Introduction to Complex Analysis
Math 3364  Fall 2019

Instructor:

email: auchmuty at uh.edu
URL: https://www.math.uh.edu/~giles/
Office:  PGH 696 Tel:  713-743-3475.



The text for the course is Applied Complex Variables for
Scientists and Engineers by Y.K. Kwok.  2nd Edition
Cambridge U. Press 2010.

The material in this text will be followed in order - but many
topics will be presented differently. Expect to cover most of
Chapters 1 through 6. The text has sections on applications that
will not be studied but should help you understand why this
subject is used so extensively. Complex numbers and functions are
used throughout science and engineering - despite the fact that
they are often called imaginary numbers.

My office hours are Tuesday and Thursday 1-2 pm or by
appointment. Expect to assign 6 Homeworks during the semester.
They will be graded and returned.



The midterm exam will be on Tuesday October 15th and the
final will be on Tuesday December 10th 2018 at 2pm - as listed in
the UH final exam schedule.

The exams are closed book and no calculators, computers or
other electronic devices can be used. | do not give make-up exams
and you must notify me ahead of the time of the exam if you are
not able to attend.

Grades will be based 30% on homeworks, 30% on midterm
and 40% on the comprehensive final.

Notify me ahead of time if you cannot make an exam. | do
not give make-up exams.



In the beginning there are the integers

N = {1,2,3,4,...,n,...} (1)

The set of integers and the set of rational numbers are

Z = {0,+1,42,... +n...} (2)
Q = {+m/n:meZ, neN} (3)
The set of real numbers is R := (—o0,00) The set of
extended real numbers is R := [—o0, o]

+00 can be defined and are numbers (but not real numbers)



Complex Numbers

A complex number z is a pair of real numbers (x,y) usually
written z = x + iy with x = Re(z) the real part of z, y = Im(z) is
the imaginary part of z.

Two complex numbers are said to be equal if their real and
imaginary parts are the same.

They form an algebra with respect to the operations +,.
defined by

Addition: nnt+zm = at+x)+ilyi+y)i

Multiplication:  z1.z0 = (x1x0 — y1y2) + (xay1 + x1y2) i

Note that addition is standard vector addition in R? while
multiplication is usual multiplication with the convention that

i = —1. It is different to the inner (or dot) product of vectors.



The set of all complex numbers is denoted C.
Complex numbers are often regarded as points in the plane with
Cartesian coordinates (x, y) so C is isomorphic to the plane R?.

C is a vector space and a commutative algebra with respect
to the operations +,. That is, both addition and multiplication
obey the commutative and associative rules. Addition and
multiplication satisfy the distribution rule.

When z = x + iy is a complex number then the complex
conjugate of zis Z:=x— iy.
The modulus of zis | z| = /x2+y? so
|z|? = zZz = x?>+4 y?. When z # 0 then the multiplicative
inverse of z is the complex number w such that w.z = z.w =1.
Thus .
1 1 1 X — iy z

S x—l—iy:XZ—i—y2 - |z |2




Suggestion / Question. Do you have software on your computer
that does complex arithmetic? Matlab, Mathematica, Maple, ...?
Or try using Excel or other spreadsheet software to do complex
arithmetic. Use them on some examples / problems from the text.
Good choices of numbers for test cases include:

14+i, 1—i, 3+4i, +£1+iv3, =£5+iV12

For each of these numbers z, evaluate Z, | z|,1/z and also evaluate
various products.

There are many simple rules for these operations - section
1.2, page 5 of the text. The rules for conjugation and moduli also
are quite simple. See page 7 of the text by Kwok. Complex
numbers obey all the same algebraic propeties as the real number -
and this structure is called a field by mathematicians.



When z is a nonzero complex number, then the argument
of z is the angle 6 where
X and sing = 2. (4)

cosf =
|z| |z |

There is a unique value of theta in either [0, 27) or (—m, 7| such
that (4) holds. (Radians are the units for angles here). From this
equation you see that

z = |z]| (cosf +isinf)

and write arg(z) := 6. Occasionally also " cisf" for cos@ + i sin 6.

The triangle inequality is the result that
|lz1 + z| < |z1] + |z2| forall z,z € C.

It is a nice exercise in geometry to prove this.



