Geometric Separation of Singularities using Combined Multiscale
Dictionaries

Kanghui Guo' and Demetrio Labate?

November 11, 2014

Abstract

Several empirical results appeared in the literature during the last decade have shown that it is often
possible to separate images and other multidimensional data into geometrically distinct constituents. A
rigorous mathematical analysis of the geometric separation problem in the two-dimensional setting was
recently introduced by Donoho and Kutyniok [6], who proposed a mathematical framework to separate
point and smooth curve singularities in 2D images using a combined dictionary consisting of curvelets
and wavelets. In this paper, we adapt their approach and introduce a novel argument to extend geometric
separation to the three-dimensional setting. We show that it is possible to separate point and piecewise
linear singularities in 3D using a combined dictionary consisting of shearlets and wavelets. Our new ap-
proach takes advantage of the microlocal properties of the shearlet transform and has the ability to handle
singularities containing vertices and corner points, which cannot be handled using the original arguments.

Key words and phrases: cluster coherence, geometric separation, ¢! minimization, shearlets, sparse rep-
resentations, wavelets.
AMS Mathematics Subject Classification: 42C15, 42C40.

1 Introduction

Data found in applications ranging from astronomy through remote sensing and biomedical imaging can
be frequently modeled as superpositions of several distinct geometric components. Starck et al. [26, 27],
in particular, proposed a very effective algorithmic approach, called Morphological Component Analysis
(MCA), which assumes that a signal is the linear mixture of several constituents, the so-called morphological
components, each one endowed with specific geometric properties. Under the assumption that the various
morphological components are sufficiently distinct and that each one is sparsely represented in a specific
basis but not in the other ones, MCA algorithms are very successful in separating the various components,
as illustrated by several numerical applications.

The idea of using combined-basis representations and taking advantage of their sparsity properties has a
long history in applied harmonic analysis and image processing. Some pioneering work about combined-basis
representations can be found in the papers of Coifman and Wickerhauser [4] and Mallat and Zhang [24].
Another fundamental contribution to formalize these ideas was the introduction of Basis Pursuit [3], which
established ¢'-norm minimization as an effective method to promote sparse representations from multiple
bases. In more recent years, several other mostly empirical papers have further exploited this point of view
and provided remarkable applications to problems from image processing. In addition to the work cited
above, we recall, for example, the work in [8, 25, 29, 31]!.
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In order to provide a more rigorous mathematical formalization of the problem of data separation into
geometrically distinct components, Donoho and Kutyniok [6] recently proposed a theoretical framework for
the geometric separation of point and curve singularities in 2D (cf. also related work in [19]). The underlying
ansatz is that the success of MCA “stems from an interplay between geometric properties of objects to be
separated and the harmonic analysis for singularities of various geometric types” (cf. [6]). Hence, as a
mathematical idealization of a large class of two-dimensional objects, they consider distributions of the form
f=P+T, where P is a collection of point-like singularities and 7 is a cartoon-like image, that is, a planar
region enclosed by a smooth closed curve, hence producing an ‘edge’ singularity along the curve. Their goal
is to find a highly sparse representation of f, that is, an expansion into a basis (or frame) that can accurately
represent f using a relatively small number of terms. It is well-known that the type of basis which best
sparsifies a function or distribution depends on the geometry of its singularities. Wavelets, in particular,
provide very sparse representations of point-like singularities; curvelets [1] and sherlets [10, 23] provide very
sparse representations of curve-like singularities. However, neither wavelets nor curvelets (or sherlets) alone
can provide a very sparse representation of f = P 4 T, where different types of singularities appear jointly.
The natural alternative is to look for an appropriate representation of f in terms of a combined basis of
wavelets and curvelets.

Donoho and Kutyniok developed an ingenious machinery to obtain a sparse representation of f with
respect to a joint wavelet-curvelet dictionary, where sparsity is enforced via a procedure of minimization of
the expansion coefficients in the £!-norm. Their viewpoint for the analysis of the singularities is derived from
microlocal analysis, and, specifically, the observation that while points and curves may overlap spatially,
they are separated microlocally. In order to reveal this separation, the authors observe that the elements of
the wavelet system are ‘incoherent’ to the curvelet system, meaning that they have limited overlap in phase
space. This is used to derive an asymptotic estimate showing that, at very fine scales, the pointlike structure
of f is essentially captured by the wavelet basis while curvelike structure of f is essentially captured by
the curvelet basis. The use of the #!-norm is critical in this context to enforce the desired sparsity of the
expansion of f with respect to the combined dictionary.

In this paper, we extend the framework of geometric separation of Donoho and Kutyniok to the three-
dimensional setting by considering distributions with domain in R? containing two different types of singular-
ities: point singularities and singularities along polyhedral surfaces. We adapt the general approach from [6]
consisting of using a combined dictionary of incoherent bases and, in particular, we adopt the important
notion of cluster coherence. However, to prove the geometric separation of the two types of singularities, we
do not use the argument in [6] which maps the singularities in phase space, since this argument does not
extend to the 3D setting. Instead, we introduce a novel method and more streamlined approach which is
based on techniques previously developed by the authors and their collaborators for the geometric charac-
terization of edge singularities in terms of the shearlet transform [11, 16, 20]. Because of this, we choose a
shearlet system, rather than a curvelet system, to sparsely represent singularities along surfaces; we use a
standard wavelet system to handle point-like singularities.

In addition to solving the 3D geometric separation problem, an advantage of our new approach is the
ability to deal with singularities including 3D edges and vertices, which pose an additional difficulty in the
geometric separation problem and cannot be handled using the original arguments from [6].

The rest of the paper is organized as follows. After setting some useful notation, we formulate the
geometric separation problem and state our main theorem in Section 2. We present the proof of the main
theorem in Section 3.

1.1 Notation.

Ty
In the following, we adopt the convention that € R? is a column vector, i.e., x = | 25 |, and that ¢ € R?
z3
(in the frequency domain) is a row vector, i.e., £ = (£1,&2,&3). A vector x multiplying a matrix A € GL3(R)
on the right is understood to be a column vector, while a vector £ multiplying A on the left is a row vector.



Thus, Az € R3 and €4 € R3. The Fourier transform of f € L*(R3) is defined as
f&) = | fla)e > da,
R3
where & € @3, and the inverse Fourier transform is
fl@)= [ [f(&)e*mer de.
R3

We will use the notation f ~ g if there exist constants 0 < C; < Cs < o0, independent of x, such that
Crg(z) < f(x) < Cp g(a).

