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Support Vector Machines



Support Vector Machines

Support Vector Machines (SVMs) are one of the most theoretically
well motivated and most effective classification algorithms in
modern machine learning [Boser, Guyon, Vapnik, 1992]

Given a set of labeled training data, each marked as belonging to
either one of two categories, an SVM algorithm computes an
optimal hyperplane that separates the two categories.

The optimal criterion for the hyperplane consists in determining
the hyperplane achieving the widest possible gap between the
two categories.

In addition to performing linear classification, SVMs can also
perform a non-linear classification using what is called the kernel
trick - a method that implicitly maps input data into an
appropriate feature space where feature vectors are linearly
separable.



Linear classification

Let X CRN, Y ={-1,+1} and f : X — Y be a target function.

Given a hypothesis set H of functions mapping X to Y, the binary
classification task is formulated as follows.

The learner receives a training sample S of size m drawn i.i.d.
from X according to some unknown distribution D

S= ((Xl,}/l)a"w(xm,)/m)) eEXxY

with y; = f(x;) for all i € [m].

The problem consists of determining a hypothesis h € H, a binary
classifier, with small generalization error:

Rop(h) = P (h(x) # f(x))

x~D



Linear classification

Different hypothesis sets H can be selected for this binary
classification task.

In view of the discussion of the model selection problem presented
above, hypothesis sets with smaller complexity (e.g., smaller
VC-dimension or Rademacher complexity) provide better learning
guarantees, everything else being equal.

A natural hypothesis set with relatively small complexity is that of
linear classifiers, or hyperplanes, which can be defined as follows:

H={x—sign(w-x+b):weR" beR}

The learning problem is then referred to as a linear classification
problem.



Linear classification

The general equation of an hyperplane in RV is
HPWJ,:{XERN tw-x+ b=0},

where w € RN and b € R.

The vector ﬁ can be identified with the unit normal vector to
the hyperplane and b with the offset or distance of the hyperplane
from the origin.

Accordingly, we can define a decision function sign(w - x + b) that
takes values in the set {—1,+1} depending on x falling on either
side of the hyperplane HP,, .



Linear classification

We start by assuming that the training sample S can be linearly
separated, that is, we assume the existence of a hyperplane that
perfectly separates the training sample into two populations of
positively and negatively labeled points.

Definition. Let S = {(x;,y;) CX x Y :i=1,...,m}. ThesetS
is said to be linearly separable if there exist w € RV \ {0} and
b € R such that

yilw-xi+b)>06 Vi=1,...N,

for some 6 > 0. In this case, HP,, ;, is said to be a separating
hyperplane.

If S is separable, there are infinitely many separating hyperplanes.

Which hyperplane should a learning algorithm select?



Linear SVM

Among all possible separating hyperplanes, the SVM approach
seeks to find the one with the maximum margin of separation
between any (training) point and the hyperplane.

Definition. The optimal separating hyperplane for a set
S={(x,y;)) CRN x {~1,+1}:i=1,...,m} is the solution of:

max {m|nHX,—x|| xeRV w-x+b=0,i=1,...,m}
weRN be




Linear SVM

The geometric margin p of a linear classifier for a sample
S =(x1,...,Xm) is the minimum distance d(x;, HP,, ;) over the
points in the sample,

p = min d(x;, HPy, p),
i€[m]
that is, the distance of the hyperplane to the closest sample
point(s).
The SVM solution is the separating hyperplane with the maximum
geometric margin and is thus known as the maximum-margin
hyperplane.




Linear SVM

It is easy to see that any hyperplane HP,, ;, can be rescaled by
multiplying w and b by the same non-zero constant A so that

HP,, b = HPxuw xb

We can remove this unnecessary degree of freedom by rescaling w
and b so that the point(s) closest to the hyperplane satisfy
|w - x; + b| = 1.

Definition. The hyperplane HP,, }, is said to be in canonical form
with respect to X ={x; € H:i=1,...,m} if

in |lw-xi+bl=1
i=1,...m
If HP,, p is a canonical hyperplane, then a vector in x; € X is said
to be a support vector if it belongs to either one of the

hyperplanes HP_1 or HPy, where HPy := {x € H: w-x+ b = k}.



Linear SVM

If x € HP_1 and x’ € HP; (i.e., x, x’ are support vectors) then

2=|(w-x+b)—(w-x +b)

=|w-x—w-X|

— Jw- (x—xX)| = |- (x=x)] = 2.
Hence, the distance between HP_; and HP; is ” T and the

distance between HP,, ;, and a support vector is Hi”

\w-z+b=1
\




Linear SVM

Alternatively, using the distance formula from a point to a plane,
one can derive that

Thus, for a support vector, this distance is m



Linear SVM - Primal optimization problem

We can set up an optimization problem that defines the SVM
solution. As above, we assume that S is separable.

The maximum margin of a separating hyperplane is given by

p = max min — =1 — max min
w,b:yi(w-x;+b)>0i€[m] HW” w,b ie[m] HWH
As observed above, we can rescale the hyperplanes, so that it is
sufficient to consider the pairs (w, b) such that
Min;c(m) Yi(w - x; + b) = 1. Thus we have

1
p= max —
(w,b): minje(m) yi(w-xi+b)=1 H WH
1
= maxXx T
(w.b): yi(w-xi+b)>1,i€[m] |[w|



Linear SVM - Primal optimization problem
Maximizing m is equivalent to minimizing ||w||2.
Thus, the pair (w, b) returned by SVM in the separable case is the
solution of the following convex optimization problem:

1
min 7(w) = |w|
(w,b)eRN xR 2

subject to:  yj(w-x;+b)>1, Vi=1,....m.

Remark. The objective function 7 is strictly convex. In fact 7 is
infinitely differentiable and the eigenvalues of the Hessian
V27(w) = | are strictly positive. Also, the constraints are all
defined by affine functions.

It follows that the optimization problem admits a unique solution.

Moreover, since the objective function is quadratic and the
constraints are affine, this optimization problem is a specific
instance of quadratic programming, a family of problems
extensively studied in optimization that have efficient numerical
solutions.



Linear SVM - KKT conditions

We can reformulate the optimization problem using the method of
Lagrange multipliers.

We introduce non-negative constants «j, ..., a, and denote

a=(ag,...,am)t

For w € RV, b € R, we define the Lagrangian

m

1
L(w,b,a) = §|’WH2 =3 ailyi(w - xi + b) = 1).
i=1

Then the primal optimization problem can be solved as

min  L(w, b, &)

weRN beR

subject to a; > 0, forall i =1,...m.



Linear SVM - KKT conditions

The Karush-Kuhn-Tucker (KKT) conditions for the solution of the
optimization problem are obtained by setting the gradient of the
Lagrangian with respect to the primal variables w and b to zero
and by writing the complementarity conditions:

Y -
%:—Za;y,-:o - Zaiyizov
i=1 i
%:W_Za,yixizo — W:Zai)/ixi
=1 i=1

ai(yi(lw-x;+b) —1) =0,Vi —  a;=0Vy(w-x;+b)=1

Remark. Eq. w =) " ajyjx; shows that the solution w is a
linear combination of the support vectors, that is, those training
vectors x; for which «; > 0.

By the complementarity condition, if o; # 0, then

yi(w - x; + b) = 1. Thus the support vectors lie on the marginal
hyperplanes w - x + b = +1.



Linear SVM - KKT conditions

Support vectors fully define the maximum-margin hyperplane or
SVM solution.

This explains the name of the SVM algorithm.

Vectors not lying on the marginal hyperplanes do not affect the
definition of these hyperplanes and, in their absence, the solution
to the SVM problem remains unchanged.

Note that while the solution w of the SVM problem is unique, the
support vectors are not.

In dimension N, N 4 1 points are sufficient to define a hyperplane.
When more than N + 1 points lie on a marginal hyperplane,
different choices are possible for the N + 1 support vectors.



Linear SVM - Dual optimization problem

We derive the dual form of the constrained optimization problem
stated above by plugging into the Lagrangian the definition of w in
terms of the dual variables.