This form is most useful for multiplication. When z, z, are
nonzero complex numbers with arguments 61,6, then

Z1.20 = |21‘ . |22| CiS(91 + 92)
This has a geometrical interpretation as |z;.z2 | = |z1|.|z2| and

arg(z1.z) = arg(z1) + arg(z2)

arg () — arg(z) — arg(z2)



The Exponential function

The standard exponential function is the function  f(x) := e*. It
is the unique solution of the equation

df
= =fl)  f0) =1

and has the Taylor series

2

m
eX:1+x+X—+...X—+....
21 m!

This series converges for every real x € R and the function has the
property X1 T X = X1 X



The Exponential function

The standard exponential function is the function  f(x) := e*. It
is the unique solution of the equation

df
= =fl)  f0) =1

and has the Taylor series

2

m
eX:1+x+X—+...X—+....
21 m!

This series converges for every real x € R and the function has the
property X1 T X = X1 X

Note that if a is a positive real number the general
exponential function is g(x) = a* and has g'(x) = Ina.a".



The Complex Exponential function

All the preceding formulae still hold if x is replaced by the
complex number z € C. In particular define

e = & . with
. 2 n\m
R R I A U2
2! m!

From the Taylor series for sin and cosine functions, this becomes

e = &Y = e (cosy + isiny).

Note that e® =1 so €% =1 when y =0 so this complex
definition agrees with the definition that was given in Calc I.



Thus e = cosf + i sin@ and the polar representation
of complex numbers

z = |z| e = r e
Also one finds the formulae
elf 4 eif _ elf _ o—if
cos) = —— and sinf = ———
2 2i
When zi=n e, zo=re? then
: Z1 n ;p,_
2120 = nre®t?) gnd L= 1i(0i-0)
z2 r2

provided rp # 0.



The preceding results lead to DeMoivre’s theorem

cosmf + isinmf = ™ = (cosf + isinf)™

These enable the derivation of formulae for cos of mf in terms of
cos of 0

cos m = Tp,(cosB)

Tm is the m-th Chebychev polynomial and is a polynomial of
degree m. Unfortunately sin mé is not a polynomial in sin 6.
(Check when m =2,3.)



Euler's formula is that
e = cosh + i sind

See Wikipedia for more about the history. When 6 is 7/2, w,3m/2
respectively we have

i /2 . 1 3im/2
em/ = i, ™ — ~1, e /2 _
These are Euler's identities so
el(0+2km) it forall ke Z

That is e'? is periodic of period 27. A function is periodic of
period T provided f(t+ T)=1f(t) foralltec R or
f(t+kT) = f(t) foralltand k € Z.



Roots of Unity

Problem: Find the solutions of 2z =1 when me& N.
Solutions of this equation are called the m-th roots of unity.
When m =2, the solutions of z2 =1 are z = +1 since

22 -1 = (z—-1).(z+1).

When m=4onehas z*—1 = (22-1).(z22+1)
which has solutions

z = £1 and z = *£i
When m=3onehas 22 -1 = (z—1)(z22+z+1), s0

z=1 o (-1+iv3))/2



From the Euler identities e2X™ = 1 for any integer k. Thus

wm = exp2im/m satisfies wl =1.

Similarly wk satisfies the equation for any integer k.
However only the points where k =0,1,2,..., m— 1 are different -
so there are m distinct complex m-th roots of unity. Thus when
m > 3 there always are complex roots as well as the real roots.

For any m > 2, one has the geometric series
2" -1 = (z—-1).Q+z+22+...+2™ 1)

so z =1 is always a solution and z = —1 is also a solution when m
is even. These are the only possible real solutions.



In general there will be m distinct solutions of z™ = a
when a is a non-zero complex number. Suppose a = ]a]e’e.
Then the solutions are

ZK = \a\l/m g/(0+2km)/m for k=0,1,...,m—1

The solutions of the quadratic equation

az’+bz+c = 0 witha#0 are

zy = 2—13 [—bi[b2—4ac]1/2}

where the last term is taken to be a complex square root.
If a polynomial p(z) = z" +a1z™" ' +...+am_1z+am can be
factored as the product of other polynomials p(z) = p1(z).p2(2)

then the solutions of p(z) = 0 are either solutions of p;(z) =0 or
of pp(z) = 0.



