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Abstract Edges and surface boundaries are often the most relevant features
in images and multidimensional data. It is well known that multiscale methods
including wavelets and their more sophisticated multidimensional siblings offer
a powerful tool for the analysis and detection of such sets. Among such meth-
ods, the continuous shearlet transform has been especially successful. This
method combines anisotropic scaling and directional sensitivity controlled by
shear transformations in order to precisely identify not only the location of
edges and boundary points but also edge orientation and corner points. In
this paper, we show that this framework can be made even more flexible by
controlling the scaling parameter of the anisotropic dilation matrix and con-
sidering non-parabolic scaling. We prove that, using ‘higher-than-parabolic’
scaling, the modified shearlet transform is also able to estimate the degree of
local flatness of an edge or surface boundary, providing more detailed infor-
mation about the geometry of edge and boundary points.
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1 Introduction

One of the most salient properties of the continuous wavelet transform is its
sensitivity to the local regularity of functions and distributions. If f is a func-
tion that is smooth apart from a discontinuity at a point pg, the continuous
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wavelet transform of f, denoted by Wf(a,p), signals the location of the dis-
continuity through its decay rate as the scale variable a approaches 0 (the
asymptotic decay is fast unless p is near py [16,23]). More generally, the con-
tinuous wavelet transform is able to resolve the singular support of f and to
measure the pointwise regularity of functions [17,18].

It is also known that the conventional wavelet approach offers rather lim-
ited capabilities for the analysis of the geometry of the singularity set. For
example, it cannot detect the orientation of a singularity curve [15]. The con-
tinuous shearlet transform [20] was introduced with the goal of refining the
microlocal properties of the conventional wavelet transform, and in fact is able
to resolve the wavefront set of distributions [8,20]. It was next shown in a se-
quence of more recent papers that the continuous shearlet transform provides
a precise characterization of the local orientation of edges for a large class of
multidimensional functions and distributions [9-11,14,21]. In particular, let us
consider a function on R? of the form h = Zf\;l ciXs,;, where, for each 7, ¢; is a
constant and S; is a compact subset of R? with a piecewise regular boundary
0S;. The continuous shearlet transform characterizes the location and orien-
tation of the boundary curves 0.5; through its asymptotic decay properties at
finer scales; this result includes the characterization of corner points. Similar
results hold true for more general piecewise smooth functions [13] and in the
three-dimensional setting [10,11], and provide the theoretical underpinning for
highly competitive numerical algorithms of edge detection and feature extrac-
tion in image processing applications [5,24-27].

In this paper, we show that the shearlet framework can be applied to de-
tect and analyze an additional property of edges, namely the edge flatness.
This property enables one to distinguish, for example, a circular edge from a
linear edge through the local asymptotic decay of the shearlet transform at
edge points. Up to the knowledge of the authors, this is the first result of this
type to appear in the literature and it is based on a novel application of the
shearlet framework, where the scaling parameter of the dilation matriz need to
be chosen ‘higher-than-parabolic’ (the precise definition will be given below).
This result is both of theoretical and practical interest. On the theoretical side,
it is remarkable that the standard shearlet transform based on parabolic scal-
ing is not sensitive to the edge flatness, and that non-parabolic (anisotropic)
scaling is required for this task. The proof of this new result adapts the general
organization of the proofs in [9] (for the 2D case) and [11] (for the 3D case);
however the main argument used for the most critical part of the proof, namely
the part dealing with the ‘slow-decaying’ terms in the edge detection estimate,
is new. On the practical side, this new result suggests that discrete multiscale
directional transforms could potentially take advantage of non-parabolic scal-
ing to encode more informative and discriminating features of imaging data.
Even though the actual implementation of this idea is beyond the scope of this
paper, a very simple numerical experiment reported below indicates that this
idea is feasible.

We also recall that the analysis of singularities is related to the so-called
geometric separation problem [4], aiming at separating into geometrically dis-



Microlocal analysis of edge flatness through directional multiscale representations 3

tinct components functions or distributions containing different types of sin-
gularities, e.g., point, lines and curve singularities. It was shown that the mi-
crolocal properties of the continuous shearlet [12] and curvelet transforms [4]
are critical to separate different types of singularities, and these results are
the groundwork for powerful numerical algorithms for image inpainting [7,19].
The new ideas presented this paper could potentially extend the current re-
sults allowing for the separation of curve singularities with different flatness
properties, e.g., linear and non-linear singularities.

We finally remark that historically the idea of using wavelet-like transforms
to perform microlocal analysis is older than wavelets and can be traced back to
the FBI transform of Bros and Iagolnitzer [1] and the wave packets by Cordoba
and Fefferman [3]. These methods define implicitly a kind of anisotropic scaling
and were shown to be able to resolve the wavefront set of distributions. The
curvelet and shearlet transforms were introduced more recently and can be
seen as a refinement and more flexible versions of these older transforms. We
refer to [2] for a more detailed discussion of the comparison between these
various ideas.

1.1 Paper organization

The rest of the paper is organized as follows. In Section 2, we recall the defini-
tion of the continuous shearlet transform and its main properties and introduce
the version of the continuous shearlet transform that will be used in this paper.
In Section 3, we present our main result about the shearlet characterization
of the local flatness of edge points in functions of two variables. In Section 4,
we extend the result from Section 3 to the 3-dimensional setting.

2 The continuous shearlet transform in R?

We briefly recall below the definition and main properties of the continuous
shearlet transform, originally introduced in [20].

2.1 Continuous shearlets in the plane

For a fixed 0 < 8 < 1, a continuous shearlet system generated by ¢ € L?(R?)
is a collection of functions of the form

{Wa,,p(x) = det M(a, 5)|"2¢(M(a,8) " (z = p)) :a > 0,5 € R,p € R*}, (1)

a 7(1[38

where the matrix M (a,s) is either Mjy(a,s) = (

a® 0
—a®s a

) or My(a,s) =

0 af
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It is easy to verify that Mp(a,s) can be factored out as the product
0

B(s) A(a) of the anisotropic dilation matriz A(a) = (Z B) and the shear ma-
a

triz B(s) = ((1) _18 ) A similar factorization holds for M, (a, s). When 8 = 1/2,
the anisotropic dilation matrix A(a) is associated with the so-called parabolic
scaling, meaning that the action of A(a) on elements of R? produces a scaling
that, along one coordinate axis, is quadratic with respect to the other coor-
dinate direction. The parabolic scaling is the standard choice in the classical
theory of curvelets [2] and shearlets [20]. The scaling becomes increasingly
more anisotropic when 8 < 1/2 and less anisotropic when f > 1/2. In the
limiting case where 8 = 1, then A(a) is the (isotropic) dyadic dilation matrix,
which is used in classical wavelets. The other limiting case, where 8 = 0, cor-
responds to the situation of ‘extreme’ anisotropic scaling where dilation occurs
along one coordinate axis only.

