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SPARSE SHEARLET REPRESENTATION OF FOURIER INTEGRAL OPERATORS

KANGHUI GUO AND DEMETRIO LABATE

ABSTRACT. Fourier Integral Operators appear naturally in a variety of problems related to hyperbolic partial
differential equations. While wavelets and other traditional time-frequency methods have been successfully
employed for representing many classes of singular integral operators, these methods are not equally effective
in dealing with Fourier Integral Operators. In this paper, we show that the shearlets provide a very efficient
tool for the analysis of a large class of Fourier Integral Operators. The shearlets, recently introduced by
the authors and their collaborators, are an affine-like system of well-localized waveform at various scales,
locations and orientations. It turns out that these waveforms are particularly adapted to the action of Fourier
Integral Operators. In particular, we prove that the matrix representation of a Fourier Integral Operator
with respect to a Parseval frame of sherlets is sparse and well-organized. This fact confirms similar results
recently obtained by Candés and Demanet, pointing out to the effectiveness of appropriately constructed
directional multiscale representations in dealing with operators associated with hyperbolic problems.

1. INTRODUCTION

A Fourier Integral Operators is an operator of the form

Tf(z) = / AT (1 €) f(€) de,

where the phase function ®(x,£) and the amplitude function o(x,&) satisfy the following assumptions:
o O(z,¢) is a real-valued function, C* in (z, &), for £ # 0, on the support of o, and positive homoge-
neous in &; that is, ®(x, A&) = A ®(z,§), for all A > 0.
e o is a standard symbol of order pu, that is, ¢ is in C*° and
(L.1) 10¢ 070 (2,€)| < Cap (14 [€))#71;
in addition, it is assumed that ¢ has compact support in the x variable.

Fourier Integral Operators appear naturally in the solution of problems arising from partial differential
equations [22]. One of the simplest example is the free space wave equation in R™, n > 1:

0*u 9
ﬁ(x,t) = c*(x) Au(z,t), t>0,
0
u(@,0) = uo(z), G (,0)=0.

For constant speed c(z) = ¢, the solution is given by the sum of two Fourier Integral Operators with phases
O(r,€) = ¢ + ctle]:

u(x,t) — % </ 627ri(fc§+c\6\t) ao(f) d§+ /627ri(z§7c|§|t) ﬁo(ﬁ) dE) )

Similarly, when c¢(z) is variable and smooth, for small times, the solution operator is still the sum of two
Fourier Integral Operators with more general phases and amplitudes.
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Another important example is the solution of symmetric systems of linear hyperbolic PDEs:
U

u
27 + zk:Ak(;v) ;—mk +B(z)u=0, u(0,z)=uo(x),
where u is an m—vector, * € R™ and Aj, B are symmetric matrices. As shown by Lax in a classical paper
which initiated the study of this subject [16], the solution to this problem can be expressed as a sum of
Fourier Integral Operator, modulo a smoothing operator.

The traditional methods of time-frequency and multiscale analysis have proven to be very effective in the
study of a large class of operators, including pseudodifferential operators and Calderén—Zygmung operators
(see, for example, [8, 17]), but they do not apply directly to the study of Fourier Integral Operators. In this
paper we show that the shearlet representation, recently introduced by the authors and they collaborators,
provides an appropriate framework for the study of Fourier integral operators. More precisely, we prove that
the shearlet representation of Fourier integral operators is sparse and well organized. It is important to recall
that the ability to provide sparse representations of an operator has very significant implication for both its
theoretical and numerical analysis. In fact, sparse representations are useful to deduce sharp estimates [20]
and to design low complexity algorithms [1].

This paper is motivated and inspired by some remarkable recent results by H. Smith [19, 20] and E. Candeés
and L. Demanet [2], who have shown that Fourier Integral Operators can be very efficiently analyzed by
combining the methods of multiscale analysis with a notion of anisotropy and directionality. In fact, it is
shown in [2] that curvelets provide sparse representations of Fourier Integral Operators.