Sets of Complex Numbers

The open disk center zy and radius p is the set
B,(z0) == {z€C:|z— 2| <p}
This set is often called the p neighborhood of zy. A set S is said to

be bounded if there is an R such that S C Bg(0).

When S is a set of complex numbers then zy is an interior
point of S provided there is a p > 0 such that B,(z) C S.

S is said to be an open set if for each point of S is an
interior point. A point zg is a limit point of a set S if every
neighborhood of z contains a point of S.

The closed disk center zy and radius p is the set

By(z0) = {z€C:|z—z| < p}



When Zzy,z; are complex numbers then the interval
[z0,z1] is the straight line joining these endpoints. That is,

[20,z1] = {(1—t)zp+tz:0<t <1}

A polygonal path with nodes zy, z1, 22, . . ., Zm is the union
of the straight lines joining these points (in order).

Path = [z9,z1]U[z1, 2] U ... [2Zm—-1, Zm]

A (non-empty) subset S of C is said to be connected if any
two points w, z in S may be joined by a polygonal path that is a
subset of S.

A (non-empty) open connected subset S of C is called a
domain.



The complement of a set S is the set S := C\S of all
complex numbers that are not in S.

A point zy € C lies in the boundary of a (nonempty) set S
provided every open disk centered at zy contains points in S and
also points in S.

The boundary of S is the set of all boundary points of S
and is denoted 0S. The set S is said to be closed if it contains all
of its boundary points.

A set that is bounded and closed is said to be compact. A
set that is not bounded is said to be unbounded.



Complex Functions

This course is about the theory of complex valued functions of a
complex variable. We prove results about continuous and
differentiable functions and the evaluation of complex integrals.

The simplest such functions are polynomials
p(z) == z"+ az™ 4 a1z 4+ am

with complex coefficients as, as, ..., am and the exponential,
hyperbolic and trigonometric functions

e?, sinh(z), cosh(z), sin(z), cos(z),...

Are the formulae you know from real variable calculus still
true for complex analysis, what changes ae needed and/or are
there new results?



Suppose S C C and f : S — C is a function. Then S is
called the domain of the function f and the set
f(S):={f(z): z€ S} is called the range of f.

Write z = x + iy, then the complex function has a real
representation

f(z) = u(x,y) + iv(x,y) forze$S

Here u, v are called the real and imaginary parts of f.

Example: Find the real and imaginary parts of f(z) = z3 or
f(z) =22 +iz—e or f(z)=1/z



Usually we will require that the domain S of a function f
also be a domain in the sense of being an open connected set. For
example the function f(z):=1/(z—a) has domain
D = C\{a} - and this is also a domain in the sense of being an
open connected set in C. Note that the value of f(a) =1/0 -
which is not a complex number - so a cannot be in the domain of
this function.

If D is a topological domain and zy € D then there always is
an open disk Bs(z9) C D such that f(z) is a complex number for
all z € Bs(z) .

Many of the results in complex analysis, starting with "If fis
a function defined in a neighborhood of zy" or " If f(z) is
continuous at zg”. When f : D — C is a function and D is a
(topological) domain, then f is defined in a neighborhood of each
z0 € D.



Convergence and Continuity

A sequence {z,: m € N} of complex numbers converges to a
complex number ( as m — oo provided for any € > 0 there is an
M such that

m > M implies that |z, — (| < e

That is z, € B(¢) for m > M.



Convergence and Continuity

A sequence {z,: m € N} of complex numbers converges to a
complex number ( as m — oo provided for any € > 0 there is an
M such that

m > M implies that |z, — (| < e

That is z, € B(¢) for m > M.

A function f : S — C is continuous at a point (€S
provided that when a sequence of points {z,,} C S converges to ¢
then f(zy,) converges to f(({). f is continuous on S if it is
continuous at every point ¢ in S.

We write limpmoo0 zm = ¢, and limpoo f(zm) = F(Q),
respectively.



An alternative definition of continuity at ( is that for any
€ > 0, there is a ¢ such that

zeS&lz—(|<éd = |f(z)—f({)] <e

Properties of limits.

