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Abstract
Affine systems are reproducing systems of the form
Ac={D.Ti": 1<t < L,keZ" ceC},

which arise by applying lattice translation operators 7 to one or more genera-
tors ¢! in L?(R™), followed by the application of dilation operators D.., associated
with a countable set C of invertible matrices. In the wavelet literature, C is usually
taken to be the group consisting of all integer powers of a fixed expanding matrix.
In this paper, we develop the properties of much more general systems, for which
C={c=ab: aec Abec B} where A and B are not necessarily commuting matrix
sets. C need not contain a single expanding matrix. Nonetheless, for many choices
of A and B, there are wavelet systems with multiresolution properties very similar
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to those of classical dyadic wavelets. Typically, A expands or contracts only in cer-
tain directions, while B acts by volume-preserving maps in transverse directions.
Then the resulting wavelets exhibit the geometric properties, e.g., directionality,
elongated shapes, scales, oscillations, recently advocated by many authors for mul-
tidimensional signal and image processing applications. Our method is a systematic
approach to the theory of affine-like systems yielding these and more general fea-
tures.
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1 Introduction

There is considerable interest, both in mathematics and its applications, in
the study of efficient representations of multidimensional functions. The mo-
tivation comes partly from signal processing, where such representations are
useful in image compression and feature extraction, and from the investigation
of certain classes of singular integral operators. For example, it was pointed
out in several recent research papers that oriented oscillatory waveforms play
a fundamental role in the construction of representations for multidimensional
functions and signals (cf. [3], [5], [8], and articles in [20]). In particular, it was
shown that, in order to be optimally sparse in a certain sense, such represen-
tations must contain basis elements with many more locations, scales, shapes
and directions than the “classical” wavelets (cf. [4]).

In this paper, we introduce a new class of representation systems which have
exactly the features we have described, as well as several other properties
which are closely analogous to the properties of systems constructed in [7],
and, therefore, for the reasons explained there as well as in [4,5,8], have great
potential in applications. We call these systems affine systems with com-
posite dilations, and they have the form

.AAB(\I’):{DGDka\I/Z kGZn,bGB,GGA}, (1)

where U = (¢1,...,9L) C L*(R"), Ty are the translations, defined by
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Ty f(x) = f(z—k), D, are the dilations, defined by D, f(z) = |deta|~™/? f(a™'x),
and A, B are countable subsets of GL,(R). By choosing ¥, A, and B appro-
priately, we can make A4p5(¥) an orthonormal (ON) basis or, more gener-
ally, a Parseval frame (PF) for L?(R™). In this case, we call ¥ an ON AB-
multiwavelet or a PF AB-multiwavelet, respectively. If the system has
only one generator, that is, ¥ = {4}, then we use the expression wavelet
rather than multiwavelet in this definition.

As we will show, the mathematical theory of these systems provides a simple
and flexible framework for the construction of several classes of orthonormal
bases and Parseval frames. For example, in Section 5, we construct AB PF
wavelets with good time-frequency decay properties, whose elements contain
“long and narrow” waveforms with many locations, scales, shapes and direc-
tions. These examples have similarities to the curvelets [4] and contourlets [7],
which have been recently introduced in order to obtain efficient representations
of natural images. Our approach is more general and presents a simple method
for obtaining several such orthonormal bases and Parseval frames that exhibit
these and other geometric features. In particular, our approach extends natu-
rally to higher dimensions and allows a multiresolution construction which is
well suited to a fast numerical implementation.

The paper will be organized as follows. In Section 2 we introduce the study of
AB multiwavelets by constructing some examples of such systems in L?*(IR?).
In Section 3 we examine the conditions on A, B € GL,(R) that ensure the
existence of AB multiwavelets and present several classes of these systems for
L*(R™). In Sections 4 and 5, we describe the AB multiwavelets generated
using a generalization of the classical MRA. Finally, in Section 6, we describe
an example of a singly generated orthonormal AB wavelet.

2 Example

In this paper, we shall present a variety of affine systems with composite
dilations. Perhaps, the most efficient way of entering into the study of these
systems is to examine in some detail a particular example of such a system.

Throughout this paper, we shall consider the points x € R™ to be column
I

vectors, i.e., x = | : |, and the points £ € R" (the frequency domain) to be
Tn

row vectors, i.e., £ = (&1,...,&,). A vector z multiplying a matrix a € GL,(R)
on the right, is understood to be a column vector, while a vector £ multiplying a



on the left is a row vector. Thus, ax € R™ and &a € R". The Fourier transform
is defined as

f&) = [ flaye e an,

where ¢ € R", and the inverse Fourier transform is

flo) = [ p©emede,

20 11 .
Let a = , where € # 0, b = and G = {(VV,k) : j € Z, k € Z*}.
0e€ 01
Then G is a group with group multiplication:
(8, m) (¥, k) = (b, s + b7m). M

In particular, we have (0, k)~' = (b=, —0’k). The multiplication (1) is consis-
tent with the operation that maps € R? into ¥ (z + k) € R2. This is clarified
by introducing the unitary representation 7 of G, acting on L?*(R?), defined
by

(¥, 0)f ) (@) = £~ k) = (DU Tef ) @), @
for f € L*(R?). The observation that
(D3 Tn) (D} Ti) = (D Tgpmim),

where ¢,j € Z, k,m € Z?*, shows how the group operation (1) is associated
with the unitary representation (2).

Let Sy = {€ = (61,6) € R?: |&] < 1} and define
Vo = L(So)Y = {f € L*(R") : supp f C Sp}.

Since, for all j € Z and k € Z2, we have
(77, 105) (© = (DiTis ) (©) = &> (e, (3

and &V = (&,&)0 = (&1,& + j&1), then the action of ¥/ maps the vertical
strip domain Sy into itself and, thus, the space Vj is invariant under the action
of 7(&’, k). The same invariance property holds similarly for the vertical strips

S;=Soa’ = {& = (&,&) e R?: ] < 27,

i € Z, and, as a consequence, the spaces V; = L%(S;)" are also invariant under
the action of the operators m(b, k). The spaces {V;}icz also satisfy the basic
MRA properties: (1) V; C Viuy, 1 € Z; (2) D,;"Vo = V;; (3) NV; = {0}; and (4)
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Fig. 1. Example of ON AB-multiwavelet. The sets {I;¥/ : j € Z,{ = 1,2,3} are a
disjoint partition of Ry.

UV; = L*(R"). The complete definition of an MRA includes the assumption
that Vj is generated by the integer translates of a ¢ € Vj, called the scaling
function, and that these translates {T, ¢ : k € Z?} are an orthonormal
basis of V4. In our situation, as we will discuss later on, there is an analogous
property that will replace the ‘scaling’ property.

Let A={a": i€ Z}and B={V : j € Z}, and W, be the orthogonal
complement of V4 in Vj, that is, Vi = Vi @& W,. We shall now show how to
construct an ON AB-multiwavelet generated by three mutually orthogonal
functions !, ¢?,¢* € Wy of norm 1. It will be convenient to work in the
Fourier domain. Thus, Vi=V® WO and, consequently, Wg = L*(Ry), where
Ry=51\5) ={{=(&,&) € R2: 1< |&1] < 2}. We begin by constructing
a particular orthonormal basis of W, that it is mapped into itself by the
representation 7. To do this, define the following subsets of Ry = 57 \ Sp:

L=LUI ,L=IUly, ;=1 UI;,

where

F={6=(66)€R: 1< <2,0< 6 <1/2),
F={{=(&,&) eR?: 1 <& <2,1/2<& < 1},
If={{=(6.&) eR?: 1<6<21<6 <&},

and I; = {£ € R?: —¢ € I}'}, £ = 1,2,3. These sets are shown in Figure 1.

We then define ¥, ¢ = 1,2, 3 by setting W = x1,, ¢ = 1,2,3. Observe that
each set I, is a fundamental domain of Z2, that is, the functions {e*"k : k €



Z?}, restricted to I, form an orthonormal basis of L?(I;). It follows that the
collection

{e¥™F(E) : ke 27}
is an orthonormal basis of L?(I;), £ = 1,2,3. A simple direct calculation shows
that the sets {I, 07 : j € Z,{ =1,2,3} are a partition of Ry, that is,

3

U Ulébj:R(b

=1 jez
where the union is disjoint. It follows that the collection
{2 R (&) - k€ 2%, j € 2,0 =1,2,3} (4)

is an orthonormal basis of L?(Ry) and, thus, by taking the inverse Fourier
transform of (4), we have that

{n(V, k)Y keZ? jeZ,(=1,23) (5)

is an orthonormal basis of W, = L*(Ry)". Notice that, since, for each j € Z
fixed, v/ maps Z? into itself, the collection {e*®¥* : k € Z?} is equal to the
collection {e*"* . k € 72}.

Observe that the number of generators, three, of the orthonormal basis (5) of
W, is independent of the choice of the functions ¥*. That is, if

{n(V k)¢ keZ?jeZl=1,... L},

for some functions ¢* € L?(R?), is an orthonormal basis of L?(Ry), then ¢
must range through the set {1,2,3}. This is a consequence of the following
general result:

Proposition 1 Let G be a countable set and, for each uw € G, let T,, be a
unitary operator acting on a Hilbert space H. Assume that, for each T, there
is a unique u* € G such that Ty~ = T. Suppose ® = {¢,... ¢V}, ¥ =
{o', .. oMY C H, where NyM € NU{oo}. If {T.¢" : ue G, 1 <k < N}
and {T, V" : w € G, 1 < i < M} are each orthonormal bases for H, then
N =M.

Proof. It follows from the assumptions that, for each 1 < k < N:

M
16" = >_ > (0", Tuw') 2.

ueG =1

Thus, using the unitary property of T, we have:

N = S5 X S T

k=1ueG =1
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In order to obtain the desired ON AB-affine system for L?(R?), we apply the
dilations D!, ¢ € Z to the orthonormal system (5). This is easily seen in the
Fourier domain, since the action of these dilations on the region Ry generates
the sets R
Ri = Roa' = { = (£,6) e R?: 2" < |&| <27},

and we have that ;e R; = @2, where the union is disjoint. Since the dilations
D! are unitary operators, they map an orthonormal basis into an orthonormal
basis and, thus, for each i € Z, the set {D! n(b', k)" : k € Z%,j € Z,{ =
1,2, 3} is an orthonormal basis of L?(R;)" = W;. Since the spaces L*(R;) (and
thus the spaces ;) are mutually orthogonal, it follows that the system

{Dix(V, k)" keZ?i,jeZ, (=123}
= {D: DIy keZ?ijeZ (=123} (6)

is an orthonormal basis of L?(R?) = @,c; Wi, that is, ¥ = {92 43} is an
ON AB-multiwavelet.

The number of generators of this ON AB-multiwavelet is fixed. Indeed, by
Proposition 1, if we could replace ¥ in (5) by a ® = {¢*,..., ¢*}, then L = 3,
and this applies to (6) as well. As we will show later on, the Fourier transform

'~

of the multiwavelets ¢ need not be characteristic functions.

Recall that a countable family {e; : j € J} of elements in a separable Hilbert
space ‘H is a frame if there exist constants 0 < A < B < oo satisfying

Alol® < 37 v, < Bl
JjET

for all v € H. A frame is tight if A and B can be chosen so that A = B, and is
a Parseval frame (PF) (also called normalized tight frame) if A = B = 1.
Thus, if {e; : j € J} is a Parseval frame in H, then

Il = > K, e5)f?