2 The geometric separation problem

As a mathematical model of images and other multidimensional data, it is useful to consider functions
or distributions that contain singularities with different types of geometry, such as points and curves if the
domain is R? or points and surfaces if the domain is R3. In this paper, we consider idealized three-dimensional
objects of the form f = P+ 7T, where P is a collection of pointwise singularities in R? and 7T is a cartoon-like
functions in R?, that we use to model singularities along a class of surface boundaries.

We are interested in finding a representation that is able to decompose f into its distinct geometric
components. As mentioned above, we can find bases that are ideally suited to specific types of singularities.
Wavelets, in particular, offer optimally sparse representations, in a certain sense, for functions with point
singularities, while shearlets were shown to provide optimally sparse representations for functions with dis-
continuities along piecewise smooth edges and surface boundaries [13, 21]. However, neither wavelets nor
shearlets alone (and no other single basis or traditional linear representation methods) are very efficient at
representing f = P + T . This observation leads naturally to consider a multiple-basis dictionary comprising
both wavelets and shearlets. Among all possible representations of f within this dictionary, we look for
an ‘ideally’ sparse representation where wavelets are used to sparsely represent P and shearlets to sparsely
represent 7T .

Let us be more precise about the statement of the problem and the singularities we consider. Following
the general idea from [6], we take P to be of the form

I
P=> |o—az|" (2.1)
i=1

This defines a function that is smooth away from the singular points {z; : 1 < i < I} C R3. For T, we
consider special cartoon-like images

J
T = ZXij (22)
=1

where each B; is a polyhedron, that is, a compact region in R3 with polygonal boundaries. The reason for
choosing the exponent —1 in P is that we want to match the energies of P and T at each scale 2727, j € Z.
That is, we want to make the two types of singularities comparable at each scale, so that the separation is
challenging at every scale and it is not possible to trivially separate the two components of f at different
scales. R

To justify our observation about the matching energies, note in fact that P(&) ~ [£]72 (cf. [30, Ch.4]),

2j4+2  ~ )
and this easily implies that f;; |P(€)|?d¢ ~ 2727, For the cartoon-like component, we will show below in
2j+2  ~ .
Lemma 3.3 that 7 satisfies the same type of estimate so that f;zjj |T(€)|2d¢ ~ 272,
Following the language in [6], the geometric separation problem can be stated as follows. From the

observation of f = P + T, we want to recover the unknown components P and T of f where we only know
that they are of the form (2.1) and (2.2).



To solve this problem, we will adopt the successful strategy of Donoho and Kutyniok [6] based on ¢!
minimization. More precisely, we will expand f with respect to a representation consisting of the union of
a Parseval frame of wavelets in L?(R®) and a Parseval frame of shearlets in L?(R®) and enforce sparsity
by minimizing the representation coefficients in the ¢'-norm. As mentioned above, the sparsity-inducing
properties of the ¢'-norm are well known in applied harmonic analysis. We recall that these properties play
a fundamental role in the celebrated theory of compressed sensing (cf. [2, 5]).

Let us now define the wavelet and shearlet systems that we will use to represent f =P + T.

2.1 A Parseval frame of 3D wavelets

For the wavelet system, we will consider a Parseval frame of Lemarié-Meyer wavelets (cf. [18] for more details
about this class of wavelets) in L?(R?) that we denote as ® = {¢y : A € A}, for A = {\ = (j,k),j > -1,k €
Z3}. Here the functions ¢y = ¢; € L*(R?) are defined in the Fourier domain by

G (o= B WE B ST for >,
j,k - W(f) e2‘rri§k7 fOI‘j _ _1’

where W, W € C5°(R3) satisfy the condition

W2(E) + Z |W(27%¢)2 =1, forae. £c R3.
Jj=0

In particular, we assume that the window function W has support supp (W) C [—3, 3]* \ [~ 15, 75)° so that
the functions W; = W (272 .) have supports inside the Cartesian coronae

[—272—1 9=2i—1]3\ [_g=2—4 9=2-4]3 - R3 (2.3)

and the collection of window functions WQ, Wj2, j >0, produce a smooth tiling of the frequency space into
concentric Cartesian coronae associated with various frequency bands indexed by j.

Recall that the Parseval frame condition implies that, for any f € L?(R3), we have the reproducing
formula:

F=(f0x) ba,

AEA

with convergence in L?-norm.

2.2 A Parseval frame of 3D shearlets

The shearlet representation is one of the multiscale methods introduced during the last decade to overcome
the limitations of conventional wavelets in the analysis of multivariate functions. Similar to the curvelets of
Candes and Donoho [1], the shearlets form a collection of well localized functions defined not only across
several scales and locations, as the conventional wavelets, but also across several orientations and with highly
anisotropic shapes, so that they can more efficiently represent functions containing distributed singularities,
e.g., edges in images. Thanks to their ability to combine multiscale anlysis and high directional sensitivity,
shearlets are useful to provide a precise characterization of the geometry of singularities of functions and
distributions of several variables [11, 16, 12] and enable optimally sparse representations, in a precise sense,
for a large class of multivariate functions where traditional wavelets are suboptimal [10, 13].

With respect to curvelets, shearlets offer a combination of useful features: their mathematical structure
is derived from the theory of affine systems and the directionality is controlled by shear matrices rather than
rotations. This last property enables a unified framework for both continuum and discrete settings since
shear transformations preserve the rectangular lattice and this is an advantage in deriving faithful digital
implementations [7, 22]. Furthermore, there is a well-developed shearlet-based theory for the analysis of



singularities (cf. [9] in addition to the references cited above). This theory sets the foundation for the main
ideas that we will employ for the analysis of the surface singularities and it is the main reason for selecting
this representation in our approach to the geometric separation problem.