Suppose that  lim,_,¢ f(z) =c1 and lim,,¢ g(z) = &, then

(i) lim,e f(z2)£g(2) = axo

(i) limye f(2).8(2) = c.o

(i) lim,—¢ f(2)/g(z) = c1/co when ¢ # 0.

If f, g are complex functions on a set S that are continuous
at ¢ then so also are (f + g)(z), f(z).g(z). If g(¢) # O then also
f(z)/g(z) is continuous at (.

If g is continuous at ¢ and f is continuous at g(¢) then
f(g(z)) is continuous at (. These results are proved using limits in
the same way as the corresponding results in calculus.



Definition of Derivative

Let D be a domain with ( € D and f : D — C be a complex
function. The derivative of f at ( is
df . f(z2)—f(¢C
T = rQ) = tm 221

z—( Z*C

- whenever (or provided) this limit exists.

The function f is differentiable on a domain D provided it
is differentiable at every point in D. A function that is
differentiable on a domain is said to be analytic on D. (Some
other adjectives are used in advanced texts.)

A function that is differentiable at zy € D is continuous at z.



The usual rules for the derivatives of standard functions

hold. For example

d _
—Z"=mz™! formeN
dz
d cz cz
—e“ =ce force C
dz
— sinz=cosz and — c0sz= —sinz
dz

dz



The rules for differentiation of calculus also hold. Namely if
f, g are functions defined on a neighborhood of z € C then

(f £8)(2) = f(2) £&'(2)

(Fe)(2) = f(2)&'(2) + F(2)a(2)
<f> () _ ED(E) -~ F(2)8(2)

p 222 if g(z)#0.

If g is differentiable at zy and f is differentiable at g(z),

then the chain rule holds

< Flaleo) = Fla(20)) &' (20)



Cauchy-Riemann Equations

Suppose f(z) = u(x,y) + iv(x,y) where u, v are the real and
imaginary parts of f.

Theorem (CR)  Suppose f : D — C is differentiable at
Zp := xp + Iyp, then

ou ov ou ov
g(xo,)/o) = @(XO,YO) and @(Xoufo) = —g(xo,m)-

This results is mostly used to verify that a given pair u, v are
the real and complex parts of a differentiable function f on a
region D. For example  u(x,y) +iv(x,y) = Z:=x— iy is not
a differentiable function of z. In particular Z is not a function of
the variable z!



When u, v are continuously differentiable at (xo, yo) and they
satisfy the CR equations then f is a differentiable function of z at
(x0, ¥2).

Theorem  Suppose f : D — C is differentiable and f'(z) =0
on D. Then f(z) = ¢ is constant on D.

Later in the course we shall show that if f is a complex
function that is differentiable on a region D, then every derivative
function f'(2),f"(z),...,f(™(z) is a differentiable function on
D.

Thus the real and imaginary parts u(x, y), v(x,y) also have
every partial derivative being a continuous function on D.



Laplace's Equations

Suppose D is a region in C and f(z) = u(x,y) + iv(x,y) where
u, v are the real and imaginary parts of f.
Theorem  Suppose f is differentiable on D and u, v are the real

and imaginary parts of f, then u and v are solutions of Laplace’s
equation on D.

0?u 0%u
Au::ﬁ—i-a—yz:OOnD

Examples: 1.  f(z) = 23 has u(x,y) = x3 — 3xy? and
v(x,y) =3x%y —y*.

2. € has u(x,y) =e*cosy, v(x,y) =e*siny.

You may check that all these u, v are solutions of Laplace's
equation. The Laplacian operator is Au(x) := div(Vu)(x) and can
be defined in any dimension n > 1.



Mappings and Complex Functions

Suppose f : D — D; is a complex function that maps a
domain D in the complex plane into a region D;. How to visualize
f? Cannot use standard graphs since they need 4 dimensional
pictures. Instead complex functions are visualized as " mappings”.

That is one has a mapping F : D — D; with
w=1f(z) or  F(x,y)=u(x,y)+iv(x,y)
So the domain D with coordinates (x, y) is mapped into the set

D; with coordinates (u, v).