JjeT
for each v € ‘H. This is equivalent to the reproducing formula

v="> (v,e;) e (7)

JjeT
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Fig. 2. Example of PF AB-wavelet. The sets {T'b’ : j € Z} are a disjoint partition
of R.

for all v € 'H, where the series in (7) converges in the norm of H. Equations (7)
shows that a Parseval frame provides a basis-like representation. In general,
however, a PF need not be a basis. We refer the reader to [9,14] for more
details about frames.

We will now show how to construct a PF of L?(R?) by modifying the construc-
tion that we described above. Let T = T+ T, where T is the trapezoid
with vertices (1/2,0), (1/2,1/2), (1,0) and (1,1), and T~ = {€ e R2 : —¢ €
T+Y;and let R = Sp\S_; = {€ = (£,&) € R?: 1/2 < |&| < 1}. This is illus-
trated in Figure 2. A direct computation shows that U,z TV = R, where the
union is disjoint. It follows from the Plancherel theorem (using the fact that

T'is contained inside a fundamental domain) that the function x7(¢) satisfies
Spezz [(f, €m0k x )2 = || f||? for all f € L?(R), and thus the collection

{Di ¥k r (&) keZ? jeZ}

is a Parseval frame of L*(T'). Similarly to the construction above, we have that
Uiez Ra' = R?, where the union is disjoint, and so it follows that the set

(Din(V k) : ke Z%i,j€Z}={D. DI T+ keZ?ijcZ}

where 1) = (x7)" is a PF of L*(R?) = @,c; L*(Ra")Y, that is, ¢ is a Parseval
frame AB-wavelet.

Observe that, unlike the case of ON AB multiwavelets that we constructed
above, this Parseval frame AB wavelet is singly generated (¢ = (x7)¥). It is
not hard to see, however, that, by modifying the function ), one can obtain
singly generated ON AB wavelets (cf. [11]). It is important to point out that,
as we will discuss in Sections 5 and 6, those singly generated ON AB wavelets



are not of MRA type. These remarks make clear that the construction of AB
Parseval frames is simpler than the corresponding construction of ON AB mul-
tiwavelets. Because of this fact, and because Parseval frames are as effective
as ON bases in many applications, in the following we will concentrate mostly
on the construction of Parseval frames AB wavelets, that are not necessarily
orthonormal bases.

We end this section by stating some basic properties of the translation and
dilation operators, that will be used throughout the paper.

Proposition 2 Let
G={U=D,T,: (a,y) € GL,(R) x R"}.

G is a subgroup of the group of unitary operators on L3(R™) which is preserved
by the action of the operator U — U, where U f = (Uf)". In particular, we
have:

(i) DuT, =Ty, D :
(1) Day Doy = Dayay, for each ai,az € GL,(R); A
(iii) for U = D,T,, then U = DyM_,, where D, f(&) = \detayl/Zf(ga);
(iv) for a measumble set S C R and L*(S) = {f € L*R") : supp f C S},
we have: D, L*(S) = L2(Sa™Y).

3 The admissibility condition

In Section 2, we have examined some special cases of affine systems associ-
ated with the lattice Z™ in R", a countable collection C C GL,(R) containing
the n x n identity matrix I,,, and a set ¥ = {¢! ... oL} c L*([R"), having
the form

Ac(0) ={D. T,V : ceC, ke Z"}. (1)
Our main concern here is to establish conditions on C that guarantee the
existence of a finite set of functions ¥ such that A¢(¥), given by (1), is either
an orthonormal basis or a Parseval frame for L*(R"™). When this is the case, we
say that ¥ is an orthonormal (ON) C—multiwavelet or a Parseval frame
C—multiwavelet, respectively, for L?(R"). More generally, when S C R™ has
positive Lebesgue measure and Sc¢ = S, for each ¢ € C, we say that ¥ is an
ON or a Parseval frame C-multiwavelet for L*(S)Y, if Ac(¥) is an ON basis
or a Parseval frame, respectively, for L?(S)Y. For example, in the construction
of Section 2, we consider affine systems on L*(S;)¥, i € Z, where the strip
domains S; C R? are invariant with respect to the matrices b € B.

It is an open problem to give necessary and sufficient conditions on C for



which C multiwavelets for L?(S)" exist. In all known cases where they exist,
C satisfies a geometric condition that we call the tiling property. Namely, if
there exist measurable subsets Ry,..., Ry of S such that a.e. £ € S C R"
uniquely determines an index 1 < i < L, n € R;, and a ¢ € C, for which
¢ =mnc !, we say that the sets {R,: ¢ =1,..., L} are S—tiling sets for the
dilation set C~!. Equivalently, we have that

S=U U R, @)

ceC 1<4<L

where the union is disjoint in measure. If S = R", we simply say that the
sets {Ry: £ =1,..., L} are tiling sets for C. The property (2) ensures that
L?(S)Y is the orthogonal direct sum

L*9)Y= @ LR ).

c€C1<U<L

Therefore, for U = {1, ... L}, where ¢f = (xg,)", the system Ac(¥), given
by (1), is a Parseval frame for L?(S)V if and only if, for each 1 < i < L, the
collection

(@) = @, k€ 7)

is a Parseval frame for L?(R;)V. By an elementary Fourier series argument,
this occurs precisely if the sets Ry,..., Ry satisfy

(Re+k)(NRe=0, forke " \ {0},1 < ¢ <L, up to sets of measure zero,

(3)
in which case we say that the sets {R, : £ = 1,..., L} are packing sets for
Z™ translations.® Observe that this condition implies that the measure of
each set R, cannot be larger than one. Therefore we have the following:

Proposition 3 Let ¥ = {¢', ... ¢t} C L*(S)Y, where ¥* = (xg,)", for
1 <0< L.V is a Parseval frame C—multiwavelet for L*(S)V if and only if (2)
and (3) hold.

Whenever U is of the form given by Proposition 3, we say that U is a tiling
C-multiwavelet of L?(S)Y. In Section 5, we show how tiling C-multiwavelets
can be smoothed off to obtain more general C—multiwavelets. It is an open
problem whether any C-multiwavelet arises by modifying a tiling one.

Note that in the example of Parseval frame AB-wavelet from Section 2, we
construct a set T C R? having the properties:

3 Recall that in Section 2 we introduced the notion of “fundamental domain”.
Observe that a packing set for Z™ translations is a subset of a fundamental domain
for Z".

10



(4) UT(aibj)_l =R\ {(0,&) : & € R}

(i) (T +k)NT =2 forall ke Z*\ {0}

This shows that equation (2) and (3) are satisfied, and so it follows that
¥ = (xr)" is a PF C—wavelet for L?(R?), where C = {a'¥ : i,j € Z}.

The set C is called S—admissible if tiling multiwavelets for L*(S)Y exist. In
case S = R", we will simply say admissible (rather than R™-admissible).
Observe that there are no known examples of dilations sets C for which C—
wavelets exist and that are not S—admissible.

In the following, we will briefly examine the relationship between the notion
of admissibility that we have just introduced, and the theory of continuous
wavelets (Section 3.1). Next, in Section 3.2 we will show that the admissibility
condition is closely related to a condition that we call local admissibility. In
Section 3.3 we examine the admissibility for dilation sets of the form C = AB,
and look at two types of examples unlike those in Section 2. In Section 3.4
we give a complete discussion of the theory that generalizes the examples in
Section 2.

3.1 Connection to the theory of continuous multiwavelets.

For C and S defined as in the previous section, we say that ¥ = {!, ... L} C
L?(S)Y is a continuous C-multiwavelet if

112 =% [ DTy v dy )

£=1 ceC

for all f € L?(S)Y. By a trivial extension of an argument in [16], one shows
that W satisfies (4) if and only if it satisfies the Calderon equation:

SN W& c)> =1 for ae. £ € S. (5)

{=1 ceC

It is easy to see that every tiling C—multiwavelet is also a continuous C—
multiwavelet. In fact, if U = {y,... L}, where ¥ = (xg,)" and the sets
{Ry : 1 < ¢ < L} satisfy equations (2) and (3), then (5) is immediately
satisfied. More generally, it is shown in [13] that, when C satisfies a technical
property called the local integrability condition (LIC), then the Calderon equa-
tion is one of a family of equations characterizing C-multiwavelets for L?(R").
The LIC is satisfied, for example, when C is of the form C = {a’ : i € Z}
where a € GL,(R) is an expanding matrix (that is, all the eigenvalues A
of a satisfy |[A| > 1). Finally, observe that there are no known examples of

11



C—multiwavelets which are not continuous C—multiwavelets, i.e., do not satisfy
the Calderon equation.

3.2 The local admissibility condition.

As above, let C C GL,(R) be a countable set containing the identity matrix
I. We say that C is locally admissible if, for a.e. £ € R", there is an open
neighborhood U of £ such that, for ¢;,cs € C with ¢; # ¢, we have that
Uc;teaNU = 0. In particular, this means that the set of points {£ ¢! : ¢ € C}
is discrete in the topology of R™. Since any open neighborhood of £ has the
same property, we can assume that U is contained in a cube of side 1 centered
at £ Then, for S = UgecU ¢!, the set C is S—admissible and x}; is a tiling
wavelet for L?(9).

Under certain assumptions on C, one can take S = R". Consider for example
the situation where C = {a’ : i € Z} and a € GL,(R) is an expanding
matrix. C is clearly locally admissible. Let U C [-1/2,1/2]" € R"™ be an
open neighborhood of the origin (this implies that U is a packing set for Z"
translations). Since a is expanding, it follows that U a™' C U. Therefore, if we
let T =U\(Ua '), then T is a tiling set for the set of dilations C (observe that
C is a group and so C = C~'). This shows that a tiling C-wavelet for L*(R"™)
exists. The following section elaborates this situation further, by showing an
example of a dilation set that is not locally admissible.

3.2.1 FExample of a non-admissible dilation set.

Consider the set C = {2°37 : 4,7 € Z}. This set is not locally admissible in
view of the fact that In3/1In 2 is irrational and so {In(2°37) : 4,5 € Z} is dense
in R. Using this fact, the following argument will show that no C—wavelets for
L*(R) exist.

In fact, if such a wavelet 1) exists, then it satisfies the Calderén condition

ST DR3P =1 ae R

i.jET

We claim that no such ¢ exists. If it did, then we could find an n € Z and
a measurable set R C [n,n + 1] of positive measure such that |¢(§)] > 0 for
some 0 > 0, for all £ € R. Fix such n and 4. Since [|¢|| < 1, it follows that
I ()[2dg > 6% R| and so

1 < In| + 1'

< — <
|R| R

(6)

12



It is easy to see that there is a countably infinite set P of elements p of the
form p = 273", 4,j € Z such that

0*|R|

l<p<ltd+ ———r.
p 2(n| + 1)

(7)

From (6) and (7) we have that p < 1+|R|/(2|R|) = 3/2, and, thus, 1/p > 1/2.
Using this observation, (7) and the fact that ||¢| < 1, we have:

[ wra— [ iR dg
> ([T @r - [T i)
>3 (#1RI = nip - 1))
> L (18]~ nat|Bl/2lnl + 1) > T8 ®)

Thus, using (8) and the Calderén condition we have:

1_/ S |h(2i3¢ |2d§>/ S I > 2 ’Zl—

©,JEL peEP peEP

This contradicts the Calderén condition . It is easy to see that the same
argument applies to any A = {a/ b° : i,j € Z}, with a,b € Z\ {0, 1} relatively
prime. The same argument also applies if one replaces L*(R) by L*(S)Y, where
S C R is a set of positive measure.

