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Systems of Linear Differential Equations

Let aq1(t), aia(t), ..., ann(t), and bi(t), ba(t), ..., by(t) be
continuous functions on the interval I.
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Systems of Linear Differential Equations

Let ay1(t), aia(t), ..., ann(t), and bi(t),
continuous functions on the interval I.

ba(t), ..., b(t) be

The system of n first-order linear differential equations

vy = an(t)rr +app(t)rs +---
zy = ag(t)x1 +ag(t)rs + -
x, = an1(t)ry + apa(t)ze + -

is called a first-order linear differential

University of Houston Math 3321

+ a1p(t)zy + b1(t)
+ agn(t)zn + ba(t)

+ apn (t)zy, + by (t)

system.
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Systems of Linear Differential Equations

Let aq1(t), aia(t), ..., ann(t), and bi(t), ba(t), ..., by(t) be

continuous functions on the interval I.

The system of n first-order linear differential equations

.CC/1 = all(t)xl + alg(t).fvg + -+ aln(t)xn + by (t)
xh = a1 (t)x1 + aga(t)re + - + agn(t) s + ba(t)
Ty, = an1(t)r1 + an2(t)z2 + -+ ann(t)zn + bu(t)

is called a first-order linear differential system.

The system is homogeneous if

b1 (t) = bg (t)

- =by(t)=0 on I.

It is nonhomogeneous if the functions b;(t) are not all identically
zeroon 1.
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Systems of Linear Differential Equations

Set
an(t) alg(t) e aln(t)
A(t) _ agl(t). ago (t) .. -‘ a9y, (t)
an1(t) ana(t) -+ apn(t)
and
T bl (t)
| b(t) = ba (1)
i bu(t)
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Systems of Linear Differential Equations

Set
an(t) alg(t) e aln(t)
A(t) _ agl(t). ago (t) .. -‘ a9y, (t)
an1(t) ana(t) -+ apn(t)
and
T bl (t)
| b(t) = by(t)
i bu(t)

The first-order linear differential system can be written in the
vector-matrix form

' = A(t) x + b(t). (S)
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Homogeneous Systems of Linear Differential Equations

A homogeneous systems of linear differential equations has the form

xll = au(t):cl + CL12(t).’L'Q + .-
xé = as1 (t):El + agz(t)l'g + ..
= an(t)xr + apna(t)za + - -

or, in matrix form,
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+ a1 (t)xn(t)
+ agp (t)xn(t)

+ apn ()20 (t)
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Homogeneous Systems of Linear Differential Equations

A homogeneous systems of linear differential equations has the form

x’l = au(t)$1 + alg(t).’L'Q + -+ aln(t)xn(t)
zh = agi(t)z1 + ag(t)re + - - + ag(t)zy(t)
z, = api(t)z1 + ap2(t)z2 + - 4 apn(t)zn(t)

or, in matrix form,

= A(t)z. (H)
0
Note: The zero vector z(t) = | : is a solution of (H).

0
This solution is called the trivial solution.

University of Houston Math 3321 Lecture 23 5/29



Homogeneous Systems of Linear Differential Equations

The following results generalize properties of standard homogeneous
linear differential equations
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Homogeneous Systems of Linear Differential Equations

The following results generalize properties of standard homogeneous
linear differential equations

Theorem

If 1 and 2 are solutions of (H), then uw =z + 25 is also a solution
of (H); the sum of any two solutions of (H) is a solution of (H).
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Homogeneous Systems of Linear Differential Equations

The following results generalize properties of standard homogeneous
linear differential equations

Theorem

If 1 and 2 are solutions of (H), then uw =z + 25 is also a solution
of (H); the sum of any two solutions of (H) is a solution of (H).

Theorem

If = is a solution of (H) and a is any real number, then u=ax is

also a solution of (H); any constant multiple of a solution of (H) is a
solution of (H).
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Homogeneous Systems of Linear Differential Equations

More generally, we have the following result.

If z1, x9, ..., xp are solutions of (H), and if Cj, Cq, ..., Cf are
real numbers, then

Ciz1 + Coxa + - - - + Crag,

is a solution of (H); any linear combination of solutions of (H) is also a
solution of (H).
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Homogeneous Systems of Linear Differential Equations

Recall that a set of vectors wi(t), wa(t),. .., wn(t) is linearly dependent

on [ if there exist m real numbers ¢, co, ..., ¢y, not all zero,
such that

crwi (t) + cowa(t) +- - + cpwp(t) =0 on I.
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Homogeneous Systems of Linear Differential Equations

Recall that a set of vectors wi(t), wa(t),. .., wn(t) is linearly dependent
on [ if there exist m real numbers ¢, co, ..., ¢y, not all zero,
such that

crwi (t) + cowa(t) +- - + cpwp(t) =0 on I.