For appropriate choices of the generator function 1, the continuous shear-
lets are associated with a continuous reproducing formula. More precisely, let
M ) € L2(R?) be given by in the Fourier domain by

D6, &) = i (&) a(),  P(€, &) = () va(E), (2)

where & = (£1,&;) € R2. Correspondingly, we define the horizontal and vertical
continuous shearlets by

W) (@) = |det My (a, )|~ 2" (M (a,8) 7 (= p)), a>0,s € R,peR

a,s,p
and
$) (x) = |det My (a, )|~ 2™ (M, (a,8) " (& — p)), a>0,5€R,peR?

a,s,p

respectively. The following proposition is a simple extension of a result from [20]
(the original proof for 8 = 1/2 extends almost verbatim to the case of general
0<B<1).

Proposition 1 Let (9 € L*(R?), for d € {h,v}, be given by (2), where 1,
Yy € L2(R) satisfy the conditions

R 2 da
/ [¢1 (aw)] —= 1, for a.e. w €R; o2 = 1. (3)
0
Then any f € L*(R?) satisfies the formula

- d
1= [ i 2 S e .

where the equality is understood in the L? sense.
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In many applications, it is useful to impose additional assumptions on the
functions 1, 1 in (2), to improve the localization properties of the shearlets
((1}2,1,. Namely, both functions are assumed to be C2° in the Fourier domain

with
~ 1 1 ~
supp Y1 C [—2,—5] U [5,2] and supp ¢y C [—1,1].

In this case, by writing the continuous horizontal shearlets in the Fourier
domain as

DM L (61,6) = 0 Pr(a&) (0”7 (E — 5)) e,

it follows by the assumptions on 1, and - that the functions 1/3((1}121, have
supports:

Suppq&é},]’s{p C {(§1a§2) : gl € [_%7_i] U [i7 %]a |% - 5| < al_ﬁ}'

That is, the support of qls,ghs)p is a pair of trapezoids, symmetric with respect
to the origin, oriented along a line of slope s. The trapezoidal supports be-
comes increasingly more elongated as a — 0. Very similar properties hold for
the continuous vertical shearlets. In summary, the continuous shearlets form
a collection of well-localized functions ranging over a multitude of scales, ori-
entations and locations, associated with the variable a, s and p, respectively.
The action of anisotropic dilations and shear matrices is illustrated in Fig. 1.

i i i i i i i i i A j
-15 -10 5 1] 5 10 15 -15 -10 5 1] 5 10 15

Fig. 1 Anisotropic scaling. The image shows the effect of the anisotropic scaling matrix
A(a) and the shear matric B(s), for a = 0.2 and 0.1, s = 0 and s = 1, on the support region

(in black) of the shearlet generator ¢)(") (in the Fourier domain) using different values of
the anisotropy parameter 8. Left panel: g = % (parabolic scaling); right panel: 8 = 0.

Using the horizontal and vertical shearlets, we define the (fine-scale) con-
tinuous shearlet transform on L?(R?) as the mapping

fe LR\ [-2,2]*) —» $Hyfla,s,p), ac(0,1],s€[-00,00],p€R?,
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given by
Sy fa,s,p) = S flas,p) = (f0dld,),  if]s| <1
S fla, L p) = (f08d,),  if [s| > 1.

In this expression, it is understood that the limit value s = +o0 is defined and
that Sy f(a, £oo,p) = S—[fpv)f(a, 0,p).

The term fine-scale refers to the fact that this shearlet transform is only
defined for the scale variable a € (0,1/4], corresponding to “fine scales”. In
fact, for this range of scales, the shearlet transform &, f defines an isometry
on L?(R?\[-2,2]?)V, the subspace of L?(R?) of functions with Fourier-domain
support away from [—2,2]%, but not on L?(R?). This is not a limitation since
the shearlet-based analysis of singularities we will present below is based on
asymptotic estimates, as a approaches 0. In the following, for brevity, we will
drop the wording ‘fine-scale’ and, henceforth, simply refer to this transform as
the continuous shearlet transform.

2.2 Non-parabolic scaling and edge flatness

Results available in the literature about shearlet-based analysis of singularities
set the anisotropy parameter as 5 = 1/2 in the definition of the matrix M (a, s).
The same assumption S = 1/2 is made for curvelets in [2] and also for the
recently proposed approach in [21], that uses compactly supported shearlets.
This choice of 3 is appropriate for the detection of the location and orientation
of the edge points. Indeed, as it was observed in [14], other choices of 8 € (0,1)
are possible and would also allow to detect the location and orientation of
edges so that there is (apparently) no advantage in using a different 8. The
new observation we make in this paper is that, by choosing 0 < 8 < 1/2 in
the continuous shearlet transform, we are able to detect the degree of flatness
of an edge curve; this is not true if § = 1/2. The critical difference is that,
when 8 = 1/2, the asymptotic decay rate of the continuous shearlet transform
at an edge point pg, for s corresponds to the normal direction at pg, is of the
order (a®/*) independently of the flatness of the edge at py. By contrast, when
0 < B < 1/2, the asymptotic decay rate for the same values of py and s is
dependent on the flatness of the edge at py, so that it is possible to distinguish
edge points with different flatness by their asymptotic decay.

In the following, to simplify notation and avoid making the arguments
more technical, we will choose the special value 8 = 0 in the definition of the
matrix M (a, s) (other choices of 8 € (0,1/2) give a similar result). Therefore,

henceforth we assume § = 0 so that Mp(a,s) = (Z :S> and M,(a,s) =

10
( ) We will make a similar assumption for the 3D case in Section 4.
a
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3 Shearlet analysis of piecewise smooth edges in the plane

In this section, we show that the continuous shearlet transform (with 8 = 0)
provides a precise geometric characterization for the piecewise smooth edge of
a planar region, including its flatness. Before presenting our main theorems, we
define below the class of functions we will consider and the notion of flatness.