L0
Consider, on the other hand, C' = { | 14,7 € Z}. This set is locally
0 3

admissible, and an argument similar to the one described above, where C =

{a" : i € Z} and a is an expanding matrix, shows that tiling C'~wavelets for
L*(R?) exist.

3.8 Admussibility condition. The AB case.

If B C GL,(R) is S—admissible and ¢ € GL,(R), then ¢B is Sc™!'-admissible
since the unitary operator D, maps the PF Ag(¢)) for L*(S)" onto the PF
A.p(®) for L*(Sc™1)V, where v is a PF cB-wavelet for L?(S ¢™!)V. In particu-
lar, this holds for ¢ = b~!, where b € B. In this case, b=! B is still S—adimissible,
since Sb =S, and thus there is no loss of generality in assuming I, € B. We
will be especially interested in the situation where B is S—admissible and there

13



is a countable set A C GL,(R) for which S is a tiling set for A. Then

LZ(RH) = @ L2(S ail)v == @ Da(LZ(S)>v7 (9>

acA acA
and it follows that the set C = AB = {ab:a € A,b € B} is admissible, and
1 is a PF AB-wavelet whenever 1 is a B-wavelet for L?(S)V. It is clear that
a similar approach holds for multiwavelets ¥ C L?(R™). A particular instance
of this phenomenon was illustrated in Section 2, where A = {a’ : i € Z},

with a = 20 ,and B ={V : j € Z}, with b = H . Observe that in
0e€ 01

these examples the right action of A doubles the first coordinate. On the other

hand, the action of A on the second coordinate is irrelevant, since the right

action of B leaves the first coordinate fixed and uses the first coordinate to

control the second one.

In the following sections, will show that there are many possible choices for
A and B, and that they do not have to be subgroups of GL,(R). Unifying all
these examples of admissible A B—multiwavelets that we are going to construct
is a not necessarily linear change of coordinates map ¢(¢, s) from RF x R+
onto a set of full measure in R™. Like in the 2-dimensional example above, the
action of A will be “upper triangular”, in the sense that, for a € A, ¢(t,s) a =
o(ta',s"), where a € A" and A’ is a set (or a group) of operators on R* that
admits tiling sets for the A’ dilations. The action of A on the coordinate s €
R™* is irrelevant. On the other hand, the action of B will leave the coordinate
t € R* invariant: for b € B we have that ¢(t,s)b = é(t, 04(s, b)), for some
transformation o (-, b) on R . As t varies over a compact set K € R¥, we will
be able to construct a set R which is an S—tiling set for the B dilations, where
S is the strip domain K x R"*. This general procedure will be illustrated in
Sections 3.3.1 and 3.3.2, for the case of spherical and hyperbolic coordinates,
respectively. Next, in Section 3.4, we consider the linear coordinate systems,
by generalizing the examples in Section 2.

3.83.1 Orthogonal AB-multiwavelets.

Perhaps the simplest class of admissible A B-multiwavelets is obtained when
B is a finite group. Since B is conjugate to a subgroup of the orthogonal group
O,(R) (i.e., given any finite group B, there is a P € GL,(R) and a subgroup
B C 0,(R) such that PBP~! = B), without loss of generality, we may assume
that B C O,(R). Let Sy C R" be a compact region, starlike with respect to
the origin, with the property that B maps Sy into itself. In many situations,
one can find a lattice L. C R™ and a region Uy C Sj such that U, is both a
So—tiling set for the B dilations and a packing set for the A translations (i.e.,
(Up+ A NUy =0, for A e A\ {0}), where A={\NeR*: X\l €Z, Ve L}
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is the lattice dual to L. Then
o ={DyTi (xtr,)" : bE B, 1 € L}

is a PF for L?(Sy)". Next suppose that A = {a’: i € Z}, where a € GL,(R)
is expanding, a Ba™! = B and Sy C Sya = S;. These assumptions imply that
each region S; = Sya’, i € Z, is B-invariant and the family of disjoint regions
Si41\S;, i € Z, tile R™. Thus, one can decompose L2(R") as in (9). Since B is
finite, there exist many choices of a measurable set R C 57\ Sy for which R is
a (51 \ Sp)-tiling set for the B dilations. Since a is expanding, we can always
take Sy to be contained in a small neighborhood of the origin, and thereby
ensuring that R is a packing set for the A translations. Then

Uap ={D.DyTi(xgr)": bEB,i€Z, 1€ L}

is a PF of L?*(R"). On the other hand, if Uy is a tiling region for the A trans-
lations, that is, Uyea(Uo + A) = R” where the union is disjoint, every such
tiling set has the same measure as Uy. If |det a| € N, then |S;| = |det a| | S| =
| det a| card (B) |Up| and it follows that no single subset R of S;\ Sy can be both
a (S1\ Sp)-tiling set for the B dilations and a tiling set for the A translations.
Instead, if R is a (S \ Sp)-tiling set for the B dilations, then one can decom-
pose R into a disjoint union of subregions Ry, ..., Ry (where N = |deta|—1)
each of which is a tiling set for the A translations. It follows that

Uap={D:DyTj(xg,)" :i€Z,beB, leLl=1,.. N}

is a an ON AB-multiwavelet for L?(R™). Moreover, in this case, the set ®p
is a ON basis for L?*(Sy)Y. Some special examples of this construction can be
found in [10] and [11, Sec.2.2].

3.3.2  Hyperbolic AB—wavelets.

By using a nonlinear system of coordinates, we can construct a variant of the
system described in Section 2, where B does not consist of shear matrices.

Fix A > 1 and let

Nooo

B ={b, = |:jez).

0\
For k > 0, the set Hy, = {(£1,&) € R? : £& = k} consists of four hy-
perbolas. Observe that, for any & = (&,&) € Hy, every other point &
on the same hyperbola has the unique representation & = (& &N for
some t € R. We can parametrize any { = (&,&;) in the first quadrant by
E(r,t) = (/T A, y/r A7), where r > 0, t € R. Then, for any ki < ko, the set
Tk, ko) = {&(r,t) : ky < 1r < ko, 0 < ¢ < 1} is an hyperbolic trapezoid.

15



Also observe that, for any k # 0, the right action of B preserves the set Hj
since

I o , ,

gbj = (51,&2) N (glAJv€2A_J) = (771’7]2)7

0 A7
and e = &£&. Therefore, the set T (ky, ko) is an S'(ky, ko)—tiling set for
the B dilations, where S'(ky, k) is the hyperbolic strip {&(r,t) @ ky < r <
ks}. Proceeding similarly in the other quadrants, we obtain that the similarly
defined hyperbolic trapezoids T¢(ki, ko), £ = 2,3, 4, are S*(ky, ky)-tiling sets
for the B dilations. By taking unions, we have that T'(ki, ky) = Up_1a T*(k1, ko)
is a S(ky, ky)-tiling set for the B dilations, where S(ky, ks) = Up_1a S*(k1, ko).

Now let A = {a": i € Z} C GLy(R), where a is diagonal with m = |deta| > 1.
Then, for each k > 0, H;, a = H,. Thus, for any ko > 0, S(ko/m, ko) is a tiling
set for the A dilations. By choosing k¢ small enough, the set T' = T'(ko/m, ko)
is contained in the fundamental domain [1/2,1/2)% and, thus, ¢ = (xr)" is a
PF AB-wavelet, where AB = {a'b:i € Z,b € B}.

3.4 The shear group.

We would like to find a general setting in which the systems {D? DZ Ty, Yt
i,j € Z,k € Z*,1 = 1,2,3} described in Section 2 are included. Observe that
the matrix b satisfies (b — I3)? = 0. Let us first characterize all such matrices
in the n—dimensional case. We say that a matrix b € R"*" is a shear matrix
if

(b—1,)*=0.

11
Each such b has a Jordan form that consists of k£ blocks of the form , with
01

k < mn/2, followed by an (n—2k) x (n—2k) identity matrix. That is, b= pJ p~!,
where p € GL,(R), J =1, + Z;?:l e2j—162;, and {e1, ..., ex}, {é1,..., 6} are
the canonical bases vectors of R" and ]@”, respectively. This implies that a
general shear matrix has the form

k
b=1I,+> yVn, (10)
j=1

where nV) y® = 0, for each 1 < 4,5 < k, and y) = peg; 1, N9 = éy;p~!
(observe that, for y € R™ and n € R", yn is the n x n matrix with entries
(yin;), 1 <i,j <mn, and ny is the scalar Y7 ; n;y;).

Lety € R and € R™. If b = I,,+yn, where ny = 0, then (b—1,)? = y(ny)n =
0, and, thus, b is a shear matrix. We will call an elementary shear matrix

16
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Fig. 3. Shearing transformation. Vector field induced by the right action of the shear
group B = {V’ : j € Z}, where ¥ is given by (11).
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any matrix of this form. Observe that, if yp = 0 and b is an elementary shear
matrix, then the mapping & — &b = £ + (§y)n has the property that £ € R"
is fixed by b if and only if ¢ lies in the hyperplane y* = {z € R" : 2y = 0},
otherwise ¢ is translated in the direction n € y* (see Figure 3). In the examples

1
from Section 2, y = ,n=1(0,1) and so, for each j € Z,
0

. 1
V=1 +im=| "1 (11)
01

As we observed there, in this situation, & € R? is fixed under the right action
of ¥ if and only if £ = (0, &), otherwise ¢ is translated in the vertical direction.

A direct computation shows that, when by = I, +y™ 0 and by = I, +y@ n®
are elementary shear matrices, then bb, is a shear matrix if and only if b;by =
byby. This occurs precisely when n® y? = n@ ¢y = 0 with bjby = I, +
> y® @, Similarly, it follows that a general shear matrix b, given by (10),
is a shear matrix, where b = b1bsy...b;, and the matrices b;, 1 < i < k are
commuting elementary shear matrices.

We will say that a subgroup B of GL,(R) is an admissible shear group if B
is locally admissible and is generated by finitely many commuting elementary
shear matrices. In this case, B is maximal if B is not a proper subgroup of
any other shear group in GL,(R).
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3.4.1 Characterization of the maximal locally admissible shear groups.

As we will show below in Theorem 5, after a change of coordinates, the general
maximal locally admissible shear group B C GL,(R) has the form:

Iy jrer oo Jrek Jrt1Cre1 - Jn—kCn—k | :
b(Jl ~~~~~ Jn—k) :jla'-'ajn—kez )
0 ]n—k
(12)
where k < n/2, {e1,..., e} is the canonical basis of R* and {cpi1,...,Crn}
are general non-zero column vectors in R¥.
In the following we will illustrate some special cases of such B. Let {é1,...,é,}

be the dual basis of R”, and, for i # j, let b/ = I, + ¢; é;.

