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Systems of Linear Differential Equations

Let aq1(t), aia(t), ..., ann(t), and bi(t), ba(t), ..., by(t) be
continuous functions on the interval I.
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Systems of Linear Differential Equations

Let ay1(t), aia(t), ..., ann(t), and bi(t),
continuous functions on the interval I.

ba(t), ..., b(t) be

The system of n first-order linear differential equations

vy = an(t)rr +app(t)rs +---
zy = ag(t)x1 +ag(t)rs + -
x, = an1(t)ry + apa(t)ze + -

is called a first-order linear differential
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+ a1p(t)zy + b1(t)
+ agn(t)zn + ba(t)

+ apn (t)zy, + by (t)

system.
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Systems of Linear Differential Equations

Let aq1(t), aia(t), ..., ann(t), and bi(t), ba(t), ..., by(t) be

continuous functions on the interval I.

The system of n first-order linear differential equations

.CC/1 = all(t)xl + alg(t).fvg + -+ aln(t)xn + by (t)
xh = a1 (t)x1 + aga(t)re + - + agn(t) s + ba(t)
Ty, = an1(t)r1 + an2(t)z2 + -+ ann(t)zn + bu(t)

is called a first-order linear differential system.

The system is homogeneous if

b1 (t) = bg (t)

- =by(t)=0 on I.

It is nonhomogeneous if the functions b;(t) are not all identically
zeroon 1.
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Systems of Linear Differential Equations

Set
an(t) alg(t) e aln(t)
A(t) _ agl(t). ago (t) .. -‘ a9y, (t)
an1(t) ana(t) -+ apn(t)
and
T bl (t)
| b(t) = ba (1)
i bu(t)
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Systems of Linear Differential Equations

Set
an(t) alg(t) e aln(t)
A(t) _ agl(t). ago (t) .. -‘ a9y, (t)
an1(t) ana(t) -+ apn(t)
and
T bl (t)
| b(t) = by(t)
i bu(t)

The first-order linear differential system can be written in the
vector-matrix form

' = A(t) x + b(t). (S)
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Systems of Linear Differential Equations

In the first-order linear differential system
o' = A(t)z +b(t), (S)

the matrix A(t) is called the matrix of coefficients or the
coefficient matrix.

The vector b(t) is called the non-homogeneous term, or forcing
function.
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Systems of Linear Differential Equations

In the first-order linear differential system
o' = A(t)z +b(t), (S)

the matrix A(t) is called the matrix of coefficients or the
coefficient matrix.

The vector b(t) is called the non-homogeneous term, or forcing
function.

If b = 0, we have a homogeneous first-order linear differential system
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Systems of Linear Differential Equations

A solution of the linear differential system

o' = A(t) + b(t),

is a differentiable vector function

z1(t)
z2(t)
x(t) = :
T (t)
that satisfies (S) on the interval I.
University of Houston Math 3321
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Systems of Linear Differential Equations

Example 1:
xh = a1 + 219 — 5

1:'2 =3x1 + 229 + 3e2t
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Systems of Linear Differential Equations
Example 1:

xh = a1 + 219 — 5
! 2t
Ty = 3x1 + 229 + 3€

We can write the system in matrix form as

T ! 1 2 T —5e?t

= + 2

9 3 2 To 3e
A —5e?t
T3 2 )" 3e2t

or
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Systems of Linear Differential Equations
Example 1:
xh = a1 + 219 — 5

1:'2 =3z + 222 + 3e2t

We can write the system in matrix form as

T ,_ 1 2 T " —5e?t
x /0 \ 3 2 9 3e2t
A —5e?
T3 2 )" 3e2t

2t
We will show that x(t) = < 5 Z% ) is a solution.
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Systems of Linear Differential Equations

By taking the derivative of x(t), we obtain

v = (o )
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Systems of Linear Differential Equations
By taking the derivative of x(t), we obtain
—2¢%
0= ( o)
Next, substituting x(¢) into the system we obtain
;o 1 2 —e2t n —5et
v 3 2 2 2t 3e?t
—e%t 4 4% —5e2t
- ( —3e? 4 22 > + ( 3e?t >

—262t
- (i)
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Systems of Linear Differential Equations

By taking the derivative of x(t), we obtain
—2¢%
0= ( o)
Next, substituting x(¢) into the system we obtain
;o 1 2 —e?t n —5e?t
v 3 2 22 3e?t
—e%t 4 4% —5e2t
- ( —3e? 4 22 > * ( 3e2t >
—262t
- ()
This shows that z(t) is a solution.
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Systems of Linear Differential Equations

Example 2:

:L'll =3x1 —x9 — T3
:C'Q = —2x1 + 329 + 223

xé =4dx1 — x9 — 223
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Systems of Linear Differential Equations

Example 2:

:L'll =3x1 —x9 — T3

:C’Q = —2x1 + 323 + 273
/

T3 = 4x1 — T2 — 273

We can write in matrix form as

I 3 -1 -1 I

) — —2 3 2 T2

T3 4 -1 -2 T3

or
3 -1 -1
= -2 3 2 |z
4 -1 =2
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Systems of Linear Differential Equations

We will show by substitution into the systeem that

€3t
z(t)=| —e¥
€3t
is a solution.
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Systems of Linear Differential Equations

We will show by substitution into the systeem that

is a solution.