Roughly speaking, our shearlet system is obtained by introducing an angular partition in the multiscale
decomposition defined by the window functions W27Wj2 used above for the construction of the wavelet
system. Since we will not use rotations but shear transformations (defined below), we need first to split the
Fourier space R3 into the following 3 pyramidal regions in R3:

Pl:{(§17§27€3>€@3: | |<1 | |<1}

%:{(51,52,53)6@3 < |<1}

Pg—{@l,fz,gg)ems < |<1}

Now, we let W € C§°(R?) be the same window defined above and let v € C°°(R) be an appropriate ‘bump
function’ satisfying suppv C [—1,1] and

lo(u — D> + [v(u) > + |v(u+1)]> =1 for |u| < 1. (2.4)
Ford =1,2,3, ¢ = ({1,s) € Z?, a 3D shearlet systems associated with the pyramidal regions Py is a collection
(W8 520,27 <ty,6, <2 k€ 2%, (2.5)

where B4
LD (6) = | det Aq)| 9/ W (272€) Vig) (€A Bl 2754 P ¥, (2:6)

Viny (&1, €2,€3) = (ﬁj) ( 2), Vig)(§1,€2,&3) = U(gl) (g)’ and V(3)(§1,82,83) = U(%)U(£ ); the matrices A(q)
are given by

1 4 4 0 0 1 0 0
B =[0o 1 of,BY=|6 1 6] Bi=[0 1 0
0 0 1 0 1 b by 1
Notice that (Bxi])) B([ d)é] Let us make a few observations about the properties of these systems.

Due to the support conditions on W and v, the elements of the system of shearlets (2.5) have compact
support in Fourier domain. For example, for d = 1, the shearlets 1/A)J(-1£) (&) can be written explicitly as

Bl 2l

¢(lz) o 1 (6) =27H W (27%¢) v(2j§—2 — €1> U(ngj - 52) 2rieAR By ; (2.7)
Ptk & &
showing that their supports are contained inside the regions

Uje = Ujr 0
={(61,62,6) : & €[22, 27U RPN 2T |2 - 027 <279 |8 - 1277 <277} (2.8)

That is, the shearlets zﬁj(.lz) ;; have supports contained in trapezoidal regions defined at various scales, controlled
by j > 0, and wvarious orientations, controlled by the shear parameters ¢1,¢5. Hence, the elements of the
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Figure 1: Frequency support of a representative shearlet 1/1](.12k, inside the pyramidal region Py. The orienta-

tion of the support region is controlled by the shear index (= (01, 05).

shearlet system (2.5) are well-localized functions, defined over a range of locations, scales and orientations,
controlled by the indices j,¢ = (¢1,¥¢2) and k, respectively. The support region of a representative shearlet
1[)52 i is illustrated in Fig. 1.

A Parseval frame of shearlets for L?(R3) is obtained by combining the shearlet systems (2.5) associated
with the cone-shaped regions P, together with the coarse scale system {¢_1 ) : k € Z3}. Note that this
is the same coarse scale system of the Lemerie-Meyer wavelet system defined above. For brevity, in the
following we will denote the Parseval frame of 3D shearlets as U = {4, : n € M} C L*(R®), where the
index set is M = Mc U Mp, Mc = {k € Z3} is the set of indices associated with coarse-scale shearlets and
Mp = {n= (j,0,k,d): j >0, <29, |ls] <29 k€ Z?d=1,2,3} is the set of indices associated with
fine-scale shearlets. As above, the Parseval frame condition implies that, for any f € L?(R®), we have the
reproducing formula:

=Y )ty

neM

with convergence in L?-norm.

Remark. To simplify the presentation, our construction above omits some technical details. To ensure
that the frame is tight when the shearlet functions from the 3 pyramidal regions are combined and still
guarantee that all elements of the combined shearlet system are C§° in the Fourier domain, it is convenient
to slightly modify the functions 7/)1(‘2 Lok for ¢1,05 = £27 (these are the functions whose support overlap
the boundaries of the regions P;). This modification consists, essentially, in merging shearlet elements from
contiguous pyramidal regions. The construction of these boundary shearlets is rather technical and plays no
role in the paper. We refer the interested reader to [13, 15].

2.3 Main theorem

Our main theorem shows that it is possible to separate the two geometrically distinct components of f taking
advantage of the sparsity properties of the Parseval frames of wavelets and shearlets. Similar to [6], this



separation result is true only asymptotically in scale, that is, we show that we separate point singularities and
singularities along polyhedral surfaces only as a limiting process, when the scale tends to zero (i.e., j — 00).

Therefore, it will useful to derive an appropriate multiscale decomposition of f =P + T.

For this, we recall that the window functions W; used in the construction of the wavelet and shearlet
systems produce a multiscale decomposition of the Fourier space L?(R?) into the Cartesian coronae (2.3).
Hence, we can define a family of band-pass filters Fj, j > —1, by setting E(f) = W(272%¢), for j > 0,
f_\l(f) = W(ﬁ) By applying these filters to f, P and T we define

P;=PxF;, T;=TxF;, fj=/[fxFj (2.9)

where, as observed above, we have that ||P;|l2 ~ 277 and ||T;||2 ~ 277. It follows that the functions f] are
band-limited, with frequency support contained in the Cartesmn coronae [—22771 221713\ [-221—4 221-4)3
R3. Furthermore, for f € L?(R?), it follows from the tiling properties of the function W (2727.) that

f= ZFj * fi (2.10)

with convergence in the L?-norm.

Let F; denote the range of the operator of convolution with Fj. It is a simple calculation to verify that
the shearlets and wavelets at level j” are orthogonal to F; unless |j’ —j| < 1, that is, unless j' = j—1, 5, j + 1.
It is useful to introduce the notation

Aj={A=("k): 1 =<1, keZ’}CA (2.11)

and
M;={n=(6kd):|j —jl<1,|] <2, |bs| <27, keZd=1,2,3} C M. (2.12)

Due to the Parseval frame property and the observation above, we have that a function f; € F; can be
expanded using only the elements of the wavelet system in A; but also using only the elements of the
shearlet system in M;. In other words, at the level j, we can use the wavelet system to represent f; as

J'=j+1
Z S i biw) i =D (fid) O
=j—1k'€Z? AEA;

or we can use the shearlet system to represent f; as

3 j'=j+1

(d)
=202 X X P et Vs = D i) v
d=1j'=j—10,|<25" |05 <25 kEL? neM;

Clearly, we can also consider a combined representation of the form

=Y uadrnt+ Y tyty,

AEA; neM;

for an appropriate choice of coefficients v = (uy) and t = (¢,). Since, in this last expression, we are
considering an overcomplete dictionary, there are many possible choices of coefficients u and ¢, some of
which may provide sparser representations than either one of the two expansions above. Similar to [6], we
seek a solution providing a geometric separation, that is, we consider the following dual-frame component
separation problem based on £; minimization:

(U;‘,Tf) = argmin(|jul|; + ||t]1), subject to f; =U; + T}, (2.13)



where uy = (Uj, px), A € Aj and t,, = (T},,), n € M;. Tt follows from (2.10) that, if we let P = > FixUj,
T= Zj F; T}, then we can express f as the superposition f = P+T.