Thus the function f(z) = z? has w = 22 = (x? — y?) + 2ixy
since
u(x,y) = x*—y*and v(x,y) = 2xy



Examples 1. the function f(z) =1/z maps nonzero points
inside the unit circle into the outside of the unit circle. Also points
outside the unit circle into points inside the unit circle as

i0

f(r eie) = e

S| =

Points e on the unit circle are mapped to e " = cos — isin 6.
Points in the upper half plane Im(z) > 0 are mapped to points in

the lower half plane Im(z) < 0 with modulis has |f(z)| =1/r.

The exponential function is

w = e = e cosy + ie“siny

The text has many pictures of mappings associated with different
simple functions.



Properties of €.

1. |e*| = e >0forall zeC. In particular the equation
e? = 0 has no complex solutions.
2. %ez = €7 . Hence f(z) = €” has

fl(z) = f(z) = ...f"(z) = & forall zeC.



Properties of €.

1. |e*| = e >0forall zeC. In particular the equation
e? = 0 has no complex solutions.
2. %ez = €7 . Hence f(z) = €” has

fl(z) = f(z) = ...f"(z) = € forall zeC.

3. The m-th Taylor approximation of e around z =0 is

2 3 m
Tm(z) = 1+z+%+%+...+% and
z
e —mllnoon(z).

4, eAt2 = 7 e2 and e 7 = e—lz



Properties of €.

1. |e*| = e >0forall zeC. In particular the equation
e? = 0 has no complex solutions.
2. %ez = €7 . Hence f(z) = €” has

fl(z) = f(z) = ...f"(z) = € forall zeC.

3. The m-th Taylor approximation of e around z =0 is

2 23 Zm

z
Tm(Z) = 1+Z+?+§++ﬁ and
z
et = mllnoon(z).
4. eat2 = 7 eZande? = L
ez’

The complex hyperbolic functions are

1 1
coshz = E[ez+e_z], sinhz := E[ez—e_z]



The Trigonometric Functions

The complex function e is defined using €* and the real functions
cos y, siny. The complex sines and cosines now are defined as

1. : . : :
cosz = o [e” + e 7], sinz := e —e ¥

5 |
d

) d .
SO —sinz = cosz and —cosz = —sinz.
dz dz



The Trigonometric Functions

The complex function e is defined using €* and the real functions
cos y, siny. The complex sines and cosines now are defined as

1. . .
cosz = —[e” +e ¥, sinz 1= —[e* —e "]
2 2i
d . d .
so —sinz = cosz and 505z = —sinz.

z

dz
The decomposition into real and complex parts yield

cosz = cosx coshy — Jisinxsinhy

sinz = sinx coshy 4+ i cosx sinhy

Note that these do have the values cos(x), sin(x) when x is real and

cos(iy) = coshy and sin(iy) = isinhy



The usual addition and subtraction formulae hold
sin(z1 = z) = sinz coszy £ cos z; sin zp

cos(z1 £ z) = cosz; coszy F sinzy sin zp

The double angle formulae for cos2z,sin2z hold.

We still have sinz 4+ cos?z = 1 for all z.



The usual addition and subtraction formulae hold
sin(z1 = z) = sinz coszy £ cos z; sin zp

cos(z1 £ z) = cosz; coszy F sinzy sin zp

The double angle formulae for cos2z,sin2z hold.

We still have sin?z + cos?z = 1 for all z.

The solutions of sinz =0 are precisely z, = kmx for
keZ. The solutions of cosz =0 are precisely
zx = (k+1/2)w for k € Z. Also

|sinz|> = sin®x + sinh?y
|cosz|? = cos?x + sinh?y

A complex function f(z) is said to be entire if it is
differentiable at every z € C. Polynomials, exponential function,
sinh, cosh, sin cos are entire functions.



Conjugate Harmonic Functions

You have seen that if f(z) = u(x,y)+ iv(x,y) is an
analytic function in a domain D then u, v are solutions of Laplace's
equations on D and they satisfy the Cauchy Riemann equations;

ou ov ou ov
— = — and — = ——
Ox dy dy Ox

When u, v are related by these equations then u,v are said
to be conjugate harmonic functions on D. Thus in the
preceding examples the conjugate function of u(x,y) = e~ cosy is
v(x,y) = € siny.