(i) For k = 1, the simplest B of form (12) arises by choosing ¢; = e, for
2 < i <n—1. This yields the maximal admissible shear group

1 .jl-“jnfl

B: {b(]l ~~~~~ jn—l): :j17"'7jn—1 EZ},

generated by {b™ : 2 < j < n}.

(ii)) For k = n/2, then n — k = k and the expression of B given by (12)
simplifies since there are no vectors {¢;} to be chosen. Then

gi... 0
Ilo - 0

B:{b(jl ,,,,, i) = 0 0 ji :jl,.--,jkez}
0 I

is the admissible shear group generated by {b/*7: 1 < j < k}.

(iii) Suppose k > 2, ¢ = {1+ - -+{), where {; € N, and n = k+{,+- - -+{,. For
1 <i <k, let B; be the subgroup of GL,41)(R) of the form (i). In GL,(R)
we can form the group

B ... 0
0 0 Gk

18



and regard B as the outer direct product of the groups By, ..., By. By rear-
ranging the order of the columns, we can recast B as the the set of all matrices
of the form (12) where ¢; — 1 of the column vectors {cy1, ..., ¢k} are chosen
to be equal to e;, for 1 < i < k.

In the following, we describe some examples of groups of shear matrices that
are not locally admissible, but contain locally admissible subgroups or subsets.

11
(iv) For n = 2, the non-commuting elementary shear matrices b'? =
01
10
and b*! = generate SLy(Z). It is easy to verify that SLy(Z) is not
11

locally admissible, although subgroups of SLs(Z) not generated by elementary
shear matrices my be locally admissible. Consider, for example, the hyperbolic
shear group in Section 3.3.2 or the finite group of the isometries of the square
[—1,1)? (a special case of the finite groups in Section 3.3.1).

(v) For n = 3, the non-commuting elementary shear matrices b"? and *?
11k

generate the integral Heisenberg group Hs = {b(@j’k) =1014|:07ke Z}.
001

For § = (£1,62,&3) € R?, we have Ebagry = (§1,82 +1461, &3 + j& + k&) If

§1/& ¢ Q, then {jés + k& @ j,k € Z} is dense in R and thus the Hj orbit

is not discrete in R3. Observe that Hj is not a shear group. However, the

subgroup {bu ok : %,k € Z} of Hz is a maximal admissible shear group of the

form given by the example (i), and the subset {bj ;o) : 4,7 € Z} is locally

admissible. More generally, for n > 3, let B; be the shear group generated by
bi*1 for 1 < i < n. Then the set product

1j, .0 0
01 .0 0
BMBHQ...Bl:{b(ﬁ ,,,,, o= :jl,...,jnleZ}
00 ... 1 jy
00 ... 0 1

is locally admissible. Indeed, the set product is locally admissible for any
ordering of the non-commuting groups By, ... B,_1.

The following proposition elaborates the above observations further.
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Proposition 4 Let B be a subset of GL,(R) containing the group B generated
by two non-commuting elementary shear matrices by = I, + y M M and by =
I, + y® 0@ . Then B is not admissible.

Proof. Since by by # by by, then either 77(1) y? or 77(2) y™ is nonzero. In the
case when 7y = 0 and n® y( £ 0, then B is isomorphic to the integral
Heisenberg group Hj and is not locally admissible for the same reason dis-
cussed in Example (iv). When both n™ y® and n® ¢y are nonzero, we can
assume that their product is positive by replacing b; with b; " if needed. Using
the rescaling yn = (ky) (n/k) for k > 0, we may assume that 7" y? = ¢!
and n® y() = ¢, for some ¢ > 0. Then B is isomorphic to SLy(Z) if ¢ = 1
and, in general, B is conjugate to the subgroup B, of GL,(R) generated by

1c 0 10
01 and ct1 . It is easy to see that B, is not locally

0 I, 0 I, »
admissible for any c. Thus, in all cases, the group B generated by b; and by
is not locally admissible and, so, any subset B of GL,(R) containing B is not
locally admissible. O

Observe that Proposition 4 does not apply to the locally admissible subgroups
mentioned in Example (iii) (that are not generated by elementary shear matri-
ces), and does not apply to the locally admissible sets of Example (v), obtained
as products of non-commuting elementary shear matrices.

We can now state the main result of this section.
Theorem 5 Let B C GL,(R) be a maximal locally admissible shear group.

(a) There is a unique index k < n/2 and a change of basis matriz P such that
B = P~'BP is of the form given by example (ii).

c *
(b) Ifa € GL,(R) is such that P"*aP = , where ¢ € GLi(R) is expanding
0d

and d € GL,_(R), then AB = {a'b: i € Z,b € B} is admissible.

Proof. (a) Let ¢ be the minimal numbers of elementary shear matrix gen-
erators for B and {b; = I, + y¥n® : 1 < i < (} a particular set of such
generators. For V = span{y® : 1 < i < ¢} and k = dimV, we will show
that £ =n —k and {n™, ..., n®} is a basis for the VV*, the annihilator of V,
given by {v € R": vv =0, Vv € V}. Let W = span{n® : 1 < i < ¢}. Since
nWyl) =0 for 1 <i,j </, then W C V*+ ForanyveV,ne VE\ W, the
elementary shear matrix B = I,, +vn commutes with every member of B. Let
B be the shear group generated by B and b. Since B is locally admissible and
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n ¢ W, then B is locally admissible and this contradicts the maximality of B.
Hence V- =W and ¢ > n — k.

In order to prove that £ = n — k, we argue by contradiction and assume that
nW ..., n® are linearly dependent. Let m < ¢ be the largest index for which
nW, ..., n™ are linearly independent, B,,,1 be the subgroup of B generated
by {b; : 1 < i < m + 1} and W,, be the m-dimensional subspace of V=
spanned by {n® : 1 < i < m + 1}. By assumption, n(™*) = S ¢;n@®
for some scalars cq,...,c,. Since B is locally admissible, so is B,, 1, that
is, the orbit I'c = {{ — &b : b € B,,41} is discrete in R" for ae. £ € R™
Since By = {L, + =M 5 0@n@ 0 (G1, . me1) € ZMFY, then T is the
additive subgroup of W, generated by the linear dependent vectors (£3) 5,
1 <4< m+1, and I'¢ is discrete in W,, if and only if these vectors are
linearly dependent over the rational numbers Q. It follows that, for a.e. £ € ]@”,
Ey@)y £ 0for 1 <i <m+1, and ¢; Ey™=Y) is a rational multiple of &y®)
for 1 <7 < m. By suppressing all indices for which ¢; = 0 and renaming the
remaining indices, we can assume that ¢; # 0 for each 7. Since the quotient
q(€) of two linear functions over R” can take values in Q for a.e. £ € R™ if
and only if ¢ is constant, it follows that ¢+ and y® are linearly dependent
for each 1 < i < m. By re-scaling yn = (ky) (Z)’ we may then assume that

yM = y@ = ... = ym+) = 4 for some y € V. Then, for all £ € R, we
have T = (&y)T, where I' = Zn® + ... + Zn™D_ Since T is a lattice
in W, we can replace nM, ... n™+D) by a lattice basis vV, ..., v This
means that the elementary shear matrices b, = I, + yu(i) 1< < m
are an alternative set of generators for By, 1 and by,..., b  byio, ..., b s &

generating set for B with ¢ — 1 members. This contradicts the assumption
that ¢ is the minimal number of elementary shear matrix generators for B.
Thus we conclude that {n(i) : 1 <4 < ¢} is a linearly independent set, hence
{=n—kand {n®W:1<i<n—k}is a basis for W =V+,.

By reordering the {b;}, we may assume that {y® : 1 < i < k} is a ba-
sis for V and choose a set of vectors v*+D ... v in R" for which B =
{yM, . y® kD MY s a basis for R" with n@y*+) = d;,, for 1 <
1,j <n —k. Let P be the change of basis matrix mapping B to the standard

basis {e1,...,en} for R". Then B = P~ BP is of the form given by (12).

(b) By our proof of (a), there is no loss of generality in assuming B to be

C *
of the form (12), and (using the hypotheses) in letting a = , where

0d

¢ € GLE(R) is expanding and d € GL,_(R). For notational convenience,
let ¢; = ¢e; for 1 < ¢ < k. We can regard R™ as R* x R** and select a
small annular set K, about the origin in @k, so that RF = Uiez K™t is a
disjoint union. For £ = (v,7) € R x R"* with v € R*\ {0}, there is
a unique index ¢ € Z for which ¢ = &a* = (V,7), with v/ = vc' € K,
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Fig. 4. I is an AB tiling set of the cone H and ¢ = (xr)¥ is a PF AB-wavelet for
L2(R%\ [~1/2,1/2]?)V (see Section 3.5).

n € R"* For b = biji,...jn_) @ in (12), we have that " = &b = (V,7"),
where, for each 1 < ¢ < n —k, 0/ = ji(V'¢;) + 7, is the i—component of
n”, and, 7. is the the i—component of n'. Observe that, for each i, we have
V'e; # 0 on a set of full measure in K. Therefore there is a unique choice of
J1y- -+, Jn_k for which 0 < n"/(V'¢;) < 1, for each i. Finally, let T,/ be the set
of all elements " € R+ satisfying these inequalities. It follows that the set
R = Uy er{V'} xT, is atiling set for the (AB)~'-dilations. By taking K small
enough, we can ensure that R is also a packing set for the Z" translations.
Thus {Dyiy T (xr)” : @ € Z,b € B,k € Z"} is a PF AB wavelet and the

dilation set AB is admissible.

3.5 The contourlets.

In this section, we describe a variation of the example given in Section 2,
that is similar to the contourlets have been recently introduced by Do and
Vetterli [7]. The contourlet construction, that is inspired by the curvelets,
uses a multiresolution analysis framework, with the decomposition:

LQ(R2) = ‘/io D @ W];
<10
where ‘/1 = L2(SZ')\/, Sz = {5 € 1@2 . Hg”gl S 2_1}, Wz = V,_1 N ‘/;J‘. In
addition, for each i < g, each subspace W; is subdivided into the ‘directional’
components:



We will obtain a very similar construction using the general setting of the
AB—wavelets.

20 11
Let a = , b = , and T(o,8) = T (o, 5)UT (v, 3), where
01 01
T™(«, B) is the trapezoid with vertices (,0), (o, ), (8,0) and (3, 5), and
T (o, 0) ={£ € R*: —¢ € T™(a, 3)}. We denote by H the truncated cone

H= {(51752) ER?: 6] >1/2,0< |&/64] < 1}7

and let I = T(1/2,1). These sets are illustrated in Figure 4. Then a simple
computation shows that the sets {Ia'®’ : i > 0, =2/ < j < 2/ — 1}, form a
tiling for H. Thus, for

AB={a""b7 =l a):i>0, -2"<j<2 —1}, (13)

the function ¢ = (x7)" is a PF AB-wavelet for L*(H)V, and the set AB is
H-admissible.

0
Next, let p = . Since this matrix produces a rotation by 7/2, then

—-10
V = Hp~ ' = pH is the truncated cone:

V={(& &) eR: |&>1/2,0< |&/&] <1},
Observe that (D, $)\€) = P (Ep) = x1,-1(€) (the set Ip~! is illustrated in
Figure 4) and, thus, by the properties of T, the sets

IVapt=UpYptap? fori>0 —2"<j<2,

form a tiling for V. This shows that D, is a PF (pABp~!)-wavelet for
L*(V')V. Moreover, since H(JV = R?\ [-1/2,1/2]?, it follows that 1 is a PF

AB-wavelet for L2(R?\ [-1/2,1/2]?)", where AB = AB U pABp~".