The main result of our paper is the following theorem, stating that we achieve the separation of the
distinct geometric objects P and T, asymptotically at fine scales, by applying ¢; minimization over the
expansion coefficients of f with respect to our combined wavelet-shearlet dictionary.

Theorem 2.1. Let ® and ¥ be the Parseval frames of wavelets and shearlets, respectively, defined above
and denote ||gll1,0 = > "sen, (9. ON)] and |[gllvw = 32, cnr, K9, ¥n)|, where A; is given by (2.11) and M; is
gwen by (2.12). Let f; = U; + T; be given as above and Pj, T; be given by (2.9). We have that

T = Pillne + 1T = Tilliw

lim
j—ro0 1Pjll1,e + | T5l1,@

=0.

That is, asymptotically as the scale tends to zero, the pointlike component of f is captured by the Parseval
frame of wavelets and the piecewise linear component of f is captured by the Parseval frame of shearlets.

Remark 2.1. The statement of Theorem 2.1 is different from the corresponding Theorem 1.1 in [6], valid
in the two-dimensional case, since it is formulated using the {*—norm rather than the (>~norm used in [6].
This difference with respect to the original result is crucial to be able to handle singularities containing edges
and vertices.

We recall that the geometric separation result originally obtained in [6] deals with 2D images containing
point-like and smooth curve-like singularities, but does not handle linear or curve-like singularities containing
corner points. The approach presented in our paper can be easily adapted to the two-dimensional case so
that our Theorem 2.1 is indeed valid also in the case of 2D images containing point-like and piecewise linear
singularities including corner points. We remark that the handling of corner points is not trivial and cannot
be derived from the arguments in [6].

On the other hand, our result does not cover general surface and curve singularities (e.g., an arc of a
circle or a a section of a sphere). After presenting our proof, we will make additional comments to show
where our arguments break down in this situation.

The rest of the paper is devoted mostly to the proof of Theorem 2.1.

3 Proof of main theorem

As we will show below, our proof follows the general architecture of the proof from [6], which is centered
around the notion of cluster coherence. However, the most critical parts of the proof, that is, the actual
proof that the cluster coherence satisfies the desired estimates for the three-dimensional objects considered
in this paper, do not follow from [6] and are completely new. These arguments are contained in the proofs of
Lemma 3.5 and Lemma 3.6 and are presented in the next sections. The proof of Lemma 3.5, in particular,
uses a self-improving process that is a valuable idea in itself. Lemma 3.6 gives the decay estimate for edges
and corner points and is significantly more involved than the corresponding result used in [6] to analyze the
smooth segment case (also compare our Lemma 3.7 in Section 3.2). We will make further comments about
the significance of these lemmata below, after introducing some definitions.

Let ® = {¢x : A € A} and ¥ = {9, : p € M} be the Parseval frames of 3D wavelets and 3D shearlets
introduced above, respectively. For each level j € Z, we will identify certain subsets of the indices A and M
that we denote as S1,; C Aj and Ss ; C M;. Following the terminology in [6], we refer to them as indices of
significant wavelet coefficients and indices of significant shearlet coefficients, respectively. These index sets
will identify, essentially, those wavelet and shearlet coefficients whose magnitude is above a certain scale-
dependent threshold (hence, the name ‘significant’). Their explicit definition, when the expansion coefficients
are computed on f = P + T, will be determined in Sec. 3.1 (for S; ;) and Sec. 3.2, after Lemma 3.7 (for
S2.5)-



Corresponding to the sets S ; and Sy ;, we define the wavelet approzimation error and the shearlet
approzimation error at the level j as

S1j= > WP o)l G2 = > [T,y

AEST S ness ;

respectively. As we will see below, it will be possible to determine the indices of significant wavelet and
shearlet coefficients S; ; and S ; in such a way that the wavelet and shearlet approximation errors are small,
meaning that the £!-norm of the wavelet and shearlet coefficients is negligible (asymptotically, at fine scales),
when the indices are outside the sets Sq ; and Sa ;.

We define the cluster coherences as

pe(S1,5, @ W) =max 3 (0, Vgl pe(S25, W5 @) =max 3 [(dx, ¢n)l-

AEST,; nES2

The notion of cluster coherence was originally proposed in [6]. Unlike the more standard definition of
coherence, given by p(®,¥) = maxy 5, [($x,¥n)|, the cluster coherence bounds coherence between a single
member of a frame and a cluster of members of another frame.

Let @ be the matrix representation of the Parseval frame of wavelets and W the matrix representation of
our Parseval frame of shearlets. For a g; € L?(R?) N L*(R?) such that supp (g;) C Fj, let

5., 2795l = D Hgzonls s, W gilli= D gz ).

AEST neSa,;

We define the joint concentration by

115, , 27 g5ll1 + I1s,, 97 g1
k = Kk(S1,5,52,;) = sup - =
(515:523) =500 100 o+ 10745

The following observation from [6] illustrates the relationship between joint concentration and data separa-
tion.

Proposition 3.1. ([6, Prop. 2.1]) Suppose that, for j € Z, f; = U; +T; so that each component of f; is
relatively sparse in ® or U, that is,

Mg, @TUjlI < b1, llsg, W Tyl < b2,

If (U;,T}) solves (2.13), then

< 20015 +025)

17 = Pillie + 175 = Tille < 22200

Another observation from [6] is that the joint concentration is bounded above by the maximum of the
cluster coherences:

Lemma 3.2. ([6, Lemma. 2.1])
H(Sl,j; S2,j) < HlaX{,U,C(SLj, (I)a \Il)a NC(SQ,ja \Ija (I))}

It follows from Proposition 3.1 and Lemma 3.2 that Theorem 2.1 is proved if we can construct appropriate
sets of significant wavelet and shearlet coefficients Sq ; and S ; such that d1; = o(||Pjll1.0 + [|T;]1,9),
b2,5 = o([[Pjll1.e + | T;ll1,w) and

we(S1,5,@;9) =0,  pe(S2,;,¥;®@) -0, asj— oo.



