STEKLOV REPRESENTATIONS OF GREEN’S FUNCTIONS FOR
LAPLACIAN BOUNDARY VALUE PROBLEMS.

GILES AUCHMUTY

ABSTRACT. This paper describes different representations for solution operators of Lapla-
cian boundary value problems on bounded regions in RN ,N > 2 and in exterior regions
when N = 3. Null Dirichlet, Neumann and Robin boundary conditions are allowed and
the results hold for weak solutions in relevant subspaces of Hilbert - Sobolev space asso-
ciated with the problem. The solutions of these problems are shown to be strong limits of
finite rank perturbations of the fundametal solution of the problem. For exterior regions
these expressions generalize multipole expansions.

1. INTRODUCTION

This paper will describe some different representations of the Green’s functions (or
solution operators) for Laplacian boundary value problems. The representations hold
when Dirichlet, Neumann or Robin conditions are imposed and for exterior regions as
well as on bounded domains with Lipschitz boundaries. The representations involve the
fundamental solution of the Laplacian and the Steklov eigenfunctions of the Laplacian and
are shown to converge in various Sobolev-type norms and follow from the construction of
orthogonal bases of relevant Sobolev-Hilbert spaces.

The results may be related to the methods described in the classic text of Bergman
and Schiffer [10]. We concentrate our attention on how the Green’s functions differ from
the fundamental solution of the differential operator. That is we seek to describe the
boundary correction (BC) kernel B(.,.) for various operators and boundary conditions
such that

G(z,y) = I(z,y) — B(z,y) for (z,y) € A x Q. (1.1)
Here G, I are the Green’s function and the fundamental solution respectively.

The (integral) operator B associated with this BC kernel is shown to be the limit of
finite rank kernels involving the Steklov eigenfunctions and their single and double layer
potentials. These approximations converge in H'—norms and, in general, are not L?—
orthogonal expansions. It is of particular interest to note that this analysis applies to
boundary value problems in exterior regions where the standard Green’s function may
not be represented using eigenfunctions.
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It does not appear to be the same as any of the kernels studied in [10]. Their kernel
function for the Laplacian was described in terms of Steklov eigenfunctions in section 8 of
Auchmuty [5]. The methods used, and results obtained, also are quite different to those
used in the theory of boundary integral methods as described by Folland [17] or McLean
[21] amongst others.

After some introductory material a summary of results about Steklov bases for so-
lution spaces of linear homogeneous equations is given in section 4. The original results
are primarily due to the author for bounded regions €2 and to joint work with Qi Han on
exterior regions when N > 3. These results are used in sections 5 and 6 to obtain repre-
sentation theorems for the solution operators as the difference between the fundamental
solution and a correction operator that is the strong limit of specific finite rank integral
operators. These operators are not symmetric in general - but the limits are.

In sections 7 and 8 the Dirichlet problem for these operators on exterior regions
in R? is investigated and similar formulae for the solution operators are found. For the
Laplacian on the exterior of a ball, the Steklov eigenfunctions are spherical harmonics
and the resulting formulae are multipole expansions for the solution. So the results found
here provide solutions that have similar properties to multipole expansions but hold for
general exterior regions.

2. DEFINITIONS AND NOTATION.

This paper treats various Laplacian boundary value problems on regions in RY. A
region is a non-empty, connected, open subset of R™. TIts closure is denoted Q and its
boundary is 9 := Q \ . All problems will be posed in a weak, or variational, form as
described in the text of Attouch, Buttazzo and Michaille, [1] and the notation of that text
will generally be used.

In particular all functions will be regarded as taking values in R := [—o0, o0] and
the Borel measurable representatives are used. LP(Q2) and LP(0f2, do), 1 < p < oo are
the usual spaces with p-norm denoted by ||ul|, or [[ull,, 5o, respectively. When p = 2 these
are real Hilbert spaces with inner products defined by

(u,v) ::/Q u(z) v(z) de and (u,v)pq = /asz uv do.

A function w on Q is in WP(Q) provided u and each weak derivative D;u is in
LP(Q). Then Vu(z) := (Dyu(z),..., Dyu(z)) is the gradient of u and H*(Q) is the usual
real Sobolev space of functions on €. It is a real Hilbert space under the standard H'—
inner product

[u, v], ::/Q [u(z).v(z) + Vu(z)- Vo(x)] dz. (2.1)

and the corresponding norm is denoted [Juf, ,.
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The region § is said to satisfy Rellich’s theorem provided the imbedding of H'(Q)
into LP(Q2) is compact for 1 < p < pg where pg(n) = 2n/(n —2) when n > 3, or
ps(2) = oo when n = 2.

For our analysis some regularity of the boundary 02 is required. The boundary
should be of Hausdorff dimension N — 1 and have finite surface area o(0€2), where o
denotes (N — 1)-dimensional Hausdorff measure. Assume also that the boundary has a
unit outward normal v(z) defined o a.e.

Let the boundary trace operator v : H'(Q) — L?*(92, do) be defined and continuous.
It is the linear extension of the map restricting Lipschitz continuous functions on 2 to
0. Often 7 is omitted so u is used in place of (u) for the trace of a function on 992. The

region € is said to satisfy a compact trace theorem provided the boundary trace mapping
v HY(Q) — L*(09, do) is compact.

The Gauss-Green theorem holds on €2 provided
/ uw(z)Djv(z) de = / y(u) y(v)v; do — / v(z) Dju(z)de for 1 <j < N. (2.2)
Q 9 Q

for all u, v in H*(Q2). The requirements on the region will be

Condition B1:  Q is a bounded region in RY with boundary 02 having a finite number
of disjoint closed components, finite surface area and such that the Gauss-Green, Rellich
and compact trace theorems hold.

There is an extensive literature on the description of regions for which these condi-
tions hold. Discussion of general regions for which (B1) holds may be found in Maz’ya
and Poborchi [20], especially section 6.3, and also section 3 of Daners [13].

In this paper various equivalent inner products on H*(2) will be used including

[u, v], ::/ Vu- Vv dr + / uv do. (2.3)
Q o0

The corresponding norm will be denoted by ||ul[,. The proof that this norm is equivalent
to the usual (1,2)—norm on H'(Q) when (B1) holds is Corollary 6.2 of [2] and also is part
of theorem 21A of [24].