The expression (13) shows that when the scale index ¢ is increased by 1, the
number of directions j is doubled. Observe that, in the contourlet construction
of Do and Vetterli, as well as in the case of curvelets, the number of directions
doubles every time i is increased by 2, and this ensures that the elements of
the systems satisfy a parabolic scaling, that is, the essential support of these
systems obeys approximately the relationship

length ~ 27 width ~ 27%.

As shown in [4,7], this property is needed to obtain representations that are
optimally sparse for functions in a certain class. In the construction above,
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we made a different choice of the width-to length ration, in order use to same
matrices as in the example from Section 2. However, we can easily modify this

40
construction by choosing a = , and letting I = T'(1/4,1). By doing so,
02

we obtain a Parseval frame of elements satisfying a parabolic scaling relation.

Finally, let us observe that the system we have obtained disregards the low-
frequency region [—1/2,1/2]? C R?, where standard (non-directional) wavelets
are used (this is similar to the curvelets and contourlets construction).

4 AB multiresolution analysis. Part I.

As we already observed in Section 2, there are examples of AB multiwavelets
that can be constructed within a framework very similar to the classical mul-
tiresolution analysis (MRA). In this section and in the following one we are
going to develop a generalization of this theory, that will be useful to construct
more examples of AB multiwavelets, as well as examples with properties that
are of great potential in applications.

Let B be a countable subset of SL,(Z) = {b € GL,(Z) : |detb] = 1} and
A={da": i €Z}, where a € GL,(Z) (notice that a is an integral matrix). Also
assume that @ normalizes B, that is, aba™' € B for every b € B. We say that

a sequence {V;}cz of closed subspaces of L*(R") is an AB multiresolution
analysis (AB—MRA) if the following holds:

(i) Dy Ty, Vo = Vi, for any b € B, k € Z";
(ii) for eachi € Z, V; C Viy1,, where V; = D" Vy;
(i) NV = {0} and UV = L*(R");
(iv) there exists ¢ € L*(R™) such that ®p = {Dy T, ¢ : b € B, k € Z"} is a
semi-orthogonal Parseval frame for Vy; that is, ®p is a Parseval frame
for Vo and, in addition, Dy Ty ¢ L Dy Ty ¢ for any b # U, bV € B,
k, k' e Z™.

The space Vj is called an AB scaling space and the function ¢ is an AB
scaling function for Vj. If, in addition, &g is an orthonormal basis, then we
say that ¢ is an ON AB scaling function.

Observe that one could consider a more general definition, where A is not
necessarily a group, but simply a countable collection, that is, A = {a; : i €
Z}. Furthermore, one could consider the situation where the set ®p is simply a
Parseval frame for V{ (not necessarily semi-orthogonal). The assumptions that
we made in the above definition are the ‘simplest’, and they ensure that the
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properties of the AB-MRA are very similar to those of the classical MRA.
Also observe that there is a basic difference in the definition of AB-MRA
that we just gave, from the definition of the classical MRA. In fact, in our
definition, the space Vj is invariant with respect to the integer translations
and with respect to the B—dilations. On the other hand, in the classical MRA,
the space Vj is only invariant with respect to the integer translation.

Therefore, in order to examine in detail the main features of the AB-MRA,
it will be useful to study the properties of the subspaces of L?(R") that are
invariant with respect to the integer translations and with respect to the B—
dilations. This will be done in Section 4.2. Before doing this, in Section 4.1, we
will briefly recall some basic results from the theory of shift-invariant spaces .

4.1 Shift-invariant spaces

A Z"—invariant space (or a shift—invariant space) of L*(R") is a closed
subspace V' C L*(R") for which T,V =V for each k € Z". For ¢ € L*(R") \
{0}, we denote by (¢) the shift—invariant space generated by ¢, that is,

(¢py =span{T,¢: k€ Z"}.
Given ¢y, ¢y € L2(R™), their bracket product is defined as

(61, o) (2) = D ¢1(x — k) po(x — k). (1)

kezr

Let T" be the n—torus R"/Z" ~ [0,1]" and regard L*(T") as the space of the
measurable Z"-periodic functions ¢ for which |[t]| ,2(tny = [jg 10 [t(2)[* dz < 00,

As usual, T" denotes the corresponding space of row vectors. The following
properties of the bracket product are easy to verify, and they can be found,
for example, in [21, Sec. 3].

Proposition 6 Let ¢, ¢y, ¢o € L*(R™).

(i) The series (1) converges absolutely a.e. to a function in L'(T™).

(ii) The spaces (¢1) and (¢o) are orthogonal if and only if [py, d2](€) = 0 a.e.

(111) Let V(¢p) = {Tr ¢ : k € Z"}. Then V(¢) is a orthonormal basis for ()
if and only if [gg 0l(€) =1 a.e., and V(¢) is a Parseval | frame for (¢) if
and only if [gb ol(&) = X, (&) a.e., where Q4 = {£ € T : $(& + k) #
0 for some k € Z"}.

(iv) Let [¢2 ¢E](£) xe,(&). Then f € (¢) if and only if f =mao, for some
m € L*(Qy) satisfying || f|| = [lml|12(q,)-

Let U C R™ be measurable and Qp = Qv = U (U + /Af) If this is a disjoint

union (modulo a null set), then we say that U is a Qy—tiling set for Z"
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translations. It is clear that this is the case if and only if [xu, xv](§) = xa, (§)
a.e., or, equivalently, if and only if V((xv)") = {Tk (xv)" : k € Z"} is a
Parseval frame for ((yy)Y). Observe that, for any Q C R, every €-tiling set
for Z™ translations is contained in a R" —tiling set for Z" translations, and
all such tiling sets have measure one. Thus, when ¢ = (yy)" and V(gb) is a
Parseval frame for (¢), then |U| < 1, with equality if and only if V(¢) is an
orthonormal basis for (¢). Also observe that when U is contained in a tiling
set for Z" translations, then ((xy)¥) = L*(U)Y C L2(R") since any f € L2(U)
extends uniquely to m € L?(Qy) with f =mxu.

Let V be a shift-invariant space of L2(R"). ® = {¢!,...,¢"}, with N € NU
{o0}, is a Z"-orthonormal set of generators for V' if, foreach 1 < j < N,
the set {T}, ¢/ : k € Z"} is an orthonormal basis for (¢’). Equivalently, we
have that [¢,¢/] = &;; a.e. In addition, if this is the case, we have that
V =@, (¢’) and we can show that, for each f €V,

F=>1f.¥¢. 2)

=1

with pointwise a.e. convergence if N < oo and L?—convergence if N = oco. In
fact, if f € V, then

N
=>> cixThd,
j=1kezn

where ¢;; = (f, T} ¢’) with pointwise a.e. convergence if N < oo and L*-
convergence if N = oco. Next, by taking the Fourier transform on both sides
and using a periodization argument, we obtain that

~

N
f:Z (f, M_y, ") M_y &
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(1=
N\
—
3
—,
S
=
™~
S~—
N)
3
o
axY
SH
N
N——
=
ol
RS
S,

Observe that, by an application of Proposition 1 with G = Z", any two Z"—
orthonormal sets of generators for the same shift-invariant spaces V must
have the same number of generators.

Also observe that, while not every shift-invariant space V admits a set of
generators that is Z"—orthonormal, one can always find a semi—orthogonal
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set of generators ® = {¢!,... ¢V} for V, in the sense that

N

V=),

=1

with [qgl,ggz] = Xa., 1 <@ < N, where ©; = Q. In this situation, N is
not uniquely determined by V. However, an extension of the argument in
Proposition 1 shows that the multiplicity function

N
my =Y xa,: T" — NU{0, 00}

i=1

is independent (a.e.) of the choice of ®.

4.2 B X Z"—invariant spaces

Let SL,(Z) = {b € GL,(Z) : |detb| =1}. If B is a subgroup of SL,(Z), then
BxZ" is a subgroup of the integral affine group SL,(Z)x Z" (= the semidirect
product of SL,(Z) and Z"). We define the B x Z" invariant spaces as those
closed subspaces V' C L?(R") for which D, T}, V =V, for each (b, k) € B x Z™.
We will show that these spaces share many properties with the classical shift—
invariant spaces.

For ¢ € L*(R"), denote by {(¢)) the B x Z" invariant spaces generated by ¢,
that is
(o) =span{D,Tp¢: be B, k€ Z"}.

For b € SL,(Z), we have
{Db T : k€ Zn} = {Tk/ Dy : kK e Zn},

and, as a consequence, Dy (¢) = (Dy ¢) for each ¢ € L?*(R"). We also have
that Z™ b = Z™ and, thus,

[Dy 61, 62](€) = b1, Dymr 42) (D), 3)
for each ¢y, ¢ € L2(R"), £ € R™.
The following simple observations follow easily from Proposition 6.
Proposition 7 Let ¢ € L*(R").
(i) The spaces (Dy @) and (@) are orthogonal if and only if [Dy ¢, d)(€) = 0

a.e.
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(ii) Let Vp(¢) = {DyTr¢ : b € B,k € Z"}. Then Vp(¢) is an orthonormal
basis for (@) if and only if [Dy ¢, $](§) = 0 a.e. for each b € B\{I} and
[6,01(6) =1 a.e.

(111) If V() is an orthonormal basis for ((¢)), then the map f ([f, D, é]),
where b € B, is an isometry from (¢)) onto the Hilbert space (*( B, L*(T™))
{m = (my)ren = my € L*(T") and ||m[]* = Ypep Imoll7zqny < oo} In
particular,
f=>1fDyd) Dy,

beB

for each f € (§)), with convergence in L*(R™).

The set Vp(¢) = {DyTr¢ : b € B,k € Z"} is called a semi-orthogonal
Parseval frame for the B x Z"-invariant space (¢)) if

() = D D (9)

beB

and {7} ¢ : k € Z"} is a Parseval frame for (¢). A simple extension of Proposi-
tion 7(ii) gives that Vp(¢) is a semi-orthogonal Parseval frame for ((¢)) if and
only if [Dy ¢, ¢](§) = 0 for each b € B\ {/,,} and [¢,¢]({) = xq, a.c., where

Qp = {£€R": G(€+ k) # 0 for some k € Z"}.

As a special case, consider ¢ € L2(R") defined by ¢ = xy where U C R" is
measurable and 0 < |U] < oo. In this case, (D ¢)" = x-1 and we have that
[gg, D, (ﬁ] =0 a.e. if and only if |[UNUb™| = 0. Also, Qpy = Qy = Uiz (U + l;;)
and, therefore, [é, (5] = Xq, a.c. if and only if U is a Qy-tiling set for the
Z™ translations. It follows that {Dj ¢ : b € B} is a semi-orthogonal Parseval
frame generator for ((¢)) if and only if U is both an S—tiling set for B dilations,
where S = Upep U b, and a Qp-tiling set for Z" translations. In this case,
U] < 1 with equality if and only if [§,¢] = 1 a.e., (¢) = (L*(U))Y and
(o) = (L2(9))" = @pen(L*(U ™))",

Let V be a B x Z"-invariant space of L*(R"). The set ® = {¢',...,¢™}, with
N € NU {00}, is a B x Z"-orthonormal set of generators for V' if the
set {Dy T ¢' : (b,k) € Bx Z",1 <14 < N} is an orthonormal basis for V.
Equivalently, we have that [Dy¢', ¢] = 0i,j Op.1, a.e. We make the following
observation.

