orthogonally complemented if there is
another closed submodule L of Z such that J + L = Z, and 〈x|y〉 = 0 for all
x ∈ J, y ∈ L. In this case J ⊕c L ∼= Z isometrically.

We have the following extension of a result of Paschke (see [52, Theorem 2.8],
where the equivalence of (i) and (ii) may be found). Parts (iii) and (iv) are new.
We will not provide a proof here since we will generalize this result later in Part II
(see Theorem 11.1).

Theorem 3.1. Let u : Y → Z be a C-linear map between right C∗-modules
over B. The following are equivalent:

(i) u is a contractive B-module map;
(ii) 〈u(y)|u(y)〉 ≤ 〈y|y〉, for all y ∈ Y ;

(iii)
∣∣∣∣∣∣∣∣[ u(y)

z

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ y
z

]∣∣∣∣∣∣∣∣, for all y ∈ Y, z ∈ Z.

(iv)
∣∣∣∣∣∣∣∣[ u(y)

b

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ y
b

]∣∣∣∣∣∣∣∣, for all y ∈ Y, b ∈ B.

Remarks. 1) Some characterizations of B-module maps of a different flavor
may be found in [61].

2) Replacing z ∈ Z in (iii) by z ∈ Y does not yield an equivalent statement in
general. To see this take B = Z = `∞2 , let Y be the ideal B(1, 0) of B, and let u be
the map (a, 0) 7→ (0, a) on Y . This map u is not a B-module map, yet satisfies this
variant on (iii). Indeed it even satisfies the matricial version of this variant on (iii)
(that is, it satisfies the condition in (iii) but with y and z replaced by two matrices
[yij ], [zij ] ∈ Mn(Y ), for any n ∈ N). However the situation is improved if one also
insists that Y be ‘full’ over B; see Theorem 11.3.

Suppose that Y, Z are C∗-modules over B, and that J is a closed ideal of B (or
of M(B)) containing the span of the ranges of the B-valued inner products on Y
and Z. We write BB(Y,Z) for the set of bounded B-module maps from Y to Z.
It clearly follows from Theorem 3.1, although it is also easy to prove directly using
Cohen’s factorization theorem, that Y and Z are C∗-modules over J , and that

BB(Y, Z) = BJ(Y, Z).(2)

Thus there is not a truly essential dependence of BB(Y, Z) on B.
The most important class of maps between C∗-modules over a C∗-algebra B

are the adjointable maps, namely those maps T : Y → Z for which there is a map
S : Z → Y such that

〈Ty|z〉 = 〈y|Sz〉, y ∈ Y, z ∈ Z.

We let B(Y, Z) denote the set of adjointable maps from Y to Z, and set B(Y ) =
B(Y, Y ). The subalgebra B(Y ) of B(Y ) is actually a C∗-algebra with the involution
above. In fact the proof of this is almost identical to the usual proof that B(H) is
a C∗-algebra.

Inside B(Y,Z) is the space K(Y, Z) of so-called ‘compact’ adjointable maps.
This is the closure of the span of the operators of the form y 7→ z〈w|y〉 on Y , for
w ∈ Y, z ∈ Z. The latter operator is sometimes written |z〉〈w|. It is easy to see
that K(Y ) = K(Y, Y ) is a C∗-subalgebra of B(Y ).

For any right or left C∗-module Y , or for any C∗-bimodule which is full at least
on one side, we may define a linking C∗-algebra L(Y ). This is an extremely useful
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C∗-algebra containing Y . Just one wonderful feature of L(Y ) is that it allows us
to replace the inner product and module actions on Y by products of appropriate
elements of L(Y ). For specificity, suppose that Y is a right C∗-module over a C∗-
algebra B. There are two equivalent ways to define L(Y ). The first way is to set it
equal to K(Y ⊕c B). The second way is to consider the set of 2× 2 matrices:[

K(Y ) Y
Ȳ B

]
We turn this set into an algebra, using the natural product of 2× 2 matrices, and
using the inner products and module actions. For example the product yz̄, of a
term y from the 1-2-corner, and a term z̄ from the 2-1-corner, is taken to mean
|y〉〈z| ∈ K(Y ). We define the involution of one of these 2×2 matrices in the obvious
way. Define a map π : L(Y ) → B(Y ⊕c B) by the obvious action (i.e. viewing an
element of Y ⊕c B as a column with two entries, and formally multiplying a 2× 2
matrix and such a column). It is easy to check that π(m) ∈ B(Y ⊕c B) for each
matrix m ∈ L(Y ), and moreover that π is a *-homomorphism into B(Y ⊕cB). Also,
one can quickly check that π is 1-1, and that π is an isometry when restricted to
each of the four corners of L(Y ). We give L(Y ) a norm by pulling back the norm
from B(Y ⊕c B) via π, thus L(Y ) is a C∗-algebra *-isomorphic to the range of π.
See e.g. [26] for more details if needed.

Since any C∗-module Y is a subspace of its linking C∗-algebra L(Y ), it is con-
sequently an operator space. By using the C∗-identity in the C∗-algebra Mn(L(Y ))
it is easy to see that the matrix norms on Y are given explicitly by the expression

‖[yij ]‖n = ‖[
n∑

k=1

〈yki|ykj〉]‖
1
2 , [yij ] ∈Mn(Y ).(3)

We call this the canonical operator space structure on the C∗-module.
We write CI(Y ) for the C∗-module sum of I copies of Y , for a cardinal I. It

is not hard to show that there is no conflict with the operator space notation for
columns mentioned in Section 2.

By a result of Kasparov, B(Y ) = M(K(Y )), where the latter is the multiplier
C∗-algebra of K(Y ) (see [44] for a proof). There is a less well known result along
these lines for BB(Y ), the set of bounded B-module maps on Y . We remark that it
is an old result due to Wittstock [70] that ‖T‖ = ‖T‖cb for module maps between
C∗-modules (the proof is an easy exercise using, for example, (3), the equivalence
of (i) and (ii) in Theorem 3.1, and a well known criterion for positivity of matrices
[65, IV.3.2]). Thus BB(Y ) = CBB(Y ) isometrically.

Theorem 3.2. If Y is a right C∗-module over a C∗-algebra B, then BB(Y )
is isometrically homomorphic to LM(K(Y )) the left multiplier operator algebra of
K(Y ). In particular, BB(Y ) is isometrically homomorphic to an operator algebra.
Also, CBB(Y ) is completely isometrically homomorphic to the operator algebra
LM(K(Y )).

The first part of the last theorem is due to H. Lin [67, Exercise 15.H]. A more
general variant of the second part was first noticed by Paulsen in connection with
[19]. One (perhaps too slick) way to see it, is to recall that if A = K(Y ), then
tensoring by Y is a ‘completely isometric functor’ F between the categories of right
operator modules over A and over B, yielding a complete isometry from CBA(A)



8 DAVID P. BLECHER

onto CBB(F (A)) ∼= CBB(Y ) (see e.g. [11, Lemma 2.2], or [17, Chapter 8] for a
different proof).

The adjointable maps may also be characterized metrically, just as we saw was
the case for bounded module maps in Theorem 3.1. For example the adjointable B-
module maps T : Y → Y on a C∗-module Y over B for which T = T ∗, are exactly
the B-module maps T (which we characterized above) for which T is Hermitian
in the Banach algebra sense, in the Banach algebra B(Y ). This may be seen by
Theorem 3.2. Indeed because BB(Y ) is an operator algebra, any Hermitians which
it contains must be in its diagonal C∗-algebra, which in this case is M(K(Y )) ∼=
B(Y ). Although we shall not use this, one may deduce from the last argument the
following fact. If u : Y → Z is a map between two different right C∗-modules over
B, then u is an adjointable B-module map if and only if there is a map v : Z → Y
such that if R is the map [

y
z

]
7→

[
v(z)
u(y)

]
from Y ⊕cZ → Y ⊕cZ, then R is Hermitian in B(Y ⊕cZ), and R is a B-module map.
We leave the proof of this as an exercise, using the remarks above. Since B-module
maps were characterized above, this fact is in some sense a metric characterization
of adjointable maps.

Finally we briefly mention W ∗-modules, or as they are more formally known,
self-dual C∗-modules over a W ∗-algebra. These were introduced by Paschke in
[52], and the basic theory of these objects may be found there (see also [58, 66]
for example). For example he shows that if Y is a W ∗-module, then B(Y ) is a
W ∗-algebra.

The following result we will only need in Part II. We imagine that this result
has been known for decades (see e.g. [10, 5.8]).

Lemma 3.3. If Z is a C∗-module over a C∗-algebra B, then Z∗∗ is a C∗-module
over B∗∗. Moreover (Z ⊕c B)∗∗ ∼= Z∗∗ ⊕c B

∗∗ completely isometrically and weak*
homeomorphically.

Proof. (Sketch) Note that Z (resp. B, Z ⊕c B) may be identified with
pL(Z)q (resp. qL(Z)q, L(Z)q), where L(Z) is the linking C∗-algebra of Z above,
and p = 1⊕0 and q = 0⊕1 are the canonical ‘diagonal projections’ in the multiplier
C∗-algebra of L(Z). The second dual of L(Z) is a W ∗-algebra, M say, and by basic
duality principles we may identify Z∗∗ (resp. B∗∗, (Z ⊕c B)∗∗, Z∗∗ ⊕c B

∗∗) with
the ‘corner’ pMq (resp. qMq,Mq,Mq). This, on careful inspection, yields the
claim. �

Remark. A similar proof shows that for two C∗-modules Y,Z over B we have
(Y ⊕c Z)∗∗ ∼= Y ∗∗ ⊕c Z

∗∗ completely isometrically and weak* homeomorphically.
The main difference in proof is to consider the second dual of the ‘augmented linking
C∗-algebra’ K(Y ⊕c Z ⊕c B). A more general result may be found in [17, Section
8.5].

Once or twice towards the end of this paper we will need to appeal to a result
due to Zettl, which states that a C∗-module over a W ∗-algebra is a W ∗-module if
and only if it is a dual space (see [31] for a modern proof).
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Part I. Multipliers and operator algebraic structures

4. The noncommutative Shilov boundary

This slightly technical section will only be used from time to time in the proofs
in the sequel. The reader is encouraged to simply browse lightly through this
material on a ‘first read’.

In [1, 2] Arveson introduced the noncommutative Shilov boundary of an oper-
ator space which happens to contain IH , and demonstrated its existence in several
situations of particular interest. In [36] Hamana proved that this boundary always
exists for any such X. We find it convenient here to purposely use the phrase ‘non-
commutative Shilov boundary’ for what is usually called the ‘C∗-envelope’, and
to write this object also as ∂X. Although some might object to this usage, it is
not hard to justify1. In any case we find it convenient and intuitively appealing
for our purposes here. More specifically, for an operator space containing IH , the
noncommutative Shilov boundary is taken to be a smallest unital C∗-algebra con-
taining a copy i(X) of X. By ‘smallest’, we mean that it has the following universal
property: if B is any other unital C∗-algebra which contains, and is generated by, a
copy j(X) of X, then there exists a surjective ∗-homomorphism π : ∂X → B such
that π ◦ i = j. Here i and j are unital complete isometries. In the eighties, Hamana
showed that every operator space X has a noncommutative Shilov boundary, which
we shall write as ∂X or (∂X, i). In the nonunital case, the space ∂X may be
viewed as a smallest C∗-module containing X completely isometrically, via a linear
complete isometry i : X → ∂X. By ‘smallest’, we mean again that ∂X has an
appropriate universal property analogous to the one listed several lines above. We
will spell out this universal property in the next few paragraph. To be symmetrical
one should say ‘C∗-bimodule’ here instead of C∗-module, but since we are empha-
sizing left multipliers we shall think of ∂X as a right C∗-module over a C∗-algebra
B say. Also, because every right C∗-module is a Morita equivalence bimodule in a
canonical way, this will not lead to difficulties. The B-valued inner product on ∂X
we shall write as 〈·|·〉; we refer to this as a (right) Shilov inner product. The ideal
in B densely spanned by the range of this inner product will be written as F(X),
or F if X is understood. By the universal property below it is easy to see that the
noncommutative Shilov boundary, the Shilov inner product, and the C∗-algebra F ,
are essentially unique up to an appropriate isomorphism.

To explain the universal property of ∂X we will need to introduce the language
of ‘ternary rings of operators’, or TRO’s for short. A concrete TRO is a norm closed
linear subspace Z of a C*-algebra, or of B(K,H), for two Hilbert spaces H and
K, which is closed under the ‘ternary product’ (x, y, z) 7→ xy∗z. Note that such
a space Z is a right C∗-module over the C∗-algebra Z∗Z. The appropriate mor-
phisms between TRO’s are the ternary morphisms, namely the linear maps satisfy-
ing T (xy∗z) = T (x)T (y)∗T (z) for all x, y, z ∈ Z. We remark in passing that ternary
morphisms have all the nice properties that we associate with ∗-homomorphisms
between C∗-algebras. For example they are automatically completely contractive,

1Indeed this choice corresponds to the admittedly inaccurate, but nonetheless quite common

and useful, habit of thinking of a C∗-algebra as a ‘noncommutative topological space’, as opposed
to its spectrum. The phrase also has no already established meaning in the literature, although

there is an intimately related notion of a ‘Shilov boundary ideal’ [1].
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have closed range, and become completely isometric upon quotient by their ker-
nel. A 1-1 linear surjection between TRO’s is a ternary morphism if and only if
it is completely isometric (see [37], this is an old result to which one may attach
the names Hamana, Harris, Kirchberg, and Ruan). In fact any ternary morphism
Y → Z is the restriction to the copy of Y in the ‘1-2-corner’, of a ∗-homomorphism
between the linking C∗-algebras of Y and Z (see [37]).

By an (abstract) TRO we will mean an operator space Z with an abstract
‘ternary product’ Z×Z×Z → Z, written xy∗z for x, y, z ∈ Z, such that there exists
a completely isometric ternary morphism from Z onto a concrete TRO. We remark
in passing that Neal and Russo have recently given intrinsic characterizations, up
to complete isometry, of TRO’s C∗-algebras, and one-sided ideals of C∗-algebras,
as operator spaces with certain affine geometric properties [49, 50]. By a subTRO
of a TRO we will mean a closed subspace Y which satisfies Y Y ∗Y ⊂ Y . Examples
of (abstract) TRO’s include C∗-algebras, and also C∗-modules. To see the latter,
suppose that Z is a C∗-module, and form the linking C∗-algebra L(Z) of Z. The
copy of Z constituting the 1-2-corner of L(Z) is clearly a subTRO of L(Z), and
hence it is a TRO. Explicitly, the ‘ternary product’ on Z is given by the formula
xy∗z = x〈y|z〉 if Z is a right C∗-module; by xy∗z = 〈x|y〉z if Z is a left C∗-module;
and by both expressions if Z is a C∗-bimodule. Note that longer expressions such
as xy∗zw∗ make sense too, for x, y, z, w ∈ Z, when interpreted as products within
the linking C∗-algebra L(Z), and such products obey the usual associative laws,
so that for example xy∗zw∗ = (xy∗z)w∗ = (xy∗)(zw∗), and so on. If S is a subset
of a TRO Z, then the subTRO of Z generated by S is the smallest subTRO of Z
containing S, and it may be described as the closure of the span of expressions of
the form z1z

∗
2z3 · · · z∗2nz2n+1, for n ∈ N and z1, · · · , z2n+1 ∈ S.