A function u € H*(Q) is said to be harmonic on Q provided it is a solution of
Laplace’s equation in the usual weak sense. Namely

/ Vu-Vodr = 0 for all p € C(Q). (2.4)
Q

Here C}(Q) is the set of all C'—functions on Q with compact support in 2.

Define H(£2) to be the space of all such harmonic functions on €. When (B1) holds,
the closure of C!(£2) in the H'—norm is the usual Sobolev space H}(2). Then (2.4) is
equivalent to saying that H () is d—orthogonal to Hj(2). This may be expressed as

H'(Q) = HY(Q) @0 H(Q), (2.5)

where @y indicates that this is a d—orthogonal decomposition.
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Various spaces of continuous and C! functions will be used and ||f]|, will always
denote the sup norm of the function f and the subscript ¢ indicates compact support.

3. LAPLACIAN BOUNDARY VALUE PROBLEMS

This paper will treat the classic problem of representing the solution operators of
regularized Laplacian boundary value problems of the form

Lou(x) = Fulr) — Aulz) = f(x) on {2 (3.1)

Here A is the Laplacian; when ¢ = 0 this is Poisson’s equation. The boundary conditions
that will be considered are zero Dirichlet boundary conditions u = 0, Robin conditions
D,u + bu = 0 with b > 0 and the Neumann condition D,u = 0 on 9. Here D, u(x) :=
Vu(z) - v(z) is the unit outward normal derivative of u at a point on the boundary.

A function u € H}(Q) is a weak solution of the Dirichlet problem for (3.1) provided
it satisfies

/ [Vu-Vo + (CFu—flolder = 0  forall o€ CHQ). (3.2)
0

The solution operator for this problem is the linear mapping from the data f to the
solution @. Usually f € X where X is some Banach space of functions with X c L'(Q).
Historically, such solution operators have been written as integral operators with a weakly
singular kernel called the Green’s function of the problem. That is the solution of the zero-
Dirichlet boundary value problem for (3.2) is written as

ﬂ@)=ﬁﬂd@ﬂ@=:K;GM%%@ﬂwdy (3.3)

Here Gp(.,.,c) is a Borel-measurable function that is singular when = = y and symmetric
in 2,y and there has been extensive study of the solution operator Gp(c) as a map of
different spaces X into H}(€2).

A function u € H'(Q) is a weak solution of the Robin (Neumann) problem for (3.1)
provided it satisfies

/ [Vu-Vg0+(02u—f)g0]dx+b/ updo = 0  forall e H'(Q). (3.4)
0 20

In this case the solution operator is denoted G,(c) when b > 0 and Gy /(c) for the Neumann
problem with b = 0.

Thus the solution of the zero-Robin boundary value problem for (3.2) will be written
as

mm:%@m»:écm%quy (3.5)

Similarly Gy(c), Gy will be the solution operators and kernels for the Neumann problem
for (3.2) with b = 0. The functions Gp, Gy, Gy are the Dirichlet, Robin and Neumann
Green’s functions respectively for the operator £, on (2.
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Most elementary texts in partial differential equations describe some constructions
of Green’s functions - with concrete examples for simple regions such as boxes or balls.
There is a large literature on the existence of solution operators for these problems with
data f in various spaces. For bounded domains there are simple proofs using variational
methods. The chapter by Benilan in [15] provides a number of other approaches. Our
interest here is in providing representations that have good approximation properties.

The representation of these Green’s functions on general regions has been extensively
studied when f € L?(Q) using spectral theory. See Roach [22] for an introduction, Kato
[19] for a thorough discussion and Duffy [16] for many explicit examples. However it is well
known that the associated finite rank approximations of the solutions generally converge
very slowly - and there is little proved about the convergence of their derivatives.

Here a very different approach based on the use of Steklov eigenfunctions and funda-
mental solutions will be developed. The analysis here is done directly in various subspaces
of the Hilbert - Sobolev space H'(€2). Solutions will be sought as perturbations of the
solution obtained using the fundamental solution I'. of L.. When ¢ = 0 the subscript is
omitted and they are the familiar functions

['(z) = koln|x| when N =2, and (3.6)
D(x) = ky|z|*V when N > 3. (3.7)
ky is a constant that depends only on the dimension N. Formulae for these fundamental

solutions when ¢ # 0 are given in Treves [23] chapter 1, section 9 exercises 9.2 to 9.5.
When N = 2, 3 the functions are respectively

Tu(z) = %K()(cm) or (3.8)

with Ky being a modified Bessel function.

Consider the integral operator V, : X — L}, (Q) defined by

V() = / Fo(x —y) £(y) dy (3.9)

where this right hand side is defined as a convolution of distributions. V.(f) will be called
the potential solution of equation (3.1).

A requirement will be that X is such that V, maps X into H'(Q). When Q is a
bounded region in the plane then this condition holds if X C L*(Q2) for some p > 1.
When N > 3, this holds when X C LP(2) for some p > 2N/(N + 2). These follow from
standard estimates for the fundamental solution and Young’s inequality for convolutions.

Quite often one is interested in whether the range of V, is a subspace of the space
Cp(Q2) of bounded continuous functions on . From Young’s inequality one has that
Ve : X — Cp() is continuous when X C LP(Q2) with p > N/2 and N > 3.

Attention here is concentrated on the Boundary Correction operator B(c) and its
kernel B(.,.,c) where B(c)(f) = V.(f) — G(c)(f) for f € X with kernel

B(z,y,¢) = Tu(x —y) — G(z,y,¢) for (z,y) € Q x Q. (3.10)
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where GG is a Green’s function for L. .

This kernel B(.,.,c) depends on both the boundary condition and the region €. It
will be shown that B is given as the limit of a sequence of finite rank kernels that involve
the Steklov eigenfunctions of L. on 2. Convergence of this approximation is studied and
other properties of this boundary kernel function B(.,.,¢) are found. In particular these
methods work when 2 is an exterior region with NV > 3 and these are problems where the
associated L?—operators do not have compact resolvents. Here the analysis for Dirichlet
problems on exterior regions in R? is described in sections 8 and 9.