The rest of the proof is organized as follows. In Section 3.1, we will select an appropriate set S; ; and
show that p.(S1,;,®;¥) — 0 and 61 ; = of ). This is the easy part of the argument and it
follows from an idea similar to [6]. For the ‘hard’ part of the proof, concerning the analysis of the singularities
along the polyhedral surfaces, it is not possible to apply the original argument from [6] and we will derive
a novel approach. Namely, in Section 3.2, we will construct an appropriate index set of significant shearlet
coefficients Sz ; and show that p.(Ss2;,¥;®) — 0 and d2; = o(||Pjll1,0 + ||7;]l1,w). Our most delicate
estimates are contained in the proof of Lemma 3.6 in Section 3.2, where it is highly nontrivial to control the
size of the translation variable k£ corresponding to 3D edges and vertices. Our novel argument is based on
techniques for the analysis of singularities using the shearlet transform that we originally developed for the
characterization of piecewise smooth boundaries of multivariate functions in [12, 14].

In the following, for all our arguments, it will be sufficient to consider the shearlet system associated with
the cone-shaped regions P; C R? only, since the properties of the similar system in P, and P3 are the same.
The elements (2.7) of such shearlet system can be written? as

_o-2j 2mig A Bl 12k
w] 01,02,k (5)_2 ]FJMLEQ(&) M= )

where

Fj,el,ez(ﬁ):W(szf)’U( 22 51) ( ?j fz)

Note that A(?) BEI)Z“_ZQ]IC = (272 (ky — l1ky — laks), 277 ko + 277 k3). Each function I'; 4, ¢, is supported
inside the set Uj g, r,, given by (2.8). It is easy to verify that its measure satisfies |Uj s, ¢,| < C 2%.

3.1 Estimate for the point singularities

In this section, we will select the set Sy ; and prove that p.(S1;, ®; V) — 0 and §1; = o(||Pj|l1,0 + | Tjl1,9),
asymptotically as j — oco. As indicated above, the rather simple argument that we use is similar to [6].

Let ¢;/ 1 and ; ¢, ¢, be generic elements from the Parseval frames of wavelets and shearlets, respec-

tively. Due to the frequency support of W, for any f1,¢>,k and k' we have that <m,m> = 0 if
|7 — 4’| > 1. Thus for all large j' and j = j' — 1,5, j' + 1, a direct computation shows that

_ pl-t1—a] . , il
/ (22JFJ‘,£1,42 ) T k) (27& W g e ) d{‘
RQ

92192 /R i O WE6)) dg

—_—

[(¥g,010,60.0 g7 )| =

IN

< (27 %o% / d¢ < 02 2731"9% < 0277,
Q

J:01,42

where C' is independent of £y, {3, k, k" and j.
For a fixed 0 < e < 1, weset Sy ; ={(j',k') : 5/ =7 —1,4,5+1; |[K'| <29 }. Then, using the calculation
above, we have that

j+1

Z — —146)]

Hel(Shg, B3 W) < Ce?}gf( 2 1k|< (5t b G )| < €271,
J'=3—1|k|<2¢5’

It follows that u.(S1,;,®;¥) — 0, as j — oo.

2Here we ignore the fact that the boundary elements corresponding to £ = £27 are slightly modified, since this is irrelevant
for all our arguments.
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We also observe that (m,ﬁ;} =0 for all ¥ if |5/ — j| > 1. For |j' — j| < 1, we have that
<m77);> — 2—3j/ C W(2_2j/£) 6271'1'2*2]' g.k/W(2_2j§)|§|—2 df
R3

= 277" [ W(eW (22 De)e2miEk ¢ 2 ge.
]RB

Hence, for |k’| > 2, integration by parts gives that
(570, P < O 279 (L4 KN < Oy 27 (495,
It follows that, by choosing N sufficiently large, we have:

= 3 (e P <C27% =027) = o (| Pslle + ITsw)

AEST ;

3.2 Estimate for the piecewise linear singularities

We first recall the Divergence Theorem in R3. Let F be a smooth vector field in R? and S be a compact
region in the plane with a piecewise smooth simple boundary 9S. Then

/v-ﬁdA:/ F . fids,
S oS

where 7i(z) is the outer normal direction at « € 9S.

Let T be the characteristic function of a polyhedron of M faces in R?. Without loss of generality, we
may assume that the polyhedron is contained inside the cube [—1, 1]? (if not, the polyhedron can be rescaled
by dilation on the space variables). Let S = UM_,S,, be the boundary of the polyhedron, where for each
1<m< M, S, is a polygon in R2. For ¢ € R3, Using the divergence theorem we can express the Fourier
transform of 7 as follows

ey - 1L ~omigw § 5oy o
T©) = 5 / T () do ()
£

7271'2{9:7 = o(x
5 / g

Il
M:

where 7(m)(¢) = fﬁ,m Js, e é—‘ -7i(z) do(x) for each 1 < m < M.

In order to estimate 7 (™) (£), we divide S,, into finitely many sub-surfaces so that each sub-surface is the
graph of a linear function on a triangle domain D,,, € R?. Without loss of generality, we may assume that
each surface Sy, can be written as Sy, = {(Azs + Bxs, x2,23) : (2, 23) € Dy}, where Dy, = {(22,23) : 0 <
x3 < bxg, a3 < x9 < as} and A, B,b,ay,as are appropriate constants. Let n = (n1,12) = (A& + &2, B&1 +&3)
so that, for x € Sy, we have {2 = §1(Axy + Bao) + §ox0 +&3w3 = (AL +E2) w2+ (B +63) w3 = 1+ (202, 73).

A direction calculation shows that

€] <l
1 1

1+ |B& 4+ &) 1+ |AG + &+ b(B& +&3)|

/ e Mt £ cfi(x)do(z) = / eiQﬂiW(W@@é - (=1, A, B) dzsdxs
Sim D,

1R
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It follows that
1 1 1

T(m) ~
) = €] 1+ |B& 4+ &) 1+ [AG + &+ b(B& +&3)|

(3.14)

3

Let K be the characteristic function of the unit ball in R3. It is known that K (£) = \§|_§J%(|§|), where
J 3 is the Bessel function of order 3/2. Using the observation that the asymptotic decay of J 3 (1€]), for large
€], is of the order |€]~2 (cf. [28, Ch.8)), it follows that | Kl = [|K * Fj||2 ~ 279. The following lemma
shows that the same estimate holds for 7j.