Let v1(t), va(t), ..., vk(t) be k, k-component vector functions
defined on an interval [I. If the vectors are linearly dependent, then
the determinant

U1 V12 - Uik
V21 V22 - U2k

Wi(t)=1| . i ) ~ |=0 on I.
V1 Vg2 - Ukk

That is, the determinant is 0 for all ¢ € I.

University of Houston Math 3321 Lecture 23 8 /29



Homogeneous Systems of Linear Differential Equations

Equivalently, we have the following result.
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Homogeneous Systems of Linear Differential Equations

Equivalently, we have the following result.

Theorem

Let v1(t), va(t), ..., vk(t) be k, k-component vector functions
defined on an interval I. The vectors are linearly independent if
the determinant

V11 V12 - Uik
V21 V22 - U2k
we=| . . . _|#0
Vg1 Vk2 - Uk
for at least one t € I.
University of Houston Math 3321
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Homogeneous Systems of Linear Differential Equations

Definition

The determinant

U1 V12 - Uik
V21 V22 - Uk
W(t) =
Vgl Vk2 Cc Ukk
is called the Wronskian of the vector functions vy, wvo, ..., vg.
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Homogeneous Systems of Linear Differential Equations

We have the following result about the solution of homogeneous
systems of linear differential equations.
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Homogeneous Systems of Linear Differential Equations

We have the following result about the solution of homogeneous
systems of linear differential equations.

Let z1,x2,...,z, be n solutions system of n equations (H). Exactly
one of the following holds:
1. W(xy,z9, ...,z,)(t) =0 on I and the solutions are linearly
dependent.
2. W(z1,22, ...,2,)(t) #0 for all t €I and the solutions are

linearly independent.
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Homogeneous Systems of Linear Differential Equations

The last Proposition implies the following theorem
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Homogeneous Systems of Linear Differential Equations

The last Proposition implies the following theorem

Theorem

Let x1,x9,...,x, be n linearly independent solutions of (H). Let w
be any solution of (H). Then there exists a unique set of constants
C1,Cs,...,C, such that

u=Ciz1 4+ Coza + - - - + Crzp.

That is, every solution of (H) can be written as a unique linear
combination of x1,xo,...,Z,.
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Homogeneous Systems of Linear Differential Equations

A set of n linearly independent solutions of the Homogeneous Systems
of Linear Differential Equations (H)

XT1,%2,-..,%n

is called a fundamental set of solutions.
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Homogeneous Systems of Linear Differential Equations

A set of n linearly independent solutions of the Homogeneous Systems
of Linear Differential Equations (H)

T1,29,...,%y
is called a fundamental set of solutions.

A fundamental set is also called a solution basis for (H).
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Homogeneous Systems of Linear Differential Equations

A set of n linearly independent solutions of the Homogeneous Systems
of Linear Differential Equations (H)

XT1,%2,-..,%n

is called a fundamental set of solutions.
A fundamental set is also called a solution basis for (H).

In this case,
r=Cix1 4+ Coxo + -+ Chxy,

where C1, (s, ..., C, are arbitrary constants, is the general solution

of (H).
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Homogeneous Systems of Linear Differential Equations

o2t o3t
Example: z; = ( 92t > and o = < o3t > are solutions of the

homogeneous systems of linear differential equations

4 -1
2= < 2 1 >ZC (Verify)
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Homogeneous Systems of Linear Differential Equations

o2t o3t
Example: z; = ( 92t > and o = < o3t > are solutions of the

homogeneous systems of linear differential equations

4 -1
2= < 2 1 >:E (Verify)

2t 3t

Since W (x.22) = ‘ 2e€2t ZSt = —e% # 0, then

o2t o3t
{< 92t ) , < o3t )} is a fundamental set of solutions and

o2t o3t
z(t) = Ch ( 92t > + Oy < o3t >

is the general solution of the system.
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Homogeneous Systems with Constant Coefficients

Here we consider homogeneous systems of linear differential

equations with constant coefficients

/
T =a11r1 + ajpexre + -

/
Ty = a21T1 + ag2x2 + -

/
T, = An1T1 + ap2T2 + - - -

where a1, a12, ..., any are constants.
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+ a1pTn

+ agnTn

+ AppTn
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Homogeneous Systems with Constant Coefficients

The same system is written in vector-matrix form as

/

1 ailx a2
%) az21 a2
Tn Gnl Aan2
or as
= Ax
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A1n €1
a2n €2
Gnn Tn
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Homogeneous Systems with Constant Coefficients

Consider the homogeneous system with constant coefficients
' = Ax
If A is an eigenvalue of A and v is a corresponding eigenvector, then

=€ v

is a solution.
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Homogeneous Systems with Constant Coefficients

Theorem

Consider the homogeneous system with constant coefficients
/
x = Ax
If A is an eigenvalue of A and v is a corresponding eigenvector, then

=€ v

is a solution.