4. THE C-HARMONIC STEKLOV EIGENPROBLEM

The representations to be described in this paper are obtained using bases of certain
Hilbert spaces of solutions of the homogeneous equation £.u = 0.

Consider the bilinear form a, : H*(2) x H'(Q) — R defined by
ac(u,v) = [u,v], = / [uv + Vu- Vo] dz. (4.1)
Q

For ¢ > 0 this defines an inner product on H'(f2) that induces an equivalent norm on
H(Q) to the standard norm (¢ = 1).

A function u € H'() is said to be a weak solution of the regularized Laplace
equation L.u = 0 provided it satisfies

/Q [Pup + Vu-Veldr = 0  forall ¢ecCHQ). (4.2)

For ¢ > 0 such functions will be called c-harmonic or reqularized harmonic functions. Let
N(L.) be the class of all H!—solutions of this problem.

By a density argument (4.2) is equivalent to the decomposition result that
HY(Q) = Hy(Q) @ N(L) (4.3)
where &, indicates that these closed subspaces are c-orthogonal.

Many texts on trace theorems prove that the boundary trace space for H' functions
on a region is isomorphic to the quotient space H'(Q)/Hg(€2) when 9 is nice enough.
Then the trace space is isomorphic to N(L.) as the orthogonal complement in a Hilbert
space is isomorphic to the quotient space. This was used by the author in [3] to describe
trace spaces using a different inner product on H'(Q).

Our interest here is in describing orthonormal bases of the spaces N (L, ), L*(99, do)
and H'/2(0Q). When ¢ = 0, N(L,) is the space H(f) of H'—harmonic functions on
and an analysis of the Steklov basis of H(£2) is described in Auchmuty [3] for the case that
Q2 is bounded. The Steklov basis for the Laplacian on rectangles in the plane is described
in Auchmuty and Cho [6.5] where it is shown that the resulting expansions converge very
rapidly. An analysis for exterior regions is provided in Auchmuty and Han [8]. Both were
based on Auchmuty [2]. Here the analogous constructions for the Steklov eigenfunctions
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associated with L. for ¢ > 0 will be described based on the constructions summarized in
theorem 8.2 of Auchmuty [6].

Let Q be a region in RY that satisfies (B1). A non-zero function s € H*(Q) is said to
be a L. —Steklov eigenfunction on €2 corresponding to the Steklov eigenvalue ¢ provided
s satisfies

/ [Vs- Vv + c?sv] dov = 6 svdo  forall ve HY(Q). (4.4)
Q Gl)

An eigenfunction is said to be normalized if ||s]|. = 1 and it is boundary normalized if
||s]l2,.00 = 1. (4.4) is the weak form of the boundary value problem

L.s = c*s —As =0 on Q with D,s = ds on 0. (4.5)

Let 61 be the least Steklov eigenvalue of (4.4) and s; be a corresponding normalized
c-harmonic Steklov eigenfunction. They exist from theorem 3.1 of [6] and may be found
as maximizers of a variational principle for a weakly continuous functional on the unit ball
(in the c-norm) of H*(§2). Then an increasing sequence A, := {; : j € N} and associated
normalized c-harmonic Steklov eigenfunctions S := {S; : j € N} of this eigenproblem
may be constructed as in [6]

Define s; := \/E s7, then the functions s; will be boundary normalized. Let S, :=
{s; : j € N}, then the following result holds.

Theorem 4.1. Assume Q obeys (B1) and ¢ > 0, then there is an increasing sequence of
Steklov eigenvalues A, of L. with 6; — 0o as j increases. S is a c-orthonormal basis of
N(L.) and the boundary traces of functions in S. are an orthonormal basis of L*(9S), do).

Proof.  This follows from theorem 8.2 of [6] with A. being the set of Steklov eigenvalues
of this problem repeated according to multiplicity. The bilinear forms used there have
A(z) = Iy, c(x) =%, b(z) =0, p(z) =1 in the notation here; so (B3) - (B5) and (BS8)
of that theorem all hold. O

This result now provides representation results for solutions of c-harmonic boundary
value problems. Consider the problem of finding solutions of equation (4.2) subject to the
trace condition y(u) = g on 09Q. Since u € N(L.), S} is an orthonormal basis of N (L. )
and S, is an orthonormal basis of L?(9S, do). Thus there are coefficients 1;, §; such that

u(z) = Z i s5(x) on  and g¢g(z) = Z g;v(s;)(x) on 0f. (4.6)

Here the circumflexes denote the usual generalized Fourier coefficients, @; = [u, s?]c, gj =
(u, s;)p0 in these representations. The equation 7(u) = g implies that @; = /3; g; for
each 7 € N so

lal2 = ) @ =

Jj=1 J

8;9;

oo oo
=1
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That is functions u € N(L,) have boundary traces y(u) = g with Y722, 9;97 < oc.
The class of all functions g € L?(9, do) for which this holds is denoted H'/2(9Q) and is
a real Hilbert space with respect to the inner product

oo

(fr 1200 = > (1+6) f; 4 (4.7)

Jj=1

This shows that, when g € H'/2(0Q), there is a unique solution of the Dirichlet
c-harmonic boundary value problem with v(u) = g on 0f2 that is given by the c-extension
operator F, : H'/2(0Q) — H'(2) where

u(z) = (E.g)(x) = Z V5 G si(x) = Z gj sj(x) for xz € Q. (4.8)

The partial sums of this series are given by

M

up () = / Py(x,2,¢) g(2) do(z) with Py(x,z,¢) == Y s;(z)y(s;)(2).  (4.9)
o0 :

J=1
Corollary 4.2. When (B1) holds and ¢ > 0, there is a solution v = E.g of (4.2) with
v(u) = g on O if and only if g € H?(0Q). In this case E.(g) = limp;_o0 upr(x) in the
c-norm where uyy is defined by (4.9) and E, is an isometric isomorphism of H'Y2(0S2)

and N(L.).