The shearlets, introduced by the authors and their collaborators [12, 13, 9] provide an alternative approach
to the curvelet construction [3]. As will be discussed in more detail in the paper, the shearlets are a Parseval
frame of well localized functions at various scales, locations and directions. Similarly to the curvelets, they
have optimal approximation properties for bivariate functions with discontinuities along curves [10], and
have the ability to exactly characterize the wavefront set of distributions [14]. In addition, the shearlets have
the following distinctive features:

e They form an affine-like system. As a result, they are generated from the action of translation and
dilation operators on a single function (while curvelets need infinitely many generators).

e They are defined on a Cartesian grid.

e They are associated with a group representation..
These properties provide a number of advantages in different theoretical and numerical applications (see
further discussion in [5, 6, 13]).

The paper is organized as follows. In Section 2 we recall the construction of the shearlets. In Section 3 we

describe the shearlet representation of Fourier Integral Operators and present the main result of the paper.
For reasons of space, only the main ideas of the proof will be presented. We refer to [11] for the complete

proofs and constructions. -
1

1.1. Notation and definitions. We adopt the convention that € R" is a column vector, i.e., z = [ © |,
mn

and that € € R™ is a row vector, i.e., £ = (&1,...,&). A vector z multiplying a matrix M € GL,(R) on the
right is understood to be a column vector, while a vector £ multiplying M on the left is a row vector. Thus,
Mz € R" and €M € R™. The Fourier transform is defined as f(&) = Jgn fz) €727 dz, where € € R", and
the inverse Fourier transform is f(z) = [5. f(£) €™ d¢.

Recall that a countable collection {t;};c; in a Hilbert space H is a Parseval frame (sometimes called a
normalized tight frame) for H if

ST =117 forall f€H.

il
This is equivalent to the reproducing formula f = . (f,v:) ¢, for all f € H, where the series converges in
the norm of H. This shows that a Parseval frame provides a basis-like representation even though a Parseval
frame need not be a basis in general. We refer the reader to [4] for more details about frames.
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2. SHEARLETS
The shearlets are the elements of the affine-like system:

Aap(¥) = {$jen(x) = |det AP2 (B Alw — k) : j, b € Zk € 2%,

40 11
=(3) 2=0)

and 1 is defined as follows. For any & = (£1,&2) € @2, & # 0, the function v is given in the frequency
domain by

where

() = $(1, &) = b1 (61) s (f) ,

&1
where 11,1, € C*°(R), suppy C [—3,— %] U [, 3] and supp o C [—1,1]. We assume that
R . 1
2.2 277w)P =1 f > =
(22 S =1 bl >

and, for any j > 0,

27
(2.3) S (w0 =1 for [w| <1.
f=—2i

There are several examples of functions 11, ¥, satisfying the properties described above [10].

~ 20

&1

FIGURE 1. (a) The tiling of the frequency plane R? induced by the shearlets. (b) Frequency
support of the shearlet ;¢ 1., for & > 0.

Observe that (£1,6) ATB~¢ = (27%¢,, —277¢; +277&,). Thus, in the Fourier domain, the elements of
the shearlet system 1) ¢ 1. have the form

Dye(6) = | det A|7I/2 (€A™ BT @A TR = 378012 sy (272 1) oy (27 % — ()P,
1
and, as a result, the elements 1[1]-75,;6 are supported in the sets:

Wie = {(60.6) € € [-2271, 24U 224, 9271 |& — ¢27] <277},
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It follows from (2.2) and (2.3) that:

YooY WEATBYP =1,

720 p— o527

for (51,62) € D¢, where D¢

= 1 >~
that 1) is supported inside [—3, ]2

{(&1,6) e R?: |&] > 1, |§—2 < 1}. This equation, together with the fact
% , implies that the collection of shearlets:

3j , . .
(2.4) S(4) = {(en(e) =23 (B Ax —k): j>0,-2 <<V ke?,
is a Parseval frame for L2(D¢)Y = {f € L2(R?) : supp f C D¢}. To obtain a Parseval frame for L2(R?), one

can easily construct a similar system of shearlets {z/Jj(-’IZk} for the vertical cone Dg = {(£1,62) € R2: |&| >
1 |§—;\ < 1}. Finally, one can construct a Parseval frame (or even an orthonormal basis) for L*([—3, 1]2).
Then any function in L?(R?) can be expressed as a sum of 3 components f = Pof + Pg f+ Py f, where each
component corresponds to the orthogonal projection of f into one of the 3 subspaces of L?(IR?) described
above. The tiling of the frequency plane R? induced by this system is illustrated in Figure 1(a).