By taking the derivative of z(t), we obtain

d €3t 363t
2 (t) = p —e3t | =1 =3&% | =3x(t)
€3t 3€3t
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Systems of Linear Differential Equations

By substitution of z into the system of equations, we obtain

3 -1 -1 et
= -2 3 2 —e3t

4 -1 =2 et
(34+1—1)ed

= (—2—3+2)e
(441 —2)ed
36375

= —3e3 | =32(t)
3e3t
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Systems of Linear Differential Equations

By substitution of z into the system of equations, we obtain

3 -1 -1 et
= -2 3 2 —e3t

4 -1 =2 et
(34+1—1)ed

= (—2—3+2)e
(441 —2)ed
36375

= —3e3 | =32(t)
3e3t

Hence, z is a solution of the system of linear differential equations.
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Systems of Linear Differential Equations

Systems of linear differential equations share most properties of regular
linear differential equations.

a1 (t) bi(t)
Let x(t) = ... | and b(t) = ... | be differentiable vector
Tn(t) bn (1)
functions, A(t) be a n x n matrix of continuous functions and ¢ be a
constant n-vector. The initial-value problem

¥ =A(t)z +bt), =z(ty) =c

has a unique solution = = z(t).
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Higher-Order Linear Differential Equations

One major reason for studying systems of linear differential equations
is their application to solve higher order linear differential equations.

An n*" order linear equation can be converted into a system of n first
order linear equations.
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Higher-Order Linear Differential Equations

Consider the homogeneous second order differential equation

Y +pt)y +q(t)y=0

To convert to a system of 2 first order linear equations, we proceed as
follows

University of Houston Math 3321 Lecture 22 14 /24



Higher-Order Linear Differential Equations

Consider the homogeneous second order differential equation

Y +pt)y +q(t)y=0

To convert to a system of 2 first order linear equations, we proceed as
follows

1. Solve for 3"

University of Houston Math 3321 Lecture 22 14 /24



Higher-Order Linear Differential Equations

Consider the homogeneous second order differential equation

Y +pt)y +q(t)y=0

To convert to a system of 2 first order linear equations, we proceed as
follows
1. Solve for 3"
' =—q(t)y —p(t)y

2. Introduce new dependent variables x1, xo, as follows:

rr =Y

zo =) (=)
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Higher-Order Linear Differential Equations

3. Now we can write the second order differential equation as the

system : /
(2)=( a0 o) (5)
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Higher-Order Linear Differential Equations

3. Now we can write the second order differential equation as the

system : /
(2)=( a0 o) (5)

Note: this system is just a special case of the “general” homogeneous system
of two, first-order differential equations:

(o) = (ol ey ()

or
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Higher-Order Linear Differential Equations

3. Now we can write the second order differential equation as the

system : /
(2)=( a0 o) (5)

Note: this system is just a special case of the “general” homogeneous system
of two, first-order differential equations:

(o) = (ol ey ()

or

NOTE: We will learn in the next lecture how to find the solution of
homogeneous systems first-order differential equation.
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Higher-Order Linear Differential Equations

Example: 3" -5y +6y=0
Following the approach presented above, we introduce new dependent
variables x1, xo, as follows:

1 =Y

=2 (=)
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Higher-Order Linear Differential Equations

Example: 3" -5y +6y=0
Following the approach presented above, we introduce new dependent
variables x1, xo, as follows:

1 =Y

z2 =121 (=)

Hence we obtain the system:

(2)-(4)(2)
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Higher-Order Linear Differential Equations

Example: 3" -5y +6y=0

Following the approach presented above, we introduce new dependent

variables x1, xo, as follows:

1 =Y

=2 (=)

Hence we obtain the system:

T ,_ 0 1 T

T2 o —6 5 T2
We claimzzuhat o
_ e oo 1 _ e st 1
t= (o )= () o= (i )= (5)

are solutions of the linear system
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Higher-Order Linear Differential Equations

This is verified by substitution

d et
Z/:dt<262t > =2z
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Higher-Order Linear Differential Equations

This is verified by substitution

0 1 e2t B 2¢e2t _ 2¢e2t _
6 5 2¢2t ) T\ —6e2t 1102 ) T\ 4e2t ) T 7
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Higher-Order Linear Differential Equations

This is verified by substitution

Also

0 1 e2t B 2¢e2t _ 2¢e2t _
6 5 2¢2t ) T\ —6e2t 1102 ) T\ 4e2t ) T 7
2t

This shows that z = ( 2221: ) = et < ; > is a solution.
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Higher-Order Linear Differential Equations

This is verified by substitution

d et
Z/:dt<262t > =2z

0 1 e2t B 2¢e2t _ 2¢e2t _
6 5 2¢2t ) T\ —6e2t 1102 ) T\ 4e2t ) T 7

et 1
This shows that z = ( ) = 2t < 5 > is a solution.