We may now state formally the universal property of the noncommutative
Shilov boundary. This property is extremely useful. It is also truly a universal
property, in that a space having this property is essentially unique, up to an ap-
propriate completely isometric ternary isomorphism fixing the copy of X.2

Theorem 4.1. (Hamana) Let X be an operator space and let (∂X, i) be a
noncommutative Shilov boundary of X. If j : X → Z is a linear complete isometry
from X into a TRO Z, such that j(X) generates Z as a TRO, then there exists a
surjective ternary morphism π : Z → ∂X such that π ◦ j = i.

As an example, we show that if X is a Hilbert space H, and if Hc is H thought
of as a fixed column in B(H), then we may take ∂Hc = Hc and the inner product
is just the usual one. More generally, if X is a right C∗-module then we may take
∂X = X, and the Shilov inner product to be the usual one. To see this, take
Z = X, j = Id in Theorem 4.1; the fact that π ◦ j = i forces i to be surjective and
π 1-1; which means that (X, Id) also has the universal property in Theorem 4.1.

There are two methods we are aware of to construct a noncommutative Shilov
boundary (∂X, i) of X. One is more recent and is implicit in work of Muhly and
Solel [47], Woronowicz [71], Dritschel and McCullouch [29], Arveson [3], and, we
believe, Kirchberg (although we are not sure if this work is in print). However we
will focus on the older method due to Hamana; the reader unsatisfied with the

2An equivalent and alternative approach to the noncommutative Shilov boundary, is to define

∂X to be any space having this universal property. Of course one still needs to show the existence
of such a space.
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sketch below is referred to [37] or [10] for further details. In Hamana’s method
one begins with an injective envelope (I(X), i) of the operator space X. By this
term, we mean that I(X) is an injective operator space, that i : X → I(X) is a
complete isometry, and that the identity map is the only completely contractive
linear map from I(X) to itself extending the identity map on X. This is called the
rigidity property of the injective envelope. In fact I(X) may be chosen to be a full
right C∗-module over a C∗-algebra D (see e.g. [37]; also D is the algebra denoted
I(X)∗I(X) in [20, p.3]). Hence I(X) is a TRO. We let ∂X be the subTRO of
I(X) generated by i(X). This is a full right C∗-module over a C∗-subalgebra of D
which we shall consistently write as F(X), or F if X is understood. In fact by the
considerations noted just before Theorem 4.1, it is easy to see that ∂X is the closure
in I(X) of the span of ‘odd products’ x1x

∗
2x3 · · ·x∗2nx2n+1, for x1, · · · , x2n+1 ∈ X,

whereas F(X) is the closure in D of the span of ‘even products’ x∗1x2x
∗
3 · · ·x2n.

Here we have suppressed, as we often do, explicit mention of the map i.

5. One-sided multipliers on operator spaces

The following theorem, which is one of the most important tools in this theory,
may be viewed as the generalization to operator spaces of Theorem 3.1. As in
Theorem 3.1, we have a ‘module condition’, an ‘order condition’, and a ‘metric
condition’, all being equivalent. To explain the notation in this result: the inner
product in (ii) is the (right) Shilov inner product, and the matrices there are indexed
on rows by i, and on columns by j. The norms in (iii) are just the norm inM2n,n(X).
Finally, note that in (i) the module action referred to is the action of the C∗-algebra
F mentioned in the last paragraph (although in this connection see the observation
after the Remarks after Theorem 3.1). By facts at the end of the last paragraph
the map S in (i) below is necessarily unique.

Theorem 5.1. [10, 14] Let T : X → X be a linear map on an operator space
X. The following are equivalent:

(i) T is the restriction to X of a contractive right module map S on ∂X.
(ii) [〈T (xi)|T (xj)〉] ≤ [〈xi|xj〉] for all n ∈ N and x1, · · · , xn ∈ X.
(iii) For all n ∈ N and matrices [xij ], [yij ] ∈Mn(X) we have∣∣∣∣∣∣∣∣[ Txij

yij

]∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣[ xij

yij

]∣∣∣∣∣∣∣∣ .
(iv) There exists a completely isometric linear embedding of X into a C∗-

algebra A, and an a ∈ Ball(A) with Tx = ax for all x ∈ X.

Proof. The equivalence of (i)–(iii) here follows as a special case of more gen-
eral results later (see e.g. Theorems 12.1 or 15.1), using a new idea, namely the use
of Theorem 3.1.

(iv) ⇒ (iii) If x, y ∈ X and σ is the embedding then∣∣∣∣∣∣∣∣[ T (x)
y

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ σ(Tx)

σ(y)

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ a 0

0 I

] [
σ(x)
σ(y)

]∣∣∣∣∣∣∣∣ ≤ max{‖a‖, 1}
∣∣∣∣∣∣∣∣[ x

y

]∣∣∣∣∣∣∣∣ .
This proves (iii) if n = 1, and a similar argument with larger matrices does the
general case.

(i) ⇒ (iv) By Theorem 3.2 the operator S in (i) corresponds to an element
b ∈ LM(K(∂X)). We may regard LM(K(∂X)) ⊂ K(∂X)∗∗. Let L be the linking
C∗-algebra for ∂X constructed in Section 3, thought of as 2 × 2 matrices as we
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did there. Set A = L∗∗, this is also a C∗-algebra, and may be viewed (via the
canonical projections p, q mentioned in the proof of Lemma 3.3) as also consisting
of 2 × 2 matrices. Let a be the 2 × 2 matrix in A with b as the 1-1-entry, and all
other entries zero. We embed X into A by regarding X as a subspace of the 2× 2
matrices in L ‘supported on’ the 1-2-entry. Then it is not hard to check that the
desired condition in (iv) holds. �

Remark: The C∗-algebra A constructed in the proof of (iv) of the above
theorem clearly does not depend on the linear map T . It does depend on the
particular noncommutative Shilov boundary chosen, but even then one can show
that it does not depend essentially on this choice (that is, it is unique up to an
appropriate isomorphism). We will not use this fact though.

There is another very useful equivalent criterion from [20], a characterization
looking like (iv) of the Theorem, but with the first A there replaced by an injective
envelope I(X), and the second A there replaced by an injective C∗-algebra named
I11 which acts on I(X). We have not emphasized this approach in this paper
(except at the very end) because we will not need it here; and because we wish to
emphasise C∗-modules, and we can use that theory to prove what we need. Also,
this approach has been well promoted elsewhere in the literature (see e.g. [54]).
In fact we will mainly emphasize condition (iii) in this paper. The simplicity of
this criterion (iii) makes it very useful and effective. For example one can show
that this criterion is stable under most of the basic functional analytic operations:
subspaces, tensor products, duality, interpolation, and so on. This is extremely
useful in our theory and applications.

Definition 5.2. We define a left multiplier of an operator space X to be a
map T : X → X such that a positive scalar multiple of T satisfies the equivalent
conditions of Theorem 5.1. We write Ml(X) to be the set of such left multipliers
of X.

It is easy to see from Theorem 5.1 that Ml(X) is a subalgebra of B(X), and
also is a subalgebra of CB(X). Since the set D consisting of the operators T
satisfying the equivalent conditions of Theorem 5.1 is a convex set (this may be
seen via condition (i) above for example), it is easy to check that there is a norm
on Ml(X) such that D is the closed unit ball of Ml(X) in this norm. We call
this the multiplier norm ‖T‖Ml(X) of T . It is also fairly clear (from (iii)) that
this norm dominates both the usual ‘operator norm’ and the ‘completely bounded
norm’ of T . From (i), it follows that ‖T‖Ml(X) is just the norm of the unique
(see remark above 5.1) right module map S on ∂X extending T . Thus Ml(X) is
isometrically homomorphic to the subalgebra of BF (∂X) consisting of such maps
S. By Theorem 3.2 above, BF (∂X) = CBF (∂X) isometrically, and the latter is
an operator algebra, completely isometrically homomorphic to the operator algebra
LM(KF (∂X)). We may use the last two isometric homomorphisms to assign to
Ml(X) the unique matrix norms making Ml(X) completely isometrically homo-
morphic, via the homomorphisms above, to a subalgebra of the operator algebra
CBF (∂X).

There is a more useful and more intrinsic characterization of the matrix norms
on Mn(Ml(X)) for n ≥ 2, which we now list. The proof that it is equivalent to the
formulation in the last paragraph will be omitted since we prove a generalization
of this fact in Part II (see Lemma 12.3). Given a matrix t = [Tij ] in Mn(Ml(X)),
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view t as a map Lt : Cn(X) → Cn(X) via the formula Lt([xi]) = [
∑

j Tijxj ], for
[xi] ∈ Cn(X). Then ‖[Tij ]‖Mn(Ml(X)) is the ‘multiplier norm’ of Lt. That is,

Mn(Ml(X)) ∼= Ml(Cn(X))(4)

isometrically, via the map t 7→ Lt above.

Corollary 5.3. For any operator space X, Ml(X) is an operator algebra.

Proof. The discussion two paragraphs above showed that Ml(X) is com-
pletely isometrically homomorphic to a unital subalgebra of an operator alge-
bra. �

Not surprisingly, one may also prove this last result using Theorem 2.1. How-
ever one of the attractive features of the left multiplier approach, and this was our
main motivation for the introduction of operator space multipliers [10], is that it
automatically yields theorems such as Theorem 2.1 as corollaries, and moreover
often yields stronger versions of such theorems. We sketch the idea for this (which
comes from [10], and was inspired by the paper [16] where the author and Le
Merdy combined Kaijser and Tonge’s work from the 1970’s on function algebras
with the classical theory of Banach space multipliers). Suppose that A is an al-
gebra which is also an operator space, with identity of norm 1, and consider the
‘regular representation’ λ : A→ B(A) given by

λ(a)(b) = ab, a, b ∈ A.

If we knew that:

λ has range inside Ml(A), and is a complete contraction,(5)

then it clearly follows that λ is a complete isometry, and A is an operator algebra.
This is because Ml(A) is an operator algebra (see Corollary 5.3); and the other
inequality needed to show that λ is completely isometric is obvious. For example
to see that λ is isometric note that for a ∈ A we have

‖a‖ = ‖λ(a)(1)‖ ≤ ‖λ(a)‖B(A) ≤ ‖λ(a)‖Ml(A).

If A satisfies the norm inequality condition in Theorem 2.1 then in fact (5) follows
rather quickly from the criterion in Theorem 5.1 (iii), as the reader can see by
inspecting the first paragraph of the proof of 5.4 below (this deduction of Theorem
2.1 from criterion Theorem 5.1 (iii) was noticed independently by Paulsen).

The notions and results above have obvious modifications for right multipliers
and the right multiplier algebra Mr(X). A one-sided multiplier is of course one
that is either a left or a right multiplier. Note that any right multiplier commutes
with every left multiplier. To see this we will use the formulation in (i) of Theorem
5.1. One approach is to take an element w ∈ ∂X of the form xy∗z for x, z ∈ X and
y ∈ ∂X. As we said when we gave the construction of ∂X at the end of Section 4,
the span of elements of this form are dense in ∂X. If S is a bounded right module
map on ∂X, and if R is a bounded left module map on ∂X, then

R(S(xy∗z)) = R(S(x)y∗z) = S(x)y∗R(z).

Similarly, S(R(xy∗z)) equals this same quantity. Thus RS = SR.

Proposition 5.4. If A is a unital operator algebra, thenMl(A) ∼= A completely
isometrically homomorphically. Indeed the ‘regular representation’ λ : A → B(A)
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given by λ(a)(b) = ab for a, b ∈ A, is a completely isometric homomorphism onto
Ml(A).

Proof. We may suppose that A satisfies the norm conditions in Theorem 2.1
(it is easy to see that any operator algebra does satisfy these conditions). We first
will check (5), and to do that we will verify the condition in Theorem 5.1 (iii). To
that end, fix a ∈ Ball(A), and choose x, y ∈ A. We have∣∣∣∣∣∣∣∣[ λ(a)(x)

y

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ ax

y

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ a 0

0 1

] [
x 0
y 0

]∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣[ a 0

0 1

]∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣[ x
y

]∣∣∣∣∣∣∣∣
≤ 1

∣∣∣∣∣∣∣∣[ x
y

]∣∣∣∣∣∣∣∣ .
The first ‘≤’ here follows from the norm inequality condition in Theorem 2.1,
whereas the second follows from Ruan’s axioms. A similar calculation prevails
with x, y replaced by matrices in Mn(X), and thus by Theorem 5.1 (iii), λ(a) ∈
Ball(Ml(A)). Thus λ is a contraction into Ml(A). A similar calculation using
larger matrices shows that λ is a complete contraction into Ml(A), verifying (5).

This, by the observation after (5), proves that λ is a complete isometry. To
complete the proof it remains to check that λ maps onto Ml(A). For this it
suffices to show that every map T in Ml(A) is a right A-module map on A. To
achieve this, we first observe that by symmetry, the ‘right regular representation’
ρ : A → B(A) must map into the space of right multipliers. Since left and right
multipliers commute, as we noted above Proposition 5.4, we have Tρ(a) = ρ(a)T
for a ∈ A. This shows that T is a right A-module map. �

We remark in passing that, more generally, if A is an approximately unital
operator algebra then Ml(A) is completely isometrically homomorphic to LM(A)
(this was defined at the end of Section 2). This was shown in [10], but in fact follows
from the ideas in the last proof. We also remark that very recently there have been
some breakthroughs related to operator algebras without any kind of identity, via
the notion of quasimultipliers [43]. These quasimultipliers are intimately related to
the one-sided multipliers above.

We now turn to the C∗-algebra Al(X), which also has several equivalent defini-
tions. For example it may be defined to be the class of maps satisfying the following
equivalent conditions:

Theorem 5.5. Let X be an operator space and let T : X → X be a linear map.
The following are equivalent:

(i) T is in the diagonal C∗-algebra of Ml(X) (see end of Section 2),
(ii) T is the restriction to X of an adjointable (in the usual C∗-module sense)

map R : ∂X → ∂X such that R(X) ⊂ X and R∗(X) ⊂ X,
(iii) There exists a map S : X → X such that 〈T (x)|y〉 = 〈x|S(y)〉 (this is the

(right) Shilov inner product), for all x, y ∈ X.
Moreover the set of such maps T is a closed subalgebra of B(X) which is a C∗-
algebra with respect to the involution T ∗ = S, where S is related to T as in (iii).