A similar analysis holds for Robin and Neumann boundary value problems for L. .
Consider the problem of finding u € H'(Q) that satisfies

/ [Vu- Vv + Fuv] da:—l—b/
Q

0

with the constant b > 0 and g € L?(9), do). This is the weak form of the equation
L.u =0 on 0f) subject to the Robin condition D,u + bu = ¢ on 0f).

uv do = / gvdo  forall ve HY Q). (4.10)
0 20

Substitute s3 for v here, then use of (4.4) implies that a solution has

5 G
i = [u,s3]. = ;/Eg? for all j €N, (4.11)
J

so the unique solution of (4.10) is given by the Robin solution operator R(b) : H~/2(082) —
H(Q) defined by

RO)g(x) = Y ; f —s(z) forzeQ. (4.12)
j=1 J
This is valid for all b > 0 as ; > 0 when ¢ > 0. This solution uv = R(b)g has c-norm
given by
a2 = UL C(®) lgll3.00 (4.13)
¢ = (b—|—(5])2 - ’

where C/(b) = 1/4bif b > 6, and C(b) = 6,/(b+ 6,)% if b < 6.
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The partial sums of the solution are represented by finite rank integral kernels

un(@) = [ Ru(,20)g(2) do(2) with Rar(z,2,0) = zjjfa)] v(s;)(2).  (4.14)

Here the dependence of this solution on c is implicit as the Steklov eigenfunctions depend
on c. When g € L*(92, do), this may be summarized as follows .

Theorem 4.3. Assume (B1) holds, ¢ > 0 and g € L*(0R2, do). Then the unique solution
u € N(L.) of (4.10) is given by (4.12) and

R(b)g(x) = lim Ry(z,2,0) g(z) do(z) in c-norm.

Proof.  Since S} is an orthonormal basis of N (L. ), the solution u and the data g have
representations of the form (4.6). These series converge in norm from the Riesz-Fisher
theorem. Substitute this in the equation (4.10) then the result follows as above with the
limit being in H'—norm. O

5. REPRESENTATIONS OF DIRICHLET GREEN’S FUNCTIONS

In this section  is a bounded region in RY with N > 2 that satisfies (B1). Consider
the problem of solving the equation (3.1) subject to zero Dirichlet boundary conditions
u = 0on 0N Let V,(f) be the potential solution of (3.1) then the difference w := V.(f)—u
is a solution of the regularized harmonic equation

Low = 0 on € subject to w = V.(f) on 0. (5.1)

Let S be the orthonormal basis of V(L. ) defined as in the preceding section 4 and
S. :={s; : j > 1} be the boundary normalized family. If the equation £.w = 0 has a
solution in H'(£2) then, from the Riesz-Fisher theorem, the solution has the representation

M
w(z) = lim Z w; sj(x) with W, := (w, s;)a0 (5.2)
7j=1

M—o0 —
with the limit holding in the H'—norm. From the preceding analysis in 4 of the repre-

sentation of solutions of Dirichlet problems, the solution of (5.1) is given by (5.2) with
coefficients

iy = [ [ Lo Hwsi ) dy doto) (5.3
oo Jo
The M-th approximation of this solution is wy,(x) := Z]]Vil w; sj(x) with

wy(x) = Byle)f(x) = /Q Buy(z,y,0)f(y) dy (5.4)
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where By(., ., c) is defined by

By (z,y,c Z ) (Sesj)(y) where (S.g)(y) = /m Loy —2)g(z) do(z) (5.5)

7j=1
is the single layer potential associated with the operator £, and the boundary 0.

The properties of single layer potentials such as this have been extensively studied
and depend on the smoothness of the boundary. The following condition on the boundary
will be used here.

Condition B2: 9 is Lipschitz and S, is a continuous linear transformation of C'(0€)
to C(Q).

Benilan [15, chapter 2, section 3.3 proposition 10] shows that this holds when (2 is
a "regular open set.” That is 9 is a finite union of C'—manifolds with Q locally on one
side of 9€). His result is proved for ¢ = 0 but the proof is easily generalized to ¢ > 0. The
author is not aware of a published proof that the condition on S, in (B2) holds for all
bounded Lipschitz regions.

Lemma 5.1. Assume  is a bounded region in RY that satisfies (B1) and (B2) and ¢ > 0.
Then Bp(.,.,c) defined by (5.5) is continuous and bounded on 2 x § for any M € N.
For each y € Q, By(.,y,c) is in N(L.).

Proof.  When (B1) holds then the Steklov eigenfunctions of L. are continuous on
from corollary 4.2 of Daners [14]. Hence (B2) implies that the single layer potentials will
be continuous on . The lemma then follows as By is a finite sum of functions with these
properties. U

The strong limit of this sequence of finite rank operators provides a formula for the
Dirichlet Green’s function.

Theorem 5.2. Suppose ) is a bounded region in RY that satisfies (B1) and (B2), ¢ > 0
and f € LY(Q). If V.(f) € HY(QQ), then the unique solution of (3.1) in H} () is

u(x) = Gp(e)f(z) = Vef(z) — lim Bu(z,y,¢)f(y) dy. (5.6)

M—o0 0

and this limit holds in the norm of H*(Q).

Proof. ~ When f € L'(Q) then lemma 5.1 implies that the function wy, defined by (5.5)
is a finite sum of functions in N(L.) that also are continuous on §.

The assumption that V,(f) € H'(Q2) implies that its boundary trace is in H/2(9Q),
so the problem (5.1) has a unique solution in H'(2). Since 8. is an orthonormal basis of
L?*(09, do), then (5.2) holds. Thus limy; . wy(x) = w(z) = V.f(x) — Gp(c) f(x) which
is (5.6). O

Note that, for these regions, f € LP(Q) with p > 2N/(N + 2) implies V.f € H*(Q)
0 (5.6) holds for all such functions. Formally this result can be viewed as saying that the
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Dirichlet Green’s function has the representation

Gp(x,y,c) = T Z )(Ses;i)(y)  for (z,y) € Q x Q. (5.7)

Jj=1

That is, the Green’s function is the sum of the fundamental solution and terms in-
volving the Steklov eigenfunctions and their single layer potentials. Note that the terms in
this formula for the Dirichlet Green’s function are not in the space H}(Q) with respect to
either x or y - but they are smooth functions off the diagonal in €2 x 2. It is very differ-
ent from the usual eigenfunction expansion for this Green’s function which is a limit of
functions that are in H}(Q) in z,y separately.