Proof:
Let A be an eigenvalue of A with corresponding eigenvector v.
Set = =My
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Homogeneous Systems with Constant Coefficients

Theorem

Consider the homogeneous system with constant coefficients

= Az
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Homogeneous Systems with Constant Coefficients

Theorem

Consider the homogeneous system with constant coefficients

= Ax
If Ay, Ao, ---, A\x are distinct eigenvalues of A with corresponding
eigenvectors vy, ve, ---, Vg, then
T = e)‘ltvl, Ty = e)‘Qtvg, e LT = e’\ktvk

are linearly independent solutions of the system.
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Homogeneous Systems with Constant Coefficients

Consider the homogeneous system with constant coefficients

= Az
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Homogeneous Systems with Constant Coefficients

Consider the homogeneous system with constant coefficients

= Az
If Ay, Ao, .-+, A, are distinct eigenvalues of A with corresponding
eigenvectors wvi, v, ---, U,, then
T, = e’\ltvl, To = e)‘Qtvg, cee Xy = e/\”tvn

is a fundamental set of solutions of the system and

z(t) = C1x1 + Coz2 + -+ + Cpy

is the general solution.
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Homogeneous Systems with Constant Coefficients

Example 1: Find the general solution of

a:’—22ac
S22 -1 )7
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Homogeneous Systems with Constant Coefficients
Example 1: Find the general solution of

a:’—22ac
S22 -1 )7

Step 1. Find the eigenvalues of A:

det(A—\I) =

2—-A 2
2 —1-A

=X - \—6.
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Homogeneous Systems with Constant Coefficients
Example 1: Find the general solution of
Iﬂ/ = 2 2 X
2 -1 '
Step 1. Find the eigenvalues of A:

det(A—\I) =

2—-A 2
2 —1-A

=\ —\—6.
Characteristic equation:

M-A—6=AN-3)A+2)=0.
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Homogeneous Systems with Constant Coefficients

Example 1: Find the general solution of

a:’—22ac
S22 -1 )7

Step 1. Find the eigenvalues of A:

det(A—\I) = 9 1

’ 2-X 2 ‘
=X - \—6.
Characteristic equation:
M_A—6=A=-3)(A+2)=0.
Eigenvalues: A\ =3, Ay = —2.
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Homogeneous Systems with Constant Coefficients

Step 2. Find the eigenvectors:

2-X 2
A_M_< 2 —1—)\>
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Homogeneous Systems with Constant Coefficients

Step 2. Find the eigenvectors:

2-X 2
A_M_< 2 —1—)\>

For A\ = 3, solve (A — A\ T)u; = ( -1 2

2 —

_ N N——
<
=
Il
(an}

4
We find the family of eigenvectors u; = « (
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Homogeneous Systems with Constant Coefficients

Step 2. Find the eigenvectors:

2—A 2
A== ( 2 —1—)\>
-1 2

FOI‘)\1:3, solve (A—All)ulz( 9 4>U1:0
We find the family of eigenvectors u; = « ( i

4 2
For )\2 = —2 solve (A* )\2[)’&2 = < 9 1 )U2 =
We find the family of eigenvectors us = 3 (
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Homogeneous Systems with Constant Coefficients

Hence we find the fundamental set of solution vectors:

e (2) e ()
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Homogeneous Systems with Constant Coefficients

Hence we find the fundamental set of solution vectors:

e (2) e ()

The general solution of the system is:

2 _ —1
$—0163t<1>+(726 2t< 2).
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Homogeneous Systems with Constant Coefficients

3 -1 -1
Example 2: Find the general solutionof ' = -2 3 2 |a.
4 -1 =2
Math 3321 Lecture 23 23 /29
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Homogeneous Systems with Constant Coefficients

3 -1 -1
Example 2: Find the general solutionof ' = -2 3 2 |a.
4 -1 -2
Step 1. Find the eigenvalues of A:
33— -1 -1
det(A—XI)=| -2 3-2A 2
4 -1 =2-=X

=M +4\2 - )\—6.
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Homogeneous Systems with Constant Coefficients

3 -1
Example 2: Find the general solution of ' = [ —2 3
4 -1
Step 1. Find the eigenvalues of A:
33— -1 -1
det(A—XI)=| -2 3-2A 2
4 -1 =2-=X

=M +4\2 - )\—6.

Characteristic equation:

M4 A+6=A-3)(A=2)(A+1)=0.