This yields
1 m m
= EHZ aiyixil|* = aiajyiyi(xi - x) Z ajajb + Za,
i=1 ij=1 ij=1
which simplifies to

m 1 m
L= Za; ~3 Z ajogy;yi(xi - xj)
i=1

ij=1



Linear SVM - Dual optimization problem

By applying the constraint, we obtain the dual optimization
problem for SVMs (valid in the separable case)

max ﬁ ZOQ—* Zaajylyj )

Q1,..,0m
ij=1

subject to Za,-y,- =0and a; >0, foralli=1,....m
i=1

Remark. The objective function £(«) is convex. In fact L is
infinitely differentiable and the Hessian V2£(a) = —A, where

A = (yixi - ¥jXj)ij is positive semidefinite. Also, the constraints are
affine and convex.

Since L(«) is a quadratic function of «, this dual optimization
problem is also a quadratic programming problem, as in the case of
the primal optimization and once again both general-purpose and
specialized quadratic programming solvers can be used to obtain
the solution.



Linear SVM - Dual optimization problem

Since the constraints are affine, strong duality holds.

Thus, the primal and dual problems are equivalent: the solution «
of the dual problem can be used directly to determine the
hypothesis returned by SVMs:

h(x) = sign(w - x + b) = sign (Z a;yi(xi - x) + b)

i=1

Since support vectors lie on the marginal hyperplanes, for any
support vector x;, w - Xj + b = y;, and thus b can be obtained via

m
b=yi— ) ap(-x)
j=1



Linear SVM - Dual optimization problem

Multiplying both sides by «;y; and taking the sum leads to
m m m
Z aiyib = Z ajy? — Z @i yiy;(X; - i)
i=1 i=1 ij=1

Since y? =1, w =", ajy;x; and >, avjy; = 0, we have

m
0=> ai—|w|?
i=1

This implies that the margin can be expressed as

po o1 1
lwl iy elh




Linear SVM - Dual optimization problem
Remark. The dual optimization problem

max L(« g o — E aiajyiyi(Xi - xj)
Q1,y..,0m 1
u

subject to Za,-y,- =0and a; >0, foralli=1,...,m.
i=1

and the related expressions

= sign <Z a:y: i + b)
=i~ Z (- x;)
=1

reveal a very important property of SVMs: the hypothesis solution
depends only on inner products between vectors and not directly
on the vectors themselves.



Linear SVM - Learning guarantee

We can derive a learning guarantee for SVMs based on the fraction
of support vectors in the training set.

Definition. Let hs denote the hypothesis returned by a learning
algorithm A, when trained on a fixed sample S. Then, the
leave-one-out error of A on a sample S of size m is defined by

. 1 &
Rioo(A) = m Z 1hs—{x,-}(Xi)75yi
i=1

That is, for each i € [m], A is trained on all the points in S except
for x;, i.e., S — {x;} and its error is then computed using x;. The
leave-one-out error is the average of these errors.



Linear SVM - Learning guarantee
Proposition. The average leave-one-out error for samples of size
m > 1 is an unbiased estimate of the average generalization error
for samples of size m — 1:

SNEDm[ﬁ,Loo(A)] = S/NDEm—l[R(hS/)]

where D is the distribution according to which points are drawn.
Proof. Since the points of S are drawn in an i.i.d. fashion,

. 1 &
SNEDm[RLOO(A)] = m ; SN%m[th—{xi}(Xi)7éYI]

= E [1h5—{xl}(X1)75}/1]

S~Dm

- E D[th/(Xl)7éYI]

S’NDmfl,xlw

= E [ E [lhy(a)pnll

SINDm_l x1~D

= E_[R(hs)] 0
s'~pm



Linear SVM - Learning guarantee

Theorem. Let hs be the hypothesis returned by SVMs for a
sample S and Nsy/(S) be the number of support vectors that
defines hs. Then

JELRMe < E PR
Proof. Let S be a linearly separable sample of m+ 1.

If x is not a support vector for hg, removing it does not change the
SVM solution.

Thus, hs_(y = hs and hs_(,y correctly classifies x.

By contraposition, if hs_ .} misclassifies x, x must be a support
vector, which implies

ﬁLoo(A) < N,S,,ViJr(ls)

The proof is completed by taking the expectation of both sides and
applying the Proposition above. []



Linear SVM - Learning guarantee

Remark. The theorem shows that the average error of the SVM
algorithm is upper bounded by the average fraction of support
vectors.

One may hope that for many distributions seen in practice, a
relatively small number of training points will lie on the marginal
hyperplanes. The solution will then be sparse in the sense that a
small fraction of the dual variables «; will be non-zero.

However, this bound is relatively weak since it applies only to the
average generalization error of the algorithm over all samples of
size m.

It provides no information about the variance of the generalization
error.

A stronger result about the margin theory will be proved below.



Linear SVM - Non-separable case

In most practical settings, the training data is not linearly
separable, which implies that for any hyperplane w - x + b =0,
there exists x; € S such that

_)/,'(W'X,"l—b)?_él

The constraints imposed in the linearly separable case cannot all
hold simultaneously.

However, we can impose a relaxed version of these constraints,
that is, for each i € [m], there exist & > 0 such that

yilw-xi +b) >1—¢;

The variables &; are known as slack variables and they measure
the distance by which the vector x; violate the desired inequality
yi(w - xi +b) > 1



Linear SVM - Non-separable case

For a hyperplane w - x + b = 0, a vector x; with & > 0 can be
viewed as an outlier.

Each xi must be positioned on the correct side of the appropriate
marginal hyperplane to not be considered an outlier. As a
consequence, a vector x; with y;(w - x; + b) < 1 is correctly
classified by the hyperplane w - x + b = 0 but is nonetheless
considered to be an outlier, that is & > 0.

w-x+b=0




Linear SVM - Non-separable case

If we omit the outliers, the training data is correctly separated by
w - x + b =0 with a margin p = W that we refer to as the soft

margin, as opposed to the hard margin in the separable case.

How should we select the hyperplane in the non-separable case?

There are two conflicting objectives:

1. on one hand, we wish to limit the total amount of slack due
to outliers, which can be measured by > ; & or, more
generally, by >, 5;’, for some p > 1;

2. on the other hand, we seek a hyperplane with a large margin,
though a larger margin can lead to more outliers and thus
larger amounts of slack.



Linear SVM - Non-separable case

The following general optimization problem defining SVMs in the
non-separable case where the parameter C > 0 determines the
trade-off between margin-maximization (or minimization of ||w||?)
and the minimization of the slack penalty.

1 m
min 7(w) = Sfjw|® + € ;5,"
P
subject to: yi(w-x;+b)>1—-&ANE >0, Vi=1,...,m.

where £ = (&1,...,&m)" and the parameter C is determined via
n-fold cross-validation.

Remark. As in the separable case, this is a convex optimization
problem since the constraints are affine and thus convex and since
the objective function is convex for any p > 1.



Linear SVM - Non-separable case

There are many possible choices for p in the slack penalty > ; €7
leading to more or less aggressive penalizations of the slack terms.

The loss functions associated with p =1 and p = 2 are called the
hinge loss and the quadratic hinge loss, respectively.

Zero-one

e 1<0

3 Hinge

z+ max(0,1—z)
Quadratic hinge

Q2 z+> max(0,1 —z)?
o
1 \
0
-2 -1 0 1
z

Figure: The hinge loss and the quadratic hinge loss provide convex upper
bounds on the binary zero-one loss.



Linear SVM - KKT conditions

As in the separable case, the objective function and the afine
constraints are convex and differentiable. We can reformulate the

optimization problem using Lagrange multipliers and apply the
KKT conditions.

Let a = (a1,...,am)t, 8= (81, -, Bm)", with a;, 5; > 0 for all
i€[m]. ForweRN beR, &= (&,...,&m)t € RT we define the
Lagrangian

ﬁ(W,b,g, «, ) 2||WH +CZ£I Zal(}// WX/+b 1+§/ Zﬁ/f:

i=1 i=1

Then the primal optimization problem can be solved as
min L(w, b, a, B)
weRN beR £€€RT

subject to «j, 8; >0, foralli=1,...m



Linear SVM - KKT conditions

The KKT conditions for the solution of the optimization problem
are obtained by setting the gradient of the Lagrangian with respect
to the primal variables w, b and £ to zero and by writing the
complementarity conditions:

a£ m m
%Z—Zamzo = > iy =0,

i=1 i
g—'fv:w—zmy;x,-:o - W:Zaiyl'x,'

i=1 i=1

oL
a—g:C—a;—ﬂ;zO = a;+8i=C
a;(y;(W'X;—I-b)—l—i-f;):O,Vi - Oé,'ZO\/y,'(W-X;—i-b):l—§;
Bi&i = 0,Vi = BiVE& =0



Linear SVM - KKT conditions

Remark. As in the separable case, eq. w = > ", ajyix; shows
that the solution w is a linear combination of the support
vectors, that is, those training vectors x; for which «; > 0.