3.1 Our 2D image model

As an idealized model of images with edges, we consider functions of the form
f = >, Xs;, where the sets S; C R? are compact and disjoint (S; N.S; = 0
if i # j), and their boundary curves, denoted by 95;, are smooth except
possibly for finitely many corner points. To define the notion of a corner point,
let a(t) be the parametrization of a boundary curve 05 with respect to the
arc length parameter ¢. For any to € (0,L) and any j > 0, we assume that
lim, _, - a(t) = a(ty) and lim, _, ¢ aW(t) = aW)(tf) exist. Also, let
n(t~), n(t*) be the outer normal direction(s) of 95 at a(t) from the left
and right, respectively; if they are equal, we write them as n(¢). Similarly,
for the curvature of 95, we use the notation x(t7), (t") and r(t). We say
that p = a(to) is a corner point of 0S if: either (i) o/(t;) # +a'(tf) or
(ii) &/(ty) = £a'(t]), but k(ty) # k(tf). When (i) holds, we say that p is a
corner point of first type and, when (ii) holds, we say that p is a corner point of
second type. On the other hand, if a(¢) is infinitely many times differentiable
at to, we say that a(ty) is a regular point of 0S. The boundary curve a(t) is
piecewise smooth if the values a(t) are regular points for all 0 < ¢ < L, except
for finitely many corner points.

Note that it is not necessary to require infinite regularity. We can replace
the piecewise smooth boundary with a piecewise regular boundary of finite
order, say C™ (for sufficiently large m), and derive a result similar to the one
below at the cost of heavier notation. To keep notation simpler, we will only
examine the case of piecewise smooth boundaries below.

3.2 Definition of flatness

Let y = f(z), a < < b, be a section of a smooth boundary curve 95 of a
planar region S C R?. Given zg € (a,b), via a translation and a rotation of
the coordinates, we may assume that f(xzg) =0, f'(xg) = 0. If there exists a
k > 2 such that f(™(z5) =0 for 0 < m < k—1 and f*) (z0) # 0, we say that
the curve is k-flat (or that its degree of flatness is k) at po = (xo, f(x0)). If
no such k exists at pg, we say that the boundary curve is co-flat at pg. In this
case, we assume that 95 has the finite type property at pg in the sense that if
) (29) = 0 for all m > 2, then 9S is a line segment near py. For example, if
S is a polygonal planar region, then the boundary curve 95 is oco-flat at each
point that is not a corner point. If S is a compact region whose boundary has
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nonvanishing curvature everywhere (e.g., a disk), then the boundary curve is
2-flat at each point. Clearly, a larger k at pg means a flatter boundary at pg.

We can extend the notion of flatness at a corner point using right- and
left-derivatives. That is, given y = f(z), a < & < xg, via a translation and
a rotation of the coordinates, we may assume that f(zo) = 0, f'(z5) = 0.
If there exists a k > 2 such that f(m>(x0‘) =0for 0 <m < k—1 and
f(k)(xa) # 0, we say that the curve is left-k-flat at pg = (xo, f(xo) or that
its degree of left-flatness is k. If no such k exists at pg, we say that the curve
is left-co-flat at pg. Similarly, for a function y = f(z), 0 < & < b, we define
right-flatness by using the right-derivative f(™) (z).

3.3 Main theorems (2D case)

Let po = a(to) be a regular point and let sq = tan(fy) with 6y € (=75, 5). Let
O(0p) = [cos Oy, sin Oy]. We say that sg corresponds to the normal direction of
08 at po if ©(0y) = £n(ty). When a(ty) is a corner point, we can identify two
outer normal directions n(t, ) and n(tg).

We are now ready to state our main results. The first theorem below char-
acterizes regular edge points; the second one deals with then presence of corner

points.

Theorem 1 Let B = g, where S C R? is compact and its boundary, denoted
by 0S, is a simple curve, of finite length L, that is smooth except possibly for
finitely many corner points. Let 11,o be chosen such that

o € C*(R), supp 1 C -2, —%] U[L,2], is odd, nonnegative

29
o0
R d
on [%,2] and it satisﬁes/ |11 .
0

(ag)|? o= 1, for a.e. £ € R;

) 1[12 € C°(R), supp o C [—?, %], is even, nonnegative,
decreasing in [0, %), and ||t2]l2 = 1.

(i) If po ¢ OS then, for all s € R,

lim & yB(a,s,p0) =0, for all N > 0.

a—0t

(i) If po € OS is a regular point, s does not correspond to the normal direction
of S at pg, then

lim o=V &HyB(a,s,p0) =0, for all N > 0.

a—0t

(iii) If po € OS is a regular point, so corresponds to the normal direction of 0S
at pg, and 0S is k-flat at py, then

0< lim a (zt%) |SHyB(a, s0,p0)| < oc.
a—0+
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(iv) If po € OS is a regular point, sy corresponds to the normal direction of 05
at po and 0S is linear near py, then

0< lim a2 |SHy B(a, s0,po)| < 00.
a—0+
Statement (iv) of Theorem 1 can be seen a limiting case of statement (iii),
obtained by taking the limit as k — oo, when QS is linear near pyq.

Remark 1 Theorem 1 shows that the continuous shearlet transform &4, not
only identifies through its asymptotic decay as a — 0 the location and local
orientation of an edge, but also its local flatness. If, for example, Q € 95 and
0S8 is linear near @ (that is, k = co) then by statement (iv), for s = sg corre-
sponding to the normal orientation to 95 at @, the function &y B(a, sg, Q)
has slow asymptotic decay as (a'/?). If instead P € 9S and S is an arc of
a circle near P (that is, & = 1/2) then by statement (iii), for s = sp corre-
sponding to the normal orientation to 05 at P, the function &<, B(a, sp, P)
has slow asymptotic decay as (a').

The microlocal properties of the continuous shearlet transform are confirmed
by a simple numerical experiment illustrated in Fig. 2, showing that the de-
cay observed for the discrete shearlet transform at representative edge points
located at the boundary of a disk and the side of a rectangular region are
consistent with the predictions of Theorem 1. A more detailed investigation
of the implication of Theorems 1 and 2 in discrete applications is beyond the
scope of this paper and will be addressed in a separate work.

S(z,sr,P)

Fig. 2 Decay of the discrete shearlet transform for linear and circular edges. The plot
in the right panel shows the magnitude of the discrete shearlet transform S(i,s,p) =
|8y (27%, 5, p)| for points P and @ located, respectively, on the boundary of a disk and
of a rectangular region (shown in the left panel), as a function of the index i. The symbols
sp and sq denote the shear variable for orientations perpendicular to the edge at P and
Q, respectively. As i increases (corresponding to finer scales as 27* becomes smaller), the
decay rate of S(i,sp, P) is faster than S(i,sq, @), as predicted by Theorem 1.
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Theorem 2 Let B,1,19 be chosen as in Theorem 1.

