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Separable Equations

Definition

A first order differential equation y' = f(x,y) is a separable equation if
the function f can be seen as the product of a function of z and a
function of y. This means we can factor f to write

f(x,y) = p(x)h(y),

where p and h are continuous on some domain in the zy-plane.
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Separable Equations

The solution method will be based on writing

y' = p(z)h(y)
h(ly)y’ = p(x).

1
Letting q(y) = W)’ we can write our equation as

q(y)y' = p(z).

University of Houston Math 3321 Lecture 04

4/19



Separable Equations

The solution method will be based on writing

y' = p(z)h(y)

as )
/
Yy =p(z).
h(y)
1
Letting q(y) = W)’ we can write our equation as

q(y)y' = p(z). (1)

Possible Singular Solutions

Anytime we divide by a function, we must be careful about the
possiblilty of division by 0. In this case, we must be sure that h(y) # 0.
If r is a real number such that h(r) = 0, we may have y =r as a
singular solution to the differential equation.
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Separable Equations

When we write
y =
dx’
which we are interpretting as “differential 4” divided by “differential
x”, we can write

a(y)y' = p(x)
o) L = pla).

Multiplying both sides by dz gives us the equation
q(y)dy = p(x)da.

This is the inspiration for calling these separable differential equations.
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Solution Method for Separable Equations

Solving 4 = p(z)h(y):

Our steps are as follows:

1. Identify: Can we write the given equation in the form (1) If yes,
do so. Emphasizing that y = y(z), equation (1) is
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Solution Method for Separable Equations

Solving y' = p(z)h(y):

2. Integrate with respect to x:

which can also be written
[ awis= [ s@yiz+c

by setting y = y(x) and dy = y/(x)dz. Now, assume P to be an
antiderivative for p and () an antiderivative of g, then we have

Qy) = P(z) + C. (2)
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Solution Method for Separable Equations

Definition

Equation (2) defines a one-parameter family of curves called the
integral curves of equation (1). In general, equation (2) defines y
implicitly as a function of x. Such a family gives the general solution of

(1). However, when @ is invertible, it is preferable to solve for y as a
function of x explicitly.
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Examples of Solving Separable Equations
r—>5
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Examples of Solving Separable Equations

z—5
1.y =
y2
vy = (-5
/dey = /(ac—f))dx

1 1

gyg = 51’2 — bz + C

y = {/322—152+C
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Examples of Solving Separable Equations

y—1
2. ¢ =
4 T+ 3
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Examples of Solving Separable Equations

We set aside the solution y = 1. This may or may not be a singular
solution. Under the assumption that y # 1, we have

y o 1
y—1 ~— 743
/ylldy = z—igdx
Injy—1 = Injz+3|+C
y—1 = e“(z+3)
y—1 = =C(z+3)

y = Cz+3)+1
Note that y = 1 is a particular solution not a singular one.
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Examples of Solving Separable Equations
T +3
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Examples of Solving Separable Equations

, T+ 3
y—1

;y(=1) =4

We first find the general solution of ' = Z—f{)

(y—1)y = z+3

/(y—l)dy _ /(:Jc—l—?))dx

%y2—y = %x2—|—3x+0

Note that y is only defined implicitly.
To find the particular solution, we set x = —1,y = 4 into the equation.

L 1 13
IVP Solution: %yz—y: %m2+3m+1§3
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Examples of Solving Separable Equations

4. o =y — ye*
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Examples of Solving Separable Equations
4.y = xy — ye®
We first do variable separation on

Y =azy—ye® =y(z — ")

Under the assumption that y # 0, we write

/

L = g-¢

Yy

/;dy = /(x—ex)dx
Inly] = §—-¢"+C
x
yl = 3o
~ T

y = Celz7e)
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Examples of Solving Separable Equations

- ,_xy2—41‘
SY=arr
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Examples of Solving Separable Equations

xy? — dx

r_
5.y = P

We first do variable separation on

;o ayt—dr z(y? —4)
2244 2244

Under the assumption that y # +2, we write

y _ z
y2—4 T 244

/yhdy = /de

/(1/4—1/4)dy = lm@?+4)+0C

y—2  y+2
i|E2 = Jn(@*+4)+C

We next exponentiate both sides
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Examples of Solving Separable Equations

1ln|y+2| = llm@*+4)+C
|7|1/4 _ ec(x2+4)1/2
’y+2‘ _ 640 (x2 + 4)2
2 = K (2’ +4)?
y—2 = (y+2)K (2% +4)% = yK (2 +4)* + 2K (2 + 4)°
y—yK(z?+4)? = 242K (2® 4 4)*
242K (2%+4)?
Y = TRK@=+97
Note that y = 2 is a particular solution, not a singular one; y = —2 is

a singular solution.
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