By the complementarity condition, there are two types of support
vectors.

If aj =0, then y;(w - x; + b) = 1. Thus the support vectors lie on
the marginal hyperplanes w - x + b = +1.

If aj # 0, then y;(w - x; + b) =1 — &; and x; is an outlier. In this
case, eq. B;&; = 0 implies 3; = 0 and eq. «a; + 8; = C then
requires a; = C.

Thus, support vectors x; are either outliers, in which case a; = C,
or vectors lying on the marginal hyperplanes.

As in the separable case, while the weight vector w solution is
unique, the support vectors are not.



Linear SVM - Dual optimization problem

We derive the dual form of the constrained optimization problem
stated above by plugging into the Lagrangian the definition of w in
terms of the dual variables.

This yields

1 m m
£—2Hzla,-y,-x,-H2— Za,-ajy,-yj(x,--@ Zaajb—i—Za,
1=

i,j=1 i,j=1
which - exactly as in the separable case - simplifies to
m 1 m
L=) =5 > aiayiyi(xi - x)
i=1 ij=1

However, here, in addition to a; > 0, we must impose the
constraint on the Lagrange variables 5; > 0.
In view of a; + B; = C, this is equivalent to a; < C.



Linear SVM - Dual optimization problem

Hence, by applying the constraint, we obtain the following dual
optimization problem for SVMs

max E a,—fE aiajyiyi(xi - x;)
Q1. 0m £

i=1 ij=1

subject to Za,-y,-zO and 0< ;< C, foralli=1,...,m
i=1

which differs from the separable case for the constraints «; < C.

Remark. As in the separable case, the objective function and the
constraints are convex. This dual optimization problem is also a
quadratic programming problem which is equivalent to the primal
problem.



Linear SVM - Dual optimization problem

As in the linear case, the solution of the dual problem can be used
directly to determine the hypothesis returned by SVMs and the
expression of b, yielding

h(x) = sign(w - x + b) = sign <Z aiyi(xi - x) + b>

i=1
and

m
b=yi— Y aylx-x),
j=1

which are valid for 0 < o; < C.

As in the separable case, the dual optimization problem and the
expressions above show that the hypothesis solution depends only
on inner products between vectors and not directly on the vectors
themselves.



Linear SVM - Margin theory

Recall that the VC-dimension of the family H of hyperplanes or
linear hypotheses in RN is N + 1.

Hence, the application of the of the VC-dimension bound to this
hypothesis gives that, for any § > 0, with probability at least 1 — 4§,
the following holds for all he H

m 2m

R(h) < Rs(h) +\/

When the dimension of the feature space N is large compared to
the sample size m, this bound is uninformative.

However, we will derive learning guarantees presented that are
independent of the dimension N and thus hold regardless of its
value.



Linear SVM - Margin theory

Definition. The confidence margin of a real-valued function h at
a point x labeled with y is the quantity y h(x).

Thus, when y h(x) > 0, h classifies x correctly but we interpret the
magnitude |h(x)| as the confidence of the prediction made by h.

The notion of confidence margin is distinct from that of geometric
margin and does not require a linear separability assumption.

The two notions are related in the separable case: For
h(x) = w - x + b with geometric margin pgeom, the confidence
margin at any point x of the training sample with label y satisfies

ly h(x)| = pgeom||w]|



Linear SVM - Margin theory
For any parameter p > 0, we define a p-margin loss function that
penalizes h with the cost of 1 when it misclassifies a point x but
also penalizes h (linearly) when it correctly classifies x with
confidence less than or equal to p.

Definition. For any p > 0, the p-margin loss function
L,:R xR — Ry is defined for all y,y’ € R by

Ly(y,y") = ®,(y y') with

1 if x <0
®p(x) =min(1,max(0,1 - 7)) =q¢1-% f0<x<p
0 if p < x.

Figure: Margin loss function (in red) defined with p = 0.7



Linear SVM - Margin theory

We define the empirical margin loss as the margin loss over the
training sample.

Definition. Given a sample S = (x1,...,xm) and a hypothesis h,
the empirical margin loss is defined by

m

R o(h) = 3 @,(yih(x))

i=1

Since ®,(yih(x;)) < 1,,p(x)<p then the empirical margin loss
satisfies

RS,p Z 1y, h(x;)<

Interpretation: the empirical margin loss can be replaced by this
upper bound, which represents the fraction of the points in the
training sample S that have been misclassified or classified with
confidence less than p.



Linear SVM - Margin theory

In other words, the upper bound of the empirical margin loss is the
fraction of the points in the training data with margin less than p.

This corresponds to the loss function indicated by the blue dotted
line in the figure

Figure: Margin loss function (in red) defined with p = 0.7

The advantage of using a loss function based on ¢, as opposed to
the zero-one loss or the loss defined by the blue dotted line in the
figure is that ®,, is Lispchitz continuous.



Linear SVM - Margin theory

The lemma below bounds the empirical Rademacher complexity of
a hypothesis set H after composition with a Lipschitz function in
terms of the empirical Rademacher complexity of H.

Lemma (Talagrand’s lemma). Let ®1,...,®,, be \-Lipschitz
functions from R to R and let 01,...,0, be Rademacher random
variables. Then , for any hypothesis set H of real value function,

EE [supZa, ioh) x,] gi [upZohx,]:)\%g(H)

heH me
In particular, if ®1 = & for all i € [m], then the following holds:

Rs(® o H) < \Rs(H).

This lemma will be needed for the proof of the margin-based
generalization bound.



Linear SVM - Margin theory

We can now prove the following general margin-based
generalization bound.

Theorem (Margin bound for binary classification). Let H be a
set of real-valued functions and fix p > 0. then, for any § > 0, with
probability at least 1 — 6, each of the following holds for all h € H:




Linear SVM - Margin theory

Remarks. The generalization bounds of the theorem suggest a
trade-off:

A larger value of p decreases the complexity term (second term),
but tends to increase the empirical margin-loss Rs ,(h) (first term)
by requiring from a hypothesis h a higher confidence margin.

Thus, if for a relatively large value of p the empirical margin loss of
h remains relatively small, then h benefits from a very favorable
guarantee on its generalization error.

For the theorem to hold, the margin parameter p must be selected
beforehand. However, we will show next that the bounds of the
theorem can be generalized to hold uniformly for all p € (0,1] at
the cost of a modest additional term.



Linear SVM - Margin theory

Proof. Let H = {z = (x,y) — yh(x : h € H)} and consider the
functions of the form g = ®, 0 f, where f € H.

Using the generalization bound for the Rademacher complexity
presented above, for any § > 0, with probability at least 1 — §, for
any such g

Elg(z ]<fZgz, ) +2%Rm(H) +
i=1

and, thus, for all h € H.

E[0,(h(x))] < Rs () + 2%m(®, o H) + /51
Since 1,<0 < ®,(u) for all v € R, then

R(h) = E[1ynx)<o] < E[®,(yh(x))]



Linear SVM - Margin theory

From the last two inequalities, we derive

R(h) < Rs p(h) +2Rm(®, 0 H) +

Since @, is 1/p-Lipschitz, by Talagrand’s lemma it follows that
Rm(®p 0 H) < 1Rm(H). In addition, we have

N 1
Rm (H mSJ [hEPZU:% Xj ] = ESED' [hepzah Xj ] = m(H)

Using these observations in the inequality above, we obtain the
first bound of the theorem.

The second bound is proved similarly using the other generalization
bound for the Rademacher complexity. [



Linear SVM - Margin theory

Here is the version of the Margin Bound theorem valid uniformly
for p € (0, r] for some r > 0.