(i) If po € OS is a corner point of the first type and s does not correspond to
any of the normal directions of S at pg, then

5
lim o™ 2 |§{yB(a,s,po)| < occ.

a—0t

(i) If po € S is a corner point of the second type and s does not correspond
to any of the normal directions of S at pg, then

5
0< lim a~2|8yB(a,s,po)| < oc.
a—0+

(iii) Let py € OS be a corner point of the first type. Assume that s = sg corre-
sponds to say the right (resp. left) normal direction of S at py and 0S is
right- (resp. left-) k-flat at po with 2 < k < co. Then

0< lim o (GT#) |SHyB(a, s0,p0)| < oc.

a—0t

(iv) Letpg € OS be a corner point of the second type and suppose that 9S is left-
k1-flat and right-ko-flat at po, with 2 < ki, ko < co. Let k = max{ki, ko}.
If s = sg corresponds to one of the normal directions of 0S at py, then

0< lim o~ (3+%) |SHyB(a, s0,po)| < oo,

a—0t

For brevity, statements (iii) and (iv) of Theorem 2 contain the limiting
case k — 0o, when 9 is linear near pg. It is understood that, for k = oo, we

1 1 1
haVE§+E = 3-

3.4 Proof of Theorem 1

The proof requires several steps and its general organization follows the proof
in [9]. First, we apply the divergence theorem to write the Fourier transform
of B = xgs as a line integral over 95. Next, we use a localization result to
show that the estimates of the integral transform &, B(a, s, p) only depend
on the values of the integral near p. Finally, we analyze the localized integral
for different values of the shear variable s. The easier parts (i)-(ii) of the proof
are very similar to the argument in [9] and will not be repeated. Parts (iii)
and (iv) of the proof are most critical for the result as they show the lower
bound for the estimate at the edge point. Here we use original arguments never
appeared before.
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3.4.1 Divergence theorem and localization lemma.

Using the divergence theorem, we can express the Fourier transform of B as
a line integral:

S ~ 1 o
BO) = Xs(0) = 577 | © 2nis2 9(9) - n(z) do(x)
1 L ,
=5 ], OO 60 m )

where £ = pO(60), ©(0) = (cosf,sin@). Using (5), we have that

S‘-in(a s p)
wa s,p

2
/ / (p.0) 52 1(p. 0) pdp dO

2m
"o / / 3D 4 (p,0)e 2T OO0 9(9) - m(t)di dpdd, (6)
T

where the upper-script in z/)é'ilg,p is either d = h, when |s| < 1, or d = v, when
|s| > 1.

For ¢ > 0, let D(e,p) be the ball in R? of radius € and center p, and
D¢(e,p) = R?\ D(e, p). Hence, using (6), we can write the shearlet transform
of B as

S‘[¢B(d787p) = Il(aa Sap) + IQ(CL?S)p)v

where
11(a $,Dp)
27 -
- / / Uk p(p, 0)e=2m PO« WO(9) - n(t) dt dpdd, (7)
2 8SND(e,p)
Ig(a $,p)

2
/ / ) (p,0)e2mir €@ g (g) . n(t) dt dpdh. (8)
2mi dSNDe(e,p)

The following result shows that Is has rapid decay as a — 0. Its proof can
be found in [9].

Lemma 1 (Localization Lemma) Let I2(a,s,p) be given by (8). For any
positive integer N, there is a constant Cy > 0 such that

ﬂ
2

|Iz(a, s,p)| < Cna

asymptotically as a — 0, uniformly for all s € R.
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We can now proceed with the proof of Theorem 1.

Let a(t) be the boundary curve 95, with 0 < ¢ < L and py € 9S. Since
po is a regular point, we can assume without loss of generality that py = a(1)
and write the boundary curve near py as C = 95 N D(e, (0,0)), where

C={a(t): 1—e<t<1l+e}.

Rather than using the arclength representation of C, we can also write the
curve C as {(G(u),u), —e < u < €} or {(u,G(u)), —€ < u < €}, where G(u) is
a smooth function. Since the two parametrizations can be handled in a very
similar way (by interchanging the role of horizontal and vertical shearlets),
in the following we will only consider the form C = {(G(u),u), —e < u < €}.
Furthermore, via a translation and rotation of the coordinates, we may assume
po = (0,0) that C has horizontal tangent at pg, so that G(0) = 0 and G'(0) =0

We notice that, if G is linear in a nighborhood of pg, then G = 0 in the
modified coordinates. In this case 05 is co-flat at pg. If G is not linear near
po, since G(u) is of finite type, in the modified coordinate system we have
G(u) = Apu® + O(uFH1) with Ay, # 0 for some k > 2. In this case, 05 is k-flat
at po.

It is sufficient to examine the case of the horizontal shearlets only; the case
of vertical shearlets is similar.

e Parts (i)-(ii). The proof of these cases is essentially identical to the proof
of parts (i)-(ii) of Theorem 3.1 in [9], after replacing 8 = % with 8 = 0. This
proof follows from Lemma 1.

e Part (iii). We have that pp = (0,0) and so = 0, so that tanfy = 0 (since
G'(0) = 0). It follows that G(u) = Aguf + O(uF*1) near u = 0 with Ay # 0
for some k > 2. By Lemma 1, we need to estimate the integral I; at so = 0,
po = (0,0). In the following when no confusion will occur, for brevity we will
simply denote pg as 0. Using polar coordinates, we can express I;(a,0,0) as

I1(a,0,0)

a*% oo 21 R . € x o1
T / / 1 (pcosf)ia(a" tan 9)/ e~ 2mig cos O(Akut+O(W ) +sin 6 u
o Jo

211 e

X (—cos @ + sin @ O(u*~1) du df dp.

By Lemma 1, to complete the proof of this case it is sufficient to show that

1
0< lim a 27%) |[1(a,0,0)| < oco.

a—0t

In the expression of I, the interval [0, 27] of the integral in  can be broken

into the subintervals [—Z, Z] and [Z, 2F]. On [Z, 37, we let ¢’ = 6 — 7 so that
T T

0" € [-%, %] and sinf = —siné’, cosf = — cos¢’. Using this observation and

the fact that 1 is an odd function, it follows that I(a,0,0) = I1p(a,0,0) +
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I11(a,0,0), where
1
27m'a§I10(a, O, 0)

= COSQ/M/EG(P,G,Q) /66*2’”'5(COSH(Ak“uo(“kﬂ))*"smo)dudﬁdp
0 J-Z €

+eost [ oo/ “Glpat) [ PrE oA O ) busin) gy 4 gp,
0o J-3 €

27ma2111 (a,0,0)

