Section 7.5 — The Normal Distribution
Section 7.6 — Application of the Normal Distribution

A random variable that may take on infinitely many values is called a continuous
random variable.

A continuous probability distribution is defined by a function f called the probability
density function.

The probability that the random variable X associated with a given probability density
function assumes a value in an interval a < x < b is given by the area of the region

between the graph of f and the x-axis from x =ato x = b.

The following graph is a picture of a normal curve and the shaded region is

P(a< X <h). P CZ «Z)&"’ .z_ Anlle
P(2>2)=Y(2 <-2)
= | — ?CZ< 2)

m<=an a

PlAl 2 <5y = P (<) - P(2 4a)

Note: P@<X<b)=P(a<X<b)=P(a<X<b)=P(a<X<h),since the area under
one point is 0. The area of the region under the standard normal curve to the left of
some value z, i.e. P(Z <z) or P(Z < z), is calculated for us in the Standard Normal
Cumulative Probability Table found in Chapter 7 of the online book.

Standard Noxwel (Meam )P =D (s =1
X~ N(o))
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Normal distributions have the following characteristics:

1. The graph is a bell-shaped curve.

The curve always lies above the x-axis but approaches the x-axis as x extends indefinitely
in either direction.

2. The curve has peak at x = 4. The mean, «, determines where the center of the curve
is located.

3. The curve is symmetric with respect to the vertical line x = 4.

4. The area under the curve is 1.

5. o determines the sharpness or the flatness of the curve.

6. For any normal curve, 68.27% of the area under the curve lies within 1 standard

deviation of the mean (i.e. between x—o and u+ o), 95.45% of the area lies within 2

standard deviations of the mean, and 99.73% of the area lies within 3 standard deviations
of the mean.

The Standard Normal Variable will commonly be denoted Z. The Standard Normal
Curve has ¢ =0and o =1.

Example 1: Let Z be the standard normal variable. Find the values of:

a. P(Z<-191) — 0-018\
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b PZ>05) = | - ?C‘z 40._§) = |- 0.6\S
| = 0 MES
GK PC‘E(’.O-Q):D«%OQS’

c. P(-1.65<Z<2.02)

- P(2<202) - P(Z £V6S)
= 0.918y — 6. 0 4ag
= 09284

Example 2: Let Z be the standard normal variable. Find the value of z if z satisfies:

a. P(Z< -‘z) =0.9495 &~ Anb\e

-2 = le4 5 2z=-164
b. P(Z>2) = 0.9115 ?(_-27 Z) = \ - P(—EL?)
-\ = S\ = |=O0.QA W\ = 0.088¢
P(2<2):=\- P(2D2)=1-0 iy

?C_2 4‘232 OMNE Lo 18 =53 =128
C. P(-z<Z<z):o;3444
Formula: P(Z <2) =%[1+ P(-z<Z<7)]

fG22)- 1 [+PC2<4 2&)}} .121|+o.z444]

VL? ()= 5.9 222
2- .40
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When given a normal distribution in which =0 and o =1, we can transform the
normal curve to the standard normal curve by doing whichever of the following applies.

Z<b__ﬂj M= T [} wawm

° T &4

P(X<b)= P(

P(X>a) = P(Z > a_”j

o

Pla<X<b)= P[a_’u<2<b_—’u)

(o} (o}

Example 3: Suppose X is a normal variable with =7 and o =4. Find P().(~>-1.35).
POrY-13s)= P(27 ""'52' )P (27-209)
P (2>-208)= P(2<2:08) = 0.981

ZP(R2Y-2.88) -\ - P(2<-2-08) = \-0.0188 = 0.981L

Applications of the Normal Distribution

Example 4: The heights of a certain species of plant are normally distributed with a mean
of 20 cm and standard deviation of 4 cm. What is the probability that a plant chosen at

random will be between 10 and 33 cm tall?
M=20 V=4

Plo < XL2d) - P20 < 2 < a;-—z‘o)

4 A
- P25 €24 325)

= P(2¢32) - Y(Z <25)
= 0.9%%4 - 0. 0062 =04937
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Example 5: Reaction time is normally distributed with a mean of 0.7 second and a
standard deviation of 0.1 second. Find the probability that an individual selected at

random has a reaction time of less than 0.6 second.
p-0F V=0 |

P(X408) -7 2b0%
-::—?(_24."'\) =0.l§%q—

Approximating the Binomial Distribution Using the Normal Distribution

Theorem

Suppose we are given a binomial distribution associated with a binomial experiment
involving n trials, each with probability of success p and probability of failure g. Then if
n is large and p is not close to 0 or 1, the binomial distribution may be approximated by a

normal distribution with 2 = npand o = \/npq .

Example 6: Consider the following binomial experiment. Use the normal distribution to
approximate the binomial distribution. A company claims that 42% of the households in
a certain community use their Squeaky Clean All Purpose cleaner. What is the
probability that between 15 and 28, inclusive, households out of 50 households use the

cleaner? n S-D P 049_ av‘_ \- ? 0 S%

M= nP=50(042>= 2\ o= \apy= Yoppm)(nsd)

‘f(\s L K & 28)

~P(as LY £ 295) N M
. S-2) < 2 £ 285

:? 2 49

= P(- 196 & 2L 2NS)

= V(2429 '%4\@,6) 0°\941—0.03\4
P(24215) - Y ( 09 2
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n: (20 ‘P: O_kg- VV':- \""P‘:- Olr
M= np= 1200¥D= 30 G AP A20070020) =414

Example 7: Use the normal distribution to approximate the binomial distribution. A
basketball player has a 75% chance of making a free throw. She will make 120 attempts.
What is the probability of her making:

a. 100 or more free throws? ] w
P (x> 00) - /4

= PCY 799C) A9
~ PLN> A0 C) =¥ (2« -2 00)

- P(7) T < o0na

- 4.14
=P (2 200) o\ — PLPL2D
b. fewer than 75 free throws? = \- 0.9 ?'\,‘2 = 0. 0228

P(Xe®Fs)
=PI &%) //%;L —
= P (¥ < 74¢) 4

— D _ —
=Py < ':"2""?‘?,3) - P(2<€-2.2%) =0.0008

Example 8: Use the normal distribution to approximate the binomial distribution. A die
is rolled 84 times. What is the probability that the number 2 occurs more than 11 times?

n=8¢ P=Y¢ V=%
M= np = 84(3):|a G=ea 1 = 2AISH

pIX> 1)
_ Pz S =R > 1)
_ ?627 _]_LC— \ﬂ //

24y 12
- (V)
- P(27 —073) - (2403w
ggg::gﬂ ;:g:;gil?c%imilsz;szﬁfﬁé?%al Distribution - 0_:"6 -1 b °

& = 1-P(2%«0)-1-0.2323= 01633