Theorem. Let H be a set of real-valued functions and fix r > 0.
then, for any § > 0, with probability at least 1 — §, each of the
following holds for all h € H and p € (0, r]:

. log log, 2- log 2
R(h) < Rs (h) + & Rn(H) + \/ 20 4 \/ X3

m 2m

N log log, 2 log 4
4 P s
R(h) < Rs p(h) + > Rm(H) + p= +3 om




Linear SVM - Margin theory

Proof. Let (pk) and (ex), with e, € (0,1], be two sequences. By the
Margin Bound Theorem above, for any fixed k > 1,

P [ sup R(h) — Rs.p, (h) > % Rm(H) + e | < exp(—2me?)

heH, k>1

Choosing ¢, = € +

P l sup  R(h) = Rs p,(h) — 2 Rn(H) — e > o] < exp(—2me})
heH,k>1 k=1

<3 exp(2m(e +y/2EY)
k=1

= Z exp (—2me?) exp (—2 log k)
k=1

o0

= (O &)exp(—2me)

k=1

< 2exp (—2me?)



Linear SVM - Margin theory

We choose px = r/2%. For any p € (0, r], there exists k > 1 such
that p € (pk—1, k] with po = r.
For that k, p < pxk—1 = 2pk, hence 1/py <2/p and

Vlog k = \/loglogy(r/pk) < v/loglogy(2r/p)

Further, for any h € H, Rs ,, (h) < Rs,(h). Thus

P[ sup R(h)fﬁs,p(h)f% Rm(H)—/ Mfe > 0] < exp (—2me?)

heH,k>1

which proves the first statement.
The second statement can be proven in a similar way. [



Linear SVM - Margin theory

We can finally state the following general margin bound for linear
hypotheses with bounded weight vectors.

Corollary. Let H = {x — w - x: ||w| < A}, assume that

X C{x:||x]| < r} and fix p > 0. Then, for any 6 > 0, with
probability at least 1 — § over the choice of a sample S of size m,
the following holds for any h € H:

R(h) < Rs,o(h) +2y/ rzAz/p T~ log 5

Proof. The proof follows from the Margin Bound theorems above
and the observation that, under the assumption of the theorem,
the empirical Rademacher complexity can be bounded as

r2\2

m .

Rm(H)




Linear SVM - Margin theory

As with the Margin Bound theorem, the bound of the corollary can
be generalized to hold uniformly for all p € (0,1] at the cost of a
additional term. Namely,

Corollary. Let H = {x— w - x: ||w|| < A}, assume that

X C{x:||x]| <r} and let p € (0,1]. Then, for any § > 0, with
probability at least 1 — § over the choice of a sample S of size m,
the following holds for any h € H:

. [r2\2] 2 log log; 1 log 1
R(h)SR&p(h)-i-z I’/,()+\/2p+ ﬁ
m m 2m




Linear SVM - Margin theory

Remarks. The generalization bound for linear hypotheses in the
Corollary does not depend directly on the dimension of the feature
space, but only on the margin.

It suggests that a small generalization error can be achieved when
p/(rN) is large (small second term) while the empirical margin loss
is relatively small (first term). The latter occurs when few points
are either classified incorrectly or correctly, but with margin less
than p.

When S is linearly separable, for a linear hypothesis with geometric
margin pgeom and the choice p = pgeom, the empirical margin loss
term is zero.

Thus, if pgeom is relatively large, this provides a strong guarantee
for the generalization error of the corresponding linear hypothesis.



Linear SVM - Margin theory

Remarks. Is there a contradiction with the VC-dimension lower
bounds stating that for any learning algorithm A there exists a bad
distribution for which the error of the hypothesis returned by the
algorithm is Q(/d/m) with a non-zero probability?

No. The bound of the corollary does not rule out such bad cases.
However, for such bad distributions, the empirical margin loss
would be large even for a relatively small margin p, and thus the
bound of the corollary would be loose in that case.

The learning guarantee of the corollary hinges upon the hope of a
good margin value p.

If there exists a relatively large margin value p > 0 for which the
empirical margin loss is small, then a small generalization error is
guaranteed by the corollary.

This favorable margin situation depends on the distribution: while
the learning bound is distribution-independent, the existence of a
good margin is in fact distribution-dependent.

A favorable margin appear relatively often in applications.



Linear SVM - Margin theory

Choose A =1 in the Corollary. Then, for any § > 0, with
probability at least 1 — § over the choice of a sample S of size m,
the following holds for any h € {x — w - x : ||w| <1}, p € (0,r]:

. r2/ 2 log Iog2& log 2
R(h) < Rs.,(h) + 4/ /P +\/ Py 285
m m 2m

The margin loss function is upper bounded by the hinge loss

®,(u) = min (1, max(0,1 — %)) < max(0,1 - %)

Thus, for any § > 0, with probability at least 1 — 4, the following
holds for any h € {x — w - x : [|w| < 1}:

1 & r2/ p? \/Iog log, - log 2
R(h) < — 0,1—yi(w-x;))+4 p 0
()_m;max(, yi(wexi))+4y ==+ —H o

This inequality can be used to derive an algorithm that selects w
and p > 0 to minimize the right-hand side.



Linear SVM - Margin theory

Since only the first term of the right-hand side depends on w, for
any p > 0, the bound suggests selecting w as the solution of the
following optimization problem:

1 m
il 1—yi(w-x
,-E_l max(0,1 — yi(w - x;))

min

1
Iwii<%

Introducing a Lagrange variable A > 0, the optimization problem
can be written equivalently as

1 m
mmi/n M wl? + - Z max(0,1 — yi(w - x;))
i=1

The resulting algorithm precisely coincides with SVMs.



Non-Linear SVM

Kernel methods are use to extend SVMs to define non-linear
decision boundaries.

The main idea is based on kernel functions which are used to
implicitly define an inner product in a high-dimensional space H.

Replacing the original inner product in the input space X with such
kernels extends SVMs to a linear separation in H, or, equivalently,
to a non-linear separation in X.

Figure: The classification task consists of discriminating between blue
and red points. (a) No hyperplane can separate the two populations but
(b) a non-linear mapping can be used instead.



Non-Linear SVM

We recall that the dual optimization problem for SVMs

max E a,—f g ajogyyi(xi - xj)
ALy 0m £

i=1 I,_[l

subject to Za,-y,-:Oand 0<q;<C, foralli=1,...,m
i=1

which leads to writing the hypothesis h returned by SVMs as
h(x) = sign(w - x + b) = sign (Z aiyi(xi - x) + b)
i=1

with

m
- ZQJM()Q ’ Xi)v
=1



Non-Linear SVM

Let ® : X — H be a feature map that maps the input data to
some Hilbert space H called feature space.

The feature map & is typically nonlinear and H may be infinite
dimensional.

By mapping the input data xi,...,xn € X to H, we expect that
the features ®(x1), ..., ®(xm) will be linearly separable in H.

Next, assume that there is a kernel function K : X x X — R on
the input space satisfying

K(xi,xj) = (®(x1), ®(x;)) -



Non-Linear SVM

Under these assumptions, we can now reformulate the SVM
optimization problem by replacing the inner products x - x” with
kernels K(x, x"):

max E a,—fg ajogyiyiK(xi, xj)
QAl,.-,0¢m

i=1 ij=1
subject to Za,-y,- =0and0< ;< C, foralli=1,....m
i=1
so that we write the hypothesis h returned by SVMs as
m
h(x) = sign(w - x + b) = sign (Z a;yiK(xi, x) + b)
i=1

with

m
= yi— Y ayK(x, x)-
j=1



Kernel Methods

Definition Let X # () be a set. A function k: X x X - R is
called a kernel on X iff there is a Hilbert space H and a feature
map ® : X — H such that for any x,x’ € X

k(x, x") = {®(x'), D(x))n

holds.

Remark. Given a kernel k, neither ® nor H are uniquely
determined.



Kernel Methods

Example 1. Let X = R and k(x,x") = x’ x. Obviously, k is a
kernel on X with ®1(x) = x being the identity map and H; = R.

Next Consider ®5 : X — R? = H, given by

dy(x) = %(X, X).
We have
(@), a(x))sa = 5 + 5% = xx = Ko

and hence k is a kernel on X also for ®5 and H».