Proof. Recall from the paragraph after Definition 5.2 that Ml(X) is isomor-
phic to a unital subalgebra of the operator algebra CBF (∂X). By the argument in
the paragraph after Theorem 3.2, the Hermitians in the latter algebra are exactly
the operators T ∈ B(∂X) with T = T ∗. Since the ‘diagonal C∗-algebra’ is the
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span of the Hermitians it contains, it is clear that (i) is equivalent to (ii). That (ii)
implies (iii) is obvious. For the proof that (iii) implies the other conditions see [10]
or the later result Theorem 13.1. �

The following follows immediately from the last result, Theorem 5.1, and the
example after Theorem 4.1:

Example 5.6. (1) For a Hilbert space H, Ml(Hc) = Al(Hc) = B(H)
(recall Hc is H thought of as a fixed column in B(H)).

(2) For a C∗-algebra A, Al(A) is the usual C∗-algebra multiplier algebra M(A)
of A, whereas Ml(A) is the usual left multiplier algebra LM(A) (see Sec-
tion 2).

(3) Generalizing (1) and (2), if Y is a C∗-module, then Ml(Y ) is the space
of bounded module maps on Y , whereas Al(Y ) is the C∗-algebra of ad-
jointable maps in the usual C∗-module sense mentioned in Section 3.

These examples show that in certain cases, the spaces Al(X) and Ml(X) do
consist precisely of the maps on X of most interest.

It is clear from Theorem 5.5 (iii) that adjointable maps on operator spaces
are modeled on adjointable maps on C∗-modules. It is therefore interesting to ask
which of the ‘classical’ results for adjointable maps on C∗-modules are also valid
for adjointable maps on operator spaces. We list a few examples (mostly from [25])
of results which do transfer in this way:

(1) It is striking that, for example, of the four sections of Chapter 15 of [67]
devoted to the basic theory of C∗-modules, almost all of the results in
the first three sections concerning adjointable maps go through with the
same proofs! It was particularly surprising that Section 15.3 of that text,
which develops the polar decomposition for adjointable maps, is valid with
identical proofs.

(2) The behavior of one sided multipliers and adjointable maps with respect
to duality often mimics closely the duality properties of maps on C∗-
modules/TRO’s and W ∗-modules/weak* closed TRO’s. See for exam-
ple results in Section 8 below which may be viewed as generalizations
of Paschke’s important results that B(Z) is a W ∗-algebra, and that any
T ∈ B(Z) is weak* continuous, if Z is a W ∗-module [52, 53].

(3) Generalizing the earlier equation (4), if X is a dual operator space and if
I is a cardinal, then Ml(Cw

I (X)) ∼= MI(Ml(X)); and also Al(Cw
I (X)) ∼=

MI(Al(X)) as von Neumann algebras. This generalizes the useful relation
B(Cw

I (Z)) ∼= MI⊗̄B(Z) as von Neumann algebras, for any W ∗-module Z.

Another example of course is Theorem 5.1, which in the case that X is a C∗-
module collapses to Theorem 3.1.

The following table is a very basic dictionary for comparing operator space
notions in the remainder of this paper with well known C∗-module notions.
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Operator space X C∗-module Z over B

adjointable multiplier adjointable map
Al(X) B(Z)
left multiplier bounded module map
Ml(X) BB(Z)
left M -projection projection in B(Z)
right M -ideal closed submodule
right M -summand complemented submodule
Dual operator space W ∗-module/weak*-TRO
Column space CI(X) C∗-module sum

Note that the entries in the first column generalize those in the second (although
this statement needs to be qualified for the entries in the last row). That is if X
in the first column is taken to be a C∗-module, then the appropriate entry in each
row in the first column coincides precisely with the entry in the second column.

Sadly, there are some useful results about adjointable maps on C∗-modules
which are not valid adjointable maps on operator spaces. One example of this is
the fact that pAl(X)p is a C∗-subalgebra of, but may not always equal, Al(pX).
Here p is a projection in Al(X).

More results along the lines of the list above will be mentioned in another list
in Section 9.

6. Banach-Stone-Kadison theorems, and recovery of the product

In [63], Stone characterized isometries between general C(K) spaces, generaliz-
ing an earlier result due to Banach. In [42], Kadison generalized the ‘Banach-Stone’
theorem by characterizing surjective isometries between C∗-algebras. This result
has inspired very many functional analysts; see for example [35] for a recent col-
lection of such results, together with their history. In [1, 2], Arveson used his
‘noncommutative Shilov boundary’ to obtain theorems of the Banach-Stone type
for unital complete isometries between certain operator algebras [1, 2]. Later work
along the lines indicated by Arveson was done by Blecher, Effros and Ruan, and
others (see for example [15, 13] and references therein). In light of the fact that the
left multiplier algebra from Section 5 is only defined in terms of the linear structure
and matrix norms, and yet encodes the product in a unital operator algebra (see
Proposition 5.4), one would expect to obtain Banach-Stone type theorems almost
for free. And indeed this is the case, as we remarked above [10, Corollary 4.12].
For suppose, for example, that ν : A → B is a linear surjective complete isometry
between unital operator algebras. From Theorem 5.1 and the relation (4), it is clear
that the map T 7→ νTν−1 is a completely isometric surjective homomorphism from
Ml(A) → Ml(B). By Proposition 5.4, the left regular representation λ of A on
itself, and ‘its inverse’, the map taking S to S(1), are completely isometric surjec-
tive homomorphisms from A→Ml(A) and Ml(B) → B respectively. Composing
these three maps, we get a surjective completely isometric homomorphism B → A
which takes b to ν−1(bν(1A)). Letting π be the inverse of this homomorphism, and
setting b = π(a) gives ν(a) = π(a)U , where U = ν(1A) ∈ B. Since ν is a surjective
isometry, there exists an a0 ∈ Ball(A) with 1B = ν(a0) = π(a0)U . A well known
result from operator theory states that if ST = IH for two contractive operators,
then T ∗ = S. Thus U∗ = π(a0) ∈ B, and U is an isometry in B∩B∗. By symmetry,
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U = ν(1A) must also be a coisometry, and therefore a unitary, in B ∩B∗. We have
therefore proved the following ‘Banach-Stone’ type theorem, at least in the case
of unital operator algebras. The result in the generality stated here is from [10,
Appendix B].

Theorem 6.1. Let A and B be approximately unital operator algebras. A
linear surjection ν : A → B is completely isometric if and only if there exists a
completely isometric surjective homomorphism π : A → B, and a unitary U with
U in the diagonal C∗-algebra of M(B) (see Section 2), such that ν(a) = π(a)U for
all a ∈ A.

We next address the question of whether the product on an operator algebra
A may be recovered from its operator space structure alone. Suppose that U is the
group of unitaries U ∈ A, with U−1 ∈ A. For U ∈ U the expression m(x, y) =
xU−1y defines a new product on A with identity U , and with this product A
is completely isometrically homomorphic, via the homomorphism x 7→ xU−1, to
the A with its old product. These two operator algebras have the same operator
space structure. Conversely, suppose that m is a new operator algebra product
on A, such that A with product m is completely isometrically homomorphic to an
operator algebra. Applying Theorem 6.1 to the identity map from A with product
m to A with its old product, it is evident that there exists a U ∈ U with

m(x, y) = xU−1y, x, y ∈ A.(6)

Thus there is a bijective correspondence between U , and the unital operator algebra
products on A compatible with the given operator space structure of A. Moreover
given one such product and the set U we may recover all other such products from
the equation (6). In any case from the operator space structure of A alone one may
only hope to recover the product up to this group U of unitaries.

Let us first suppose that we have forgotten the product on A, but that we do
remember the identity element e. Form Ml(A) using for example the criterion in
Theorem 5.1 (iii), and define θ : Ml(A) → A by θ(T ) = T (e). Then it follows
from Proposition 5.4 that the forgotten product on A is ab = θ(θ−1(a)θ−1(b)),
for a, b ∈ A. If however we have also forgotten the identity element e of A, then
one may proceed as follows. Although there are no doubt better ways, one may
identify U by Theorem 6.1 as the set comprised precisely of the elements ρ(Id) for
surjective linear complete isometries ρ : Ml(A) → A, where Id is the identity map
on A. Given U ∈ U , it follows from Proposition 5.4 again that the unique operator
algebra product on A which has U as its identity element is given by the formula
ab = θ(θ−1(a)θ−1(b)), where θ : Ml(A) → A is the map θ(T ) = T (U). These
arguments are taken from [12, 14].

7. Multipliers and module actions

Modules of course represent another important aspect of algebraic structure.
We recall first the trivial fact that Banach module actions A × X → X of a Ba-
nach algebra A on a Banach space X, are in an obvious 1-1 correspondence with
contractive unital homomorphisms θ : A→ B(X), via the relation

ax = θ(a)(x), a ∈ A, x ∈ X.(7)

Although this fact is trivial one should not underestimate its practicality.
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A concrete operator module is a subspace X ⊂ B(H), for which there is a
completely contractive unital homomorphism π : A → B(H) with π(A)X ⊂ X.
Here A is traditionally an operator algebra, and if A is a C*-algebra then it is
well known that π as above must necessarily also be a ∗-homomorphism. In any
case, such X is a left A-module with the module action ax = π(a)x, for a ∈
A, x ∈ X. An abstract (left) operator module is an operator space X which is
also a left A-module over an operator algebra A, such that ‖ax‖n ≤ ‖a‖n‖x‖n,
for n ∈ N, a ∈ Mn(A), x ∈ Mn(X). An important theorem of Christensen, Effros
and Sinclair [28] states that up to the appropriate notion of completely isometric
isomorphism of modules, abstract operator modules are the same thing as concrete
operator modules. Similar definitions and results hold for right operator modules,
or operator bimodules.

Examples of operator modules include the modules that are of most interest
to C∗-algebraists, namely Hilbert modules (the Hilbert spaces that the algebras
act on), and C∗-modules and the bimodules of the kind discussed towards the end
of this section. The fact that C∗-modules are operator modules follows almost
immediately from the existence of the linking C∗-algebra (defined in Section 3).

The next result is reminiscent of (but is much less obvious than) the correspon-
dence in the lines above Equation (7); it gives a useful characterization of the class
of operator modules in terms of homomorphisms. It also shows that the algebras
Ml(X) and Al(X) are key to any latent operator module structure in X.

Theorem 7.1. There is a bijective correspondence between operator module
actions of an operator algebra A on an operator space X, and completely contractive
unital homomorphisms θ : A→Ml(X). Indeed if A is a unital C∗-algebra then the
correspondence is also with unital ∗-homomorphisms A→ Al(X).

In fact this result, first found by the author [10] (see [20] for an alternative
approach) is now easy to prove using Theorem 5.1 (iii). To prove the easy direction
we need only to know that every operator space X is a left operatorMl(X)-module,
which may be seen for example by essentially the proof of the implication (i) ⇒
(iv) in Theorem 5.1, and the simple observation that if E and B are respectively a
a subspace and a subalgebra of a C∗-algebra C, and if BE ⊂ E, with 1Bx = x for
all x ∈ E, then E is an operator B-module. To prove the more difficult direction
one simply follows the proof we gave in Section 5 for Theorem 2.1, but replacing λ
by the canonical map from A to B(X) given by the correspondence above (7). We
remark that this proof requires nothing of A beyond that it be an operator space
and unital algebra. This observation allows one to extend the Christensen, Effros
and Sinclair theorem that we mentioned a few paragraphs back, to such algebras
(see 5.3 in [10]).

Another connection to C∗-modules occurs as follows. The interesting class of
bimodules found in C∗-module theory are right C∗-modules Z over a C∗-algebra
B, for which there is a left action of another C∗-algebra A via a ‘nondegenerate’
∗-homomorphism A→ B(Z). In fact such bimodules are operator A-B-bimodules.
Conversely, a right C∗-module Z over B which is also a nondegenerate left operator
module over A, is one of the bimodules just introduced. We give a quick proof of
the last assertion in the case that A is unital: By Theorem 7.1, the left action
corresponds to a unital ∗-homomorphisms A→ Al(Z). By Example 5.6 (3), this is
a unital ∗-homomorphism into B(Z). Note that this proof shows that the bimodule
‘associativity’ condition (az)b = a(zb) is automatic. In fact this ‘associativity’ is
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automatic for any operator bimodule, as we showed in [10] (it follows immediately
from Theorem 7.1 and the remarks above 5.4).

8. Duality, and a von Neumann algebra

We devote this brief section to duality, simply listing a few main results without
proof.

Unlike its near relatives the noncommutative Shilov boundary and the injective
envelope, the one-sided multiplier algebras above work extremely well with respect
to duality. This is mostly because of the existence of the criterion in Theorem 5.1
(iii). Using this criterion we were able to prove the following fact from [14], which
is another cornerstone of our theory:

Theorem 8.1. (Blecher, Effros and Zarikian) If X is a dual operator space
then Al(X) is a W ∗-algebra. Moreover every map in Al(X) is automatically weak*
continuous.

This result opens a door to the use of von Neumann algebra techniques. Indeed
as we hinted at in the introduction, many of our deepest results are only possible
because of this theorem. For example, the type decomposition, or Murray-von
Neumann equivalences, in Al(X), have consequences for the structure of X. At the
very least the theorem implies that for a dual space X, the algebra Al(X) will have
lots of orthogonal projections (if it is nontrivial), and that these projections may be
utilized in the ways von Neumann algebraists are familiar with. These projections
will be studied in the next Section.

As remarked earlier, Theorem 8.1 may be viewed as a generalization of Paschke’s
result that B(Z) is a W ∗-algebra for any W ∗-module Z (in this connection recall
Zettl’s result stated at the end of Section 3).

Another useful duality result is the following fact from [25]. Via the map
T 7→ T ∗∗, it is not hard to show that Al(X) is completely isometric to a C∗-
subalgebra of the W ∗-algebra Al(X∗∗). More is true for dual spaces:

Theorem 8.2. For a dual operator space X there is a conditional expectation
from the W ∗-algebra Al(X∗∗) onto the C∗-subalgebra Al(X), and this conditional
expectation is weak* continuous with respect to the (unique) weak* topologies making
these spaces W ∗-algebras.

Using duality properties of multipliers, one may prove versions of many of the
basic theorems characterizing operator algebras and their modules which are ap-
propriate to dual spaces and the weak* topology (see [12]). For example, Theorems
5.1 and 5.4 were key to the first proof (see [12], together with [45]) of the following
‘nonselfadjoint version’ of Sakai’s characterization of von Neumann algebras as the
C∗-algebras which have a predual.

Theorem 8.3. (Le Merdy-Blecher) An operator algebra A is completely isomet-
rically isomorphic via a weak* homeomorphism to a weak* closed unital subalgebra
of B(H), if and only if A is a dual operator space.

9. One-sided ideals and projections in operator spaces

In this section we describe, very briefly and again without proofs, a few facts
about the noncommutative variant (due to the author, Effros, and Zarikian), of
Alfsen and Effros’ notion of M -ideals in a Banach space [4]. Although the definition
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of an M -ideal (given below) is stated in purely Banach space language, the M -ideals
in a C∗-algebra are exactly the closed two-sided ideals (see e.g. [4, 62]). In a given
Banach space there may not exist any nontrivial M -ideals, but if there do then they
are often very significant. There is by now a vast and important theory of these
‘M -ideals’ [39]. We therefore seek a generalization of the classical M -ideal notion
to operator spaces, which has the property that the classical M -ideals are the left
M -ideals in MIN(X),3 and such that the left M -ideals in C∗-algebras are the left
ideals.