Lemma 3.3. For j € N and T; defined above, the following estimate holds:

1 Tjll2 = 277.
Proof. Using the notation introduced above, let ﬁ(m) (&) = T (&) W (2729¢). Since '73 = Ziw ﬁ(m)
and 2% < |¢] < 2272 inside the support of W (272¢), an easy calculation using spherical coordinates gives
that

17,712

1 1 1
~ — d
/22J'§§§22]‘+2 €12 1+ [B& + &2 1+ A& + & +b(B& + &3)12 .

~ 9272
Hence, |Tjllz = | X2V Tl ~277. O

The following lemma is a special case of Proposition 4.7 in [17].

Lemma 3.4. Let 3 = (B;) be a sequence of non-negative numbers and let |B|(n) be the Nth-largest element
in the decreasing rearrangement of 3. Then

2

S B <eNTE|B,

Bi<IBl(n)
where C' is independent of N.
Using the Lemma 3.4, we derive the following observation.
Lemma 3.5. For a fired large j, let B; = {8;(5', 41,42, k) = (Tj, 000 tane) = |0a] <20 [la] <275 —1 <
J'<i+ 1,k eZ3 and, forv=1,2, define the norms

j+1 z

Bilw=1{ D> > > > UThtineml

J'=3—1e,|<2i" |£5]<2i’" kEZ3

Then there is a constant C' > 0 such that ||5;]|1 > C2 i,

Proof. Let

e il _ o ot i -5’ pl-a o
G (AL B = 27 W (2T ) Dy g(6) 2 Py P (27%¢)

so that

Bi(5' tr, b, k) = 2% /[ 1,1]2 T(@)ajjenea (B<[?>Af1>x — k) da.
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Using the change of variable y = Z] A l)x it is easy to verify that there is a constact C' > 0 such that

18; (5", £, k)| < C27%" since [g, |y )Mlb(y k)|dy < C uniformly for all j', j, (1, ls.
For a fixed j > 0, as in Lemma 3.4, we denote by [8](,) the nth-largest element for |3;(j', {1, €2, k)|. If
we let N = 27, then we have the following estimate for the sum of the squares of the first 2/ largest terms:

Z BI2,))% < €25 27% = 0273279 < 027 ||,

where we used the fact that ||3;]|2 ~ 277 since the shearlet system is a tight frame.
The last expression is controlled by 2727||3;]|, since ||3;]]2 < [|8;]l1. Thus, combining this fact with the
estimate of Lemma 3.4 for N = 27, we have that

185111 = 22718512 = 2777

Now we apply Lemma 3.4 again with N = 237 to get that there is constant C' > 0 such that

1

2

Sooop| <o .

ﬂiglﬁl(QSj/Q)
Again we observe that
239
O 1BI3)F < C28 27 = Co7# = 027273 <027 V|,
n=1

Combining the above two estimates, we conclude that there is constant C' > 0 such that ||5;]|1 >
C23|B;llp = C273/. O

Let Bj(m) (', b1, 0o, k) = <7;.(m), Vs 4y 45.k), Where (using the same notation as in the proof of Lemma 3.3)
’?\;(m) (&) = T (W (2729¢) and T™ (€) is given by (3.14). Since

(Tis s ntae) = (T i imi) = O AT s i),
m=1

we can write

Bid' s b, k) = 3 AT ™ i 0, ) Zﬁ“’” NN

NE

1

3
I

A direct calculation gives that

~

ﬂ]('m)(j/aghg%k) = <7;(m)’wjlvél7€27k>
— /U T Ty .4 (6) 2754 B g

AR 2

In order to deal with the edges and vertices in the singularity set and control the size of k, we will now
decompose the functions ’?\;—(m) into their ‘directional’ components.

Let g(t) = |V (#)|?, where V is the function introduced in Section 2 for the construction of the shearlets.
Clearly, g € C§°(—1,1) and, by (2.4), it follows that for all j > 0 it satisfies the equation

27

Z g2t —p)=1, for |t|<1.

p=—27

13



Hence, we obtain the following expansion of ’7A;-(m) into its the ‘directional’ components:

29 29

O =3 > T,

p=—27 q=—27
where

W(27%¢) ¢

T =~ Tl

(-1, A, B)/ (2 xy — p)g(2 a3 — q)e” TN (@273) dpa iy,
D
Let 6§m’p’Q)(j’,£1,£2,k) = <7\;(m’pm,1/}myk). For simplicity of notations, in the following we will
assume j' = j. If 7/ # 4, the only difference is that one needs to add up the terms corresponding to
j'=34—1,4,7+1 and, as we have seen above, the effect of adding up j' = j — 1, j,7 + 1 is irrelevant for the
argument since it only yields a different uniform constants in the final estimates. Thus, in the following, we
will ignore the sum over j' and only consider the terms

-

BIPD (0, b, k) = (TP 55 ).

Let n = (A& + &, B& +&3) =& (A+ %’, B+ %) Due to the assumptions on the support of 1&, we see
that, on the support U, ¢, ¢, of T'; o, ¢,, we have that |2j§—f — 0] <1, |29§—f —ly] <1 and 2% < |¢| < 2%+2,
Let 41, = — A7 i l2m = —B27. Tt follows that

al (44 27+ 3+ 27)

2
i &1 &1

~ 20 ((23"52 + A27)% 4 (23'5—3 + B2J’)2>

&1 &1
27 (61— l1,m)? + (b2 — l2,)?)

12

For each pair of (p,q) € Z x Z, it is easy to see that the support of the function g(2/xs — p)g(_2jx3 —q)
is contained inside the set I, , = (279p—277,27Ip+277) x (277g—277,279¢g+ 277) and that Uf)]q:_m I, 4
is an open cover of [—1,1]?. We wil consider the following two types of integer pairs (p, q):

I ={(p.q) €ZxZ:1,,( 0D #0}, JP) ={(p.q) €ZxZ:1,,()0D =0}.

We observe that there are at most C'27 pairs of (p,q) in J,g}q) and at most C2%/ pairs of (p, ¢) in J,E},}. The

following two lemmata are the key estimates for the proof of Theorem 2.1. The ideas used below are based
on the techniques developed by the authors for the shearlet-based analysis of singularities in [11, 13].

Lemma 3.6. For a given € > 0 and for (p,q) in JI(,}q), we have that

M
22 2 D ZWa('m’p’”(fl,fz,k)l302261’2—%1

(pg)e IS m=1[01]<20 [02]<20 keZ?