_ —smH/ / G p7a 0 / —27ri§(cosG(Akuk—i-O(ukJrl))—&-usinG)O(uk—l)dudedp
T

—sin@/ / G(p7a79) /E 627ri§(cos0(Akuk+0(uk+l))+usinQ)O(uk—l) du df dp,
0 -3 —€

and G(p,a,0) = 1 (pcos0)ihy(a~" tand).
For 0 € (=%,%), let t = a='tan® and u = akv. Using this change of
variables and the observation that a — 0 implies 8 — 0, it is easy to see that:

o1 1 1
lim —usinf = lim —a'T%tv cosf = 0,
a—0 a a—0 a

1 1
lin% — cos O(Apuf + O(uF*1)) = lim = cos Q[ak%Akv+a1+%O(vk+l)} = Apo®.
a—0 Q

a—0 a

It follows that
lim 27m'a_(%+%)f1o(a,070)

a—0t

:/ODo P (p) /_11 Pa(t) /_Z e~ 2P AR" @y dt dp
+ / " i) / 1 o (t) /_ Z e2mir A" dy dt.dp

/ di(p / Dot )/OO%COb(Zﬂ'pAkU) uw " E dudt dp

1
- % |27TAk| / 77[}1 ’“dp/ d)g(t) dt > 0,
-1

71'22 rs)

where (o) = T and I'(p) = [;° ##~Le~"dz. In the last equality, we

used the fact that |ﬁ1\+a( &) = v(a)(2m) "], for 0 < a < 1. The positivity
of the last expression above follows from the assumptions on 1/;17 1/32.

The integral I11can be analyzed using a similar calculation. However, since
there is a factor O(u*~!) in the expression of I, this calculation now yields
that

lim 2mwia~2T%)1;1(a,0,0) = 0.

a—0t
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Combining this estimate with the estimate for 179, we can conclude that

0 < lim 2mia~ %) (a, so,0)| < oo.
a—0t

This completes the proof of part (iii).

e Part (iv). Since 0S is oo-flat at py, we have that G(u) = 0 for all u
in a neighborhood of u = 0. We can proceed as in the proof pf part (iii) by
using polar coordinates to express I1(a,0,0) and breaking up the integral as
a sum I1g(a,0,0) 4+ I11(a,0,0). To analyze the integral 19, we use the change
of variable t = a~!tan 6 (but we use no change of variable for ). Using this
change of variable and the observation that

1 1
lim —(usind) = lim —(atucosf) = tu
a—0q a—0 a

it follows that

lim 27wia~ 2110 a,0,0) / e / o(t )/ e 2TVt dy dt dp

a—07t 0o

/w / ()/Oo €270 g1y 4t dp
/ vale) d > 0,

where the positivity of the last expression follows from the assumptions on 1@1,
9. This completes the proof of part (iv).

We can now proceed with the proof of Theorem 2. As in the proof above,
parts (i), (ii) are similar to [9], while parts (iii) and (iv) require a new argument.

8.4.2 Proof of Theorem 2.

When py is a corner point of S, we can write the boundary curve near pg as
C=085ND(e (0,0)) =C~ UC™T, where

T={al):1-e<t<1}, CT={al):1<t<1+e}.

Similar to the regular point case, we can express each portion of the curve using
a representation of the form (G(u),u) or (u, G(u)). Since the two cases can be
handled in a very similar way, in the following we will only consider the first
one of the two representations. Using an appropriate translation and rotation,
we may assume that pg = (0,0) and that at least one of the two portions of C
has horizontal tangent at pg. That is, we write C* = {(G*(u),u), 0 < u < €}
and C~ = {(G~(u),u), —e < u < 0}, where G*(u) and G~ (u) are smooth
functions on [0, €) and (—e, 0], respectively. According to the observation above,
we may assume G1(0) = G~ (0) = 0 and (G7)'(0) = 0. If p is of the first kind,
then (G7)"(0) # 0. If p is of the second kind, then (G7)'(0) = 0.
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For the remaining of the proof below, it will be sufficient to examine the
case of the horizontal shearlets only; the case of vertical shearlets is similar.

e Parts (i)-(it). The proof of these statements follows using the same
arguments of the proof of parts (i) and (ii) of Theorem 3.1 in [9], after replacing
B =1 with 3=0.

e Part (iii). Asargued above, near pg = (0,0) we write the boundary curve
as C~ UCT where CT = {(GT(u),u), 0 <u<e}and C~ = {(G~ (u),u), —€ <
u < 0}, and Gt (u) and G~ (u) are smooth functions on [0, €] and [—¢,0],
respectively with G~ (0) = 0 and G (0) = 0. We may assume that so = 0 so
that (G™)'(0) = 0, or (GT)’(0) = 0, but not both.

We will only examine the case corresponding to the right normal direction
at pg, since the case corresponding to the left normal direction at py can be
analyzed very similarly.

In this case, we can assume that (G1)'(0) = 0 so that (G~)’(0) # 0. From
part (i), the C~ section of the curve yields a higher order of decay than the
order of decay given by CT. Thus, in this case, we only need to examine the
curve G+ (u). We consider separate cases depending on k being finite or not
(recall that the curve CT is right-k-flat at po).

Case 1: Suppose that G (u) is not linear near 0, so that 2 < k < oo. The
analysis of this case is similar to the proof of part (iii) of Theorem 1. That is,
after applying the localization Lemma, and splitting the integral I, given by
(7), into I1p + I11, we only need to estimate I1g. This leads to the very similar
estimate:

1.1
lim 27ia~ (2% k)Ilo(a 0,0)

a—0t

_ /0 T i) [ 11 N0 /0 e 2minA® gy gt dp
+/W¢Mﬁ/2%®1f¥mwwxwﬁ@

/ 1/11 / o (t )/OO 2 cos(2mpAgu) Y du dt dp

1
=+ % |27TAk / ’1/11 kdp/ wQ(t) dt > 0,
1

l [e3 [e3
%f(f)) and I'(u f rH~le~%dx. As in the proof of The-
2 2

orem 1, the positivity of the last expression follows from the assumptions on
V1, Yo.

Case 2: Suppose that GT(u) is linear near 0 so that k = oo. Now we
can follow the argument in the proof of part (iv) of Theorem 1. This leads

where y(a) =
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ultimately to the following estimate of the integral I7q:
N oo 1 R [e%s) )
lim 2mia~?I10(a,0,0) = / ¥1(p) / Pa(t) / e~ 2Py dt dp
a—0t 0 —1 0
o) 1 o]
| i) [ date) [ et avaedy
0 —

1 0
- 1[,2(0)/0 ¢1,0(p) dp > 0.

+

The positivity of the last expression follows from the assumptions on 1[)1, 1[)2.

e Part (iv). Asin the proof of part (iii), we can write CT = {(G* (u),u), 0 <
u < €} and C- = {(G~(u),u), —e < u < 0}, where G*(u) and G~ (u)
are smooth functions on [0, €] and [—e¢, 0], respectively, with G~(0) = 0 and
G*(0) = 0. We may also assume that so = 0. Hence, since pg is a corner
point of the second type, we have that (G7)'(0) = (G1)'(0) = 0. We consider
different cases separately depending on the values of the degree of flatness.