The sum in (5.7) appears to be non-symmetric in x and y. However, if the single
layer potential is a continuous linear transformation of L?(9S, do) to itself then it has
the Steklov representation

(Sesi)( Z bipsk(z with  bjp = (Scs;, Sk)aq, =z € 0Q. (5.8)
The coefficients b;, = by; for all j, k as I'. is symmetric and then (5.7) becomes

Gp(x,y,c) = T Z biksj(x)sk(y) for (z,y) € Q2 x Q. (5.9)

7,k=1

The partial sums of this series are symmetric in z,y. Criteria on 9€) for S, to be a self-
adjoint linear transformation of L%(9S2, do) to itself are known; see Costabel [12] for a
discussion of such results when 0f2 is Lipschitz.

Often attention is focussed on Green’s functions restricted to data f € L*(). Con-
sider the operator B(c) : L*(2) — N(L.) defined by

BOf(@) = B @) = Jm [ Bulewofwdy.  (510)
*Ja

Here v is the boundary trace operator and E, is the extension operator of (4.8). From

the properties of the individual operators, one observes that B(c) is a continuous linear

mapping of L2(Q) to HY(Q) and y(V.(f)) € HY2(0Q). Then E. maps HY?(99) onto

N(L.) C H'(Q) so from Rellich’s theorem, B(c) is a compact linear mapping of L*({2) to

itself.

This operator B(c) will be called the (Dirichlet) boundary correction operator for
L. and Q. The preceding theorem implies the following properties of B(c) as a linear
operator on L?(2).

Corollary 5.3. Assume Q as in theorem 5.2 and ¢ > 0. Then B(c) defined by (5.10) is
a compact self-adjoint linear map of L*(Y) to itself.

Proof.  The compactness is proved above and from theorem 5.2, B(c) = Vo — Gp(c)
with this right hand side a self adjoint operator on L?*(€2). Thus B(c) is self-adjoint. [
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Note also that if w = B(c)(f) and wys is the M-th Steklov approximation, then
the maximum principle yields that ||w — wa|lp.o0 < ||(L — Pa) Lefllo.00 where Py is the
projection onto the space spanned by the first M Steklov eigenfunctions.

When ¢ = 0 there is a similar analysis for the standard zero Dirichlet boundary
value problem for Poisson’s equation. This is the problem of finding u € H} () obeying

/Q[VU-VU — fv]dx =0 for all v € Hg(Q). (5.11)

Now w :=I"* f — u is a solution of Laplace’s equation

Aw =0 on  subjectto w = T'xf on OfL. (5.12)

A function s; € H*(Q2) is a harmonic Steklov eigenfunction on Q corresponding to
the eigenvalue § provided it satisfies the equation

/ Vs -Vuvdr = 5/ svdo for all v e H'Y(Q). (5.13)
Q 09

The least eigenvalue of this is dp = 0 corresponding to the constant functions on 2 and
there is a infinite increasing sequence A := {); : j > 0} of positive Steklov eigenvalues
each of finite multiplicity and with A; — oo as j — oo. The algorithms described in [6]
construct an associated family of harmonic Steklov eigenfunctions Sy := {s; : 7 > 0} that
are an orthonormal basis of L*(99, do).

Let S := Sy be the usual single layer potential for the Laplacian on 02 and define

By(z,y) = Z s;(z)(Ss;)(y) on QxQ and (5.14)
Bufe) = [ Bute)f)dy (5.15)

The following lemma holds with the same proof as lemma 5.1

Lemma 5.4. Assume ) is a bounded region in RY that satisfies (B1) and (B2). Then,
for any M € N, By(.,.) defined by (5.14) is continuous and bounded on Q x Q and
harmonic in each variable separately. For each y € Q, By(.,y) is in H(Q).

As a consequence of this result, each By is a finite rank operator from L(Q) to
H(Q) and the following holds.

Theorem 5.5. Suppose 2 is a bounded region in RY that satisfies (B1) and (B2),
So = {s; : 7 > 0} is an orthogonal class of harmonic Steklov eigenfunctions that is
an orthonormal basis of L*(0Q, do) and f € L' (). If T x f € H'(Q), then the unique
solution of (5.11) in H}(Q) is given by

u(x) = Go(e)f(z) = (U f)(z) — lim By f(z). (5.16)
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Proof.  This is proved in the same way as theorem 5.2. The functions By(.,y) and
By (z,.) each are harmonic on € and continuous on € as the Steklov eigenfunctions and
also the single layer potentials of a function have this properties. The limit in (5.16) is in
any H'—norm. O

Define the harmonic (Dirichlet) correction operator for €2 to be the operator associ-
ated with the strong limit in (5.16) so that

Bpf(z) == EQVF))(x) = lm | Bu(z,y)f(y)dy. (5.17)

< Ja
Here 7 is the boundary trace operator and E is the harmonic extension operator similar
to that in (4.8). Now V is a continuous linear mapping of L?(Q) to H'(Q), so if f € L*(Q)
then v(V(f)) € HY?(09). Also E maps H'/?(0S) onto H(2) C H' () so, from Rellich’s
theorem, Bp is a compact linear mapping of L*(€2) to itself and the following result holds.

Corollary 5.6. Assume 2 as in theorem 5.2, then Bp defined by (5.17) is a compact
self-adjoint linear map of L*(2) to itself.

Proof.  The compactness is proved above. From theorem 5.5, Bp(f) = V(f) — Gp(f)
with this right hand side a self adjoint operator on L?*(€2). Thus Bp is self-adjoint. U

An unusual feature of corollaries 5.3 and 5.6 is that the kernels of the finite rank
operators Bys(c), By are neither symmetric nor L?—orthogonal sums on 2. Yet these
operators converge strongly to the compact, self adjoint boundary correction operators
B(c) and Bp in the H'—norm.

It is worth noting that these formulae provide good results for evaluating, and
approximating, the Poisson kernel P : €2 x 0§2 — [0, oo] for Dirichlet harmonic boundary
value problems using the common expression

P(JJ,Z) = —DVZGD(Q?,Z)

By comparison finite approximations of this formula using eigenfunction expansions give
very poor results since the eigenfunctions e,,(z) = 0 for all m and = € 9.