As shown in Figure 1, for each j, ¢, the set W}, is a symmetric pair of trapezoids centered about £§; ¢,
where &, = 272(2% ¢27). FEach trapezoid is approximately contained in a box of size 2% x 27 in the
frequency domain (see Figure 1(b)), oriented along the line & = £277¢;. Thus, the frequency support of
the shearlets satisfies a parabolic scaling, and becomes increasingly elongated as j increases. The notion
of parabolic scaling has long history in harmonic analysis, going back to the second dyadic decomposition,
introduced by C. Fefferman for the study of Bochner—Riesz multipliers [7] and later used in the study of
Fourier Integral Operator [18]. We recall that also curvelets satisfy a parabolic scaling. This property plays
a key role in the approximation results of shearlets and their ability to deal with distributed discontinuities
(see [9, 15, 10] for details).

In the following, we will use the notation {¢, : p € M} and {wff) : € M}, where M = {u = (4,0,k) :
j>0,-2/ < ¢ <2 ke Z?}, to denote the collection of shearlets (2.4) and the corresponding vertical
shearlets, respectively.

3. SHEARLET REPRESENTATION OF FOURIER INTEGRAL OPERATORS

The shearlets are not an orthogonal family. However, they are almost orthogonal with respect to an
appropriate distance. That is, the inner product of two shearlets 1, and 1),» exhibits an almost exponential
decay as a function of the dyadic parabolic pseudo-distance. Given a pair of indices u = (j,¢,k) and ' =
(4", 0, K') in M, the dyadic parabolic pseudo-distance w(p, p') is defined by:

w(p, p') =207 (1 + 270 d(p, u’)) 7
where _ y
A, 1) = 0279 — 027 Pt [y — Ky o 4 e by — K o),
e, = (cosf,,sinf,) and 0, = arctan(¢277). Thus, w increases as the difference between the scales, the
orientations and the locations increases. This definition is a slight variation of a similar definition introduced
by Smith [19] and modified by Candés and Demanet [2].
We can now state the main theorem of this paper:

Theorem 3.1. Let T be an Fourier Integral Operator of order 0, acting on functions on R?, for which the
phase satisfies the nondegeneracy condition

| det ®pe(x, &) > ¢ >0,
uniformly in © and £, where Oge = Vo, Ve®. For p,p' € M, let T(u, p') = (T, ), where 1, and i,

are elements of the Parseval frame of shearlets {1, : p € M} U {z/Jl(LU) i € M}. Then, for each N > 0,
there is a constant Cn > 0 such that

Tk, 1) < O w(pas hyer (1)) -
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For each p/ € M, the function h,, is a bijective mapping on M, induced by the canonical transformation
associated with the operator T. This function will be more precisely defined in Section 3.2. As described
in the Introduction, a result similar to Theorem 3.1 is obtained by Candés and Demanet in [2]. Also notice
that, using Schur’s Lemma, it follows from Theorem 3.1 that, for every 0 < p < oo, T'(u, ') is bounded from
P to ¢P.

To describe the main ideas of the proof, we shall start by introducing a convenient represention of T" with
respect to the Parseval frame of shearlets. Our construction adapts several ideas from [2].

For j > 0 and |¢] < 27, let
i ; 1 —¢277
Bjy=A"7B"Al = (o ] )

and define the sets
Wi =Wjo=WjeBje={(&,&): & € [-2%971, 2%~ u ¥4 2% |2 < 277}
Observe that B; ¢ is mapping W ¢ into another pair of symmetric trapezoids oriented along the &; axis. For

w a fixed index triple in M, let ¢, be a shearlet with location (z,,§,) in the phase space. Then, using

change of variables £ =7 Bj_,gl7 we have:

Twuuﬁ=;/?9”¢@fhwxgdéuﬁ>w:=2—“”L/ Ami(P@n B ATR) (0 BN §(n A7) dy
W;

It will be convenient to locally linearize the phase ®(x, &) to separate the nonlinearities of £ from those of z.