Sometimes you are given an function u(x,y) thatis a
solution of Laplace’s equation and are asked to find its conjugate.
Fot example find the conjugate of u(x,y) = x> — 3xy?. To do this
you have to "integrate” the partial differential equations

ov v

oy 3(x* — y?) and Ix 6xy



The Complex Logarithm Function

Logarithms were invented by John Napier before 1600 as a way to
make multiplication easier - since addition is much easier than
multiplication of most numbers. Newton invented calculus around
1670 and this led to the definition via calculus

X dt
Inx = log, x ::/ s for x > 0.
1

In calculus you learn that In and the exponential function are
inverse.
y = Inx — €& =x

Our textbook defines the complex logarithm by

w = logz provided e" = z (log)

and z #0. The equation (log) has infinitely many solutions
since, whenever w is a solution, so also is w4+ 27/ .



Suppose w is a solution of (L) so that

Then |e¥| = r>0,s0 Re(w) = Inr = In|z| and
w = Inr + it implies that v satisfies

eiw — ei(p
That is ¢ = ¢ + 2kni for any integer k in Z and
w = logz = In|z| + i(p+ 2km)

is a "function” with infinitely many distinct values. The principal
value of this function is denoted Log z and is the particular right
hand side (RHS) with argument ¢ € (—m, 7).



The preceding definition allows you to evaluate the logarithm
of any non-zero number - even negative ones. Note that if z = x is
a positive real number then Logx = Inx.

If z is a negative real number then definition says that

Logz = In|z|+mi. If z=yi is pure imaginary, then
Log(yi) = In|y|+ 5 i wheny>0. When y <0 then

. T,
Log(yi) = Inly| =i
This complex logarithm satisfies, for non-zero z,

log(1/z) = —logz and log(z1z) = logz + log z.



Examples of Complex Logarithms
1. logi = {(2k+1/2)ri:k€Z}so Log(i) =
2. log(1+1i) = Inv2 + (2k+1/4)wi for all k. Thus

1
Log(1+i) = In2 + %i.

3. Ifr>0 then log(—r) = Inr + (2k+ 1)7i so

Log(—r) = Inr+mi

Let R_ := (—o00,0] be the closed negative real axis and
D := C\R_. Then Log(z) is analytic on the domain D and

d 1
e Log(z) = ~ for z ¢ R_.



The real and imaginary parts of Log(z) are
u(x,y) :=In|z| and v(x,y) := Arg(z).

u is harmonic on C\{0}, v is harmonic on D - but not
continuous at any point in R_.

The real number x“ is defined whenever x > 0, € R by

x& — ealnx

This is a real number and agrees with the other definitions when
« is either an integer (in Z ) or a rational number (in Q ).



Complex Powers ( Exponentiation)

We have seen that z™ is a well-defined complex number
whenever m € N and z7™ is well defined provided z # 0. Also
there are m district possible values of z'/™ if z # 0 - using the
polar representation of z. Thus one can define z™" when m,n
are integers. In general z% is defined by

70— @ log z

when z # 0.

It has as many distinct values as log z has. That is a finite
number of values when o € Q, infinitely many values otherwise.
The principal value of z% is the value of the RHS of this formula
with Log(z) in place of log z.

The different values here are called different branches of the
complex function of z% .



The basic rules follow from the property of exponentials and

logarithms. Namely

201792 = Zlmte2) gpd o = 1/

Example 1. (—4)/2 = 42i. This has two values and the
principal value is 2/.

Example 2. If v is real then /7 = e
If v =a+Bi then ylogi = 5 (ai —f3) so
i1 = e P2 gle with ¢ = ar/2
The different values correspond to replacing 3 by other values
here. Thus i = e~ /2 or €3™/2 or e /2 or....

Ex3. (10i)} = e ™/2+iln10 — g=7/2 iln10
with €10 = cos(In10) + isin (In 10).



1. Thus straightforward to define e” - tricky to define the
inverse function log z .

2. Complex z% is defined using both exponential and
logarithm functions and in general is not a unique complex number.



1. Thus straightforward to define e” - tricky to define the
inverse function log z .

2. Complex z% is defined using both exponential and
logarithm functions and in general is not a unique complex number.

3. Similar considerations apply to finding the inverse
functions to sinz,cos z,tan z, ... ,sinh z,cosh z, . . ..

Since all of these functions involve exponentials their inverse
involve logarithms.