6. REPRESENTATIONS OF ROBIN GREEN’S F'UNCTIONS.

In this section €2 is a bounded region in RY with N > 2 that satisfies (B2). Consider
the problem of solving the equation (3.1) subject to zero Robin boundary conditions. The
weak version of this problem is to find u € H*(Q) that satisfies

/ [Vu-Vv—FcZuv}dx%—b/
Q

uv do = / fvdx for all v e H'Y(Q) (6.1)
G Q

with b > 0, ¢ > 0 being constants.
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Suppose that the potential function V,.f associated with f is in H'(Q), then w :=
V.f — u will satisfy

/[Vw-VU+02wv}da:+b/ wvdaz/ gv do (6.2)
Q o0 o0

for all v € H'(Q) with g := D, (V.f) + b(V.f).

The solution of this equation is in N (L. ), so it has a representation in terms of the
Steklov basis of N(L. ). Substitute v = s; for each j in (6.2), to see that the solution is

wie) = Y % 5;(z). (6.3)

Here the {s;} are boundary L?—orthogonal.

Let S. be the single layer potential associated with T'. and Q as in (5.5) and D, be
the double layer potential defined by

(Deg)() = / (VLz =) v o) da(a), (6.4)

Then, from Fubini’s theorem, one has
(9, 5i)m = / [(Des;) () + b(Sesy) ()] F(y)dy. (6.5)

Formally the solution is

w(x) = lim ) Rar(z,y,0) fly)dy  with (6.6)
Rulead) = Y 25 (D)) +b(505)(0)]. ©.7)

To ensure that the integrals in (6.6) are well defined the double layer potentials
D.s; must be nice operators on C(052). Double layer potentials have been extensively
studied and their continuity properties depend on the regularity of the boundary 9€2. In
particular it is well-known that they are harmonic on €2 but generally not continuous at
the boundary. The following boundary regularity condition will be required here.

Condition B3:  The region 2 and its boundary 0f2 satisfy (B2) and D, is a continuous
linear transformation of C'(02) to L>(Q).

Benilan [15, chapter 2, section 3.3 proposition 11] shows that this holds when
has a boundary of class C1*¢. His proof is for the case ¢ = 0 but may be extended to
fundamental solutions with ¢ > 0.

Lemma 6.1. Assume Q is a bounded region in RY that satisfies (B1) and (B3) and ¢ > 0.
Then Ry(.,.,b) defined by (6.4) - (6.7) is bounded on Q2 x Q for any M € N, b > 0. For
each y € Q, Ry(.,y,b) is in N(L.).
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Proof.  When (B1) holds then the Steklov eigenfunctions of L. are continuous on
from corollary 4.2 of Daners [14]. Hence from (B3), the double layer potentials D.s; are
essentially bounded on €2 and thus the coefficient of s;(x) is a bounded function on €.
The lemma then holds as Ry(.,y,c) is a finite sum of continuous c-harmonic functions
with bounded coefficients. O

The Robin Green’s function for £, on €2 can now be given by the following formula.

Theorem 6.2. Suppose Q is a bounded region in RY that satisfies (B1) and (B3), b >0
and ¢ > 0. If f € LY(Q) and V.(f) € H (), then the unique solution of (6.1) in H'(Q)
1S given by

u(xr) = Gy(c)f(r) = Vof(z) — lim Ry (w,y,0) f(y) dy. (6.8)

M —oc0 Q

with Ry (., .,b) defined by (6.7). This limit holds in the norm of H'(Q).

Proof. The assumption that V,(f) € H(Q) implies that its boundary trace is in
H'Y2(082) and the function g is in H~1/2(99), so the problem (6.1) has a unique so-
lution in H'(Q2). Since S, is an orthonormal basis of L?*(0S2, do), then (6.3) holds. The
result then holds from the above analysis upon repeated use of Fubini’s theorem and the
fact that 2 is bounded. O

Define the Robin correction operator for L. and €) to be the operator associated
with the strong limit in (6.8) so that

Br(b)f(z) := RO)(B(Vef))(x) = lim Ry(,y,0) f(y) dy. (6.9)

M—oc0 Q

Here § = D, + b~ is the operator associated with the Robin boundary condition and
R(b) is the Robin solution operator of (4.12). When f € L*(Q) then V.f € H'(Q)
so B(V.(f)) € HY2(09). Also R(b) maps H~/2(99) into N(L.) € H'(Q) so, from
Rellich’s theorem, By is a compact linear mapping of L?(2) to itself and the following
result holds.

Corollary 6.3. Assume Q) as in theorem 6.4, b > 0,c¢ > 0 then Bgr(b) defined by (6.9) is
a compact self-adjoint linear map of L*(2) to itself.

Proof.  The compactness is proved above. From theorem 6.2, B = V.. — G(c) with this
right hand side a self adjoint operator on L?(f2). Thus Bg(b) is self-adjoint. O

When ¢ = 0,0 > 0 in the above problem, we have the usual Robin problem for
Poisson’s equation and similar formulae hold with the convention that the index of the
Steklov eigenvalues and eigenfunctions starts with j = 0. Thus the solution is

w(zr) = Z % s;(z) (6.10)

j=0

with g(z) := D, (s f)+b (T f) on 9Q. Here the {s;} are the boundary L?—orthogonal
harmonic Steklov eigenfunctions.
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Let S = Sy, D = Dy be the usual single and double layer potentials associated with
the Laplacian and 0f2 then for b > 0 the analog of lemma 6.1 holds and the M-th partial
sum here is

wi(w) = /Q Rar(,y,b) fy)dy  with (6.11)

j(@)
+9;

Rag(,y.b) = 3 725 [(Ds)(y) +b(55)(v)] (6.12)

Then the following theorem is proved using the same arguments as for theorem 6.2.

Theorem 6.4. Suppose Q is a bounded region in RY that satisfies (B1) and (B3). Let
So :={s; : j > 0} be an orthogonal class of harmonic Steklov eigenfunctions that is an
orthonormal basis of L*(0Q, do). If f € L'(Q2),b> 0 and T * f € H'(Q2), then the unique
solution of (6.1) in H(Q) with ¢ =0 is

u(r) = Gy f(z) = (I'* f)(z) — lim Ry(w,y,b) f(y) dy. (6.13)

M—oo [
The limit in (6.13) exists in the H' () norm.