This is a standard approach in the study of of Fourier Integral Operators and can be found, for example, in

[21, Ch.9]. To do this, we define

5 o) ®(x,nB;}) —1B;} - Ved (,(1,0) B;g) . fornpe W
5.\, 1) = _ _ _ _
<I>(x,nBj’él)—nijé1 -Ve® (2,(-1,0) BMl) , forneW;,

where
Wi =w;({(&.,&): €20}, W, =W,;({(&.&): £<0}.
For p fixed, this allows us to decompose T as
_ m(2) p(1
T=T®TV,
where

TV f(z) = /W_ > B3 B (v, m) f(n B;}) dn,

T2 f(x) = fdul@)),
with 8, (z,n) = 2mi85.0(8" (@)m) U((b;l(m),nB;Zl), and ¢, (z) = V@ (x, (1,0) B]_z1> We can now proceed
with the analysis of the operators T,Sl) and T,SZ).

3.1. Analysis of the operator T,Sl). The operator T,Sl) obtained from this decomposition has linear phase
but is not a ‘standard’ pseudodifferential operator. That is, 5,(x,n) is not a standard class symbol in general.
To illustrate this point, consider the following example. Let ®(¢) = [¢], for & = (&1,&2) # 0, and £, =27 ¢,
where e, = (cosf,,sin6,). Then

Vg(b(gu) = éz| =€y

and
9u(§) = ®(§) = Ve@(E) € = () — e &
For 0,, = 0, it follows that e, = (1,0) and

0u() =€l - & =\/&+& - &
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Notice that the derivatives of 6,,(£) are homogeneous of degree 0 in {. Hence they exhibit no decay in &
and, as a result, 8,(z,£) does not satisfy (1.1) unless d,(x,&) = 0. Also observe that 6,(£) is unbounded

in general, but is bounded for { € supp ), (thanks to the parabolic scaling condition). This is one major
reason why the shearlets (and the curvelets) are effective in dealing with the operator Tél).

We will show that the operator T/SI) maps a shearlet 1, into a shearlet-like function m,,, with essentially
the same phase space location. For analogy with similar notions in wavelet analysis (see the notion of
vaguelettes of Coifman and Meyer [17]), the function m, will be referred to as a shearlet molecule.
Definition 3.2. For u = (j,4,k) € M, the function m,(x) = 25/% a,(B*Alx — k) is an horizontal shearlet
molecule with reqularity R if the a, satisfies the following properties:

(i) for each v = (71,72) € NxN and each N > 0 there is a constant Cy > 0 independent of u such that

(3.5) |0 au(@)] < On (1+Ja]) ™
(ii) for each M < R and each N > 0 there is a constant Cn r > 0 independent of p such that
(3.6) |4, (O] < O (L+1ENTN 272 + [&a)M.

Vertical shearlet molecules are similarly defined.

The second factor in the inequality (3.6) is associated with the almost vanishing moments. By this
property, the frequency support of a shearlet molecule m,, is mostly concentrated around || &~ 2%/. Observe
that a shearlet v, is also a shearlet molecule, but a shearlet molecule has no compact support in the frequency
domain, in general. Coarse scale molecules are defined as elements of the form {a,(z — k) : k € Z*}, where
a,, satisfies (3.5).

Let us examine a few implications of Definition 3.2. If m,(z) is an horizontal shearlet molecule with
regularity R, then it follows from (3.5) that

|(2mi&)7 a, ()] < (|7 ayl|Lr < Oy,
and, thus, for all N > 0 there is a constant C such that
la, (&) < Cn 1+ €)M,
It follows that for all N > 0 there is a constant C such that
(3.7) [, (€)] < Cn 2732 (14 €A B~ 7N,

On the other hand, from (3.6) it follows that for each M < R and each N > 0 there is a constant Cy s > 0
such that

(3.8) i (€)] = la (6 A7 B < Onar 27977 {275 (L )} (1+1ea7 B~

Thus, combining (3.7) and (3.8), it follows that for each M < R and each N > 0 there is a constant C p > 0
such that 4 | ; | N
,(6)] < Cnar 2732 min {1,27% (1 + |&))} (1+[€A7B7Y) .

We have the following result.

Theorem 3.3. Let {t, : p € M} be a Parseval frame of shearlets. For each p € M the operator Tlgl) maps

¥, into a shearlet molecule m,, = Tﬁl)z/)# with arbitrary regularity R, uniformly in pw. That is, the constant
in Definition 3.2 is independent of u. The same result holds for vertical shearlets as well.