The key to our approach is the observation that in the classical case, the M -
ideals in X correspond to members of a certain family of commuting projections
on X∗∗, and this family may be viewed as orthogonal projections in a certain
commutative von Neumann algebra. This is explained well in the text [5] (for
example see the use of boolean algebras there related to Stone’s representation
theorem for such algebras). This commutative von Neumann algebra happens to
be the ‘classical variant’ of our algebra Al(·) of adjointable maps (see Corollary
4.22 in [10]). It is natural then to think of defining right M -ideals of an operator
space X in terms of a certain family of noncommuting projections4 on X∗∗, namely
certain projections in the W ∗-algebra Al(X∗∗) (see Theorem 8.1). This all suggests
the following definition:

Definition 9.1. [14] A left M -projection on an operator space X is an orthog-
onal projection in Al(X). A right M -summand is the range of a left M -projection.
A right M -ideal in X is a closed subspace J of X such that J⊥⊥ is a right M -
summand in X∗∗.

Actually we have several equivalent definitions of left M -projections [14]. For
example they are the linear idempotent maps P on X for which there is some
completely isometric embedding X ↪→ B(H) with x∗y = 0 for all x ∈ P (X), y ∈
(I − P )(X). Another useful equivalent condition is that the map

x 7→
[

P (x)
x− P (x)

]
be a complete isometry from X → C2(X). Loosely speaking, this is saying that
X is a ‘column sum’ of P (X) and (I − P )(X). Thus for example X ⊕ 0 is a right
M -summand in C2(X).

The definitions in 9.1 are directly inspired by the classical definitions, which
we briefly recall: An M -projection on a Banach space X is an idempotent linear
map P : X → X such that the map x 7→ (P (x), (I − P )(x)) from X → X ⊕∞ X
is an isometry. A closed subspace J ⊂ X is an M -ideal if J⊥⊥ is the range of an
M -projection on X∗∗.

3We recall that MIN here denotes the simplest way of turning a Banach space X into an

operator space. Namely since every Banach space X is embedded isometrically into a commutative
C∗-algebra C(K), it will inherit a matrix norm from the norm on Mn(C(K)) ∼= C(K, Mn), and

it is not hard to see that these norms are independent of the particular embedding in a C(K)).
It is very nice when a given ‘noncommutative/operator space theory’, applied to MIN(X) yields
just the associated classical theory. This will be the case for us here.

4The complete M-ideals of Effros and Ruan [32], while very important, do correspond to a

‘commutative theory’ in a sense on can make precise—see [25, Section 7]. These ideals turn out
to be exactly the left M -ideals which are also right M -ideals [14].
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Again we note that the definitions above are only in terms of the linear structure
and matrix norms of X, and yet often encode important algebraic information, as
the following examples from [14] show:

Example 9.2. (1) The M -ideals in a Banach space X are exactly the
right M -ideals in MIN(X).

(2) The right M -ideals in a C∗-algebra are exactly the closed right ideals.
(3) The right M -ideals in a C∗-module are exactly the closed submodules.
(4) The right M -ideals in Hc for a Hilbert space H, are just the closed sub-

spaces.
(5) The right M -ideals in an operator algebra are exactly the closed right ideals

with a left contractive approximate identity.

Thus again we see that in a given operator space these one-sided M -ideals are
often highly significant. So too are the one-sided M -summands; which for example
in a C∗-algebra are principal ideals, and in a C∗-module are exactly the orthogonally
complemented submodules.

In early ’00, Effros proposed generalizing the basic calculus of Banach space
M -ideals (as may be found in the first couple of chapters of [39] say) to ‘one-
sided ideals’ in operator spaces, in order to forge a useful and appropriate tool for
‘noncommutative functional analysis’. He was motivated in part by his earlier work
[30]. This program was initiated in [14, 72]. Recently the author and Zarikian
have essentially completed this [24, 25]. With very few exceptions we now know
exactly which of the basic results generalize, which do not, and why. It seems that
there are perfect (nontrivial) analogues of approximately half the results in the
classical M -ideal and M -summand calculus. For the other half, some additional
and natural hypotheses usually need to be imposed in order to obtain a correct
statement of the result. We refer the reader to [24] for an accessible short survey of
this topic. As we said earlier, our deepest positive results are mainly rooted in the
fact that Al(X) is a W ∗-algebra if X is a dual operator space. Instead of acting
on a Hilbert space, Al(X) acts on X; but nonetheless the same spatial principles
and intuitions apply. We can use basic von Neumann algebra projection techniques
and spectral theory to deduce structural conclusions about the operator space X.
Thus we generalize the classical theory of M -ideals in a truly noncommutative way.
Another main technique of ours is to first prove that left multipliers have a certain
properties, and then to use these properties to deduce facts about right M -ideals.

Again we end this section by emphasizing that many of our results may be
viewed as generalizations of facts about submodules of C∗-modules. To justify this
claim we list a few parallels between these two classes:

(1) It is shown in [14] that a right M -ideal which is a dual space is a right M -
summand. The analogous result for C∗-modules states that a submodule
of a C∗-module which is a dual space is orthogonally complemented.

(2) In [14] we observed that there is at most one contractive linear projec-
tion onto a right M -ideal J . If there does exist one, then J is a right
M -summand. Thus one may conclude that if a submodule W of a C∗-
module is linearly contractively complemented, then it is orthogonally
complemented. Another application along these lines: if W does not con-
tain an isomorphic copy of c0, then it is orthogonally complemented. See
[25, Section 2.3] for details.
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(3) In [25] it is shown that one-sided M -ideals satisfy a Kaplansky density
theorem. That is the unit ball of a one-sided M -ideal in a dual operator
space is weak* dense in the unit ball of its weak* closure. An analogous
result holds for submodules of W ∗-modules (see e.g. [40, Theorem 3.6]).

10. Multipliers, Morita equivalence, and double commutant

In a series of papers, with the help of operator space theory, we have made
several contributions to the general theory of nonselfadjoint operator algebras (see
e.g. the survey [7], although this dates to 1997). This field definitely lacks certain
fundamental tools which are available in the selfadjoint case, such as von Neu-
mann’s double commutant theorem. Recently B. Solel and the author [23] found
the following double commutant theorem:

Theorem 10.1. Every approximately unital operator algebra A possesses canon-
ical classes of completely isometric nondegenerate representations π of A on a
Hilbert space, satisfying a ‘double commutant theorem’:

π(A)′′ = π(A)
w∗

.

Moreover for a subclass of these representations π, we have π(A)′′ = π(A)
w∗
∼= A∗∗

completely isometrically.

If A is a ‘dual operator algebra’, that is if A is one of the algebras characterized
in Theorem 8.3, then the ‘weak* closure’ in the Theorem above is not necessary.

Since every ∗-representation of a C∗-algebra is in one of our ‘canonical classes’,
Theorem 10.1 formally generalizes von Neumann’s double commutant theorem.
However we warn the reader that in the nonselfadjoint case these representations
may be rather large, and therefore impractical for most purposes. In this section
we will indicate briefly one application of Theorem 10.1 to a context which is also
related to the multiplier algebras mentioned in earlier sections. This application
comes from a sequel paper to [23] in preparation, and the idea comes from a situa-
tion in the Morita theory of C∗-algebras where von Neumann’s double commutant
theorem is pivotal. In the theory of C∗-algebraic Morita equivalence, or in the
related theory of C∗-modules, one often proves a result about a right module X
over B by taking any representation (we don’t care how ‘big’ it is) of B, or of the
linking C∗-algebra of X, on a Hilbert space. One then views all objects as acting
on that Hilbert space, and then one performs a computation there, often using von
Neumann’s double commutant theorem. See for example [58, Theorem 6.5].

The afore-mentioned application from the sequel to [23] shows that the same
sort of thing can be done in the framework of the nonselfadjoint Morita equivalence
of the author, Muhly and Paulsen [19]. If X is an equivalence A-B-bimodule in
the sense of that paper, then as in the C∗-algebraic situation it is often important
to know that X∗∗ may be made into some kind of equivalence bimodule too, in
a way that is functorial. This is where Theorem 10.1 comes in. Just as in the
C∗-algebra case, one represents the linking operator algebra L(X) of X (see [19,
Chapter 5]) completely isometrically and nondegenerately on a Hilbert space, via
one of the representations from Theorem 10.1 in which L(X)∗∗ = L(X)′′. By
carefully computing the commutants L(X)′ and L(X)′′, as in [46, Theorems 4.1
and 4.2] (see also the discussion in [10, Lemma 5.8]), one can show that X∗∗ is an
A∗∗-B∗∗-equivalence bimodule in a good sense.
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The main point is that Theorem 10.1 allows one to make the passage smoothly
(and functorially) to the second dual of the equivalence bimodule.

We will next relate these equivalence bimodules, and the discussion in the last
paragraph, to the multiplier algebras from earlier sections. In fact the remainder of
this section may be considered to be a long and technical example giving another
illustration of many of the points in this paper, and giving some applications of
these points to equivalence bimodules. The reader unfamiliar with the concepts in
[19] should perhaps just browse the remaining results in this Section. We refer to
that paper and [18] for all definitions. We will also rely heavily on facts in [37]
(which are repeated in Appendix A of [10]), such as the universal property of ∂X,
and its consequences. In this Section we write C∗e (·) for the C∗-envelope of an
approximately unital operator algebra (see e.g. [10, p. 310]).

We thank Baruch Solel for permission to publish the following background facts
(which the author proved during exchanges with him in ’00) here instead.

Lemma 10.2. Suppose that X is a strong Morita equivalence A-B-bimodule
in the sense of [19]. Then the canonical strong Morita equivalence C∗e (A)-C∗e (B)-
bimodule W induced by X as in [18], is a noncommutative Shilov boundary ∂X of
X.

Proof. We consider the linking operator algebra L (see [19, Section 5]) for
X. Its C∗-envelope may be identified with the linking C∗−algebra L′ for the strong
Morita equivalence of C∗e (A) and C∗e (B) with equivalence bimodule W . This, and
other facts quoted below, may be found in [18] (see also [6, p. 407]). We can think
of W as the closure of the span of C∗e (A)X (or XC∗e (B)) in B(K,H), where L
is represented completely isometrically and nondegenerately on H ⊕K. We claim
that the copy of X in the corner of the linking algebra L for X, generates L′.
Indeed notice that if eα is a c.a.i. for A of the form

∑
k xkyk, with

∑
k xkx

∗
k ≤ 1

and
∑

k y
∗
kyk ≤ 1, then eαe

∗
α is a c.a.i. for C∗e (A) by [7] Lemma 8.1. Write

vα =
∑

k xkx
∗
k (it depends on α). Note that eαe

∗
α ≤ vα ≤ 1, from which it follows

that vα is a c.a.i. for C∗e (A) which lies in XX∗. Hence A ⊂ C∗(XX∗) (since any
a ∈ A satisfies avα ∈ XX∗ ⊂ C∗(XX∗)). Hence C∗(XX∗) = C∗e (A). Therefore
C∗e (A)X ⊂ C∗(XX∗)X, so that W is generated by X as a TRO.

By the universal property 4.1, there is a surjective ternary morphism ψ : W →
∂X such that ψ|X = i. By [37, Proposition 2.1], or [10, A.2 or A.6], there is a
surjective ∗-homomorphism θ from L′ onto the linking C∗-algebra for ∂X, whose
‘1-2-corner’ is ψ. The 2-2-corner of θ is a surjective ∗-homomorphism ρ : C∗e (B) →
F(X). It is easy to see that since θ is a homomorphism we have i(x)ρ(b) = i(xb)
for all b ∈ B, x ∈ X. From this we see that ρ is actually completely isometric when
restricted to B (since the associated homomorphism B → CB(X) is a complete
isometry [19, Theorem 4.1]).

Next note that ρ(B) generates F(X) as a C∗-algebra, since B generates C∗e (B)
and ρ : C∗e (B) → F(X) is surjective. So by the universal property of C∗e (B) there
is a ∗-homomorphism π : F(X) → C∗e (B) such that π(ρ(b)) = b for all b ∈ B.
It follows that π ◦ ρ = Id on C∗e (B). Thus ρ is 1-1. From this it is easy to see
that ψ is 1-1 (note that ψ(w)∗ψ(w) = ρ(w∗w)). Thus W may be taken to be the
noncommutative Shilov boundary of X. �
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Corollary 10.3. Suppose that X is a strong Morita equivalence A-B-bimodule
in the sense of [19]. Then Ml(X) = CBB(X) ∼= LM(A) completely isometrically
and homomorphically.

Proof. With the notation of Lemma 10.2, and by basic C∗-algebraic Morita
theory, K(W ) ∼= C∗e (A). By the discussion after Definition 5.2, and by Theorem
3.2, we have Ml(X) ∼= {d ∈ LM(C∗e (A)) : dX ⊂ X}. However dX ⊂ X if and
only if dA ⊂ A (since A is the closure of XY , and X = AX). Thus Ml(X) ∼=
Ml(A) = LM(A). From functorial considerations from the basic theory of strong
Morita equivalence (see [19] say), CBB(X) ∼= CBA(A) ∼= LM(A). �

Such results will be useful in the study of strong Morita equivalence of operator
algebras. For example, it follows from facts in [12] that if in addition to the
hypothesis in the last result, X is a dual operator space, then LM(A) ∼= CBB(X)
is a dual operator algebra, and moreover the left actions of these last two isomorphic
algebras on X are weak*-continuous in the first variable. This may be viewed as a
variant of Paschke’s result that BB(Z) is a W ∗-algebra if Z is a W ∗-module.

Another application of this result is that it allows one to characterize the com-
plete M -summands (in either the sense of [32], or in the ‘one-sided’ sense of [14])
in such a Morita equivalence bimodule. For example, the left M -projections on
X, which as we said in Section 9 may be defined be the contractive projections
in Ml(X), are by the last result exactly the idempotent completely contractive
B-module maps on X. The ranges of such maps, the right M -summands, are thus
exactly what was called in [6] the ‘c-complemented’ B-submodules of X. The com-
plete M -summands (in the sense of [32]) in X are, by [14, 6.2], the c-complemented
A-B-submodules of X, that is, the range of an idempotent completely contractive
A-B-module map on X. To treat the right M -ideals, one needs to consider X∗∗,
and then to apply there the summand case just discussed. However to do this one
needs to be able to view X∗∗ as an equivalence bimodule too, and this is precisely
where Theorem 10.1 comes in, and the discussion in the fifth paragraph of this sec-
tion. In that paragraph we indicated how one checks that X∗∗ has an ‘equivalence
bimodule structure’. From this it is not hard to compute the one-sided M -ideals of
X.

The following result, and the related final paragraph of this section, were men-
tioned without proof at the end of Appendix A of [10]. They shows that the
operator space structure of an equivalence bimodule essentially encodes all the in-
formation. Indeed the next result is really a Banach-Stone-Kadison type theorem
for equivalence bimodules over nonselfadjoint algebras:

Corollary 10.4. If T is a surjective linear completely isometry between two
strong Morita equivalence bimodules (over nonselfadjoint operator algebras), then
T is an “equivalence bimodule” isomorphism.