Proof. Let L be the differential operator:

227, 2 2, 92 \° 2,
v=(r-Goae) (- Goti) (-Gt

14



A direct computation shows that
(mpsa) (g po L) — 7A-(m7p7q) -
ﬁj ( 1,%2, ) - < j 7¢],Z1,Z2,k>

72" ) B A
— 27414 Ag(zjx27p)g(2jx37p) /U MW(2*2J£)FJM1J2(§)

2 ‘f|
« 2mi& (27 (k1 —L1ka—Laks —2% (Aza+Ba3), 277 (ka—2722)),277 (ks =27 22)) d¢ dxs dzo
2724 , , -(~-1,A,B iy
=2 [aa - paia - [ (SR Wb, 00
2r Jp Uje €]

xLiN(e%lf'(?_zj(klfflkrfzkrfj(AszrB“)’z_j(krzjm))’z_j(kr?m») dé dxs dzo.

It is easy to verify that, for £ € U; o = Uj s, ¢,, we have:

|LN (f (_laAvB)

€| W2 T4, 0, (5)) | < Cn27.

Since |Uj | < C2% | it follows that

1B PO (01, 85, k)| < CN/ ((1+ (k1 — laky — loky — 2% (Azg + Bus))?)
D

X (1 + (]{32 — 2j172)2) (1 + (kg — 2j173)2))7N dl‘3d172.

For any given € > 0, if |ky —27x5| > 29 or |ks —2723| > 2% or |ky —kaly — ksle — 2% (Axg+ Bag)| > 29 for
all (z9,23) € I, 4, then the above inequality with sufficient large N yields the lemma. Thus, let us instead
examine the situation where, for some (22, 23) € Ip 4, k = (k1, k2, k3) satisfies the following set of conditions:

|ko — 20my| <299 |kg — 2m3| < 29, (3.15)
|/€1 — kol — kgloy — 22j(A.%‘2 + B,Tg)l < 2¢7, (316)

To complete the proof, we want to obtain an ¢* estimate for the sequence {B]W’p’q)(él, O3, k), [01] <27 [4s] <
27, k € Z3}. By the Parseval’s Theorem on Fourier series, it is easy to derive an £2 estimate for this sequence
with respect to the index k. In order to apply Holder’s inequality and obtain the desired ¢! estimate from
the ¢? estimate, we need to use the inequalities (3.15) and (3.16) to estimate the cardinality of the set of
those k that are really involved in the sequence {Bj(m’p ) (¢1,02,k)}. From the above two inequalities, we
obtain the norm estimate |k| < C2% for those k in the set and this gives an upper bound for the cardinality
of the set. Unfortunately, this estimate is too rough to be useful for the proof of the result of this lemma.
In fact, we need a bound for the cardinality of the set of order O(e(!+3€)7). To this end, we observe that a
translation of the set will change the norm estimate of the set, but will not change the cardinality of the set.
It turns out that, on each open interval I, , C [—1,1]?, we can find the appropriate translation so that the
estimate O(e(1139)7) for the cardinality of the set is achieved.

Recalling that I, , = (277p—279,279p+277) x (279q—277,279g+279), it follows that 27z = p+a(z2),
2y = q+ B(x3), and 2% (Axy + Bxzs) = 27(Ap + Bq) + vy(wa,z3) with |a(z2)| < 1, |B(xs)| < 1 and
|v(z2,23)| < C27 for all (zo,3) € I, 4. Let

Sy = ko |k —20m9| <2}, Ty ={ks: |ks— 2723 <2}, for some (z9,23) € I, 4,

Se = {ka: ko —a(z2)] <2}, To={ks: |ks— B(x3)] <2}, forsome (z9,23) € I} 4,

Ji = {ki: |k1 — koly — kaly — 2% (Axg + Ba3)| < 29, ko € Sy, k3 € Ty}, for some (z9,23) € I, 4,
Jo = {ki: |ky — khly — kil — 2% — (9, 23)| < 29, ko € Sy, k3 € Ty}, for some (z2,73) € I, 4,
K, = SixJixTi, Koy=5xJ xT.
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From inequalities (3.15) and (3.16), we see that we need to estimate card (K7). In the following we will
show that, on I, ,, K> is a translation of K; and that card (Ks) < C2(!*39 which will yield the desired
estimate card (k) < C201439)7,

Since 27wy = p + a(xs) and 2723 = ¢ + B(x3), it follows that card (S;) = card (S2) and card (T}) =
card (Ty). For any ko € S, k3 € Ty, we have that |ka| < 29 +|a(z2)] < C29 and |k3| < 299 +|B(z3)| < C29.
Thus, card (S1) = card (S2) < €29 and card (T1) = card (Ty) < C2% uniformly for (z2,23) € I,,. Note
that, for ko € Sy, ks € Ty, we have that ko = ko —p+p = kS +p and ks = ks — q¢+q = k§ +q. Since k}, € Sa,
ki € Ty, we have that |k} < C2% and |kj| < C29.

Similarly, for fixed ko, k3, let Jy = {k1 : |ky — koly — kaly — 229 (Axy + Ba3)| < 299} and Jo = {k; :
|k1 — kb1 — kblo — 227 — y(ma, 23)| < 2¢9}, for some (w2, 23) € I, 4 so that card (J;) = card (J2). For ky € Jo,
we have that |ky — kbl — kilo — v(z2,23)| < 2¢. Tt follows that

k1| < |khlr| + |khls| + (2o, 23)| + 299 < 201497

for all g, 23 € I,, such that |[¢;| < 27, |5 < 27. We have shown that card (J;) = card (Jp) < C201+9)7
uniformly for all (x2,23) € I, and all [¢1] < 27, |¢5] < 27. Thus, for the rest of the proof, we can assume
that card (K;) < C20439)7,

We recall that

~(m —W(—% , , Comin. ,
7;( P:9) (6) = (27_(_()2|£|§)|§| . (_17A7 B)/ g(2jx2 - p)g(2jx3 - q)e 2min-(z2,23) d.’Eg d-r2
D
—27HW (~H —2mi2 I (za,x
B (27r>2(|§|€)§| ' (_1,1473)/. g(ws — p)g(ws — q)e” ™2 " 278) dy dy.
2D
Similar to (3.14), we have the following estimate:
mpd 272 1 1

(m.p,q)
|7 @l<c €] 14277|B& +&s| 1+ 27748 + & + b(B& + &)

It follows that, for & € Uj ¢, ¢,, we have that
TP < C27Y (14 |y — aml) ™ (L4 |(61 — Crm) + (L2 — Lag)]) "
Using this last observation, together with the fact that the family
{Q,QjezmgA(—l-;B(jﬁl’“% . keZ?)

is an orthonormal basis for L?(Uj s, r,), it follows that

SRR = [ W T @R T R de

kezZ3 31,02

< 28278 (1 [l — Lo )72 (1 + (6 — Lrm) + b(la — La)]) 2.