Proposition 8 Let ® = {¢',..., ¢} and ¥ = {4', ... M} be two B x 7"~
orthonormal sets of generators for the B x Z"—invariant spaces V and W,
respectively. If W CV, then M < N with M = N if and only if W =V
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Proof. We first observe that

M . M N AL~ AL
M= I =220 > I Do lIz2rn. (4)
i=1

i=1j=1bEB

On the other hand, for each 1 < j < N, the function (Zi]‘il Soepld’, Dy 1] 7,2’)\/
is the orthogonal projection of ¢/ into W. Thus,

M
L=|¢[? >3 ||[¢j,Db?/fi]H%2(1rn)- (5)
i—1beB

By (3) and the fact that b € :S'fn(Z) (this implies that the map & — &b on R"
is a measure preserving map from T" onto T") it follows that

11Dy %", &1 Z2eny = N[, Dot &l 72 (e,

Using this observation, from (4) and (5) we obtain:
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with N = M if and only if ¢/ € W for each 1 < j < N (which is equivalent
toW =V). O

Recall that a € GL,(Z) normalizes B if aba™' € B for every b € B. Since B
is a group, then a Ba~! is a subgroup of B. We have the following result.

Proposition 9 Suppose that a € GL,(Z) normalizes B and that the quotient
space B/(a Ba™') has finite order N. If ¢ € L*(R™) satisfies the relation
[Dy §, ¢ = by1, a.e. for each b € B, then there exists a B x Z"—orthonormal
set of generators ® for the space D {(¢)) with cardinality N |det al.

Before proving this Proposition, we need to make some observations. Recall
that, for a € GL,(Z), aZ™ is a subgroup of Z"™ and the quotient group
Z"/(aZ™) has order M = |detal. Thus, we can choose a complete set of
representatives of Z"/(aZ"), i.e., a set o, ..., ap—1 € Z"/(aZ™) so that each
element k£ € Z" can be uniquely expressed in the form

k=ak + a,
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with k' € Z™ and 0 < i < M — 1. This shows that, for each k € Z", we have
D Ty =T,-1, D' =Ty Ty-14, D' = Ty D' T, (6)

with ¥ € Z and 0 < i < M — 1. For any ¢ € L*(R") \ {0}, the space D! (¢)
is then the shift-invariant space generated by ® = {¢' = D;'T,. ¢ : 0 < i <
M — 1}. Since D;! is unitary, then ® is a Z"-orthonormal generating set for
D, (¢) if and only if ¢ is a Z"-orthonormal generating set for (¢) and this

a

holds if and only if [¢, ¢] = 1 a.e. Thus, if ® is a Z"-orthonormal generating
set for D1 (), we have
M-1

Y

with [¢f,¢'] = 1 a.e. for 0 <i < M —1.

We can now prove Proposition 9

Proof of Proposition 9. Take a complete collection of distinct represen-
tatives 3o, ..., Bn_1 for B/(a Ba™'). Thus, each b € B uniquely determines
V€ Bandje{0,...,N—1} for which b = (ab' a™') ;. Then

D;'Dy (¢) = Dy-14 (¢) = Dy D,-1Dg, (¢) = Dy D,-1 (Dg, ). (8)

Take a complete collection of distinct representatives «p,...,ay—1 for the
quotient space Z"/(aZ"), where M = | detal|. By equation (7), we have:

N-1
D, Dﬁj EB Gij)s
=0
where ¢; ; = D' Do, Dg, ¢, with 0 <7 < M —1,0 < j < N —1. We also have:

D (0) = D (D D 0)) = B DDy (0)

beB beB

Thus, using (8), from the last expression we obtain:

D (6) = @ @ DvDu+(Dy,0) = B D (D61)) = Blns):

bVeB 3 veB 1,7 1,

Since the unitary operator D;! maps an orthonormal basis for ((¢)) to an
orthonormal basis for D;'{(¢)), it follows that the set ® = {¢;; : 0 < i <
M —1,0 < j < N-—1}isa BxZ"orthonormal set of generators for D1 (¢)).
O
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5 AB multiresolution Analysis. Part II.

In this section, we apply the techniques developed in Section 4 to obtain a
number of basic results about AB multiresolution analyses.

5.1 Basic results

Let {V;}icz be an AB-MRA, as defined in Section 4. As in the classical mul-
tiresolution analysis, let W, be the orthogonal complement of V4 in Vj, that
is, Wo = ViN(Vo)*. Then, V; = V, @ Wy. We have the following elementary
result:

Proposition 10(i) Let ¥ = {4, ... »E} C L*(R") be such that {Dy Ty "
b€ Bl =1,...L,k € Z"} is a PF for Wy. Then ¥ is a PF AB-
multiwavelet.

(ii) Let U = {o' ... oL} C L*R™) be such that {DyTiv* : b € Bk €
7" 0 =1,...,L} is an orthonormal basis for Wy. Then ¥ is an ON AB-
multiwavelet.

Proof. Define the spaces W; as W; = V; .1 N (V;)*, j € Z. It follows from the
definition of AB-MRA that L*(R") = @,z W;. Since {Dy T, 9" : b € B, =
1,...L,k € Z"} is a PF for Wy, then {D:D, Ty : be B, =1,... L k € Z"}
is a PF for W;. Thus {D, Dy T, ¢*:b€ Bia€ Al =1,...L k € Z"} is a PF
for L?(R™).

The proof for the orthonormal case is similar. O

In the situation described by the hypotheses of Proposition 10 (where W is not
only a PF for L*(R™), but it is also derived from an AB-MRA), we say that
¥ is a PF MRA AB-multiwavelet or an ON MRA AB-multiwavelet,

respectively.

We say that the PF MRA AB-wavelet v is of finite filter (FF) type if there
exists an AB scaling function ¢ for V5 and a finite set {by,...,bx} C B such
that

O€a) = X mi (€ d(eby) P(a) = 3omi(€) H(ED),

where m(()j ),mgj), 1 < j < k, are periodic functions. Similarly, the ON MRA

AB-multiwavelet U is of finite filter (FF) type if there exists an AB scaling
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function ¢ for Vj and a finite set {b,...,bx} C B such that

k
Zm G(Eb;), V(€a) =Y mP)E)b(ED), L=1...,L,
j=1

where m(()J ), mgj 2, 1 < j <k, are periodic functions. The reader can easily check

that the examples of AB multiwavelets presented in Section 2 are indeed MRA
AB multiwavelets of finite filter type.

It turns out that, while it is possible to construct a PF AB-wavelet using
a single generator, that is, ¥ = {¢}, in the case of orthonormal MRA AB-
multiwavelets, multiple generators are needed, that is, ¥ = {¢!, ... ¢},
where L > 1. This situation is similar to the classical MRA case (cf., for ex-

ample, [21]). The following result establishes the number of generators needed
to obtain an ON MRA AB-wavelet.

Theorem 11 Let ¥ = {¢t ... oL} be an ON MRA AB-multiwavelet for
L*(R™), and let N = |B/aBa™"| (= the order of the quotient group B/aBa™").
Assume that |deta| € N. Then L = N |deta| — 1.

Proof. Let V5 = ((¢°) be the AB scaling space for the AB-MRA, and ¢"
be the corresponding ON AB scaling function. Then V; = D'V, = Vy & W,
where Wy = ®F_ {(1*)). Hence {4°, ¢, ... ¥L} is an ON B x Z" generating
set for V. By Proposition 9, 14+ L = N|deta| and so L = N|deta|—1. 0.

In the case of the examples of ON AB multiwavelets given in Section 2, where

B={V:je€Z}, withb= H and A = {a':i € Z}, with a = 20 €

01 0 a2 2
GLy(Z) (we need to assume as o = 1 or 2 to apply Theorem 11), we have used 3
generators. This number is confirmed by the formula given by Theorem 11. In
fact, a calculation shows that |B/aBa™!| = 2|ag |~ and, thus, by Theorem 11,
the number of generators must be L = 2|aga| ™! 2|ags| — 1 = 3.

Observe that the condition on the number of generators described by this
theorem is not needed if the AB affine system does not come from an ON
AB-MRA. In Section 6 we present an example of an AB ON wavelet ¢ (a
single generator) where A = {a' : i € Z}, |deta| =2 and N = |B/aBa™!| = 2.
It is clear, by Theorem 11, that this example of AB—wavelet is not of MRA
type.

The following theorem describes how to construct tiling ON AB multiwavelets
arising from an AB-MRA.

Theorem 12 Let B C SL,(Z), a € GL,(Z) with aBa™" C B, and L =
N M — 1, where N = |B/aBa™'| and M = |deta| > 1. Suppose that U C R"
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is a measurable set and ¢ = (xv)¥ € L*(R") is an ON AB scaling function
for Vo = span{Dy Ty ¢ : k € Z",b € B}, with Vo € D;*Vy. Then there are
sets Ty CR™, £ =1,..., L, for which 0 = {4)* = (x7,)V : £ =1,...,L} is an
ON MRA AB-multiwavelet, and ¥ is of FF type.

Proof. By hypothesis, {D, T, ¢ : b € B,k € Z"} is an ON basis of Vj,
and, since ¢ = Yy, then Vy = L*(Sy)Y, where Sy = Upep Ub and the union
is disjoint. For i € Z, let V; = D'V, = L*(S;)V. Then V; C Viyy, and
S; = Spa’ C Sip1. It follows easily that Ni<oS; and R" \ U;>05; are null sets.
Next let Wy = Vi N(Vo)* = L%(S1 \ Sp)". We will show that there are sets Ty,
1 < ¢ < L, such that each T} is a tiling set for Z translations and the disjoint
union UL T} is a (S; \ Sp)-tiling set for B dilations. In order to do that, let
Bo,---,0n_1 be a complete collection of coset representatives of B/aBa™!,
with 6y = I,,, and let U; = ij;()lU Bj a. Since each b € B uniquely determines

al € B and a j for which b= 3;(ab/a™"), we have:

5125()@: UUba: U Ulb,.

beB b'eB

Thus U, is an S;—tiling set for B dilations and, as a consequence, U=UnNS,
is an Sy-tiling set for B dilations and 7= Uy \ U is an (S \ Sp)-tiling set for
B dilations. Note that |U| = |U| = 1 since | detb| = 1 for each b € B. Also,
|Ui| = N|deta] = NM and so |[T| = NM — 1 = L. By an easy calculation,
(X1, xtn] = N M a.e. Thus, for a.e. § € R", there are precisely N M points
in (£ 4+ Z")NT and exactly one of these points lies in U. This implies that
[xT, xT] = L a.e. Now one can decompose T into disjoint subsets Ty, 1 < ¢ < L,
with [xr,, x,] = 1 a.e, for each ¢. The sets T} have precisely the properties we
were looking for, and, as a consequence, ¥ = {¢)* = (x7,)V : £=1,...,L} is
an ON MRA AB-multiwavelet.