Before we begin the proof, we remark that what we mean by saying that T is an
“equivalence bimodule” isomorphism, is that T is the ‘1-2-corner’ of a completely
isometric isomorphism between the linking operator algebras (see [19, Section 5]);
an isomorphism which takes each corner onto the matching corner. This way of
stating the definition of an equivalence bimodule isomorphism is shorthand for a
long list of algebraic conditions, some of which will appear explicitly in the proof
below, such as λ(a)T (x) = T (ax), etc.. The interested reader can write down the
entire list.
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Proof. We follow the proof of [10, Corollary A.5]. Suppose that (Ai, Bi, Xi, Yi)
are the Morita contexts, for i = 1, 2, and suppose that T : X1 → X2 is a surjec-
tive complete isometry. For i = 1, 2, suppose that Wi is the induced C∗-algebraic
C∗e (Ai)-C∗e (Bi)-bimodule discussed in Lemma 10.2, with Ji : Xi →Wi the canonical
embedding. Then by a standard diagram chase one sees that (W1, J1 ◦T−1) has the
desired universal property for, and hence it is, a noncommutative Shilov boundary
of X2. Thus W1 and W2 are isomorphic as ternary systems, via a ternary morphism
R say extending T . As in the proof of 10.2 there exists a matching ∗-isomorphism θ
from the linking C∗−algebra ofW1 to the linking C∗−algebra ofW2, which preserves
corners, and whose 1-2-corner is R. We will show that θ restricted to the linking
algebra of X1 yields the required isomorphisms. Let λ : C∗e (A1) → C∗e (A2) be the 1-
1-corner of θ. Then T (ax) = R(ax) = λ(a)R(x) = λ(a)T (x) for any a ∈ A, x ∈ X.
Hence λ(a)X2 ⊂ X2, so that λ(a)A2 ⊂ A2 since A2 = X2Y2. Since A2 contains
an approximate identity for C∗e (A2) (see [7, 8.1]) we have λ(a) ∈ A2. By looking
at θ−1, and using a similar argument to the above we see that λ is a completely
isometric isomorphism from A1 onto A2. Similarly, there is a completely isometric
isomorphism ρ : B1 → B2 such that T (xb) = T (x)ρ(b). Defining S : W ∗

1 → W ∗
2

to be the 2-1 corner of θ, we have S(y) = R(y∗)∗ for y ∈ Y1. Using the fact that
θ is a homomorphism, we have for x ∈ X, y ∈ Y that θ(xy) = T (x)S(y). Since T
is onto, we have X2S(y) ⊂ A2, so that B2S(y) = Y2X2S(y) ⊂ Y2A2 ⊂ Y2. Hence
S(y) ∈ Y2, since B2 acts nondegenerately on W2. By looking at θ−1 and using a
similar argument to the above, we see that S is a complete isometry from Y1 onto
Y2. The rest of the assertion is clear. �

In the spirit of Section 6 above, we discuss next how one can essentially re-
capture all the ‘Morita equivalence data’ from the operator space structure of X
(this was remarked on without proof in [10, p. 338]). In fact suppose that we are
given a naked operator space X, and are told only that it is the underlying operator
space for some strong Morita equivalence bimodule in the sense of [19] (we are not
told what the associated algebras are). Form the noncommutative Shilov boundary
∂X, this will be a C∗-algebraic strong Morita equivalence bimodule over two C∗-
algebras E and F . Let A = {a ∈ E : aX ⊂ X}, and B = {b ∈ F : Xb ⊂ X}. Let
Y = {z̄ ∈ ∂X : Xz̄ ⊂ A}. The Morita pairings X×Y → A and Y ×X → B are then
the canonical ones obtained by restricting the canonical inner products on ∂X to X
and Y . The reason why this works is that one can check that it certainly works in
the case that ∂X is the containing C∗-algebra equivalence bimodule W of Lemma
10.2. Hence by the essential uniqueness of the noncommutative Shilov boundary
(which follows from its universal property), it works for any other noncommutative
Shilov boundary (W2, j). Basically the idea is similar to the idea for the proof of
Corollary 10.4, one obtains a ∗-isomorphism between the linking C∗-algebras for W
and W2 which in the 1-2-corner fixes the copies of X, and takes the linking operator
algebra (with corners A,B,X, Y ) to another operator algebra whose four corners
are a Morita context for j(X), making j(X) “equivalence bimodule” isomorphic to
X in the sense used in Corollary 10.4.
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Part II. Multipliers between two operator spaces

11. The goal, the obstacle, and the C∗-module case

The main goal of this Part is to introduce one-sided multipliers between two
different operator spaces X and Y , and to initiate a study of such maps. Recalling
that (adjointable, say) C∗-module maps are a good model for these multipliers, it
seems quite apparent that we need some relation between X and Y to have any
hope of such maps making sense. This is because it seems unrealistic to expect
to have an interesting class of maps between general C∗-modules over two quite
unrelated algebras. But in fact there is another obstacle which haunts the entire
theory presented in this paper, namely that although we can take ‘column sums’
of copies of the same space X (this is just the sum Cn(X) met in Section 2), the
‘column sum’ of two unrelated operator spaces is usually not well defined in any
useful way. This is similar to the obstacle one meets in trying to define C∗-module
sums of C∗-modules over quite unrelated algebras. In this Part we propose some
methods to overcome these obstacles; namely we define the ‘relative column sum’,
and we define multipliers from X to Y relative to a containing operator space V , or
relative to two fixed containing C∗-modules over two C∗-algebras which are related
to each other.

We begin by looking at the C∗-module case, and by considering a generalization
of Theorem 3.1. This will be used in later sections to prove generalizations of
Theorem 5.1.

Suppose that W and Z are right C∗-modules over C∗-algebras B and C re-
spectively, where B is a C∗-subalgebra of C. Then we may define an analogue of
the C∗-module direct sum. Namely we endow the algebraic sum W ⊕ Z with the
norm ∣∣∣∣∣∣∣∣[ w

z

]∣∣∣∣∣∣∣∣ = ‖〈w|w〉+ 〈z|z〉‖ 1
2 .(8)

There are many ways to see that this is a norm; one way that will be useful for us
later is as follows. We will identify W ⊕ Z with a subspace of a C∗-module direct
sum E ⊕c Z, for a certain C∗-module E over C, in such a way that the induced
norm is just the one in the displayed equation above. Namely, we define E to be
the ‘C∗-module interior tensor product’ (see e.g. [44]) of W and BC, where the
latter is the closure in C of the span of products bc for b ∈ B, c ∈ C. The obvious
map from W into E taking wb to w ⊗ b, for w ∈ W, b ∈ B, is easily checked to be
a well defined isometry, and so we may regard W as a subspace of E, and W ⊕ Z
as a subspace of E ⊕c Z. The norm on W ⊕ Z inherited from E ⊕c Z is then just
the norm above. More is true (although we shall not need this in this section), the
operator space matrix norms on W ⊕Z inherited from the canonical operator space
structure on the C∗-module E ⊕c Z, are easily calculated from Equation (3) to be:∣∣∣∣∣∣∣∣[ wij

zij

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣[ n∑

k=1

〈wki|wkj〉+ 〈zki|zkj〉
]∣∣∣∣∣∣ 1

2
, [wij ] ∈Mn(W ), [zij ] ∈Mn(Z).

We write W ⊕C Z for the resulting operator space structure on W ⊕ Z.
The following is a mild generalization of Theorem 3.1. The norm on the right

hand side of (iii) and (iv) below is the norm defined in (8):
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Theorem 11.1. Suppose that W and Z are right C∗-modules over C∗-algebras
B and C respectively, where B is a C∗-subalgebra of C. If u : W → Z is a C-linear
map, then the following are equivalent:

(i) u is a contractive B-module map;
(ii) 〈u(w)|u(w)〉 ≤ 〈w|w〉, for all w ∈W ;

(iii)
∣∣∣∣∣∣∣∣[ u(w)

z

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ w
z

]∣∣∣∣∣∣∣∣, for all w ∈W, z ∈ Z.

(iv)
∣∣∣∣∣∣∣∣[ u(w)

c

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ w
c

]∣∣∣∣∣∣∣∣, for all w ∈W, c ∈ C.

Proof. (i) ⇒ (ii) We follow Paschke’s argument. Without loss of generality
we may assume that B and C are both unital (otherwise replace them both by
their unitizations, and note that u is still a module map over these unitizations).
For x ∈W , set hn = (〈x|x〉+ 1

n )−
1
2 , and set xn = xhn. Then

〈xn|xn〉 = hn〈x|x〉hn ≤ hn

(
〈x|x〉+

1
n

)
hn = 1,

so that ‖xn‖ ≤ 1. Hence ‖u(xn)‖ ≤ 1, so that 〈u(xn)|u(xn)〉 ≤ 1. Since u is a
module map it follows that 〈u(x)|u(x)〉 ≤ 〈x|x〉+ 1

n for all n ∈ N. Letting n→∞
we obtain 〈u(x)|u(x)〉 ≤ 〈x|x〉.

In the remainder of the proof we use the following notation: if u : W → Z is
any map, and if X is another C∗-module over C, then we will write τu or τX

u for
the map u⊕ I between the module sums W ⊕C X → Z ⊕c X. That is:

τu

([
w
x

])
=

[
u(w)
x

]
,

for w ∈W,x ∈ X.
(ii) ⇒ (iii) Assuming (ii), we have∣∣∣∣∣∣∣∣τu ([

w
z

])∣∣∣∣∣∣∣∣2 = ‖〈u(w)|u(w)〉+ 〈z|z〉‖2 ≤ ‖〈w|w〉+ 〈z|z〉‖2 =
∣∣∣∣∣∣∣∣[ w

z

]∣∣∣∣∣∣∣∣2 .
(ii) ⇒ (iv) This is similar to the last calculation.
(iv) ⇒ (iii) Set c = 〈z|z〉 1

2 .
(iii) ⇒ (i) We first note that it suffices to prove this implication in the case

that W = B. To see this, fix w ∈ Ball(W ), define εw : b 7→ wb on B, and set
S = u ◦ εw. If S is a B-module map for each w ∈ W then it is easy to see that u
is a B-module map. However S satisfies the analogue of hypothesis (iii). Indeed
τS is a contraction, since it is the composition of the contractions τu and τεw

. The
latter map is a contraction by the proof of the implication (ii) ⇒ (iii), since εw is
a B-module map.

Next we note that it suffices to prove the implication in the case that W = B
is a von Neumann algebra. To see this, the idea is to take the second dual of the
map τu : B ⊕C Z → C2(Z). By Lemma 3.3 we have that Z∗∗ is a right C∗-module
over C∗∗, and that C∗∗ ⊕c Z

∗∗ ∼= (C ⊕c Z)∗∗ via a weak* homeomorphic isometry
σ say. Similarly, by the remark after 3.3, or alternatively by basic operator space
theory, C2(Z)∗∗ ∼= C2(Z∗∗) via a weak* homeomorphic isometry ν say. Let us
suppose first that B = C (which is the only case we need for applications to results
in Part I). Since the two maps τu∗∗ and ν ◦ τ∗∗u ◦ σ are weak* continuous and agree
on the weak* dense subspace B ⊕ Z, they must be equal everywhere. Thus τu∗∗ is
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completely contractive. A similar argument prevails if B 6= C, the main difference
being that we also need to use the fact that the map σ above restricts to a weak*
continuous isomorphism B∗∗ ⊕C∗∗

Z∗∗ → (B ⊕C Z)∗∗. This follows because B ⊕Z
is weak* dense in both B∗∗ ⊕C∗∗

Z∗∗ and (B ⊕C Z)∗∗.
Thus whether or not B = C, we have shown that τu∗∗ is completely contractive.

If the result were true in the von Neumann algebra case then it follows that u∗∗ is
a B∗∗-module map. Restricting to B we have that u = (u∗∗)|B is a B-module map,
proving (i).

Thus we may assume henceforth that W = B is a von Neumann algebra. We
claim that

u(bq) = u(bq)q, for any b ∈ B, and any orthogonal projection q ∈ B.(9)

Supposing that (9) were true, then for any b ∈ B we have using (9) twice (once
with 1− q) that

u(b)q = u(b(q + (1− q))q = u(bq)q + u(b(1− q))q = u(bq)q = u(bq).

Since u(bq) = u(b)q for all projections q in B, and since B is the closed span of its
projections, it follows that u is a B-module map.

It remains to check (9), or equivalently that u(bq)(1C−q) = 0 for any projection
q in B. Set K = ‖u(bq)(1C − q)‖, and suppose by way of contradiction that K 6= 0.
Let v = 1

Ku(bq)(1 − q). Note that v has norm 1, and hence so does 〈v|v〉. If
b ∈ Ball(B) then qb∗bq and 〈v|v〉 = (1 − q)〈v|v〉(1 − q) are mutually orthogonal
elements in Ball(B) and Ball(C) respectively, and hence∣∣∣∣∣∣∣∣[ bq

v

]∣∣∣∣∣∣∣∣2 = ‖qb∗bq + 〈v|v〉‖ ≤ 1.

Thus we may conclude that√
K2 + 1 =

∣∣∣∣∣∣∣∣[ Kv
v

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ u(bq)(1− q)

v(1− q)

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ u(bq)
v

]∣∣∣∣∣∣∣∣ ≤ 1,

the last inequality by hypothesis (iii). Thus K = 0, which is a contradiction. This
proves (9). �

Remarks: 1) The last proof was inspired in part by an idea in the proof of
Theorem 1.1 of [22].

2) We have been able to generalize the last result to the situation that B is not
a subalgebra of C, but rather that there is a ∗-homomorphism θ : B → C. In this
case the variant of (i) in Theorem 11.1 is that u(wb) = u(w)θ(b) for w ∈W, b ∈ B;
and the variant of (ii) is that 〈u(w)|u(w)〉 ≤ θ(〈w|w〉) for w ∈W . In (iii) one needs
to replace the norm on the right side by ‖θ(〈w|w〉)+〈z|z〉‖ 1

2 . A similar modification
needs to be made in (iv). Since we do not need this result we omit its proof.

The following is obvious from the obvious proof of (ii) ⇒ (iii) in the last theo-
rem.

Corollary 11.2. If X,Y, Z,W are right C∗-modules over B, and if R : X →
Y and S : W → Z are contractive B-module maps, then the map R⊕S : X⊕cW →
Y ⊕c Z is a contraction.

Theorem 11.3. Suppose that W and Z are right C∗-modules over a C∗-algebra
B, and suppose that W is ‘full’ over B (See Section 3). If u : W → Z is a C-linear
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map, then the following statements are also equivalent to the equivalent statements
(i)–(iv) of Theorem 11.1:

(v)

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣


u(w)
x1

x2

...
xm



∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣


w
x1

x2

...
xm



∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
, for all m ∈ N, w, x1, x2, . . . , xm ∈W .

(vi) The map u⊕ IdW : C2(W ) → Z ⊕c W is completely contractive.