Also

2€2t

A very similar calculation shows that w is also a solution.
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Higher-Order Linear Differential Equations

By computing the Wronskian of z and w, we find

€2t e3t

W(z,w) = 962t 33t

=e” #£0,

2t 3t
SO 2z = ( 92t ) , W= < 323t ) are linearly independent solutions of

the system
I ! . 0 1 I
T2 o —6 5 T2
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Higher-Order Linear Differential Equations

By computing the Wronskian of z and w, we find

€2t e3t

W(z,w) = 962t 33t

=e” #£0,

2t 3t
SO 2z = ( 92t ) , W= < 323t ) are linearly independent solutions of

the system
I ! . 0 1 I
T2 o —6 5 T2

It follows that the general solution of the system is

6275 6315
I’(t) = Cl < 26225 ) +C2 < 3e3t >
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Higher-Order Linear Differential Equations

By computing the Wronskian of z and w, we find

€2t e3t

W(z,w) = 962t 33t

=e” #£0,

o2t o3t
SO 2z = ( 92t ) , W= < 303t ) are linearly independent solutions of

the system
I ! . 0 1 I
T2 o —6 5 T2

It follows that the general solution of the system is

6275 6315
I’(t) = Cl < 26225 ) +C2 < 3e3t >

Since y = x1, then y(t) = C1e? 4 Coe? is the fundamental solution of
the original second order linear equation.
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Higher-Order Linear Differential Equations

Consider the homogeneous third order differential equation

y" +p)y" +qt)y +r(t)y =0

To convert to a system of 3 first order linear equations, we proceed as
follows
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Higher-Order Linear Differential Equations

Consider the homogeneous third order differential equation

y" +p)y" +qt)y +r(t)y =0

To convert to a system of 3 first order linear equations, we proceed as
follows

1. Solve for 7"
y" = —r(t)y —qt)y —p(t)y"
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Higher-Order Linear Differential Equations

Consider the homogeneous third order differential equation

y" +p)y" +qt)y +r(t)y =0

To convert to a system of 3 first order linear equations, we proceed as
follows

1. Solve for 7"
y" = —r(t)y —a(t)y —p(t)y"
2. Introduce new dependent variables x1, xo, x3, as follows:

=Yy
Ty =17 (= y')

T3 =I5 (= y")

University of Houston Math 3321 Lecture 22 19 /24



Higher-Order Linear Differential Equations

3. We write the third order differential equation as the system

That is

University of Houston

x1:$2
$2:$3

ry = —r(t)r1 — q(t)rs — p(t)x3

x/l =0x1 + Lo + Ox3
x'2 =0x1 + 029 + 123

/

w3 = —r(t)ry — q(t)r2 — p(t)xs
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Higher-Order Linear Differential Equations

3. We write the third order differential equation as the system

‘Tl = $2

$2 = .',U3

gy = —r(t)ry — q(t)r2 — p(t)xs
That is

x/l =0x1 + Lo + Ox3
x'2 =0x1 + 029 + 123

/

w3 = —r(t)ry — q(t)r2 — p(t)xs

In vector-matrix form:

/

T 0 1 0 I

T9 = 0 0 1 T9

3 —r(t) —q(t) —p(t) 3
University of Houston Math 3321 Lecture 22

20 /24



Higher-Order Linear Differential Equations

As in the case of 2 equations and 2 unknowns, we note that the system

in the last slide is a special case of the “general” system of three,
first-order differential equations:

1\’ a11(t) ai2(t) ais(t) T
T =1 a21(t) a2(t) as(t) 9
L3 agl(t) aso (t) ass (t) T3

or in vector-matrix form:
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Higher-Order Linear Differential Equations

Example
y/// o Sy// o 4y/ + 12y — O
After introducing variables x1, x2, x3, in can be written as
=Y
xo =1 (=Y)

x3 =y (=)
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Higher-Order Linear Differential Equations

Example
y" —3y" — 4y + 12y = 0.
After introducing variables x1, x2, x3, in can be written as
r1 =Y
xy =2y (=)
x3 = a5 (=y")

In vector-matrix form:

I 0 1 0 I
) = 0 0 1 )
T3 -12 4 3 T3
or
0 1 0
2 = Az, where A= 0 01
—12 4 3
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Higher-Order Linear Differential Equations

We can show that the following vector functions

6375 1 th 1
u=| 33 | =¥ 3 |, v=| 2% | =¢e*| 2
9e3t 9 4e?t 4
e2t 1
w=| 2% | = 2| —
42t 4

are
@ solutions of the linear system;
o linearly independent.

Hence
1 1 1
x(t) = 0163t 3 + 0262t 2 + 036721‘/ 2
9 4 4

is the general solution of the system.
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Higher-Order Linear Differential Equations

The method presented above to convert a homogeneous second and
third order linear differential equation into a system of linear
differential equations of first order extends to homogeneous linear
differential equation of any order.
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Higher-Order Linear Differential Equations

The method presented above to convert a homogeneous second and
third order linear differential equation into a system of linear
differential equations of first order extends to homogeneous linear
differential equation of any order.

Using the same idea, a homogeneous linear differential equation of
n-order can be transformed into a system of n linear differential
equations of first order.
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