Case 1: Suppose that k1 = ko = 2. In this case, we can write GT(u) =
Asu? + O(u?) and G~ (u) = Bou? + O(u®) with Ay # 0, By # 0. Since py is
a corner point of the second type, we must have As # Bs. As above, we can
repeat the argument from the proof of part (iii) of Theorem 1 for both curves
C* and C~. The estimate for each curve will yield a limit

lim 27ia 'Ip(a,0,0)=C; >0, i=1,2,
a—0t

where the constant C; from C7T is different from the constant Cy from C—.
Thus the lower bound constant in this case is C; — Cs # 0.

Case 2: Suppose that ki # ko. Assume first that 2 = k; < ko < 00 so that
k = max{ky, k2} = k2. Using again the arguments in the proof of part (iii) of
Theorem 1, we can estimate the decay rate associated with each curve C* and
C~. This argument shows that that the decay rate a' from C* is higher than
the decay rate a**% from C~. Thus altogether the decay rate in this case is

If 2 = ky < k1 < 00, we can use the same argument to conclude that the
decay rate is a®T® . The general case ky # ko follows in a similar way.

This finishes the proof of Theorem 2. a

4 Shearlet analysis of edges in dimension n = 3

The shearlet-based analysis of edges extends naturally to the 3-dimensional
setting. If f = xg, where £2 C R? is a compact set with piecewise smooth
boundary, it was shown that the 3D shearlet transform &, f has ‘slow’ asymp-
totic decay at fine scales when the location variable p is at the boundary of {2
and the shear variables correspond to the normal orientation of the boundary
at p; for all other cases, S, f has rapid asymptotic decay at fine scales [10,
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11]. In this section, we show that, similar to the 2-dimensional setting, it is
possible to define a variant of the shearlet transform that is able not only to
detect the boundary points, but also to identify the flatness of the surface
boundary. Since the arguments are similar to the 2D case, in the following we
will only present a result for a solid region with smooth boundary. The case
of piecewise regular boundaries can be derived by adapting the ideas of the
2-dimensional case.

4.1 Continuous shearlets in R?

Let us briefly recall the definition of the 3-dimensional continuous shearlet
transform. Similar to the 2-dimensional case, for a fixed § = (81, 82), with
0 < f1,P2 < 1, we define the pyramid-based shearlet systems generated by
Y@ e L2(R3), for d = {1,2,3}, as the functions

{41 (x) = | det M{D |~ 2D (MD) " (z—p)) : @ > 0,5 = (s1,52) € R%,p € R®},
where

) a —als; —aP2 sy @) a®1 0 0 3) a1 0 0
Mas = 0 Pl 0 s Mas = | —a®1s; a —aP2 sy s Mas = 0 a2 0 ).
8

0 0 aP2 0 0 aP2 —aP1s) —aP2s5 a

For & = (£1,6,63) € R3, & # 0, we choose generators ¢, d = 1,2,3, such
that

P(©) = PW (&1, &, 88) = i (&) da (), da(
(&) = PP (€1, 6, 63) = 1 (82) da(E), (),
YD) = PP (€1, 62,63) = (&) da(2), ¥a(2),

where 11, 12 satisfy the same assumptions as in the 2D case

);

“f\'} m‘m
o = fu

mm

Similar to the 2D case, the continuous shearlets 7,/) s,p are well localized
waveforms associated with various scales controlled by a, orientations con-
trolled by the two shear variables s1, so and locations controlled by p. These
pr(o)perties are more visible in the Fourier domain. For example, the shearlets

1

a,51,80,p have the form:

DO o) =0 E R (6)) ha(a” TN (2 — 1)) (0 (8 —sp)) e 72T,

showing that their Fourier support are contained in trapezoidal regions with
scales and orientations controlled by a and s = (s1, s2), respectively.

For f € L%*(R®), we define the 3D (fine-scale) pyramid-based continuous
shearlet transform f — Sy f(a, s1, s2,p), for a > 0, 51,52 € R, p € R3 by

(Frbdseap) i [s1],]52] <1,
2) .
Fyflarsr,sa,p) = 3 FU s ) i [s1] > 1 ]sa] < [si]

1;1791

3 .
(Fulh L) i fsa] > 18] > [sal.
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Note that, depending on the values of the shearing variables, the 3D continuous
shearlet transform only involves one specific pyramid-based shearlet system.

As in the 2D case, for the geometric analysis of edge points conducted
in this paper, we will not choose 8 = (f1,02) = (%,%), corresponding to
parabolic scaling, as this choice leads to a transform which can only detect
the location and orientation of the edge points, but cannot detect the flatness
of the boundary surface. Instead, we choose the special anisotropic scaling
parameters () = (0,1) and 8 = (1,0). Corresponding to (), for exam-
ple, the continuous shearlets in the first pyramidal region have the following
expression in the Fourier domain:

D6 €, 6) = athi(a i) a(a™ (8 — 51)) dha(§ — s0) 74P, (9)

where the upper index (1,1) refers to d = 1 and f = AW, Similarly, for
B3 the continuous shearlets in the first pyramidal region have the following
expression in the Fourier domain:

%/fc(zlsZp(fl,ﬁQ,f?;) =api(a&) 77/12( — 51) 77/;2(@71(% — 59)) € TP,
Similarly we define 1/1323}1,, ,(1251),, ,(1?’3}1)7 nd ¢a sm Corresponding to these two
possible choices (), i = 1,2, we have two distinct versions of the 3D (fine-
scale) pyramid-based continuous shearlet transform

f —>S—l$)f(a,s,p), i=1,2.

We will apply both transforms to derive our main result in the next section.

4.2 Shearlet analysis of surface boundaries

As a model of a 3-dimensional objects, we consider functions of the form
f = xq, where 2 C R? is compact and its boundary 92 is a 2-dimensional
smooth manifold. We denote the outer normal vector at pg € 92 by

n(pg) = (cos by sin ¢g, sin Oy sin ¢g, cos ¢g ),

for some angles 6y € [0,27], ¢9 € [0,7]. Similar to the 2D case, we say that
s = (s1,82) corresponds to the normal direction n(pg) if 1 = tanf, and
S9 = cot ¢ sec b.