Proof. (vi) ⇒ (v) This is clear.
(v) ⇒ (i) The criterion is saying that the map u ⊕ Id : W ⊕c Cm(W ) →

Z ⊕c Cm(W ) is contractive. We follow the idea in the second and third paragraph
of the implication (iii) ⇒ (i) in Theorem 11.1, taking the second dual of this map.
By the remark after Lemma 3.3, (W ⊕c Cm(W ))∗∗ ∼= W ∗∗⊕c Cm(W ∗∗), and (Z ⊕c

Cm(W ))∗∗ ∼= Z∗∗ ⊕c Cm(W ∗∗). By Lemma 3.3, W ∗∗ is a right W ∗-module over
B∗∗. Thus, as in Theorem 11.1, we may reduce the theorem to the case that B is
a von Neumann algebra and W is a right W ∗-module over B.

By the W ∗-module variant of Kasparov’s stable isomorphism theorem (see e.g.
[10, 5.8] (2)), there is an infinite cardinal I, and contractive right B-module maps
ε : B → Cw

I (W ) and P : Cw
I (W ) → B, with P ◦ ε = IdB . Next we observe that

the criterion in (v) is equivalent to the map u⊕ Id : W ⊕c C
w
I (W ) → Z ⊕c C

w
I (W )

being contractive. By these last two facts, and by Corollary 11.2 used twice, we
have for w ∈W and b ∈ B that∣∣∣∣∣∣∣∣[ u(w)

b

]∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣[ u(w)

P (ε(b))

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ u(w)
ε(b)

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ w
ε(b)

]∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣[ w
b

]∣∣∣∣∣∣∣∣ .
By Theorem 3.1 we conclude that u is a module map.

(i) ⇒ (vi) By Wittstock’s observation recorded above Theorem 3.2, it suffices
to show that u⊕ IdW is contractive. But this follows from Corollary 11.2. �

Remarks: 1) Examination of the proof above shows that one may replace the
criterion x1, · · · , xm ∈W in (v) (resp. the map u⊕IdW in (vi)) by x1, · · · , xm ∈ Y
(resp. u⊕ IdY ) for any full right C∗-module Y over B.

2) If W and Z are right C∗-modules over C∗-algebras B and C respectively,
then one might at times be interested in the situation that there exists a 1-1 ∗-
homomorphism θ from B to C. However this situation often may be reduced to
the situation when B is a subalgebra of C, and θ is the inclusion map. To see
this we note that W is also a right C∗-module over θ(B), with new module action
w ◦ θ(b) = wb, and new inner product 〈〈w1|w2〉〉 = θ(〈w1|w2〉). Moreover this new
C∗-module structure yields the same canonical operator space matrix norms (see
Equation (3)) that we had before. Thus if we can prove a result (such as Theorem
11.1) about such objects in the case that θ is an inclusion of C∗-subalgebras, then
a similar result (but sometimes slightly modified, such as in the Remark 2 after
Theorem 11.1) for general θ is usually easily derivable from this special case.

A similar trick works for operator spaces. There, we might be interested in
the case that operator spaces X and Y possess noncommutative Shilov boundaries
(∂X, i) and (∂Y, j) respectively, which are right C∗-modules over C∗-algebras B
and C say, such that there exists a 1-1 ∗-homomorphism θ : B → C. As above, ∂X
may be given a new right C∗-module structure so that B becomes a C∗-subalgebra
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of C, without changing the ternary operation or operator space structure of ∂X.
This is an easy but tedious exercise.

We end this section with a technical result which will be used once in the next
section, and which is unrelated to results in Part I:

Lemma 11.4. Let Z be a right C∗-module over a C∗-algebra B. Then there is
an injective envelope I(Z) of Z which is a right C∗-module over a C∗-algebra R,
with the following properties: R contains B as a C∗-subalgebra, and the module
action of R on I(Z), restricted to an action of B on Z, is the original one.

Proof. We may suppose that B is unital. Form the linking C∗-algebra L(Z) as
described in Section 3, and suppose that it is suitably represented nondegenerately
as a C∗-subalgebra of B(H ⊕K). Thus 1B = IK . The following is a mild variant
of the Hamana-Ruan construction of the injective envelope, and the reader may
want to follow along with this construction in any of the sources [37, 60, 20, 54].
Consider the operator system

SB(Z) =
[

C IH Z
Z̄ B

]
⊂ B(H ⊕K).

Let Φ be a minimal SB(Z) projection on B(H ⊕K). This is a completely positive
idempotent map whose range is an injective envelope I(SB(Z)) of SB(Z) (see the
cited references). By a result of Choi and Effros [27], I(SB(Z)) is a C∗-algebra
with a new product x ◦ y = Φ(xy). Also I(SB(Z)) may be regarded as a 2 × 2
matrix algebra with respect to the canonical diagonal projections p = IH ⊕ 0 and
q = 0 ⊕ IK . Let R be the 2-2-corner qI(SB(Z))q, this is a C∗-subalgebra of
I(SB(Z)). By definition of the new product it is easy to see that B is a C∗-
subalgebra of R. Let E be the 1-2-corner pI(SB(Z))q. Clearly E is injective, and
is also a right C∗-module over R. In fact by definition of the new product it is
easy to see that the right action of R on E extends the action of B on Z. By [20,
Theorem 2.6], E is injective in the category of operator B-modules. We wish to
show that E is an injective envelope of Z. To do this we first show that IdE is
the only completely contractive B-module map u : E → E extending the identity
map on Z. For by Suen’s variant on Paulsen’s lemma [64], such u is the corner
of a completely positive map Ψ on the subspace SB(E) of I(SB(Z)), such that Ψ
extends the identity map on SB(Z). Extend Ψ further to a complete contraction
from I(SB(Z)) to itself. By the rigidity property of the injective envelope, this
latter map and hence also u must be the identity map.

The result is completed with an appeal to the fact from that the injective
envelope of Z is also the B-module injective envelope of Z [20, Theorem 2.6]. The
idea for this is as follows: by that result in [20], any injective envelope I(Z) of
Z can be made into a B-module which is injective as an operator B-module. A
routine diagram chase, using facts from the last paragraph, shows that I(Z) ∼= E
completely isometrically and as B-modules. �

12. Left multipliers between two operator spaces

In this section X and Y are operator spaces possessing noncommutative Shilov
boundaries (∂X, i) and (∂Y, j) respectively, which will be fixed for the remainder
of this section. We will assume also that ∂X and ∂Y are right C∗-modules over
C∗-algebras B and C respectively, where B is C∗-subalgebra of C. In fact for
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simplicity the reader may want to only consider the case that B = C which is all
we need for example for the results stated in Part I.

The next result generalizes Theorem 5.1, which was a result of great importance
in the theory described in Part I. To explain the notation in this result: the inner
products in (ii) are the (right) Shilov inner products on Y and X respectively, and
the matrices there are indexed on rows by i, and on columns by j. The first norm
in (iii) is just the norm in M2n,n(Y ), whereas the second is the norm on Mn(X⊕Y )
inherited from Mn(∂X ⊕C ∂Y ). An explicit formula for this norm was given just
above Theorem 11.1. Finally, note that in (i) the map S is necessarily unique again.

Theorem 12.1. Let X, Y, ∂X, ∂Y,B and C be as above, where B ⊂ C, and let
T : X → Y be a linear map. The following are equivalent:

(i) T is the restriction to X of a completely contractive right B-module map
S : ∂X → ∂Y .

(ii) [〈T (xi)|T (xj)〉] ≤ [〈xi|xj〉] for all m ∈ N and x1, · · · , xm ∈ X.
(iii) For all n ∈ N and matrices [xij ] ∈Mn(X), [yij ] ∈Mn(Y ) we have∣∣∣∣∣∣∣∣[ Txij

yij

]∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣[ xij

yij

]∣∣∣∣∣∣∣∣ .
If B = C then we may replace ‘completely contractive’ by ‘contractive’ in (i).

Proof. (i) ⇒ (ii) Firstly note that without loss of generality we may suppose
that X is a C∗-module, by replacing X by ∂X and T by S. Then this implication
is seen to be a matricial version of the implication (i) ⇒ (ii) in Theorem 11.1.
For simplicity we suppose first that B = C, as we have in the special case of
Theorem 5.1. In this case (ii) follows easily from Theorem 3.1 (ii) and a well known
criterion for matrix positivity [65, IV.3.2]. In this case we do not need T completely
contractive, contractive will suffice.

If B 6= C, we sketch another argument. The point is that Paschke’s proof
of the implication (i) ⇒ (ii) in Theorem 11.1 has a matricial version that works
here. We will use the notation used in the proof of Theorem 11.1. We need to
replace hn there by the matrix H = ([〈xi|xj〉] + 1

nIm)−
1
2 , xn by the row matrix

v = [x1, · · · , xm]H, and the expression 〈x|x〉 by [〈xi|xj〉]. One shows analogously
to the quoted proof that ‖v‖ ≤ 1. Since T is completely contractive, T applied
entrywise to v has norm ≤ 1; and then one proceeds along the earlier line. We
leave the details as an exercise.

(ii) ⇒ (iii) Let [xij ] ∈ Mn(X), [yij ] ∈ Mn(Y ), and fix k ∈ {1, · · · , n}. By (ii)
we have

[〈T (xki)|T (xkj)〉+ 〈yki|ykj〉] ≤ [〈xki|xkj〉+ 〈yki|ykj〉] .
Taking the sum over k of these last matrices we obtain∣∣∣∣[∑

k

〈T (xki)|T (xkj)〉+ 〈yki|ykj〉
]∣∣∣∣ ≤ ∣∣∣∣[∑

k

〈xki|xkj〉+ 〈yki|ykj〉
]∣∣∣∣.

This is equivalent to (iii), by the formula just above Theorem 11.1.
(iii) ⇒ (i) We prove this assertion first in the case that F(Y ) = C, in the

notation of the second paragraph after Theorem 4.1. This is all we need for the
promised results in Part I. Note that (iii) says that the map T⊕Id : X⊕Y → C2(Y )
is completely contractive, when X ⊕ Y is viewed as a subspace of ∂X ⊕C ∂Y .
The latter space is a subspace of ∂X ⊕D I(Y ), where I(Y ) and D = D(Y ) are
as in the second paragraph after Theorem 4.1. We remark that the C∗-module
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sum W ⊕c Z of two right C∗-modules over a C∗-algebra B is a left operator `∞2 -
module (this can be seen by noting for example that there is a copy of `∞2 inside
B(W⊕cZ)). Since ∂X⊕D I(Y ) is a `∞2 -submodule of a C∗-module sum of two right
C∗-modules over D (as we noted below (8)), it is also a left operator `∞2 -module. We
regard C2(Y ) ⊂ C2(I(Y )). We will use Wittstock’s module map extension theorem
[70, 64] (together with the fact that C2(I(Y )) is a complemented subspace of
M2(I(Y )), which in turn is a complemented subspace of M2(B(H)), if I(Y ) is a
complemented subspace of B(H)). By Wittstock’s theorem, we can extend the
`∞2 -module map T ⊕ Id : X ⊕ Y → C2(I(Y )), to a completely contractive left `∞2 -
module u : ∂X ⊕D I(Y ) → C2(I(Y )). Thus u is of the form (x, y) 7→ (T̃ (x), G(y))
for complete contractions T̃ : ∂X → I(Y ) and G : I(Y ) → I(Y ). Since G restricts
to the identity on Y , by the rigidity property mentioned in the second paragraph
after Theorem 4.1 we must have that G is the identity map. Thus u = T̃ ⊕ Id, and
we may apply Theorem 11.1. We conclude that T̃ is a right B-module map. Thus

T̃ (xb) = T̃ (x)b = T (x)b ∈ Y C ⊂ ∂Y, x ∈ X, b ∈ B.
This forces the range of T̃ to be contained in ∂Y , thus proving (i).

In the general case we first note that it follows from a routine diagram chase
that any injective envelope I(∂Y ) of ∂Y is an injective envelope I(Y ) of Y . Thus
we may write I(Y ) for the injective envelope of ∂Y in Lemma 11.4, this is a C∗-
module over R, where C is a C∗-subalgebra of R. Then ∂X ⊕C ∂Y is a subspace
of ∂X ⊕R I(Y ). We may now follow the proof in the last paragraph, but with D
replaced by R, to extend T to a right R-module map T̃ : I(X) → I(Y ). Since T̃ is
also a right B-module map we may conclude the proof as in the last paragraph. �

Definition 12.2. We define a relative left multiplier to be a map T : X →
Y such that a positive scalar multiple of T satisfies the equivalent conditions of
Theorem 12.1. We write Mrel

l (X,Y ) for the set of such relative left multipliers.

Note that Mrel
l (X,X) is simply the space Ml(X) from Section 5. It is easy to

see thatMrel
l (X,Y ) is a vector space, and that with respect to operator composition

we have a well defined bilinear map Mrel
l (X,Y )×Mrel

l (V,X) →Mrel
l (V, Y ). This

is assuming that the C∗-algebras acting on the right of X,Y, V are appropriately
compatible.

Let X,Y be as in Theorem 12.1. To define an operator space structure on
Mrel

l (X,Y ) we first observe that there is a canonical linear isomorphism

{S ∈ CBB(∂X, ∂Y ) : S(X) ⊂ Y } ∼= Mrel
l (X,Y ),(10)

given by the map S 7→ S|X . Since CB(∂X, ∂Y ) is an operator space so is the set
on the left side of (10). We may therefore use the linear isomorphism above to give
Mrel

l (X,Y ) an operator space structure. As in Section 5, we see that Theorem
12.1 gives alternative descriptions of the unit ball of Mrel

l (X,Y ). We also have the
following generalization of the useful formula (4):

Lemma 12.3. If X,Y are as in Theorem 12.1, and if m,n ∈ N then we have
Mm,n(Mrel

l (X,Y )) ∼= Mrel
l (Cn(X), Cm(Y )) completely isometrically.

Proof. The first point is that ∂Cn(X) = Cn(∂X); and similarly for Y . This
follows from [10, Theorem A.13]. Then the relation follows from (10) and a triv-
ial variant of the relation Mn(CBB(W,Z)) ∼= CBB(Cn(W ), Cn(Z)), valid for C∗-
modules W,Z over B. See e.g. the proof of [8, Lemma 8.3]. The complete isometry
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here follows from the isometry used twice:

Mk(Mm,n(Mrel
l (X,Y ))) ∼= Mrel

l (Ckn(X), Ckm(Y )) ∼= Mk(Mrel
l (Cn(X), Cm(Y ))),

for any k ∈ N. �

We are not quite sure yet exactly in what way Mrel
l (X,Y ) depends on the par-

ticular noncommutative Shilov boundaries chosen. However in the final two sections
we will discuss a fairly general framework in which there is no such dependence.