Kernel Methods

Example 2. Let X # () and {f,}52; be a set of functions
fo © X — R with the property that f,(x) € ¢2 for any x € X. Then

o0

Kx.x) = 3 () ()

is a kernel on X with ®(x) = f,(x), @ : X — £2, i.e., the sum

o

(@), ®(x))2 =D falx) FalX) = k(x,X')
i=1

is well defined since f,(x) € £2 for any x € X by Holder's inequality.



Kernel Methods

Properties of kernels
1. If ky, ko are kernels then ki + ko is a kernel.
2. If & > 0 and k is a kernel, then ak is a kernel.

Remark: The space of kernels forms a cone but not a vector
space as shown by the argument below.

Let k1, ko be kernels on X such that, for some x € X,
ki(x, x) — ka(x, x) < 0.

If ki — ko is kernel, then there exist a map ® : X — H such
that
0 < (d(x), P(x)) = ki(x,x) — ka(x, x) < 0,

giving a contradiction. So k1 — kp is not a kernel.



Kernel Methods

3. Let k be a kernel on X and A be a map, A: Y — X, where Y
is another set.
Then, k(x,x") = k(A(x), A(x')), for x,x" € X defines a kernel
onY.
This include the special case where A is a restriction map.
Hence, if Y C X, then kjyy is a kernel.

4. If ki is a kernel on Xi and k> is a kernel on X5, then ky.k> is a
kernel on the tensor space X; x X».
In particular, if X; = Xy = X, then

k(x,x") = ki(x, X" )ka(x,x"), x,x" € X

defines a kernel on X.



Kernel Methods

Example 3 (Polynomial kernels).

By the properties of kernels, for any n > 0, the map
kn(x,x") = (xx')", where x,x" € X is a kernel.
Hence, if p: X — R is of the form,

p(t) = a,t" + ...+ ait + ag

with non-negative coefficients a;, then k(x, x") = p(xx’), with
x,x" € X is a kernel.

In general, the function: k(z,z1) = ({z,2') + ¢)™ with
z,77 € C9 ¢c >0, is a polynomial kernel on C¥.



Kernel Methods

Example 4 (Exponential kernels).

Using the Taylor expansion, one can express the exponential
function in terms of polynomials.

Hence, for d € N, x,x' € RY, k(x,x") = exp({x,x")) is a kernel
on RY.

Similarly, let d € N, v >0, z = (21, ..., 24), 2 = (2, ..., 2y) € cH,
Then

d
2z -2
) = ool (5.3
j=1

is a kernel on C9. o
Its restriction ky = exp(—”x_vigl‘?), for x,x' € RY, is a kernel on

RY.



Kernel Methods

Definition. A function k : X x X — R is positive definite if for

alneN, ai,...,a, € R, and all xg,...,x, € X, we have
n n
ZZa;aJk(x,-,xj) >0
i=1 j=1

Furthermore, it is strictly positive definite if for mutually distinct
X1,...,Xp € X, equality only occurs when a3 = --- = a, = 0.

k is symmetric if k(x,x") = k(x/, x), for all x,x" € X.

Given a function k : X x X — R, the matrix K = (k(x;, X)) is
the Gram matrix of k with respect to the vectors xi,...,x, in X.

We have that

n n
ZZa;aJk(x,-,xj-) >0 <= K is positive definite.
i=1 j=1



Kernel Methods

Theorem A function k : X x X — R is a kernel if and only if it is
symmetric and positive definite

Proof. (=)
If k is a kernel, then

k(x, X') = (®(x), ®(x)) = (¢(x), ®(x')) = k(x, x)

is symmetric.
Also, forany n€ N, a1,...,ap € R, x1,...,x, € X, we observe
that

D aiajk(xi,x) = O aid(x), Y ajd(x)) =D aid(x)|? >0
i—1 j=1 i=1

ij=1

Hence, k is positive definite.



Kernel Methods
Sl
Assume k : X x X — R is symmetric and positive definite.
Define

n
,Hpre: {Za,k(, X,) neN,O[, ER,X,GX}
i=1

Forany f =31, aik(-, x;), & = > 11 Bik(-, 1) € Hpre, set

n n

i=1 j=1
We want to show that this operation defines an inner product on
Hpre, i.€., that (-, -) is bilinear, symmetric and positive definite.

First we observe that, for any XJ’ € X, we have

f(xi) = 2271 cik(x], i), hence (f, g) = >, B;f(x]). Similarly,
we can write (f,g) = Y7 aig(xi).

This shows that (f, g) is independent of the representation of f
and g.



Kernel Methods

By the assumption on k, it follows that (f, g) is symmetric,
bilinear and positive, that is

n n
(f,f>:ZZa,-ajk(x,-,xj)ZO

i=1 j=1
forany ag,...,an €R, x1,....xp € X, f € Hpre.

Note that these properties imply the Cauchy-Schwartz inequality,
(f,&)> < (f,f)g.g)
for all f,g,€ Hpre.

It also follows that if £ =0, then (f,f) = 0.

It remains to show that (f, f) = 0 implies f = 0.



Kernel Methods
Since (f,g) = > i_; @ig(x;), it follows that

Zakxx, = (f, k(x,x;)) = f(x)

Using this observation and Cauchy-Schwartz inequality, for any
x € X we have

=D aik(x,xi)? = [(f, k()2 < (kG x)s k(X)) (F 6.
i=1

Thus, (f,f) = 0 implies f(x) = 0 for any x € X, hence f = 0.

The proof follows using a continuity argument, that is by taking H
to be the completion of Hpe. [



Reproducing Kernel Hilbert Space

Definition. Let X # () and H be a K-Hilbert function space over
X, i.e., a Hilbert space that consists of functions with domain in X
and range into K (e.g., K=R or = C).

» A function k : X x X — K is called a reproducing kernel of
H if k(-,x) € H for all x € X and it satisfies the reproducing
property

f(x)=(f, k(-,x))n
for all f € H and all x € X.

» The space H is called a reproducing kernel Hilbert space
(RKHS) over X if for all x € X the Dirac functional
dx : H — K defined by

is continuous.



Reproducing Kernel Hilbert Space

Remark. A RKHS is a space of functions, hence L2(RY) is not a
RKHS.

If H is a RKHS, then norm convergence implies pointwise
convergence.

To show that this is the case, let (f,) € H be such that
||fa — flle — 0 as n — oo with f € H.
It follows that for any x € X there is a constant ¢ such that

|0x(fn) — 6x(F)] < cllf — falln-
Hence

lim f,(x) = lim 6(f,) = 6x(f) = F(x).

n—o0 n—oo



Reproducing Kernel Hilbert Space

Proposition (Reproducing kernels are kernels).

Let H be a Hilbert function space over X that has a reproducing
kernel k.

Then H is a RKHS and H is also a feature space of k, where the
feature map & : X — H is given by

We call ® the canonical feature map of kernel k.



Reproducing Kernel Hilbert Space

Proof. First we show that d, is continuous so that H is a RKHS.
Since k is a reproducing kernel in H, for any f € H,

[0x(F)] = 1F ()| = [(F, k(- X))l < FIHIAC )]

This shows that 5 is continuous for any x € X.
Therefore, H is a RKHS.

Next , we show that H is a feature space of k with feature map ®.
For a fixed x’ € X, let f = k(-,x').
Then, for any x € X,

(D(x), @(x)) = (k(-,x), k(-, X)) = (F, k(-, x)) = f(x) = k(x, x").

Therefore, H is a feature space of k with a feature map . []



Reproducing Kernel Hilbert Space
We have just seen that every Hilbert function space with a
reproducing kernel is a RKHS.
We next show that, conversely, every RKHS has a (unique)
reproducing kernel over X and that this kernel can be determined
by the Dirac functionals dx, x € X.

Theorem (Every RKHS has a unique reproducing kernel). Let
H be a RKHS over X and H' be the dual space of H.
Then k : X x X — K defined by

k(x,x") = (0x,0x)30r, x,x € X,

is the only reproducing kernel of H.

Furthermore, if (&;)ic; is an orthonormal basis of H, then for all
x,x" € X, we have

k(x,x") = Z ei(x)ei(x).

i€l



Reproducing Kernel Hilbert Space

Proof.

First, we show that k is a reproducing kernel by showing that the
reproducing property holds.