University of Houston
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-2
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Homogeneous Systems with Constant Coefficients

3 -1 -1
Example 2: Find the general solutionof ' = -2 3 2 |a.
4 -1 -2
Step 1. Find the eigenvalues of A:
33— -1 -1
det(A—XI)=| -2 3-2A 2
4 -1 =2-=X

=X 4+4\% -\ - 6.
Characteristic equation:
M4 A+6=A-3)(A=2)(A+1)=0.

Eigenvalues:
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Homogeneous Systems with Constant Coefficients

Step 2. Find the eigenvectors:

33—\ -1 —1
A—-M = -2 3-A 2
4 -1 —-2-X
University of Houston Math 3321 Lecture 23
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Homogeneous Systems with Constant Coefficients

Step 2. Find the eigenvectors:

33— -1 -1
A— X = -2 3-=A 2
4 -1 —-2-A

0o -1 -1

For Ay =3, wesolve (A— M\ Dvy=| -2 0 2 v1 =0
4 -1 -5

This gives the family of eigenvectors v1 = a | —1
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Homogeneous Systems with Constant Coefficients

Similarly,
1 -1 -1
For Ao =2, we solve (A — Xal)vg = | —2 1 2 vg =0
4 -1 —4
1
This gives the family of eigenvectors vo =8| 0
1
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Homogeneous Systems with Constant Coefficients

Similarly,
1 -1 -1
For Ao =2, we solve (A — Xal)vg = | —2 1 2 vg =0
4 -1 —4
1
This gives the family of eigenvectors vo =8| 0
1
4 -1 -1
For A3 = —1, wesolve (A—Xs)vg=| =2 4 2 Jug=0
4 -1 -1
1
This gives the family of eigenvectors vg =~ | —3
7
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Homogeneous Systems with Constant Coefficients

Hence we find the fundamental set of solution vectors:

1 1
=t -1 , To = el o ,
1 1
1
zg=c¢ | =3
7
University of Houston Math 3321 Lecture 23

26 /29



Homogeneous Systems with Constant Coefficients

Hence we find the fundamental set of solution vectors:

1 1
=t -1 , To = el o ,
1 1
1
zg=c¢ | =3
7

The general solution of the system is:

1 1 1
r=C1e | -1 | +Ce | 0 | +C3e7t| -3
1 1 7
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Homogeneous Systems with Constant Coefficients

Example 3: Find the solution of the initial-value problem

3 -1 -1 1
= -2 3 2 |z, z0)=| -3
4 -1 -2 1
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Homogeneous Systems with Constant Coefficients

Example 3: Find the solution of the initial-value problem

3 -1 -1 1
= -2 3 2 |z, z(0)=]| -3
4 -1 -2 1

We found above that the general solution of the system is:

1 1 1
_ 3t t -t
z = Che —1 | + Cae 0 | +Cse -3
1 1 7
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Homogeneous Systems with Constant Coefficients

To find the solution satisfying the initial condition, we set ¢ = 0 and

1 1 1 1
Cq -1 + Cy 0 + C5 -3 = -3
1 1 7 1
or
1 1 1 & 1
-1 0 -3 Cy = -3
1 1 7 Cs 1
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Homogeneous Systems with Constant Coefficients

To find the solution satisfying the initial condition, we set ¢ = 0 and

1 1 1 1
Cq -1 + Cy 0 + C5 -3 = -3
1 1 7 1

1 1 1 & 1

-1 0 -3 Cy = -3

1 1 7 Cs 1

Hence we need to solve an algebraic linear system
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Homogeneous Systems with Constant Coefficients

To find the solution satisfying the initial condition, we set ¢ = 0 and

1 1 1 1
Cq -1 + Cy 0 + C5 -3 = -3
1 1 7 1

1 1 1 & 1

-1 0 -3 Cy = -3

1 1 7 Cs 1

Hence we need to solve an algebraic linear system

We write the augmented matrix:

11 1 1
-1 0 —-3|-3
11 7 1
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Homogeneous Systems with Constant Coefficients

By Gaussian elimination we get

11 1 1 11 1 1
-10 3|3 |]—=101 -2|-2
11 7 1 00 6| 0
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Homogeneous Systems with Constant Coefficients

By Gaussian elimination we get

11 1 1 11 1 1
-10 3|3 |]—=101 -2|-2
11 7 1 00 6| 0

This gives the solution
C3=0,00=-2,C1 =3.
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Homogeneous Systems with Constant Coefficients

By Gaussian elimination we get

11 1 1 11 1 1
-10 3|3 |]—=101 -2|-2
11 7 1 00 6| 0

This gives the solution
C3=0,00=-2,C1 =3.

Hence the IVP solution is

1 1
r=33 -1 | =22 0
1 1
University of Houston Math 3321
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