We turn to an interesting example of relative left multipliers between different
spaces, using facts proved in Section 10. Let (A,B,X, Y ) be a strong Morita
equivalence context in the sense of [19]. We claim that for a fixed x ∈ X the
maps Y → A and B → X, given by y 7→ (x, y) and b 7→ xb respectively, are
relative left multipliers. To see this we note that in this case one can show that
∂A = C∗e (A), ∂B = C∗e (B) (see [10, Theorem 4.17]). Lemma 10.2 may be phrased
as ∂Y = Y ⊗hA C∗e (A) and ∂X = X ⊗hB C∗e (B), in the notation of [18]. The
map y ⊗ c 7→ (x, y)c from Y ⊗hA C∗e (A) → C∗e (A) is a right C∗e (A)-module map
which restricts to the map y 7→ (x, y) above. Similarly the map d 7→ x ⊗ d from
C∗e (B) → X ⊗hB C∗e (B) is a right C∗e (B)-module map, which restricts to the map
b 7→ xb above. Thus by Theorem 12.1 these are relative left multipliers.

Corollary 12.4. Let (A,B,X, Y ) be a strong Morita equivalence context in
the sense of [19], with A,B unital. Then Mrel(Y,A) ∼= X and Mrel(B,X) ∼= X
completely isometrically.

Proof. By the discussion in Section 11, we may identify Mrel(B,X) with
the subspace of CBC∗

e (B)(C∗e (B),W ) of maps taking B into X, where W is as
in the proof of Lemma 10.2. However if B is unital then so is C∗e (B), and so
CBC∗

e (B)(C∗e (B),W ) ∼= W . This easily yields the isomorphism Mrel(B,X) ∼= X.
Similarly, we may identify Mrel(Y,A) with the subspace of CBC∗

e (A)(W,C∗e (A)) of
maps taking Y into A, where W is as in the proof of Lemma 10.2. However since
W is an equivalence bimodule between unital C∗-algebras C∗e (A) and C∗e (B), it is
well known that CBC∗

e (A)(W,C∗e (A)) is identifiable with the ‘conjugate C∗-module’
W ∗ of W (see e.g. [19, Corollary 4.2]). Thus Mrel(Y,A) is completely isometric to

{w∗ ∈W ∗ : 〈w|y〉 ∈ A for all y ∈ Y }.
By the discussion on the bottom of page 405 in [6], the last space is just a copy of
X. �

Remark: There is a version of the last Corollary which is valid in the general
(nonunital) case. One needs to replace Mrel(·, ·) with a certain subset of this
space, called the compact relative multipliers. For general operator spaces X,Y
these compact relative multipliers are just the relative multipliers which considered
as module maps from ∂X to ∂Y lie in K(∂X, ∂Y ).

13. Adjointable maps between two operator spaces

In this section we consider two operator spacesX,Y with fixed noncommutative
Shilov boundaries ∂X and ∂Y which are right C∗-modules over the same C∗-algebra
B.

Theorem 13.1. Let X,Y be as above and suppose that T : X → Y . The
following are equivalent:
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(i) T is the restriction to X of an adjointable (in the usual C∗-module sense)
B-module map R : ∂X → ∂Y such that R(X) ⊂ Y and R∗(Y ) ⊂ X,

(ii) There exists a map S : Y → X such that 〈T (x)|y〉 = 〈x|S(y)〉 (these are
the (right) Shilov inner products) for all x, y ∈ X.

Moreover the set Al(X,Y ) consisting of maps T satisfying condition (ii) above, is
a closed subspace of B(X,Y ) which is a C∗-bimodule over the algebras Al(X) and
Al(Y ). The module actions here on Al(X,Y ) are simply composition of operators.
The Al(X)-valued inner product on Al(X,Y ) is 〈T |R〉 = SR, for T,R ∈ Al(X,Y )
where S is related to T as in (ii) above.

Proof. We leave it to the interested reader to check that any T ∈ Al(X,Y ) is
linear; that the map S in (ii) is necessarily unique and linear; that Al(X,Y ) is an
Al(Y )-Al(X)-bimodule; and that the Al(X)-valued inner product specified above
does indeed take values in Al(X). In fact the only nontrivial part of the proof
that Al(X,Y ) is a right C∗-module consists in showing that for T ∈ Al(X,Y ), (a)
T ∗T ≥ 0 in Al(X), and (b) ‖T ∗T‖ = ‖T‖2. Here T ∗ denotes the map S in (ii). In
fact (a) follows from Theorem 4.10 (2) in [10], since

〈T ∗Tx|x〉 = 〈Tx|Tx〉 ≥ 0, x ∈ X.

To prove (b) we first note that if R ∈ Al(X)+, with R = V ∗V for a V ∈ Al(X),
then

sup{‖〈Rx|x〉‖ : x ∈ Ball(X)} = sup{‖〈V x|V x〉‖ : x ∈ Ball(X)} = ‖V ‖2 = ‖R‖.

Setting R = T ∗T and using (a) we see that ‖T ∗T‖ equals

sup{‖〈T ∗Tx|x〉‖ : x ∈ Ball(X)} = sup{‖〈Tx|Tx〉‖ : x ∈ Ball(X)} = ‖T‖2.

It follows that ‖T‖ = ‖T ∗‖ as in the Hilbert space case.
(i) ⇒ (ii) This is obvious.
(ii) ⇒ (i) Suppose that T satisfies (ii). Then T ∗T ∈ Al(X) by the first part

of the proof. For x1, · · · , xn ∈ X and b1, · · · , bn ∈ B, we define R(
∑

k xkbk) =∑
k T (xk)bk. To see that R is well defined and bounded, set u =

∑
k xkbk, take

y1, · · · , ym ∈ Y and c1, · · · , cm ∈ B, and set v =
∑

k ykck. Then

〈v|
∑

k

T (xk)bk〉 =
∑
i,j

c∗j 〈yj |T (xi)〉bi =
∑

j

c∗j 〈T ∗(yj)|u〉 = 〈
∑

k

T ∗(yk)ck|u〉.(11)

Setting yk = T (xk) and ck = bk, we obtain from (11) and a Cauchy-Schwarz
inequality:

‖
∑

k

T (xk)bk‖2 ≤ ‖
∑

k

T ∗T (xk)bk‖ ‖u‖.

Now the mapping
∑

k xkbk 7→
∑

k T
∗T (xk)bk is simply the unique B-module map

on ∂X extending T ∗T ∈ Al(X) (see [10] Theorem 4.10, in conjunction with the
observation in equation (2)), and this extension has the same norm. Thus

‖
∑

k

T (xk)bk‖2 ≤ ‖T ∗T‖ ‖u‖2 = ‖T‖2 ‖u‖2.

Thus R is bounded and well defined.
Since R is bounded, it extends by density to a unique bounded B-module map

R : ∂X → ∂Y . Similarly T ∗ extends to a bounded map S : ∂Y → ∂X. We leave it
as an exercise, using (11), that R is adjointable with adjoint S, and satisfies (i). �
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As in the last proof we write T ∗ for the unique S related to T in (ii) of the
Theorem. We call such maps T relatively adjointable. Strictly speaking we should
write Arel

l (X,Y ) for what we wrote as Al(X,Y ) above, but for simplicity we have
used the shorter notation in this section. As was the case for Mrel

l (X,Y ), the space
Al(X,Y ) is only defined relative to fixed noncommutative Shilov boundaries ∂X
and ∂Y . There are frameworks in which one may remove this ‘relative’ nature, as
we shall see in the next sections.

Remarks: 1) It is easy to see that the set

{R ∈ BB(∂X, ∂Y ) : R(X) ⊂ Y,R∗(Y ) ⊂ X}

is a right C∗-module over the C∗-algebra

{R ∈ B(∂X) : R(X) ⊂ X,R∗(X) ⊂ X}.

By basic properties of ‘ternary morphisms’ mentioned in Section 4, the restriction
map from this C∗-module ontoAl(X,Y ) is a completely isometric surjective ternary
isomorphism.

2) IfW is a third operator operator space whose noncommutative Shilov bound-
ary ∂W is also a right C∗-module over the same algebra B as above, then ‘composi-
tion of operators’ is a well defined bilinear map Al(X,Y )×Al(W,X) → Al(W,Y ).

14. Multipliers relative to a superspace

In this section we consider a fairly general situation in which we can remove
some of the relative nature of spaces Mrel

l (X,Y ) and Arel
l (X,Y ) considered above.

Definition 14.1. We say that a closed subspace X of an operator space V is
a Shilov submodule if there is a noncommutative Shilov boundary (∂V, i) of V such
that the subTRO Z of ∂V generated by i(X) is a noncommutative Shilov boundary
of X, and also Z is a F(V )-submodule of ∂V . Here F(V ) is as defined in the
second paragraph of Section 4.

If X and Y are Shilov submodules of a third operator space V , then we say that
(X,Y ) is a ∂-compatible V -pair.

We will not use this, but it is not hard to see that saying that X is a Shilov sub-
module of V is equivalent to saying that there is a noncommutative Shilov boundary
(∂V, i) of V such that the smallest closed F(V )-submodule of ∂V containing i(X)
is a noncommutative Shilov boundary of X. By the universal property in Theorem
4.1, and a routine diagram chase, it is easy to see that the notion of Shilov sub-
module does not depend on the particular Shilov boundary of V considered above.
If X is a Shilov submodule of V , then we will reserve the symbol ∂X for the space
Z above. Note that ∂X is a right C∗-module over F(V ).

If (X,Y ) is a ∂-compatible V -pair, then we define X ⊕V Y to be the algebraic
sum X ⊕ Y endowed with an operator space structure by identifying it with a
subspace of C2(V ) in the canonical way. For any noncommutative Shilov boundary
∂V of V we have canonical complete isometric embeddings

X ⊕V Y ↪→ ∂X ⊕c ∂Y ↪→ C2(∂V ).

Here ∂X ⊕c ∂Y is the C∗-module sum of ∂X and ∂Y as C∗-modules over F(V ).
The second matrix norm in (iii) below is the norm on Mn(X ⊕V Y ).



36 DAVID P. BLECHER

Corollary 14.2. Let (X,Y ) be a ∂-compatible V -pair, let ∂X, ∂Y,F(V ) be
as above, and set C = F(V ). If T : X → Y is a linear map then the following are
equivalent:

(i) T is the restriction to X of a contractive right C-module map S : ∂X →
∂Y .

(ii) [〈T (xi)|T (xj)〉] ≤ [〈xi|xj〉] for all m ∈ N and x1, · · · , xm ∈ X.
(iii) For all n ∈ N and matrices [xij ] ∈Mn(X), [yij ] ∈Mn(Y ) we have∣∣∣∣∣∣∣∣[ Txij

yij

]∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣[ xij

yij

]∣∣∣∣∣∣∣∣ .
Proof. Follows from Theorem 12.1 with B = C = F(V ). �

If (X,Y ) is a ∂-compatible V -pair, then we write MV
l (X,Y ), or Ml(X,Y )

when V is understood, for the operator space Mrel
l (X,Y ) from the last section,

in the case that the noncommutative Shilov boundaries of X and Y are taken to
be subTRO’s of ∂V (as in Definition 14.1). A map in MV

l (X,Y ) will be called
a left V -multiplier from X to Y . The last theorem then identifies the unit ball
of MV

l (X,Y ). We write AV
l (X,Y ) for the C∗-bimodule in Theorem 13.1 (taking

B = F(V ) there).
The following shows that for C∗-modules, the V -multipliers coincide with the

usual important classes of maps:

Proposition 14.3. Let Y, Z be right C∗-modules over a C∗-algebra B. Set
V = Y ⊕c Z, and regard Y, Z as subspaces of V . Then (Y,Z) is a ∂-comparable
V -pair, and MV

l (Y, Z) ∼= BB(Y, Z) and AV
l (Y,Z) ∼= B(Y, Z).

Proof. Denote the closed span of the range of the canonical B-valued inner
product on Y ⊕c Z by F . In this case, as we said after Theorem 4.1, one can take
∂V = V , viewed as a right C∗-module F . Then Y, Z are also C∗-modules over
F , (Y, Z) is a ∂-comparable V -pair, and MV

l (Y,Z) ∼= BF (Y,Z) and AV
l (Y, Z) ∼=

BF (Y, Z). We now may appeal to the principle in equation (2). �

Lemma 14.4. If (X,Y ) is a ∂-compatible V -pair then ∂X ⊕c ∂Y is a noncom-
mutative Shilov boundary of X ⊕V Y .

Proof. First observe that ∂X⊕c∂Y is a left operator `∞2 -submodule of C2(∂V ).
The canonical map X ⊕V Y → ∂X ⊕c ∂Y is a complete isometry as noted above.
Inside B(∂X ⊕c ∂Y ) there is a copy of `∞2 (this is true for the sum of any two C∗-
modules). We may follow the proof in [10, Theorem A.13]: one supposes that W is
a ‘ternary ideal’ in ∂X⊕c∂Y such that the canonical mapX⊕V Y → (∂X⊕c∂Y )/W
is a complete isometry, and then one needs to show that W = (0). This is accom-
plished by letting W1 = e1W ⊂ ∂X, and W2 = e2W ⊂ ∂Y , where ei is the
‘standard basis’ for `∞2 , and showing that the canonical maps X → (∂X)/W1 and
Y → (∂X)/W2 are complete isometries. Since the reasoning is identical to that in
[10, Theorem A.13] we omit the details. �

We write εX and PX for the canonical inclusion and projection maps betweenX
and X⊕V Y . Similarly for εY and PY . These maps are restrictions of the canonical
adjointable inclusion and projection maps between the C∗-module ∂X ⊕c ∂Y and
its summands. It is clear from the definitions in Section 9 that p = εX ◦PX is a left
M -projection on X⊕V Y , onto the right M -summand X⊕0. Similarly q = εY ◦PY

is the left M -projection onto 0⊕ Y .
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For X,Y, V as above, X ⊕ {0} and {0} ⊕ Y are a ∂-compatible X⊕V Y -pair,
as may be seen using Lemma 14.4. Thus it seems that in most situations we may
assume without loss of generality that X,Y are complementary right M -summands
in V (by ‘replacing’ V by X⊕V Y , and using the observation in the last paragraph).

Conversely, if (X,Y ) is a ∂-compatible V -pair, and if also X and Y are ‘com-
plementary’ right M -summands in V , then V ∼= X ⊕V Y completely isometrically.
This is because, by one of the definitions of a right M -summand, the map

V → C2(V ) : x+ y 7→
[
x
y

]
is a complete isometry, and its range is the space X ⊕V Y defined earlier.

The next observation we make is that since the operator algebra Ml(X ⊕V

Y ) (resp. C∗-algebra Al(X ⊕V Y )) contains the two canonical complementary
projections p, q mentioned a few paragraphs above, it splits as a 2×2 matrix algebra
(resp. C∗-algebra). We first claim that the 1-1-corner is completely isometrically
homomorphic to Ml(X) (resp. Al(X)). To see this consider the map θ : Ml(X) →
Ml(X ⊕V Y ) taking T to εX ◦ T ◦ PX . This may be viewed as the restriction
to Ml(X) of the map R → ε∂X ◦ R ◦ P∂X from the space of bounded module
maps on X, to the space of bounded module maps on X ⊕c ∂Y . Thus it is a well
defined completely contractive homomorphism. From this argument, or directly,
it is easy to see that θ is completely isometric. If S = pS′p for a map S′ ∈
Ml(X ⊕V Y ), then by the Lemma 14.4 and Theorem 12.1, S′ is the restriction
to X ⊕V Y of a bounded F(V )-module map R′ on ∂X ⊕c ∂Y . Then S is the
restriction to X ⊕V Y of ε∂X ◦ P∂X ◦ R′ ◦ ε∂X ◦ P∂X . From this it is clear that
θ(PX ◦ S′ ◦ εX) = S. Thus θ(Ml(X)) = pMl(X ⊕V Y )p. If R ∈ B(X) then
ε∂X ◦ R ◦ P∂X ∈ B·(∂X ⊕c ∂Y ). Thus it is easy to argue that θ induces a ∗-
monomorphism from Al(X) onto pAl(X ⊕V Y )p.