By Riesz representation theorem, there exists an isometric
anti-linear isomorphisim / : H’ — H that assigns to any g’ € H' a
representing element in H; that is

g'(f)=(f Ig'), forall f e H,g' € H'

In particular, for g’ =6, € H', f = 16,» € H, then
(18, 15) 1 = 0x(10,).
With this observation, for all x, x’ € X,
K(x, %) %€ 5,5, 160,183 = 6:(16) %1 160 (x).
This shows that k(-, x") = 1§,/ for all x' € X. Hence,
<) 40 5,0 (F) = (F 15,03 = (F, k(- X)), for all X' € X.

This shows that k has the reproducing property.

Ve Rlesz (



Reproducing Kernel Hilbert Space

To show uniqueness, let k be an arbitrary reproducing kernel on .
For any x’ € X, given a basis (€;);c/ € H, we have

k(- x) = k(X)) eder = (er, k(- x'))er.
iel icl
By the reproducing property of k, we have
(e, k(- x"))ei = ei(x')e;.

Therefore,

k(-,x') = ei(x)e;.

Since k and (ei)ies are arbitrarily chosen, we find k= k.

O

Therefore, k is the only reproducing kernel of H.



Reproducing Kernel Hilbert Space

The theorem above shows that a RKHS uniquely determines its
reproducing kernel (which is also a kernel).

The following theorem now shows that, conversely, every kernel
has a unique RKHS. Thus, it establishes a one-to-one relation
between a kernel and a RKHS.

Theorem Let X # () and k be a kernel over X with feature space
Ho and feature map g : X — Ho. Then

H:={f: X = K|3w e Hg with f(x) = (w, Po(x))s, for any x € X}
equipped with the norm
| fllg = inf {||wl|n, : w € Ho with f = (w, Do(-))2,}

is the only RKHS for which k is a reproducing kernel.



Reproducing Kernel Hilbert Space

Moreover, the operator V' : Hy — H defined by
Vw = (w, ®o(-))n, for w € Ho

is a metric surjection. That is, VBy, = By, where By, and By
are the open unit balls of Hg and H. Also, the set

Hpre :f{Za, xj):neNag,...,an € K xq,...,x, € X}

is dense in H and, for f := > | aik(-, x;) € Hpre, we have

1715 = >0 > k(o). kCoxg)w = D D icik(xg,)-

i=1 j=1 i=1 j=1



Reproducing Kernel Hilbert Space

Proof. We first show that H is a Hilbert space.
From the definition, we have that # is a vector space of functions
from X — K and V : Ho — H is a surjective linear operator.

Using V, for any f € H, we write
flloy =  inf .
£l =, i, , Il

To show that ||-||3 is a Hilbert space norm, let
(wp) C ker V = {w € Ho|Vw = 0} with the property that
lim, 0o Wy, = w. Then

(W, ®(x)), = lim (wy, P(x)) =0, for any x € X,

showing that w € ker V' and, hence, ker V is closed.

Denoting H = (ker V), we can write Ho = ker V @ H. )
Then, by construction, the restriction Vl"rfl cH—>Hof VioHis
injective.



Reproducing Kernel Hilbert Space

We will show that \/m is also surjective.

Let f € H and w € Hp with f(x) = (w, ®o(x))2, = Vw(x).
We can write w = wg + W with wg € ker V' and

W e (ker V)L =H.

Then f = V(wg+w) = Vw = \/|7_~Lv"v.

This shows that \/m is surjective and, thus, Vlﬁ is also bijective.

Let (V\?:l)_l be the inverse operator of V;;. Then we have

flI3, =  inf w2, = inf wo+w||2

171 = e )W = v sermpsev-iqey) I
. 2 ~ 112 — 2

= inf lwoll3, + W15, = I(Vi) ™ F1I-

woEker V,WGH,W0+WEV71({'C})

Since # is a Hilbert space norm, then ||:||% is also a Hilbert space
norm. Hence we have shown that \/‘7;[ is an isometric isomorphism

from H to H.



Reproducing Kernel Hilbert Space
To show that k is a reproducing kernel of H, note that, for any
x € X, by definition
k(-,x) = (Po(x),Po(-)) = Vdo(x) € H.
Since (w, ®g(x)) = Vw(x) = 0 for any w € ker V, then
®o(x) € (ker V): =7
Since \/‘,;, “H — His isometric, we obtain that
F(x) = (V) ", ®o(x))wo = (F, Vig®o(x))m = (F, k(- x))n

for all f € H, x € X, which is the reproducing property of k.
Therefore, H is a RKHS by Proposition above.



Reproducing Kernel Hilbert Space
We next show that

p,e:—{Zoz, ):neNaag,...,ap e Kixg...,x, € X}

is dense in any RKHS 7 with k as the reproducing kernel.

By the definition of reproducing kernel, we observe that

k(-,x) € H for all x € X. Hence, Hpre C H.

Now we suppose that H e is not dense in A.

Then, (Hpre)t # {0}. Therefore, there exists a function

g € (Hpre)t and a x € X with g(x) # 0. Since g € (Hpre)" and
k(-,x) € H, (g, k(-,x)) = 0.

By the reproducing property of k, (g, k(-,x)) = g(x) # 0. This is
a contradiction. Therefore, H e is dense in any RHKS.

Now, for any f := "7, a;ik(:, x;) € Hpre, by the reproducing
property,

171 = > D k(o). k(ox))q = D D ik, )-

i=1 j=1 i=1 j=1



Reproducing Kernel Hilbert Space

Finally we prove that k has only one RKHS.

Let H1 and H, be two RKHSs of k.

We just proved that Hpe is dense in both 71 and H> and that the
norms of H; and Hy coincide on Hpre.

Choose f € H1. There exists a sequence (f,) C Hpre With

|fo — fll2, — 0. Since Hpre C Ho, the sequence (f,) is also
contained in H», and since the norms of H1 and H5 coincide on
Hpre, the sequence (f,) is a Cauchy sequence in Hy. Therefore,
there exists a g € Ha with ||, — g|3, — 0.

Since the convergence with respect to a RHKS norm implies
pointwise convergence, then f(x) = g(x) for all x € X, hence

f € Hp. Furthermore, ||f, — |3, — 0 and ||f, — f|l3, — 0 imply

1Fllses = lim Wfollas = i [[follgpe = Tim [[fllae, = 11 £l

Therefore, H;1 is isometrically included in Ho.
Similarly, we can prove that Hy C Hi. So the reproducing kernel k

has a unique RKHS. O



Reproducing Kernel Hilbert Space

Remarks. The theorem describes the RKHS H of a given kernel k
as the ‘smallest’ feature space of k in the sense that there exists a
canonical metric surjection V from any other feature space Hg of
k onto ‘H.

Recall that the nonlinear SVM approach produces decision
functions of the form x — (w, ®o(x)), where &g : X — Hg is a
fature map of k and w € Hy is an appropriate weight vector.
The space

H:={f: X = K|3Iw e Hg with f(x) = (w, Po(x))3, for any x € X}

given in the Theorem states that the RKHS associated with k
consists exactly of all possible functions of such form.

Moreover, by the theorem, this set of functions dose not change if
we consider different feature spaces or feature maps of k.



Properties of RKHSs - Boundedness

Recall that, for a function f on a topological space Z, the uniform
norm of f is given by [|f||, = sup,cz |f(2)|.
A function f defined on Z is bounded if ||f||;, < cc.

For kernel functions k on X x X, we introduce the norm || - |00

|k ||loo := su)pz VvV k(x, x).
x€

Note that in general, ||k||p # || k]| co-
However, for a kernel k on X with RKHS H, we have some
remarkable properties.



Properties of RKHSs - Boundedness

Lemma Let k: X x X — K be a kernel on a reproducing kernel
Hilbert space H with the feature map ® : X — H. Then k is
bounded iff

||k]|oo = sup \/ k(x,x) < oo.

p
xeX
Proof.

By the reproducing property of H, for any x, x’ € X,

k(x,x’) = <¢(X/),¢(X)> = <k(-,x), k(',x')>.
Hence, by the Cauchy-Schwarz inequality, we get that
[k(x, )2 = | (k (-, %), k(X))
< [k IB, - NIk G X
= k(x,x) - k(x',x").
Conversely

wp kGox)| > sup K(xx)
(x,x")eXxX (x,x)eXxX

and the proof follows by choosing x' = x. []



Properties of RKHSs - Boundedness

We can relate the boundedness of k to the boundedness of its
feature map &.