The last term here is called the Robin harmonic correction operator and is a self-
adjoint compact linear operator on L?(€2) as before. This result may be regarded as saying
that, when b > 0, the Robin Green’s function for the Laplacian has the representation

Gr(z,y,0) = [Cxf)z—y) — Rp(x,y) on QxQ with (6.14)
Riew) = 3 P2 D5)0)+bS5)6] o 9x (619

If b = 0 the problem has a solution if and only if fQ fdx = 0. In this case the
coefficient of so(z) in (6.13) is zero and the formula (6.13) holds. The sum without this
first term is often called a generalized ( Neumann ) Green’s function for this problem.

7. BOUNDARY VALUE PROBLEMS ON EXTERIOR REGIONS

This construction of Green’s functions as modifications to fundamental solutions
also works for Laplacian boundary value problems on exterior regions when N > 3.

A region U C RY is called an exterior region provided its complement is non-empty
and compact. In the following U will always denote an exterior region. Without loss
of generality, assume that 0 ¢ U and write R, := sup{|x|: = ¢ U}. For simplicity the
following analysis will just consider the case of most applied importance; namely regions
in space with N = 3.

H'(U) is the usual Hilbert-Sobolev space and we will generally use the c-inner
product defined as in (4.1) with U in place of 2. We will use the notation Cy(U) for

continuous and bounded functions on U and Cy(U) for continuous functions on U that
converge to 0 as || — co. Given a function f in C'(RY), its restriction to U is denoted
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Ry f. The set of all such restrictions is denoted CY(U) and is a subspace of W1 (U). Let
G'?(U) be the closure of C'(U) in the WP-norm.

The analysis here is based on the results of Auchmuty and Han from [7] and [§]
about Steklov eigenproblems and elliptic boundary value problems on exterior regions.
Assume the following boundary regularity condition for exterior regions.

Condition B4: U C R? is an exterior region with 0 ¢ U. The boundary OU is the
union of finitely many, disjoint, closed Lipschitz surfaces and H'(U) = GY*(U).

When this condition holds, then the Gauss-Green theorem holds and the trace the-
orem for the mapping v : H'(U) — L4(9U, do) is compact when 1 < ¢ < 4. See section
2 and theorem 3.1 of [7]. In particular the compact trace theorem holds for ¢ = 2.

The zero-Dirichlet problem for the regularized Laplacian on U is the problem of
finding v € H}(U) that satisfies

/[Vu~Vv+02uv]d:c = /fvd:c for all v € Hy(U). (7.1)
U U

When ¢ > 0 this is a well-posed problem when f € L*(€2) and there is a continuous linear
map Gy (c) of L*(U) to L*(U) with ||Gy(c)llc < ¢~'. This is proved in a straightforward
manner using the calculus of variations.

Unfortunately when ¢ = 0, this is not a well-posed problem and the physically
correct solutions often are not in L?(U). Rather the variational principle for the solution
suggests that the problem should be posed in a larger function space. Here the problem
will be posed in the space E'(U) of finite energy functions on U described in Auchmuty
and Han [§].

A function v € L} (U) is said to decay at infinity provided, for each ¢ > 0,

loc

Ec.(v) == {x €U :|v(z)| > ¢} has finite Lebesgue measure.

An extended, real-valued function u € T/Vl})cl(U ) is said to have finite energy, provided u

decays at infinity, u € L' (Ug) for some R > R, and |Vu| € L*(U). Define E*(U) as the
class of all finite energy functions on U. It is an exercise to prove that this is a real vector
space. FE'(U) is a strictly larger space than H'(U) when U is an exterior region, as it
contains functions that are not in L*(U).

Let v : EY(U) — L*(0U, do) be the boundary trace map defined as before then the
bilinear form

(u,v)g = /U Vu-Vvdr + /6U v(u) v(v) do. (7.2)

is an inner product on E'(U) and E'(U) is a real Hilbert space with respect to this
inner product. See theorem 3.3 of [8]. For applications this choice of a Hilbert space has
advantages over the weighted Sobolev spaces often used by mathematicians defined as in
Nedelec [22] Chapter 2 section 5. The norm defined by (7.2) has a physical interpretation;
and usually it is much easier to verify that the second integral here is finite in place of
the weighted L? integral of the other spaces.
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Let E§(U) be the null space of the boundary trace operator 7. Then theorem 4.1 of
[8] says that
EYU) = E}(U) @y H(U). (7.3)
where H(U) is the class of all finite energy harmonic functions on U. Note that when
N = 3, harmonic functions that decay like 1/|z| are in H(U) - but not in H(U), so
the use of this space E'(U) is essential if we wish to use this analysis for many physical
problems.

The problem of solving (7.1) now may be studied as one of minimizing £ on E}(U)
where

E(u) = /U [[Vul* =2 fu]ds (7.4)

This variational problem has a unique solution in E}(U) when f € L%°(U) upon using
the Sobolev imbedding theorem. Then there is continuous solution operator Gp(c) :
L5(U) — HY(U).

When the boundary OU of an exterior region satisfies (B4), then the results of section
4 continue to hold with ¢ = 0 when U, 9U replace Q2,99 and E'(U), E}(U), H(U) replace
HY(Q), H}(Q).H () respectively. See section 8 of [8] for precise statements and proofs in
this case. This material will not be repeated here but in the following when a result from
section 4 is referenced and ¢ = 0, these substitutions should be made.

8. DIRICHLET GREEN’S FUNCTIONS ON EXTERIOR REGIONS

The problem to be studied here is to solve equation (7.1) on an exterior region U
that satisfies (B4) with f € L?(U) . The existence and uniqueness of a solution in H*(U)
of this problem holds from straightforward variational analysis. The solution operator of
this problem is a continuous linear map Gy (c) of L*(U) to HY(U) with [|Gy(c)|ls < ¢t
and |Gy ()|l < ¢ V/? for ¢ > 0.