In order to prove the final statement, observe that T,a™! C Uy a™ ! = Uéy:f)lU B;
and Ua™! C U;a™!. This implies that, for all 0 < ¢ < L, using the notation
Y = ¢ and Ty = U, we have

W(ﬁ a) = XT, ((a)= XTga—l(é)

N

= Z X(Te a*lmU,@j)(g)
=0
N
= Xmatrus) (&) xws) ()
=0

=>"mi(&) o€/,

Jj=

=]

where mJ(€) is the Z" periodic extension of X(Tya—1rws;) (§)- 0
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5.2  Well-localized AB wavelets

Up to this point, our construction of AB multiwavelets has been limited to
systems arising from compact tiling sets in the frequency domain R". Such AB
multiwavelets are smooth in R™ but have slow decay. In this section, we will
give an explicit construction of smooth AB wavelets with fast decay both in
R"™ and R". Systems with these properties are very important for applications
since fast decay is essential for their numerical implementation. In the previous
section we have seen how filters arise naturally in AB MRA systems. As is the
case with classical MRA wavelets, the filters’ role will be even more prominent
in the constructions of this section.

5.2.1 FExample 1.

Let ¢, € L*(R) be a (one-dimensional) dyadic band-limited wavelet with
supp ¢y C [—Q,Q], 2> 0, and ¢, € L?*(R) be another band-limited function
with supp ¢y C [—1, 1] and satisfying

Sl +)P=1 ae £€R. (1)

JEZ

Recall that, since v; is a dyadic wavelet, then it satisfies the Calderon equation
(cf. Sec.3.1):
S@OR =1 ae EeR. 2)
JEL
As we will show later on, there are several choices of functions 1 and s
satisfying these properties.

For any w = (wy,ws) € R? w; # 0, define ¢ € L*(R?) by
D) = (2" en) Yo (22), (3

where s € Z satisfies 2° > 2(). This assumption ensures that suppz/A) C

[=1/2,1/2]?. In fact, since supptpy C [—€2, Q] and supptp, C [—1, 1], it follows

from (3) that ¢ (w;,ws) = 0 for |wi| > 1/2 and |ws| > 1/2. It is now simple to
k

2% 0
show that ¢ is a PF AB-wavelet, where A = {a* = :k€Z}and B =
01

. 1y .
{v = aF j € Z}. Indeed, observing that wa* v/ = (2Fwy, j 28w, + wy),
01

and using (1), (2) and (3), we have that
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S [Dwat V)P = 3 [ (25 1>|2|¢2<2—kﬂ+j>|2

w1

Jk€EZ JkEZ
= |1 (257K wy) |2 > 10275 2 4 )P =1 ae.
keZ JEZ w1

The fact that ¢ is a PF AB—wavelet now follows from the following general
observation.

Proposition 13 Let 1) € L2(R") be such that suppt) C Q = [—1/2,1/2]",
and

> lh(wd* )P =1 ae weR,

j ke

where a,b € GL,(R). Then v is a PF AB-wavelet, where A = {a" : i € Z}
and B={V : j € Z}.

Proof. For, i,k € Z, k € Z", let ¢, j, = D Dg Ty 1. Using the hypotheses on
1, the change of variable n = £ a'b and Plancherel theorem, then, for each

f € L*(R™), we have that:

2
EZ: j{: <f>¢%jk>
i,JEL kEL™
=) Z/ Flw)h(wal )eQﬂwaWk]detaV/z|detb|]/2dw‘
i,jEL keLn
A . . . 2
Y /fnb I a1 (n) 27| det a| /2 | det b 7/2 diy
1,JEL kEL™
= % [ 1fmb T a )R ) | detal | detb| 7 di
,JEL
Z/ W) [t (wal b)[? duw
1,JEZ "
=f>. B

As we mentioned before, there are many choices for the functions ; and
1o that satisfy the assumptions we have described above. For example, we
can choose 1 to be the Lemarie-Meyer wavelet (see [14, Sec.1.4]), defined by

Uy (&) = e b(€), where

sin(5 (3¢l 1)) 3 <6 <
b(§) =§ sin(F(5-1) 3<IEl<

0 otherwise.

Wk N

In order to construct 1, let ¢ be a compactly supported C'*° bump function,
with supp ¢ C [—1, 1] (examples can be found in [19, Sec. 3.3] or [15, Sec. 1.4]),

35



and define 15 by
A 9(§)

¥2(§) = :
ez |66 + k)P
It is clear that ¢, € C*°(R) and satisfies (1). It follows that v, given by (3),
is in C°°(R?) and this implies that | (z)| < Ky (14 |z|)™, Ky > 0, for any
N eN.

Finally, let us observe that it is easy to generalize this construction for n >
2. For example, let 11,1, € L*(R) be defined as above, and, for any w =
(Wi, ... ,w,) € R™ wy # 0, define ¢ € L*(R") by

. - - (W - Wy
= 11(2° — ... — 4
D) = (2 wn) da(22) (), @
where s € Z satisfies 2° > 2 Q. It turns out that ¢ is a PF AB—wavelet, where

(20 j
A=A{a = i€ Z} and B = {b; =
0 [n—l 0 In—l
I, 1 is the (n — 1) x (n — 1) identity matrix. The proof is exactly as in the
case n = 2, once is observed that, for j = (j1,...,jn1), with j1,..., jn_1 € Z,
we have:

:j € Z™ '}, where

~ ~ ~ w . i _ wn .
h(wa® by) = (25 Fw) 2/12(27]272 1) - 2(2 kwf + Jn-1)-
1 1

A similar idea can be applied to more general shear groups B.

The next example shows how to construct AB-wavelets for L*(R?) of MRA
type, that are well-localized both in R™ and R".

5.2.2  FExample 2.

Let ¢y € L*(R) be a (one-dimensional) dyadic band-limited MRA wavelet
with suppiy C [—Q,9Q], Q > 0, and ¢, be its associated scaling function.
Let my and my be the low pass and high pass filters, respectively, associated
with ¢, and 1y, that is, mg and m; are the periodic functions satisfying the
equations

~

Giwn) =mo(5) () and hiwn) = ma(5) di(5).

Let ¢, € L?(R) be defined by

; N+1
J(N+ 1)z smmv)
r)=ce
v2(@) < T ’
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where N € N. That is, 1, is a basic spline of order N (cf. [14, Sec. 4.2]).
This implies that supp 1[)2 C [0, N + 1] and wg satisfies the so-called two scale

equation:
N+1

Zd Py (26 — k), (5)

where d\) = 2~ (Nljl).

For w = (wy,ws) € R?, wy # 0, let ¢ € L*(R?) be defined by

~

a(22)
\/EmEZ‘wQ Wl + m)‘

~

H(w) = $r1(2°w

7

where s € Z satisfies 2° > 4() (% + 1). This assumption on s ensures that
. . 1
supp ¢ C {(wn,wa) € R+ fun| < 3 (N/2+1)77, || < } (6)

Also, let ¢ € L*(R?) be defined by:

N+1 .
W) = Z dl(cN) ml(QS_lwl) MO(a_lw) ¢(W atb7* )7
k=0

where the matrices a and b are as in Section 5.2.1, the coefficients d,(cN) are
those in (5), and My(w) is the Z?-periodic function which, restricted to the

fundamental region [—2%, £]2, is given by

272

.

Mo (w) = ( Zmez%(ﬁer)Q )1/2’ w € | .

~ 2 T a'a
Smez|ta(271 22 +m) 22

Using (5), we have that:

N+1

Zd ) My(wa™) plwa "bF) =

Py Nfd e ha(22 +m)]2 (252 — )
VSmealta( +m)| S22+ m)

NZHd 12(222 — k)
Y Smeald
e
Sz + m)[

— 281

‘ 2

(22 +m)
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Applying this observation, the fact that wa’ b’ = (2°wy,j 2wy + wy), and the
observation that 1, satisfies Calderon equation (2), we obtain that

S - ha(2°2 4 5)?
5 a9 = X [t s )
i it VSmea|ia(@22 £ m+ )
a2 +5)F

_ Z |1$1(25+i wl)‘Z Z \/
ZmGZ

‘ 2

=1

Y

. : 2
1E€EZL JEZL ’

Ua(212 +m + j)

for a.e. w € R2. By (6), it follows that suppe) C [—1/2,1/2]2. Thus, using
Proposition 13 as in Section 5.2.1, it follows that that 1 is a PF AB wavelet
for L*(R?), where A = {a' : i € Z} and B = {V/ : j € Z}. Furthermore, it
follows by the construction, that ¢ € CN(R?), so [¢(x)| < Ky (1 + |z|)*Y,
for some Ky > 0.

In addition, unlike the example in Section 5.2.1, we can show that 1 is a PF
MRA AB wavelet. In order to show this, let Vy =span{D,T,, ¢ :b € B,m €
Z*} and V; = D_;7Vy, j € Z. Then, using the computation we made before,
the following observation shows that V, C V;:

N+1 .
mo(2° tw) Z d,(CN) My(wa™) plwa 7% =
k=0

o (22)
Y Smeelba(22 +m)

‘ 2

= m0(2s_1w1) g51 (28_1 wl)

N o (£2)
Serlba(22 +m)

= le (28 w

)

By induction, we have that V; C Vj1, j € Z. Observe, however, that this MRA
system is somewhat different from those defined in Section 4, since the spaces
Vo and Wy = span{D, T;, ¢ : b € B,m € Z*} are not mutually orthogonal.

5.3 Characterization Equations

An application of Theorem 2.1 in [13] gives the following complete character-
ization of all functions ¥ = {49!, ... ¥} such that the system W ,p, given by
(1), is a PF AB-multiwavelet.

Theorem 14 Let A = {a* : k € Z} C GL,(Z), B C SL,(Z) = {b €

38



GL,(R): |detb| =1} and ¥ = {¢*, ... L} C L*(R"). Suppose that

L

SEY S [ A mba )P bR <o, (7)

(=1 keZ be B mezn  SUPP f

for all f € D where D is a dense subspace of L*(R™) contained in the set

{f e L*(R™): f € L™(R") and supp f is compact}.

Then W4, given by (1), is a PF for L*(R™) if and only if

;;%I)ZBW(gak b)IP=1 8)

SN HEAFb) YH(E + q)akb) =0 if g € Z"\ (Z"a) (9)

1k> GB

o~
IIMh
o
o

GE b)Y PH((E+q)abb)=0 if g€ (V(Z"a") \ {0}.  (10)

eB kEZ

M=

o~
Il

1ke

N
o>~

The hypothesis (7) is the LIC referred to in Section 3.1. For all examples of AB
multiwavelets discussed in this paper, one can show by lengthy computations
that (7) is satisfied. Note that (8) is the Calderon equation to which we have
often referred above. Equation (9) is the analogue of the so-called ¢, equation
for classic dyadic wavelets (cf.[14]). However, (10) has a different character.
The striking differences between equations (9)—(10) and characterization equa-
tions for the classical dyadic wavelets were part of the motivation that led us
to formulate our first examples of AB multiwavelets and subsequently develop
the theory presented in this paper.