Lemma Let k : X x X — K be a kernel on a reproducing kernel
Hilbert space H with feature space Hgy and feature map

® : X — Ho. Then k is bounded iff ® is bounded.

Proof. Since ® : X — Hj is a feature map for k, by the
reproducing property

1O(x) 3, = (®(x), D(x)) 3y, = (k( %), k(- x))g = k(x,%).

Taking the supremum over X on both sides gives ||®[|2 = | k2.
Thus, |2 < oo iff ||k||2, < occ.



Properties of RKHSs - Boundedness

We can now characterize the boundedness of the reproducing
kernel in terms of the feature space elements f € H.

Lemma Let k: X x X — K be a kernel on X with a RKHS H.
Then k is bounded iff every f € ‘H is bounded.

Moreover, in this case the induction map (id) : H — ¢>°(X) is
continuous, with

1(id) = H = LX) = [[k]loo-

Proof. ( = ) Assume k is bounded. By virtue of the properties
of RKHS's for H and the Cauchy-Schwarz inequality, we have for
all x e X and f € H,

[FOIP = [(F, k(X)) g [P < NIF I3, k(x,%).
Taking the supremum over X gives
1l < 1Fll3 [klloo-

Since k is assumed bounded and f € H = ||f|ly < oo, then we
have ||f||, < oo, showing boundedness.



Properties of RKHSs - Boundedness
This also shows that (id) : H — ¢°°(X) is well-defined, and that

1(id) = H = (X < [[kloo-

(<= ) If every f € H is bounded, the inclusion (id) : H — £>°(X)
is well-defined.
(id) is a linear map since, for any o € K and f, g € H,

(id)(af+g)(x) = (af+g)(x) = af(x)+g(x) = a(id)(f)(x)+(id)(g)(x)-

We will use the Closed Graph Theorem to prove that (id) is
bounded. For that, let (,)5%; C H be such that

n=1
lim ||f, — f|j% =0
n—oo
and lim |id(f)) — glloo = lim ||fy — glloc =0
n—o00 n—o00

for some f € H and g € £>°(X).



Properties of RKHSs - Boundedness
Then, we have that for any x € X,

Jim 1f2(x) = F()P?

= nll_}ngo | (fos k(-s X))y — (FL k(- %))y B (reproducing kernel property

= nll_}ngo | (fn — £, k(- X)) B (inner product
< nll_}ngo 1o — F113, k(- )13, (Cauchy-Schwarz inequality
=0. (by hypothesis

Also, since |fp(x) — g(x)| < [[fs — gl for any x € X, it follows
from our assumption on (f,) that lim,_o |fa(x) — g(x)| = 0 for
every x € X, implying that f(x) = g(x) for all x € X iff
f=(d)(f)=g.

Thus, (id) : H — £°°(X) has a closed graph and hence is bounded.
Since (id) is linear, it is also continuous.



Properties of RKHSs - Boundedness

Finally, for any x € X we have that
k()| < k(s X) oo < (I(d) = H — (XY 1A( x) 1
= [I(id) : H = £=(X) ||/ (k(x, x)
which implies that
Vk(x,x) < ||(id) : H — £°(X)]|.

Since this holds for every x € X, taking the sup over X on both
sides gives that

[kl < [[(id) = H — £2(X))]. (6)

By a Lemma above, this shows that k is bounded. O



Properties of RKHSs - Measurability

The measurability of a kernel k can be characterized in terms of
the measurability of the functions in the associated RKHS.

Lemma Let (X, ) be a measurable space and k be a kernel on X
with reproducing kernel Hilbert space H. Every f € H is
u-measurable iff the restricted kernel function k(-,x") : X = R is
p-measurable for all x' € X.

Proposition. Let (X, ) be a measurable space and k be a kernel
on X with reproducing kernel Hilbert space H such that the
restricted kernel function k(-,x") : X — R is u-measurable for all
x" € X. If H is separable, then

(i) the canonical feature map ¢ : X — H is u-measurable,

(ii) the full kernel k : X x X — R is pu x u-measurable on the
product space X x X.



Properties of RKHSs - Integrability

Theorem Let (X, i) be a measurable space, 11 be a o-finite
measure on X, and H be a separable RKHS over X with
measurable kernel k : X x X — R.

If there exists p € [1,00) such that

IMW:<AMMWQWMYM<W

then the following holds:
(i) H consists of LP(u)-integrable functions.
(ii) The inclusion map (id) : H — LP(u) is continuous.

(iii) The adjoint of the inclusion map exists. It is the operator
Sk : LP' — H given by

Sug(x) = [ k(x.X)a(x) du(x)
for g € LP', x € X, and conjugate exponents % + % =1

Note: The LP norm notation here is not the standard one.



Properties of RKHSs - Integrability

Proof. (i),(ii) Fix f € H. Since ||k(-, x)|l% = \/k(x, x) then

191, = [ 1FGOIP dut)

/|fk 1P dp(x)
swméwwwwwmw
— £, KI5,

This shows that f € LP(u) and that (id) : H — LP(u) is
continuous with

(i) = H — LP()] < Iklleo-



Properties of RKHSs - Integrability

(iii) For g € LP', using Cauchy-Schwartz and Holder’s inequalities
we have that

[ 1K X)) di(x) < VRGx) | VG g6 dnx
X X
< VKGR Kl g

This shows the integrability of k(x, x")g(x’) and thus the existence
of the integral defining Skg(x) for all x € X.

Since \/k(x', x") = ||®(x")||, the last inequality shows that

x" = ||®(x")g(x")|| is integrable, Finally, we have

Sie(x) = [ (o(x L (<) di(x)
-{ /X £ ()0 dp(x), "’(X)>H‘

This shows that Sig := g = [, g(x")®(x') du(x) € H. O



Properties of RKHSs - Integrability

Remark: Under the conditions of Theorem above, using the fact
that a bounded linear operator has a dense image if and only if its
adjoint is injective, one can also derive the following properties for
the feature space H in terms of the adjoint map Si
1. H is dense in LP iff the adjoint operator Sy : LP" — H is
injective.
2. The adjoint Sy : LP" — H has a dense image Sy (L") iff the
inclusion (id) : H — LP is injective.



Properties of RKHSs - Integrability

Theorem Let (X, i) be a measurable space, 11 be a o-finite
measure on X, and H be a separable RKHS over X with
measurable kernel k : X x X — R such that

Mm—<AH&AWUOW<m-

Then
(i) Sk : L% — H given by

&awzﬂu&mawmwv

for g € L2, x € X, is a Hilbert-Schmidt operator with

1SkllHs = Ikl 2;

(ii) the integral operator Tx = S; Sk : L?(n) — L?(p) is compact,
positive, self-adjoint.

Recall that |52, := 3=, || Seil|?. where {e;} € # is an ONB of H.



Properties of RKHSs - Continuity

We define a (pseudo)-metric in terms of k and use this to
characterize continuity.

Definition Let X be a topological vector space. A kernel k on X is
separately continuous if k(-,x) : X — R is continuous for all
x € X.

Lemma Let X be a topological space and k a kernel on X with
reproducing kernel Hilbert space H.

Then k is bounded and separately continuous iff every f € H is
bounded and continuous. In this case, the inclusion map

id : H — Cp(X) is continuous and

lid : H — Cp(X)| = [[lloo-



Properties of RKHSs - Continuity

Definition. Let k be a kernel on X with a feature map
o X = H.
The kernel metric is given by;

di(x, x") = [®(x) = ()l x, X' €X.

We remark that di is a pseudo-metric in general since
di(x,x") = 0 for not imply that x = x’ in general.
It is a metric if ® is injective.

Furthermore, we have

di(x, x') = /k(x, x) — 2k(x, x') + k(x', x")

showing that the definition of dj is independent of ®.



Properties of RKHSs - Continuity

The following act shows how the kernel metric can be used to
characterize the continuity of the kernel k.

Proposition. Let (X, 7) be a topological vector space and k a
kernel on X with feature space H and feature map ®. The
following are equivalent:

i. k is continuous.
ii. k is separately continuous and x — k(x, x) is continuous.
iii. ® is continuous.

iv. The map id: (X,7) — (X, dk) is continuous.