Since card (K;) involved in the above sum is of order O(2'397), Holder’s inequality yields that

ST BT (4, 0y, k)| < C27FI270 (14 [y — Lygn) (L4 |(61 — Cam) + b(Ez — o))
keZ3

It follows that 5. 3. Y
Z Z Z \5§m’p’q)(£17€2ak)| < Cj2 27327237 < C 22€79— 37,

[€1]<27 [£2]<27 keZ3
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Hence, computing also the sum over the indices m and the indices (p, ¢) in Jz(,,lq), we have that

M
SO > > Y B, k)| < 02292

(pa)ediy MBIV [6|<2) ker?
This completes the proof of the lemma. o

Lemma 3.7. Using the notation introduced above, for a given ¢ > 0 and for (p,q) in JZ(;?q), we have that:

M
S X Y Y Btk < 0222

(p.q) €ISy M= 1a = 0] 2299 [62] <27 keEZ?

M
Z Z Z Z Z |ﬂ§m’p’q)(€17£2,]€)| < 220~ 3i

(p,q) €T3 M=101]<27 [(£r—L1,0)+b(L2—L2,0)| 227 kEZ?

Proof. We will only prove the first of the two estimates since the second one can be proved using a
similar argument.
As in the proof of Lemma 3.6, we use the following identity:

F(m,p,q) (¢ _ _2_2jW(2_2j§)£- — / - _ N\ e—2mi27 n(z2,3)
T; &) = enTE T (—1,A,B) 2ng(.’172 p)g(xs —q)e dxs dxs.

Since I, , (10D = 0, we see that supp (g(z2 — p)g(xs — q)) (102D = . We also have that |¢] ~ 2% on
Uj ¢, .6,- Therefore, using integration by parts N times with respect to the variable x5 and x3 in the integral
above, we have that

TP (€)] < C27Y (14 o = Lonl) ™Y (14 (61 = Crm) +b(C2 = Lo,m) )

It follows that

SR < [ O WE R T O e

keZ3 701,02
< 2214 [l — Lo )TN (L (61 = L) + b2 — L)) T
As in the proof of Lemma 3.6, we can assume that k € K; with card (K;) = O(21+397) uniformly for all
(p,q) (the case k € Z3\ K yields fast decay for the sequence). Hence, from the last inequality, we have that

1+

3BTV (0, b, k)| < On 2E 2T (1 [y — o )N (14 [(6r = Cim) +b(E2 — L))
k€K,

This implies that

S Y Bl e k)| < Oy 222N D

[lo—Lo m|>2¢7 |€1]|<27 keZ3

It follows that, for N large enough, we have the estimate:

M
S Y Y Y Y ek < 2

A

C922i9-3i O

IN
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We are now ready to prove Theorem 2.1.

We choose any 0 < € < % and we introduce the notation
S = {(j, 01, €2, k) < [y — Cy ] < C29, |0y — by ] < 29, k € Z°).

We have that Sz; = Up_, S5, Since [ly — | < 29 and (4 — bim) + b(lz — Lon)| < 29 yield
[0 — €1 | < C29, it follows from Lemma 3.6 and Lemma 3.7 that

bag= 3 NTjwhy)| < C M2 2737,

ness ;

Thus, since 0 < € < %, Lemma 3.5 implies that §2 ; = o(

).

As we pointed out above, to complete the proof of Theorem 2.1, it remains to show that y.(Ss2 ;, U; @) — 0,
as j — 0o. Since

e(S2,5, U3 @) = max Y |¢A,wn|<maxz > Hba ),
nESs2,; m=1 ES(TW)

it is sufficient to show that
max Z (or, Yy)| = 0, asj — oc.
nesy™

This means that the proof of Theorem 2.1 is completed once we show the following result.

Proposition 3.8. Using the notation from above, for a given ¢ > 0, we have that

Imax > > D Ubjwrs ekl = 0, as j = oo,

[€1—1,m | <C29 |la—Lo, | <269 kETZS

Proof. Let L be the differential operator
1 02 1 02 1 02
b= (1~ og) (1~ @) (- o)

o = (O(l, a2, 0[3) B([lil),ez]Azl)(

By direct calculation, we have that
—— o A~ k} o o _ﬂ_jfzr"//
Grdin) = [ (2T AR (28w g et ek ) g
R

. [~
-2 /RS Fj,h,fz (f) ( 2J£) amiel (I)B(l) (e df

For brevity, let
TR = (k) 270 kY 270k, 27 Ky, 27T k).

= ¢2("2)¢2( ) W2 (1,279 (Cem + 12), 277 (€ + 1)) 2min-(k=e) gy

_ z”/Rng (o (22)0h2 (22 W21, 277 (G + 1), 277 (Camy + 1) ) L7 (275772 ) .

It follows that

Z Z Z (D%, Vier 02,1

|01 =01 | <C2€5 |03 — Lo, | <259 kETZS

< 0226]2 J Z kl — al) ) 1(1 + (kQ — a2)2)_1(1 + (k?) - a3)2)_1
kez3
< 02(_1+2€)j7
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where the constant C' > 0 is independent of k’. Since € < %, it follows that —1 4+ 2¢ < 0, and this implies
that
te(S2,5, ;@) -0 as j — oo.

This completes the proof of the proposition. O

This also completes the proof of Theorem 2.1.

Remark 3.1. Concerning the extension of our 3D result to the situation of singularities along general piece-
wise smooth surfaces, we remark that our arguments do not work for general surfaces, e.g., a section of a
sphere. In fact, the proofs of Lemma 3.6 and Lemma 3.7 rely on the crucial observation that all values
of p and q from 277 to 27 correspond to the same {1 ., and {3 ,,, and this requires the assumption that a
singularity along a surface is linear or piece-wise linear. As a consequence, a different argument is needed
to deal with singularities along more general surfaces.
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