Given a point p = (p1,p2,p3) € 952 and a neighborhood of p in 912, there
are three possible parametrizations of the surface in this neighborhood:

21 ={(G(u),us,u3), (uz,uz) € O1}, or Xy ={(u1,G(u),u3), (u1,u3) € Oz}

or X3 = {(u1,u2, G(u1,u2)), (u1,u2) € O3},

where O; is a neighborhood of (ps,p3) in yz plane, Oy is a neighborhood
of (p1,ps3) in xz plane and O3 is a neighborhood of (p1,p2) in xy plane. To
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define a notion of flatness in the 3-dimensional setting, we refer below to the
parametrization X7, but it is easy to extend the same idea to X and Y.

For p € X, if G is not linear near p, we assume that there exists 2 < k < oo
such that by a translation and a rotation of the coordinates if necessary, we
have p = (0,0,0) so that near (0,0), we have G(ug,u3) = Agus + Brub +
Ay (ug)uz+ Ag(ug)u3 +- - -4 Ap_1 (u2)ub ™t +O(Juz|**1) or G(ug, uz) = Agub+
BkU§ + Bl (U5)’U,2 + BQ(Uj)’LL% + -+ kal('u?,)ugil + O(|U2|k+1).

If there is a 2 < k < oo such that Ay # 0 or By # 0, then we say 912
is k-flat at p or that its degree of flatness is k at p. If G is linear near p,
then G = 0 under the new coordinates and in this case we say that 0f2 is
oo-flat at p, as for the 2-dimensional case. There is still one possible situation
to consider, where there is a 2 < k < oo such that Ay = 0 and By = 0. In
this case we say that 0f2 is overflat at p. When Aj = 0, the projection of
the surface X; onto zy plane is a curve that is k-flat at (0,0), while B = 0
means that the projection of the surface X7 onto xz plane is a k-flat curve at
(0,0). When 02 is overflat at p, then projection of the surface X; onto xz
plane is a k-flat curve at (0,0). When 942 is overflat at p, then projection of
the surface X1 onto xy plane is a segment of y axis and the projection of the
surface Xy onto xz plane is a segment of z axis, which are co-flat at (0,0) for
both curves. Thus it is no surprise to see that the decay rate for the case of
overflat is the same for the case of co-flat.

The following Theorem shows that the continuous shearlet transform char-
acterizes the geometry of the boundary set df2, including its local flatness.
Note that, unlike the corresponding 2-dimensional result in Sec. 3, in this case
we need to use two versions of the shearlet transform, i.e., 57-[13)1 ) and S‘-LEf ), for
different values of the anisotropy parameter f3.

Theorem 3 Let f = xo be as above and 1 9 be chosen as in Theorem 1.

(i) If po ¢ OS2 then, fori=1 ori=2,

lim a N SHS)f(a, $,p0) =0,  forall N > 0.

a—0t

(ii) If po € 052 and s = (s1,s2) does not correspond to the normal direction of
082 at p, then, fori=1 ori=2,

lim a N S{S)f(a, $,p0) =0, forall N > 0.

a—0t

(11i) Ifpo € 092, 012 is k-flat at py, with2 < k < 00), and s = (s1, $2) correspond
to the normal direction of 02 at py, then either

0< al_i)IélJr a1+ |3—£1(z,1)f(a757p0)| <0

or
0< alirng a= (%) |S{ff)f(a7$>170)| <0
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(iv) If p € 092, 012 is overflat at py and s = (s1,82) corresponds to the normal
direction of 02 at py, then

. _ 1 . — 2
dim a8, f(a5,p0)| < oo and lim o™ |$17 f(a,5,p0)] < o0

(v) If po € 012, 012 is co-flat at py and s = (s1,S2) corresponds to the normal
direction of 952 at pg, then

0< allr& a™? \&S)f(a,s,poﬂ <oo and 0< alirglJr a™? |S—[1(f)f(a,s,p0)| < o0

Proof. The proof follows the main architecture of the proof of Theo-
rem 1, that is: (1) we apply the divergence theorem (in 3D) to write the
Fourier transform of f as a surface integral over 9f2; (2) we use the localiza-
tion properties of shearlets to write the shearlet transform SHE;) f(a,s,p) as a
sum I (a, s,p)+1I2(a, s,p), where I; depends by the values of the integrals near
p and Iy depends by the values of the integrals away p; (3) since I decays
rapidly as a — 0, the asymptotic decay rate of 3—[1(;)]"(@,5,}9), as a — 0, is
completely controlled by the asymptotic decay rate of the integral I1a, s, p),
as a — 0. Steps (1) and (2) above are the same as in Theorem 3.1 in [11] and
will not be repeated here. Thus, in the arguments below, we only discuss how
to analyze the integrals

2 s ') -
L(a, 51, 52,p) = / / / T1(p, 0,6) 001 orp(20,8) o2 sin § dp db d6),
0 0 0

where

1

Ty (pv 0, ¢) = 2mip

/ e~ 2mrO00)T 9 (4, ¢) - n(z) do(x)
d2ND(e,p)

and D(e,p) is the ball in R? of radius € and center p. It is understood that, if
needed, one can replace the set 92N D(e, p) with a rectangular neighbourhood
of (p2,ps) in yz plane: {(u1,uz2) : |ug — pa| < €, lug — ps| < €}.

As in the 2-dimensional case, for p € 0f2, via translation and rotation we
can change coordinates so that po = (0,0,0) and the tangent plane to the
surface 042 at pg is the plane z = 0. As in the 2D case, we can represent the
surface 0f2 near py using the three possible parametrizations X;, i = 1,2, 3,
indicated above. It will be sufficient to consider only the parametrization X =
{(G(ua,us),uz,u3), (uz,us3) € O1}, where O; is a neighborhood of (0,0) in
(1,1

} and

a,s,t
{nglft) } associated with the first pyramidal region. The other cases (involving
the parametrization Xy and X5) can be handled using a very similar argument

(using the continuous shearlets associated with the other pyramidal regions).

the yz plane, that can be analyzed using the continuous shearlets {1

e Parts (i)-(#i). The proof of these cases is essentially the same as the
proof of parts (i) and (ii) of Theorem 3.1 in [11].
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e Part (iti). Due to our assumption that py = (0,0,0), we have that
G(0,0) = 0. Due to the assumption on the orientation of the surface 9f2
near pg, we have that s; = sy = 0, so that 6y = 0,69 = T (recall that
s1 = tan by, so = cot ¢psecly). In this setting, we can replace 2N D(e, p) by
{(G(ua,us),uz,u3) : |ui| < ¢ |uz| < €} in the definition of T3 (p, d, ¢), where
G(0,0) = Gy, (0,0) = G, (0,0) = 0.