In addition, we have that the shearlet molecules, defined by Definition 3.2, form an almost orthogonal
family with respect to the dyadic parabolic pseudo-distance w.

Proposition 3.4. Let m, and m,s be two shearlet molecules with regularity R. Let j,j' > 0. For every
N < f(R), there is a constant Cy > 0 such that

‘<mu7mu’>‘ <Cn W(M,ul)iN.

The number f(R) increases with R and goes to infinity as R goes to infinity.
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Also in this case, the almost orthogonality extends to the vertical shearlets and to the case where one
molecule is horizontal and the other one is vertical.

3.2. Analysis of the operator TF(LQ). To analyze the operator T, ,51) in Section 3.1 we have taken advantage

of the compact frequency support of the shearlets {1, : 1 € M}. In contrast, to analyze the operator T,SQ) it
will be convenient to introduce a family of shearlet-like function with compact support in the space domain.
Using this analyzing family, it will be possible to introduce an atomic decomposition

f(z) = ZV;L pu(l‘),

for functions f € L?(R?), where the shearlet atoms pu have compact support and satisfy certain regularity
and vanishing moments conditions. This construction adapts several ideas from [19, 2].
We will construct a family of shearlet-like functions with compact support of the form

Vast(x) = |det Ag| V2 (A7 BT (2 — 1),

o ) 53 )

and a, s,t are continuous parameters satisfying: 0 <a <1, |s] <2, t € R.
We say that a Schwartz function ¢ has k vanishing moments in the x1 direction if ¢ can be expressed as

$x) = 0y, é(x)
for some other Schwartz function ¢. Observe that if ¢ has a certain number of vanishing moments in the z;

direction, then gZ)(f) = (27m'§1)’“<;~5(§), and, thus, é(O,{g) = (. This shows that q@(f) is concentrated along the
&1 axis way from the origin. As a consequence, ¢p(§BsA,) is concentrated in elongated regions (increasingly
elongated as a — 0), symmetric with respect to the origin, along the direction & = s&;.

where

We have the following result, which is similar to [19, Lemma 2.11].

Proposition 3.5. Let ¢ be a Schwartz obeying ﬁ(il, 0) # 0 and having at least one vanishing moment in
the x1 direction. Then there is a function q(£§) such that the following formula holds

. 2 4
a(€) /| . [ fiepan| SGas=1. gorcer.

a
laf

q(&) is a smooth function satisfying |0%q(€)| < C|€]”= on T, where

(3.9) F{(§1,§2)€R2: |€1] > 1, & gl}.

There many choices of 9 satisfying the assumptions of Proposition 3.5. We will choose 1 of the form

Y(w1,22) = Y1(21) Y2 (22),

where 11, and 19 are C*° functions with compact support, satisfying supp 1, supp 12 C [0,1]. In addition,
we assume that 1, has vanishing moments up to order R, that is,

/wl(x)xkdz:(), k=0,1,...,R.
R

We thus obtain the following reproducing formula.

Proposition 3.6. Suppose that f vanishes outside the set T, given by (3.9). Then we have the reproducing
formula

da
(3.10) 1= [, D)1 ) ) 5 s
where (q(D)f)" (&) = q(€) f(€) and Yast(x) = a3/ (A Bz — 1)).
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The reproducing formula (3.10) can be written as an atomic decomposition where the integral is broken
into several components associated with distinct regions. For u = (4, ¢, k), let
Qu={(a,s,t): 27200 < g < 27% 277 <5< (L+1)279, AIB~ € [ky, k1 + 1) X [ko, k2 + 1)}

Observe that the sets @, are disjoint and (J,, U?:j;ﬁu Utk payeze @u = {(a,s,t) ra < 1,]s| < 2,t € R%}.

Then, by breaking the integral (3.10) into components arising from different cells Q,, we have:
20+t 1
(3.11) F@=>> > wvupula),
720 0=—23+1 (kg ko) €Z2

where

)= o [[ [ D)1 ) vt G asa, v, = ( [T vaoisveor Zifdsdt> o

We define the functions oy, by:
ap(x) =273 p (A B (a + k) = 275 p(BjuA (@ + K)).
One can verify that they satisfy the following properties:
(i) Compact support: supp o, C C' [—1,1]?, where C is independent of y and f.
(ii) Regularity: for each 8 = (01, B2), there is a constant Cj3 independent of x and f such that
|6fo¢u(a:)| < Cp.