6 AB-—wavelet sets

In this section, we will show how to construct singly generated ON AB
wavelets. When A and B satisfy the hypotheses of Theorem 11, with L > 1,
then these singly generated ON AB wavelets cannot be of MRA type. Below,
we will carry out the demanding technical details for the example of Section 2,

where a = and b = A much easier construction applies when
01 0 1.
20
a is replaced by a = , and is presented in [11]. In both cases, the AB
02
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wavelets are inverse Fourier transform of characteristic functions of fractal-like
sets. Our point of view is that such ON non-MRA AB wavelets are “patho-
logical” and far less useful than the Parseval frame wavelets such as those in
Section 5.

Let C C GLn(R) be an admissible dilation set (cf. Section 3). A C—wavelet
set is a measurable set W C R™ such that ¥ = (xw)" is an orthonormal
C-wavelet.

It is easy to verify (cf. [12]) that W is a wavelet set if and only if W is both
a tiling set for Z" translations and a tiling set for C~! dilations. There are
several examples of C-wavelet sets in the literature for C = {a’ : i € Z},
where a € GL,(R) [1,2,12,13,17,18]. Many such constructions use a technique
introduced in [6] that modifies a set 7" for which (xr)" is a Parseval frame
C—wavelet to produce a wavelet set W of the form W = (T'\ P) U Q, where
the union is disjoint, P C T and @ C R" are measurable. For a general
C € GL,(R), the conditions on P and () are the following:

(i) @ = Ueep Q¢ is a disjoint union, where Q¢ is chosen so that £C1 =
Uneqe n ch R

(ii) let m be the projection 7(§) = & 4+ Z" from R" into T"; then m, i.e., the
restriction of 7 to @, is one-to-one with image 7(P) U (’]1"" \ W(T)).

In fact, since (yr)" is a Parseval frame C—wavelet, then T is a tiling set for
C~! dilations, and

Rr=Ueet=( U ec)U(Uec),

£eT EeT\P ¢ep

where the union is disjoint. By (i), Ugep {C71 = Uneqe nC~1. Thus (i) implies
that W is a tiling set for C~! dilations. Next, since (xr)" is a Parseval frame
C—wavelet, then T" is a packing set for Z" translations and so 7 is one-to one.

Also,

T = 7(T) U (T"\ #(T)) = =(T\ P) J x(P) U (T"\ n(D)),

where the union is disjoint. Thus, W is a tiling set for Z" translations iff =
maps ) one-to-one onto 7(P) U(T" \ W(T)).

In [6], C is assumed to contain an expanding matrix a € GL,(R) for which
aC~' = C7!. Since a is expanding, then there is a tiling wavelet (x7)¥ where
T c R" is measurable and bounded (cf. Section 3), and a measurable set
U C R™ such that T C U, U is a tiling set for Z" translations and U aNU = &.
Since £C™1 = £aC1, for all £, then for any P C T, condition (i) is satisfied
by @@ = Pa. Using the fact that |deta| > 1, one can obtain a set P C T
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for which (ii) is also satisfied, and so W = (T'\ P) U Pa is a wavelet set.
This construction applies, for example, to C = AB = {a’b : i € Z,b € B},
where a € GL,(R) is expanding, and B C GL,(R) satisfies aBa~! = B. The
orthogonal and the hyperbolic AB-wavelets described in Sections 3.3.1 and
3.3.2, respectively, are in this class.

More generally, let us consider the case C = AB = {a'b : i € Z,b €
B}, where B is a subgroup of SL,(Z), a € GL,(R) is not necessarily ex-
panding, and aBa™' & B. These assumptions imply that aC™! = a BA =
(aBa™')(aA) ¢ BA = C™'. Let N = card (B/(aBa™")) and {by,...,by}
be a complete set of coset representatives of B/(aBa™'). Then we have that
BA = Uévzl bjaBa™'A = U;V:l bjaBA. Let Uy be a tiling set for Z" transla-
tions for which Sy = Upep Upb is contained in S; = Spa, and let Ty C U,
be a tiling set for (AB)~! dilations. Thus, given P C T}, we can satisfy con-
dition (i) by setting @ = Ugep Q¢, Where Q¢ = {£b;(§)a : 1 < j < N}, and
{b1(€),...,bn(€)} is a complete set of coset representatives of B/(aBa™'). The
dependence of the coset representatives b;(£) on ¢ will be clarified in the proof
of the following theorem, where we will show the details for this construction
for the example of Section 2. A similar construction holds for more general
shear group matrices B. In these constructions, the coset representatives b;(§)
are not bounded and, as a consequence, the wavelet set is unbounded.

A , 20
Theorem 15 Let A={a":i€Z}, B={V :j € Z} where a = and
01

11
b= . Then AB wavelets exist.
01

Proof. The set Uy = {€ = (&,&) € R2: 0 < 6] <1and 0 < &/& < 1} is
both a tiling set for Zi translations and an Sp-tiling set for B dilations, where
So={{=(&.&) eR |G <1} Let Ty = {§ = (&,&) € R®: 5 < & <
1} C Up. Then Ty is a tiling set for BA dilations and, thus, (xr,)" is a PF AB
wavelet. Let T} =Ty a, Uy = Uy a.

As in the general construction outlined before, we will construct a wavelet
set of the form W = (T, \ P)UQ. As we did in Section 2, we shall denote
To = Ty UT,, where T, and Tj," denote the intersection of 7" with the half-
planes {(&,&) € R2: & > 0} and {(£1,&) € R? : & < 0}, respectively. We
will use a similar notation for any other set in R2. Since the construction is
symmetric with respect to reflection through the origin, it will be sufficient to

construct the set WT.

Let P = Ui \ T, and, for each k > 1, let P = 27%P) + (1, 0), where
re=5F,27"=1-27% and P* = Up>, P;'. The triangles P;' are illustrated

41



t & &
(a) (b)
Uy
Pl
M
Py +
P0+ 2 &1 Lk_l &1
% % % 1 Tk—1 Tk Tki1

Fig. 5. (a) Construction of the sets POJF, P P C Ugr. (b) The triangle projection
7 maps Pl a into P,:r_la/ C P,j_l.

in Figure 5(a). It is clear that PT C T, . For each k, the line segment from
(7%-1,0) to (r,2~**D) subdivides P,_; into a lower triangle L} ; and an
upper triangle M," | of equal area (see Figure 5(b)). Observe that r,; —r), =
2-(k+1) Tt is then easy to see that Area(P; ) = 4 Area(P;) and Area(L] |) =
Area(M; ) = 2 Area(P}").

Observe that ab/a=! = b%, and so a complete set of coset representatives of
the quotient group B/(aBa™') has the form {b b2}, where j; is an even
integer and j, is an odd integer. For simplicity, let j; = 0, and 7, = 25 + 1,
for some j € Z. Thus, for any £ € R2, we can choose any j(§) € Z such that
EBA = £aBAUEY O aBA. Define Qt = PtaJ{&¥©O+q . ¢ € Pt} =
Uss1 Qi where Qf = PfaU{&b¥©a: £ € P}, and the integers j(€), for
¢ € P* will be specified later. This shows that condition (i) is satisfied.

Next we have to show that condition (ii) is also satisfied. We shall identify T2
with [0,1]? = UJ“U(UO_ + (1, 1)) Then the projection mapping 7 : R? — T2
is given by £ — [¢], where [£] = ([&1], [&2]) and [€] is the fractional part of ;.
In particular, if £ € Uy, then [(] = £. A simple computation shows that, for
k> 1,¢ e P ifand only if 7(€a) € L ;. Indeed, for £ = (£,&) € P,
we have 1, < & < rpyq and 0 < & < (& — rg). Then w(€a) = (2§ — 1, &)
and, in view of r,_; = 2r, — 1, we have that r,_; < 2§ — 1 < r, with
0<& <& —m=5((26 —1) = 7151).

We shall now construct a measurable map & — j(£) from P to Z such that
W(bej(nga) maps P, onto M;",, for each k > 1, modulo null sets. Note
that, for each j € Z and € = (&,&) € Py, the map ﬂ({sz(f)“a) has the

form (251,52 + (27 4+ 1)& — m) for some m € Z. Once we construct such a
map, then it follows that 7(Q") = 7(Up>1 QFF) = (Ug” \ Tg") U P*, and, as a
consequence (ii) is satisfied. This fact, together with the previous part of the
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proof, implies that Uy = Py U T is a disjoint union and W = (T, \ P) U Q is
an AB-wavelet set. Thus, it only remains to construct the measurable map
that we have described.

Fix & Z 1. For j,m c Z, let Wj,m(ﬁl;éé) = (251 — 1,52 + (2] —+ 1)&1 — m)
and let Tj,, = {£ € interior of P : 7;,,(§) € interior of M, ;}. Let J =
{(j,m) € Z* : T}, # @}. For (j,m) € J, the set T},, is an open triangle or
an open quadrilateral in P and S;,,, = 7, (Tj,) is an open subset of similar
shape in M, |, with Area(S;,) = 2 Area(T},,) since 7, has Jacobian 2. For
€ ¢ Q, the set {(2j +1)§; —m : j,m € Z} is dense in R. It follows that the
open set U m)esTjm is dense in P;- and similarly the set U(jm)esSjm is dense
in M;",. It is clear that, for ¢ € T},,, we have that 7(£6¥©+a) = 7;,,().
Let {(j;,m;) : ¢ > 1} be an enumeration of the countable set J and let
Ty = Tjymy, with j(§) = j1 on Th. Then let Tp = Ty U{§ € Tjym, \ 11 -
Tjyms (&) & Tj my (T1)} and j(€) = jo on Ty \ 7. We proceed inductively, with
T, constructed so that T,, = U, T,, N T}, mm, and S, = Ui 7}, m, (Tn N ij)
have disjoint unions in P;f and M," |, respectively. Then we define T, =
T, UL €T mmis \Tn : )i mnin (§) & Su} and let 5(€) = j; on Ty N, i,
The sets T}, and S,, are unions of open polygons with Area(S,,) = 2Area(T),).
For each ¢ € (74, 74+1), each of the maps 7;,, sends the vertical line & = ¢
to the vertical line 1, = 2c¢ — 1. Hence for 7" = U2 T, = lim, .71, and
S = U2, S, = lim, o Sy, the segment T'N {(£1,&2) + & = ¢} is a union
of open intervals whose total length ¢(c) coincides with the length of the
segment S N {(&1,&) : & = 2¢ — 1}, If {(¢) = ¢ — 1 and thus is equal to the
length of the segment Py N {(&,&) : & = ¢}, for a.e. ¢ € (ry,Thy1), then
clearly T has full measure in P;f. Otherwise, arguing by contradiction, let us
suppose that £(c) < ¢ — 1 for some ¢ ¢ Q. Then P N {(&,&%) : & = ¢}
contains an open interval I. of points (¢, &) not in 7" and, as a consequence,
M;E  n{(&1,&) : & = 2c—1} contains an open interval J, of points (2c—1, &)
not in S. By our comments before, it follows that 7;,,(l.) C J. for some
(7,m) € J. However this contradicts the definition of 7" since (7, m) = (j;, m;)
for some 7, and I. would have been included in T;. It follows that 7" has full
measure in P and necessarily S has full measure in M, ;. Observe that
the map £ — j(&) defined in the construction of 7" is constant on polygonal
sets and hence is measurable. This completes the proof that condition (ii) is
satisfied. a
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