Let V.f be the potential solution defined by (3.6) with the fundamental solution
I'. from (3.5). From Young’s inequality for convolutions one sees that V, is a continuous
linear map of L2(U) to L2(U) N Cy(U) N HY(U). Then w := V.f — u is a solution of the
Dirichlet problem

Low =0 on U subjectto w = V.(f) on OU. (8.1)

When the boundary OU of an exterior region satisfies ( B4), then the results of
section 4 continue to hold with U, 0U replacing €2, 92 throughout. In particular one has
that if N(L.(U)) is the closed subspace of H'(U) of all solutions of (4.2) (with U replacing
2) then

HY(U) = Hy(U) & N(L(U)) (8.2)
where @. indicates that these closed subspaces are c-orthogonal.

In section 5 of Auchmuty and Han [7], the £.—Steklov eigenfunctions of U are
constructed and it is shown that one can find a family S, := {s; : j € N} that is an
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c-orthogonal and maximal in H'(U) and an L?—orthonormal basis of L?(9U, do). See
result 5.2 of [7].

Just as in section 5, one finds that the unique solution w € N(L.(U)) of (8.1) is
given by

w(x) = Nl{im Bu(c)f(x), with (8.3)
M

Buy(e)f(z) == / Buy(z,y,0)f(y)dy and Bpy(z,y,c Z s;(z) (Ses;)(y). (8.4)
U =1

Here Scg(y) = [5; Te(y —2)g(z) do(z) is the exterior single layer potential associated

with £.. For exterior reglons the analog of condition (B2) is

Condition B2e:  0U is Lipschitz and S, is a continuous linear transformation of C'(9U)
to Cb<U)

When this replaces condition (B2), the analog of lemma 5.1 holds - though the proof
requires that Daners’ regularity result hold for these exterior Steklov problems. This may
be proved by approximating the exterior problems by problems on larger but bounded
domains that increase to U. Then the following holds.

Theorem 8.1. Suppose U is an exterior region in R® that satisfies (B4) and (B2e), ¢ > 0
and f € L*(U). Then the unique solution of (3.1) in H(U) is

u(r) = Gplc)f(z) = Vef(z) — lim Bu(x,y,¢) f(y) dy. (8.5)

M —oc0 U

where By is defined by (8.3) and this limit holds in the norm of H'(U).

Proof.  When f € L*(U) then the exterior analog of lemma 5.1 implies that the function
m(c)f defined by (8.4) is a finite sum of functions in N(L.(U)) that also are continuous
and bounded on U.

The function V.(f) is in H'(Ug) where Ug = U N By so its boundary trace is in
H'2(9U), and the problem (8.1) has a unique solution in H'(U). Since S, is an or-
thonormal basis of L?(92, do), then (8.3) - (8.4) holds. Thus limy; .o, By f(2) = w(z) =
Vef(x) — Gp(c) f(x) which is (8.5). O

That is the Dirichlet Green’s function for £. on the exterior region U has the formal
representation

Gp(z,y,c) = T Z s;(2)(Sesj)(y) for (z,y) € U x U. (8.6)

J=1

So again the Dirichlet Green’s function for these problems differs from the fundamental
solution by a boundary correction kernel that involves the £. —Steklov eigenfunctions and
their exterior single layer potentials. Moreover the boundary correction operator is given
by the strong limit of this family of finite rank operators.
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9. THE LAPLACIAN DIRICHLET GREEN’S FUNCTION ON EXTERIOR REGIONS

Unfortunately the analysis of the preceding section does not cover the case ¢ = 0 of
the standard Poisson equation on exterior regions. The (larger) Hilbert space E'(U) of
finite energy functions on U introduced by Auchmuty and Han in [8] is used instead.

A function u € E§(U) is said to be a solution of —Au = f on u provided it satisfies
/ [Vu-Vv — fv] de = 0  forall ve CHU). (9.1)
U

This is the equation satisfied by the minimizers of the convex, coercive functional & of
(7.4) on EL(U). We will require f € L5/°(U) to ensure existence of a unique solution of
this problem.

When V f represents the standard Newtonian potential on R?, the function w :=
V f —u will be a harmonic function on U satisfying the boundary condition w = V f on
OU. This problem has a unique solution in H(U) if and only if v(V f) € HY/?(9U) from
theorem 10.1 of [8].

In section 9 of [8], an algorithm for constructing an L?—orthogonal basis S of
L*(0U, do) consisting of harmonic Steklov eigenfunctions on U is described. For exte-
rior harmonic problems the least Steklov eigenvalue is 9; > 0 so the basis is denoted
S:={s;:j€eN}L

Then the unique harmonic function w € H(U) obeying this boundary condition is

w(x) = lim By f(x), with (9.2)
M—o0

By f(x) = /U Bu(x,y)f(y)dy and By(z,y) := Z s;i(z) (Ss;)(y). (9.3)

Here Sg(y) = [,, T(y — 2)g(z) do(z) is the usual Lapla(nan exterior single layer
potential.

Theorem 9.1. Suppose U is an exterior region in R* that satisfies (B4) and (B2e) and
f € LS3(U). Then the unique solution of (9.1) in EX(U) is

u(x) = Gp(e)f(z) = Vf(x) = lim [ Bu(z,y)f(y)dy (9.4)

M—o0 U

where By is defined by (9.3) and this limit holds in the norm of E*(U).

The proof of this is essentially the same as that of theorem 8.1. Thus the Dirichlet
Green’s function for the Laplacian on the exterior region U has the formal representation

Gp(z,y) = 'z — Z x)(Ss;)(y) for (z,y) e U x U. (9.5)
7j=1
That is Dirichlet Green’s function on exterior regions differs from the Newtonian potential
by a boundary correction kernel that involves the harmonic Steklov eigenfunctions and
their exterior single layer potentials.
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When U is the exterior of a ball in R? the exterior Steklov eigenfunctions are pre-
cisely the exterior spherical harmonics. In physics a representation of harmonic functions
via exterior spherical harmonics is called a multipole expansion so the representations ob-
tained here may be regarded as a generalization of multipole expansions to more general
regions than the exterior of a ball. In particular multipole expansions often have very
rapid convergence properties at a distance from the boundary 0U so physicist generally
use relatively few terms in their approximations.
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