We start by considering the integral I; associated with the shearlet trans-
form S—{,l(pl). Under the assumption we made, we have that

27
hi{a,s1,52,) / / / Ti(p, 0, 6) 0520, (0, 0, 0) p? sin o dp dep B,

where

Ti(p.6,9) = m// ¢ 2P O10.9) (Gluz ) 1213) (0, 6) - m(u) do (u)

/ / —2mip <9(¢97¢)‘(G(uz,us)mz,us))@(97 $)-(—1, Guy, G, )dusdus.

2mp

By dividing the interval of integration 6 € [0,27] in the integral I; into the
two subintervals [-7, 7] and [7, 32”], we can write Iy = I11 + I12, where I
and Iy, are the terms in I; corresponding to the intervals [-%, Z] and [, 2F]
respectively. It is easy to verify that I;; is the complex conjugate of 15 and,
thus, it will be sufficient to analyze I1;.

In Ty (p, 0, ¢), we have that
O(0,9) - (—1,Gy,, Guy) = —cosfsin ¢ + sin 0 sin pG.,, (1) + cos ¢Gy, (u)

and the right hand side can be replaced by — cos  sin ¢ since, as the argument
below will the term sin 6 sin ¢Gy,,(u) + cos ¢G4 (u) yields a higher order of
decay. In fact, due to the assumptions on G, we have that G,,(u) = O(Ju|)
and that G, (u) = O(|u]).

Using the expression of 7,/1@ 3 p ) from (9), with p = (0,0,0), 81 = so = 0) and
the change of variable ap — p, we hence obtain

InaOOO

/// W1 (psin g cos B) ¢ (a™ (tan 0))¢ba (cot ¢ sec )

2am

X / / 215 0(0,0) (Gluz,us),u2,u3) iy ¢ cos O dusdusg psin ¢ dp de db,

where (0, ¢) = (sin ¢ cos 8, sin ¢ sin 0, cos ¢).

By the assumption on the flatness, we have either Ay # 0 or By # 0. Let
us consider the two cases separately.

Case Ay, # 0. Under this assumption, we write G(ug,us) as

G(UQ, U3) = Aku§+Bku§—|—A1 (UQ)U3+A2(’LL2)U§+' . '+Ak_1(UQ)U§_1+O(|U3|]C+1).
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In the integral 11, we will use the change of variables t; = a~!(tan#®), ty =
cot psect, uy = a%vl, and ug = avy. Since a — 0 implies § — 0, ¢ — 7, we
have that

1
lim — cosfsin ¢ G (ug, us)
a—0

1
= 113%) o cosOsing (Agul + Byub + A (u2)us + As(us)uj + -+ + Ap_q (ug)ub™?

O(Jus*™))
1
= lirr%) —cosfsin ¢ (aAkvf + akBkulg + G,Al(a%'l)l)’l)g + a2A2(a%v1)v§ 4+
a—0 Q
+a* LAy (@b oo+ a IO )
= Akv}f
and that
.1 . .1 1 .
lim — (sin @ sin ¢ug + cos pug) = lim — (at1 (a*v1)(cos @ sin ¢) + atavy cos 0)
a—0 q a—0 a
= tQ"UQ.
From these observations, it follows that

lim o~ %) Re[riI11(a,0,0,0)]

a—0t

[e%e] 0 1 1
- / b1(p) Re [ [ [ ] ] it +“2t2)dt1dt2dmdv2]pdﬂ
- / b1(p) Re [ [ w2<pv1>w2<pu2>dv1dv2] pdp
[e%e] [e%e] 1
27ripAkad d :| n d d
[/OO vy /_Oo%(/)vz) V2 /_11/}2@1) t1pdp
/ 1/’1 () 4 0,
P

where the positivity of the last expression follows from the assumptions on 1@1,

1&2. As we observed above, the estimate on I1; implies the estimate on S—lfpl’l).

In fact, the last limit implies that

0<| lim a~ (4% )S’-[“)f(aspo|<oo

a—0t+

Case By, # 0. In this case, we write G(uz,us3) as
G(uz,u3) = Aku2+Bku3—|—Bl (u3)ug+Bo(usg)us+- - -+Bj_ 1(U3) +O(|u |k+1)
Then the same argument as above applied to SHS; 2) will yield that

0< |a1ir{)1+ a= (%) S—lfpm)f(a,s,poﬂ < 0.
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This completes the proof of part (iii).

e Part (iv). The analysis of S—lfpl’l)f(a, $,pp) and S—[S’Q)f(a, $,po) is very

similar. Thus, we will only present the argument for S—[S’l) fla,s,pp). As ar-
gued above, ultimately this requires to estimate the integral I1;.

Proceeding in a similar way to part (iii), for I;; we use the change of
variables t; = a~!(tanf), ts = cot ¢secd and uy = vy, uz = avy. Similar to
the proof of part (iii), we have

iiir%) é cos 0 sin G (ug, uz) = Az (v1)ve
and
lim 1(sin 0 sin pus + cos pusz) = t1vy + tavs.
a—0
Using the change of variables and these limits we have that

lim 7wia~'Re[l11(a,0,0,0)]

a—0t

o] oo oo 1 1
= 1Z)1 (p)Re {/ / / / wQ(tl)’lZ/Q(t2)627rip(A1(vl)v2+v1t1+v2t2)dt1dt2dv1dv2 pdp
0 —oo0dJ—oc0odJ—-1J—-1

:/ él(P)Re{/ / 62”"’41(”1)”2wg(pvl)¢2(pvg)dv1dvz pdp.
0 —00 J —o0

The right hand side of the last identity is obviously finite. However, we cannot
ensure that this quantity is also nonzero, except for the special case Ay (v1) = 0.
Hence we cannot derive a lower bound in this case.

One can analyze in a similar way the shearlet transform S‘—lfplz) f(a,s,p0),
by replacing A;(vy)ve with By (ve)vy. This finishes the proof of part (iv).

e Proof of part (v). Again, the analysis of S—lf;’l)f(a, s, pp) and S—[wl’z)f(a, $,D0)

is very similar. Thus, we will only present the argument for S—lfpl’l) f(a,s,po).
As above, the argument reduces ultimately to estimate the integral I7;.
In this case, we use the change of variables t; = a~*(tan @), to = cot ¢sec 6,
ug = vy and ug = avy. Since G(ug,u3) = 0 in this case, we have

lim a'Re[mi I11(a,0,0,0)]

a—0t
o o (e’ 1 1
B /0 Di(p)Re Um /m L L o (t1) o (ta) e P 212 dt dty dvy dug | pdp
-/ %MMU;/MMWWMMMWM%@
:/o 1(p)Re {/Oo [m 7702(’01)1/’2(712)dvldv2} ptdp

=@wwlw@wMW#a

This finishes the proof of part (v) and hence the proof of Theorem 3. O
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