(iil) Vanishing moments along the x; direction: for all n =0,1,..., R,

/ a1, x2) 2t dey = 0.
R

We will refer to all elements o, satisfying (i)—(iii) as atoms with regularity R. The corresponding functions
Py, given by
pulz) = 237 o, (Bt Al — k)
will be referred to as shearlet atoms with regularity R. It is an easy exercise to verify that a shearlet atom
is also a shearlet molecule, according to Definition 3.2.
We have the following result.

Theorem 3.7. Let {p, : ' € M} be a family of shearlet atoms with regularity R. For each i’ € M, the
operator TIEQ) maps pys into a shearlet atom my, () with the same regularity R, uniformly over ' € M.
As in Theorem 3.1, for each y1 € M, the function h, is a bijective mapping on M induced by the Canonical
Transformation. To describe the function h, recall that the Canonical Transformation associated with the
phase ®(z, &) of the Fourier Integral Operator 7' is the map:
(Ve@(2,8),§) — (2, Va®(2,9))-

Let k, and &,/ be the space and frequency locations of p,/, and define ¢, (yu,) = ku, where ¢ (x) =
Ve®(x,€,). Since ®(x,&) is homogeneous of degree one in &, then V,®(x,&) = £V, VP(z,§). Using these
observations we have that

Ve@(ky, &) = ¢u(yu7u’) =k,

V:vq)(ku’agu) = fu VIV§‘I)(I€,/,§M) = Ny -
The action of the operator T, ,52) on the phase space coordinates of the shearlet atom p, corresponds to the
canonical transformation:

(3'12) (k’w,f,/) - (y,u,u’a nu,u’)a
and the index mapping h, on M is the bijective mapping (j./, €y, k) — (Ju,p> Ly’ k) induced by the
canonical transformation (3.12).
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3.3. Proof of Main Theorem. The following properties of the psedo-distance w follow from [2, Prop.2.2].

Proposition 3.8. For p,u', 1", po € M, the dyadic parabolic pseudo-distance w satisfies the following:

(1) Symmetry. w(p,p') ~w(p', p).
(2) Triangle Inequality. There is a constant C > 0 such that d(p, p') < Cd(p, ') + d(p”, 1').
(3) Composition. For every N > 0, there is a constant Cn > 0 such that

Z w(p, 1) N o )N < Oy wlp, /)N
P
(4) Invariance under the bijective index mapping h,,, induced by the canonical transformation: w(p, p') ~
wW(hpo (1), hyo (1)), uniformly over po € M.

We can now prove Theorem 3.1.

Let v, and v, be two fixed shearlets (both horizontal, for simplicity). By Theorem 3.3, m,, = T;Si) Yo
is a shearlet molecule. Also observe that, using the atomic decomposition (3.11), we can expand 1, as a
superposition of shearlet atoms p,,:
w1 = Z Cu',pr Pu's
w

where

(3.13) Cul o = (/// , D)oy, s Yast)|” d? ds dt) 1/2-

Therefore, using these observations and Theorem 3.7, we have that
Wurs T o) = Wty TR TS o) = (T2 Wl’T(l) Do)
= Z Cutua ( (2) ) P M)

- Zcﬂ/#‘l <m'3uo(u’)’ml‘0>’
ul
where mj,,y is a shearlet molecule and h = h~' is the inverse of the bijective index mapping h.
Next observe that for every N > 0, there is a constant C'y such that:
—-N
lewr | < Onw(p's )~

This follows by discretizing the integral (3.13) and using Proposition 3.4. Finally, using Propositions 3.4
and 3.8, we have that for every N > 0, there is a constant Cy such that:

(s T Puo)| < Z|Cu | ‘ LT (/ﬂ))muo>

§ CNZ N /Ll NW(EHO(MI)MU'O)iN

< CN Zw(hﬂo(lu’/)’BHO(Ml))_Nw<iLM0(:U’/)7,U/O)_N
w
< CN Zw(ﬁuo(ﬂl)aﬁuo(ﬂl))in(hlm(:u‘/)a,LLO)iN
w
< On Wb (p1), o)~V
~  Cnw(pn,hyo(po)) M 0
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