Properties of RKHSs - Continuity

Proof.

(i) = (ii). Trivial.

(ii) = (iv). By the formula of dj in terms of the kernel and the
assumption, we see that di(-, x) : (X, 7) — R is continuous for
every x € X.

Consequently, {x" € X : dk(x’,x) < €} is open with respect to 7
and therefore id : (X, 7) — (X, dk) is continuous.

(iv) = (iii). This follows from the fact that ® : (X, dx) — H is
continuous.

(i) => (i). Fix x1, x; € X and x2, x5 € X. Then we have

k(s x1)—k(x2, )| < [(@(x1), D(x1) =P (x2)) [+ (P (x1) =D (x2), P (x2))]

< @Gl - 19(xa) = ©Ce)ll + 100)] - [[@0x) — P(x)]l-

From this we conclude that k is continuous. O



Properties of RKHSs - Compactness

We have seen above that a RKHS over X is continuously
contained in £°° if it has a bounded kernel.

The following proposition provides an additional condition so that
this inclusion is compact

Proposition. Let k be a kernel on a space X with RKHS H and
canonical feature map ® : X — H. If &(X) is compact in H then
the inclusion map given by

id - 1 — (X)

is also compact.



Properties of RKHSs - Compactness

Proof. Since ®(X) is compact, then k is bounded and the space
(X, dx) is compact with respect to the kernel metric dy.

Let C(X, dk) be the space of functions f : X — R that are
continuous with respect to d.
For x, X’ € X and f € we have

[F(x) = FO = [(F, @(x) = @) | < (I llae - die(x, X'),

showing that f is continuous on (X, d).
It follows that the unit ball By C H is equicontinuous and
bounded.

By Arzela-Ascoli Theorem, Bi'H is compact in C(X, dx) and, hence,
in £2°(X) since C(X,dx) C £>°(X).
This shows that id : H — ¢°°(X) is compact. [



Properties of RKHSs - Compactness

We establish a sufficient condition for the separability of a RKHS.

Proposition. Let X be a separable topological space and k a
continuous kernel on X.
Then the RKHS H of k is separable.

Proof. By the Proposition about compactness above, the
canonical feature map ® : X — 7 is continuous, thereby implying
that ®() is separable. It follows that vector space

Hpre == {Za;k(-,x,-) neNag,...,an € k,xq,...,xp € X}
i=1

is also separable.
We observed in the proof of a previous theorem that H . is dense
in H. Hence, the separability of H follows by completion. [



Properties of RKHSs - Mercer's Theorem

The celebrated Mercer's Theorem shows the existence of a series
representation for continuous kernels that are defined on a
compact domain.

This series representation can be used to characterize the
corresponding RKHSs.

Recall: we proved that the integral operator T, = 5; S, where
Sk : L? — H is given by

Sig(x) = /X k(X )g(x') du(x)

is compact, positive and self-adjoint.
By the Spectral Theorem, there exists a countable ONS (e;) C L2
and a family ()\;) C R converging to 0 such that, for f € L2

ka = Z )\,‘(f, e,-> €.



Properties of RKHSs - Mercer's Theorem

In addition, {\; : i € I} is a set of non-zero eigenvalues of T.

Set & := \; 'Skei € H, i € 1.

It follows that S;é&; = )\i_l Tkei = e (using the fact that \; is an
eigenvalue of Ty) and \;& = Ske; for all i € I.

From this, we have that

AiNj(&i, &)n = (Skei, Skej)n = (e SiSkej) 12 = (ei, Tkej) 2
= )\j<e,-,ej>Lz
This shows that the set (v/A;&);c/ is an ONS in H.

Mercer's Theorem shows that, under certain conditions, this set is
an ONB of H.



Properties of RKHSs - Mercer's Theorem

Theorem (Mercer’s). Let X be compact metric space and
k: X x X = R be continuous. Let i1 be a finite Borel measure
with supp(p) = X.

Then there exists a countable orthonormal sequence (e;);jc; C H
and a family (\;j)ie; C R converging to 0 such that

k(x,x) =) " Nei(x)ei(x) x,x' €X
iel

with absolute and uniform convergence.
Note that above we assumed

[A1| = [A| = |As] = ...



Properties of RKHSs - Mercer's Theorem

Remarks:
» Mercer's Theorem implies that ® : X — ¢? given by

d(x) = (VAiei(x))ier, x € X,

is a feature map of k with k(x, x") = (®(x'), d(x)).
» With the assumptions of Mercer's theorem, if (a;)ic; C £2(1)
and x € X, J C [, then

> laiv/Niei(x)] < 23,2\/2 Aie? (x) = [1(ai)llezry v/ Kk (x, x)-

icl icl icd




Properties of RKHSs - Mercer's Theorem

Theorem (Mercer’s Representation theorem for RKHS)
With the assumptions from previous theorem, let

H —{Za, Aiei:( 652(/)}

iel
For
f=Y a/NecH, g=) b\/AecH
set
(f.e)n=>_aibi
iel

Then H equipped with (-, -)y is the RKHS of the kernel of k.
Furthermore, T,}/z . 1%(u) — H given by

T;/2f = Z(f, e,-> \/)T;e,-
iel

is an isometric isomorphism.



Properties of RKHSs - Mercer's Theorem

Proof. A direct and straightforward argument shows that H is a
complete inner product space under the norm (-, )y, hence H is a
Hilbert Space.

For x € X, by Mercer's Theorem, we have that

= 3" Va0V Ae()
i€l

showing that k(-, x) € H.
Additionally, for f = Z a,-\/)T,-e,' € H, we have
i€l
< H = Z aj \/791 = f xeX
iel

showing that k is the reproducing kernel of H.



Properties of RKHSs - Mercer's Theorem

) 1/2
Let us next examine Tk/ .

Fix £ € L2(p).
Since (ej)ies is an orthonormal basis of L2(1), we can write

f= Z(f, e,'>L2(#) €.
iel
By Parseval’s formula,
1FBay = S I(F )P,
iel

showing that ({f,e/))ie; C £3(1).
It follows that

Tkl/zf = Z(f, &) Ve € H.

i€l



Properties of RKHSs - Mercer's Theorem

Moreover, L
IT2E02 = Y (e 2 = [1F12(w),
iel

implying that Ti/2 is an isometry on H and hence injective.

To show that T,}/Z is surjective, fix f € H.
By the definition of H, there is a sequence (a;)ie; C £?(1) such

that f(x Za,\/»e,

iel

Also, we have that g := 3", aiej € L?(p) and, thus,
aji = <g7ei>L2'
Therefore,
1/2
T,%8() =Y (g eV Aiei(x) = D aiv/Areilx) = (),

iel i€l

proving that T,il/2 is surjective.

O



Universal Kernels

The ‘size’ of the RKHS is a critical issue on the generalization
ability of an SVM since we typically desire a solution space large
enough to give accurate solutions, yet not too large to avoid
over-fitting.

Definition. A continuous kernel k on a compact metric space X is
universal kernel if the RKHS 7 of k is dense in C(X), i.e., for
every g € C(X) and all € > 0, there exists an f € H such that

If —gllo <

Definition. Let k be a kernel on a metric space X with RKHS H.
We say that k separates the disjoint sets A, B C X, if there exists
an f € H such that f(x) > 0 for all x € A, and f(x) < 0 for all

x € B. We say that k separates all finite (or compact) sets if k
separates all finite (or compact) disjoints sets A, B C X.



Universal Kernels

Theorem. Let X be a compact metric space and k a universal
kernel on X. Then k separates all compact sets in X.

Theorem (Test for universality). Let X be a compact metric
space and k a continuous kernel on X with the property that
k(x,x) >0 for all x € X.

Suppose that we have an injective feature map ®X :— ¢2 and
denote ®(x) = (¢1(x), P2(x), ..., pk(x),...), x € X. If

A = span{¢, : n € N} is an algebra, then k is universal.



Universal Kernels

Examples of universal Kernels
» Polynomial: k(x,x") = f((x, x")) where
f(t) =20 pakth, ax>0.
» Exponential: k(x,x") = exp((x, x')).
> Gaussian RBF: k,(x,x’) = exp(—?|x — x||2)
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