By identical reasoning we have completely isometries from Ml(Y ), Ml(X,Y )
and Ml(Y,X) into the other three corners of Ml(X⊕V Y ). Similar assertions hold
for the Al(·) spaces.

The following is the analogue of Theorem 5.1 (iv) for left V -multipliers. It can
be stated in many forms, but perhaps the following is the most concise:

Proposition 14.5. If X,Y are complementary right M -summands of an oper-
ator space V (see the discussion after Lemma 14.4), and if (X,Y ) is a ∂-compatible
V -pair, then a linear map T : X → Y is a left V -multiplier if and only if there is a
completely isometric linear embedding of V into a C∗-algebra A, and an a ∈ Ball(A)
with Tx = ax for all x ∈ X.

Proof. (⇒) Suppose that T : X → Y is a left V -multiplier. Since MV
l (X,Y )

may be regarded as a corner of Ml(X ⊕V Y ), and since X ⊕V Y ∼= V by the
discussion after Lemma 14.4, we may regard T as a left multiplier R of V . Thus
by Theorem 5.1 (iv), there is a completely isometric linear embedding σ : V → A,
and an a ∈ Ball(A) with σ(R(x)) = aσ(x), for all x ∈ X. However R(x) = T (x).

(⇐) Similar to the corresponding part of the proof for Theorem 5.1. �

The next result generalizes Theorem 8.1, and it should be useful in the way that
Theorem 8.1 was. For example structural properties in a W ∗-module (for example
those considered in [40]) should have implications for the pair X,Y .
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Corollary 14.6. If X,Y are weak* closed Shilov submodules of a dual oper-
ator space V , then AV

l (X,Y ) is a W ∗-module. Moreover, every T ∈ AV
l (X,Y ) is

automatically weak* continuous.

Proof. To see thatAV
l (X,Y ) is aW ∗-module it suffices to show thatAV

l (X,Y )
is a dual space. However as we just saw, AV

l (X,Y ) is a ‘corner’ in Al(X ⊕V Y ).
Thus by Theorem 8.1 it suffices to show that X ⊕V Y is a dual operator space.
However this is clear since C2(V ) is a dual operator space, and X ⊕V Y is easily
seen to be weak* closed in C2(V ).

The last assertion follows from the analogous fact in Theorem 8.1, together with
the fact that the canonical inclusion and projection maps between X ⊕V Y and its
summands are weak* continuous in this case (which follows from basic operator
space theory). �

It is often useful that the adjointable maps on an operator space, or even on
a Hilbert space, are characterizable as the span of the Hermitian (i.e. self-adjoint)
ones. The following, which is essentially the principle remarked on in the paragraph
after the proof of Theorem 3.2, may be viewed as a ‘two-space’ analogue of this
fact.

Corollary 14.7. Let (X,Y ) be a ∂-compatible V -pair, set B = F(V ), and let
T : X → Y be a linear map. Then T satisfies the equivalent conditions in Theorem
13.1 if and only if there is a map S : Y → X such that the map (x, y) 7→ (S(y), T (x))
is a Hermitian in the Banach algebra Ml(X ⊕V Y ). In this case T ∗ = S.

Proof. We leave this as an exercise. The idea is very similar to the last proof
and the discussion above it. That is, using the canonical inclusion and projection
maps, we transfer the desired statement to a statement about maps between the
C∗-modules ∂X, ∂Y and ∂X ⊕c ∂Y . �

15. Multipliers and the injective envelope

We conclude this paper with some remarks and results concerning two questions
that may have occurred to the reader. The first question arises if one contrasts
Theorems 11.1 (iii) and 11.3 (vi). These results are both about maps u : W → Z,
but the main difference is in whether we consider u ⊕ IdW or u ⊕ IdZ . It is thus
natural to ask for a variant of Theorem 14.2 (iii) involving T ⊕ IdX as opposed to
T ⊕ IdY . The second question is if there is a formulation of the results in this Part
in terms of the injective envelope.

In connection with the second question, we first note that Theorem 12.1 has
a simple variant in terms of the injective envelope, valid for operator spaces X
and Y whose injective envelopes are right C∗-modules over the same injective C∗-
algebra D say. In (i) of 12.1 one simply replaces ‘∂’ by I(·), in (ii) the inner
products are valued in D, and the second norm in (iii) is the canonical norm on
Mn(I(X)⊕c I(Y )), where the direct sum is that of C∗-modules over D. The proof
of the equivalences of these revised statements (i)–(iii) is just as before (in fact
simpler, since we are not considering the case B 6= C).

There is a framework similar to the one considered in Section 14 which addresses
both questions mentioned at the start of the present section simultaneously. We
begin with the following variations on some of the definitions above. We consider
an operator space V , and fix an injective envelope (I(V ), i) of V , which is a right
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C∗-module over a C∗-algebra D = D(V ) (see the second paragraph after Theorem
4.1). We say that a pair (X,Y ) of subspaces of V is an I-compatible V -pair, if
there are two D-submodules W,Z of I(V ), such that (W, i) and (Z, i) are injective
envelopes of X.

We remark that it is easy to see that W and Z above are subTRO’s of I(V ), and
are also right C∗-modules over D(V ). We will write W as I(X), and D(X) for the
C∗-subalgebra W ∗W of D(V ). Similar notations hold for Y . Thus I(X) ⊕c I(Y )
is a right C∗-module over D(V ), and it is a subspace of C2(I(V )). We define
X ⊕V Y as we did before, and note that also X ⊕V Y ⊂ I(X)⊕c I(Y ) ⊂ C2(I(V ))
completely isometrically. Combining the facts that C2(I(V )) is an injective D-
module, Theorem 2.6 in [20], and Corollary 11.2, one may deduce that I(X)⊕cI(Y )
is also injective as an operator space.

In (i) of the next theorem, the notation I11(V ) is used precisely in the sense of
[20].

Theorem 15.1. Let (X,Y ) be an I-compatible V -pair. If T : X → Y is a
linear map, then the following are equivalent:

(i) There is an a ∈ Ball(I11(V )) such that i(Tx) = ai(x) for all x ∈ X.
(ii) T ⊕ IdV : X ⊕V V → Y ⊕V V is completely contractive.
(iii) T ⊕ IdY : X ⊕V Y → C2(Y ) is completely contractive.
(iv) There is a C∗-algebra A, a completely isometric embedding V ↪→ A, and

an a ∈ Ball(A) such that Tx = ax for all x ∈ X.
(v) T is the restriction to X of a contractive D(V )-module map S : I(X) →

I(Y ).

If, further, D(Y ) ⊂ D(X), where D(·) is as defined above, then the above conditions
are equivalent to:

(vi) T ⊕ IdX : C2(X) → Y ⊕V X is completely contractive.

On the other hand, if (X,Y ) is also a ∂-compatible V -pair, then conditions (i)–(v)
above are also equivalent to conditions (i)–(iii) in Theorem 12.1.

Proof. That (ii) implies (v) follows just as in the proof of 12.1. Namely, we
first extend T ⊕ IdV to a complete contraction I(X)⊕c I(V ) → I(Y )⊕c I(V ). We
then argue as in 12.1 that an appeal to Theorem 11.3 is justified. By this result, T
is the restriction of a D(V )-module map S : I(X) → I(Y ).

Given (v), since I(V ) is injective as a D(V )-module (see [20]), we may extend
S to a completely contractive D(V )-module map on I(V ). This yields (i) by [20,
Corollary 1.8]. That (i) implies (iv) is easy (take A = I(S(V )) in the notation of
[20]). Similarly, that (iv) implies (vi) and (iii) is easy, as in the proof that (iv)
implied (iii) in Theorem 5.1. To show that (iii) implies (v) we may proceed as in
the proof that (iii) implied (i) in Theorem 12.1 to extend T ⊕ IdY to a completely
contractive left `∞2 -module map I(X)⊕c I(Y ) → C2(I(Y )). Using rigidity as before
it follows that this map is of the form S ⊕ IdI(Y ) for a map S : I(X) → I(Y ). By
Theorem 11.1, S is a D(V )-module map as in the last paragraph.

That (vi) implies (v) follows just as in the proof of 12.1. Namely, we extend
T ⊕ IdX to a complete contraction C2(I(X)) → I(Y )⊕c I(X), and argue as in 12.1
that an appeal to Theorem 11.3 is justified. By this result T is the restriction of
a D(X)-module map S : I(X) → I(Y ). By the observation in equation (2), S is a
D(V )-module map.
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Clearly S above is also a F(V )-module map, where F(V ) is as in the second
paragraph below Theorem 4.1. If further (X,Y ) are a ∂-compatible V -pair, then

S(xf) = S(x)f ⊂ Y F(V ) ⊂ ∂Y,

for x ∈ X, f ∈ F(V ). Thus the restriction of S to ∂X maps into ∂Y, giving (i)
of Theorem 12.1. Conversely, small variation of the proof that (i) implies (iii)
in Theorem 12.1 also shows that (i) of Theorem 12.1 implies (iii) of the present
theorem. �

The following is a special case.

Corollary 15.2. Let X,Y be subspaces of an operator space V . Consider the
properties: (a) Some noncommutative Shilov boundary (∂V, i) of V is a noncommu-
tative Shilov boundary of X and of Y too; and (b) Some injective envelope (I(V ), i)
of V is an injective envelope of X and of Y too. If T : X → Y is linear, and if
(b) holds, then conditions (i)–(v) in the previous theorem are equivalent for T . If
(a) holds then (b) holds, and the equivalent conditions in the previous theorem are
equivalent to

(vi) There is a contractive right module map R : ∂V → ∂V such that R(i(x)) =
i(T (x)) for all x ∈ X.

Proof. It is easy to check by routine diagram chases that the word ‘Some’ in
(a) and (b) may be replaced by ‘Every’.

If (b) holds then (X,Y ) are an I-compatible V -pair and we obtain the equiva-
lence of (i)-(v) from the last theorem.

Suppose that (a) holds. In this case (X,Y ) is clearly a ∂-compatible V -pair.
If (I(V ), i) is any injective envelope of V , and if T (V ) is the subTRO of I(V )
generated by V , then we know from Section 4 that (T (V ), i) is a noncommutative
Shilov boundary of V . By the ‘rigidity property’ mentioned below Theorem 4.1
it is fairly clear that I(V ) is an injective envelope of T (V ). Thus (T (V ), i) is a
noncommutative Shilov boundary of X. If we repeat this for X, we see that any
injective envelope I(X) of X is the injective envelope of the subTRO T (X). By
the universal property of the noncommutative Shilov boundary T (X) is completely
isometric via a ternary isomorphism to T (V ), and by a routine diagram chase this
isomorphism extends to a completely isometric ternary isomorphism between I(X)
and I(V ). It follows again by a routine diagram chase that I(V ) is an injective
envelope for X, yielding (b). Then the equivalence with (iv) follows from Theorem
14.2. �

We next claim that the discussion in the paragraphs between Lemma 14.4 and
Proposition 14.5 above, is also valid for I-compatible V -pairs. To see this one needs
the following result:

Lemma 15.3. If (X,Y ) is an I-compatible V -pair then I(X) ⊕c I(Y ) is an
injective envelope for X ⊕V Y .

Proof. We remarked earlier (above Theorem 15.1) that I(X) ⊕c I(Y ) is in-
jective. It suffices, by one of the equivalent definitions of the injective envelope
[37, 60], to show that if P is a completely contractive projection on I(X)⊕c I(Y )
which restricts to the identity on X⊕V Y , then P is the identity map. If εX , PX are
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as in the discussion below Lemma 14.4, then PI(X) ◦P ◦εI(X) is a complete contrac-
tion on I(X) which restricts to IdX . By the rigidity property of the injective enve-
lope (see Section 4), PI(X) ◦P ◦εI(X) = IdI(X). Similarly PI(Y ) ◦P ◦εI(Y ) = IdI(Y ).
Since P 2 = P , by pure algebra we must conclude that PI(Y ) ◦ P ◦ εI(X) and
PI(X) ◦ P ◦ εI(Y ) are zero. Thus P = Id. �

Since (by the Lemma) the discussion in the paragraphs after Lemma 14.4 trans-
fers to the present setting, it is easy to check that the conclusions of Corollary 14.6
are true for I-compatible V -pairs too.

There is another characterization of left V -multipliers which is also analogous
to the formulation of left multipliers in [20]. To state this characterization we
suppose that (X,Y ) is an I-compatible V -pair. For simplicity we also suppose that
D(Y ) ⊂ D(X) (if this is not the case, then replace all occurrences of D(X) below
by D(V )). We then have as above that I(X) and I(Y ) are right C∗-modules over
D(X), and hence also over the C∗-algebra multiplier algebra M(D(X)). The latter
C∗-algebra is injective too, by [20, Corollary 1.8]. Indeed M(D(X)) ∼= I22(X) in
the language of [20]; and henceforth we shall just write I22 for M(D(X)). We
consider the ‘generalized linking C∗-algebra’ A = BI22(I(Y )⊕c I(X)⊕c I22). With
respect to the canonical diagonal projections corresponding to the identities of
B(I(Y )),B(I(X)) and I22 respectively, A may be written as a 3 × 3 matrix C∗-
algebra, whose k-`-corner we write as Ik`, for k, ` ∈ {0, 1, 2}. Clearly I02 = I(Y )
and I12 = I(X). In fact one can show using facts in [38] that A, and consequently
also each Iij , is injective. We will not use this here however, and therefore we omit
the proof of this. We write i and j for the canonical maps from Y and X into I02
and I12 respectively.

Theorem 15.4. Suppose that (X,Y ) is an I-compatible V -pair. Then a linear
map T : X → Y satisfies conditions (i)–(v) in Theorem 15.1 if and only if there
exists an element a ∈ I01 such that i(Tx) = aj(x) for all x ∈ X.

Proof. By [20, Corollary 2.7 (iii)] and the principle in equation (2),

I01 ∼= BI22(I(X), I(Y )) = BI22(I(X), I(Y )) = BD(V )(I(X), I(Y )).

The result is clear from this and Theorem 15.1 (v). �

This result, and the matching part of Theorem 15.1, may also be proved by a
variation of the proof given in [54] of the analogous assertion for Ml(X).

It should be interesting and useful to extend other known results about Ml(X)
and Al(X) (for example those in [25]) to the case of two spaces X and Y .
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