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Lecture 1; 8/22/2004
Please review material you have had in the past on metric spaces and the analysis of R"™.
Most of the following material is in Berkovitz chapter 1, sections 1-7.

1. Norms on R".

R™ is the vector space of all n-tuples of real numbers. It is a vector space with
respect to the operations + and . defined for z,y € R", ¢ € R by

r+y = (r1+y1, T2+ Yo, o, T +Yn) and cx = (cx ca, ..., cTy)

A norm on R" is a function p : R" — [0, 00) with the properties;

(i): p(z) > 0 and p(z) = 0 implies = 0,
(ii): (homogeniety ) p(cx) = |c|p(z),
(iii): (triangle inequality) p(x +vy) < p(z) + p(y).

Often norms are denoted ||z|| instead of p(x). Three examples of norms on R"™ are the
following;;

Ex 1.1 The Euclidean norm is  ||lzflz == (3]}, |2;%) /2.
Ex 1.2. The l-norm on R™ is  [|z][y = Y 7_, |-

Ex 1.3. The co— (or max-) norm is ||z = 712 |2;].
For any p € [1,00), the expression |[z|, = {3 7, |z;|P}/P is a norm on R™.
For all such p, it is easy to show that (i) & (ii) of the properties of a norm hold. The fact

that ||z + y|l, < ||l=|l, + ||y]l, holds is Minkowski’s inequality.

The expression ||z||, is defined for all p > 0 but when 0 < p < 1, it is not a norm
as it does not satisfy the triangle inequality (iii) and the unit ball with respect to ||.||, is
not a convex subset of R".

For each 1 < p < oo, the open ball BP(a), the sphere SP(a), and the closed ball
B’(a) of radius r and center a in R™ with respect to the p-norm are the sets defined by

BP(a) = {zeR":|z—ad|,<r}
SP(a) = {xeR":|x—al,=r} and
By(a) = {zeR":|z—al,<r}=Bla)US;(a)
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When p = 2, we usually omit the superscript and often write |z| in place of ||z||5.
In this case the 2-norm is the norm induced by the inner product

n

(wy) = > (1.1)

i=1

If T is a nontrivial subinterval of R, we say that a function f is decreasing (or in-
creasing) on I provided that 1 < x5 in I, implies f(x;) > (<) f(z2). The function is strictly
decreasing (strictly increasing) on I provided that z1 < x5 in I, implies f(x1) > (<) f(z2).

Theorem 1.1 For any non-zero x € R",p > 0, ||z, is a decreasing function of p. It is
strictly decreasing if x has more than 1 non-zero component.
Proof: Fix z(# 0) € R and consider

n

fp) = p7' I (Y Jal") = I (ll]l,)

i=1

Let m = ||z]o and y := x/m. Express f(p) in terms of y and differentiate with respect
to p, then a computation shows that f’(p) <0 for all p > 0.

Corollary 1.2 For 0 < p; < py < o0, BPi(a)C B (a).

A sequence I' := {z® : k > 1} C R" converges to a point & in the p-norm
provided
klim |2® — 2], = 0.

That is for any € > 0 there is a K (¢) such that k& > K(¢) implies [|z® — || < e.
This convergence does not actually depend on p, as a consequence of the following results.

Theorem 1.3 If a sequence I' C R™ converges to a point & with respect to ||.||, for some
p € [1,00), then it converges to & in every ||.||,, 1 < p < o0.

This theorem follows from the following general inequality.

Theorem 1.4 Suppose 1 < p < ¢ < oo and x € R"\{0}, then

0< Jlally < llzll, < w771 ||z, (1.2)

We'll prove this later. To prove convergence of a particular sequence, we’ll usually
choose the most convenient value of p.



In general if T' is any subset of, (not necessarily a sequence in), R™, a point
a € R” is said to be a limit point of I" provided that for any € > 0, there are points in

I'0 (Be(a)\{a}).
A subset U of R" is said to be open if for each x € U, there is an € > 0 such that
B.(z) CU. A subset U of R" is closed if R"\ U := {x € R":z ¢ U} is open.

A subset U of R" is compact if it is closed and bounded. Suppose K C R" is a
compact set, then a basic result in metric topology says that every infinite subset of K
has a limit point in K.

Lecture 2; 8/24,/2004.

2. Metric spaces, infs and sups

This semester we will generally work with metric spaces. Here I'll collect the
basic definitions in forms that will be used. If you’ve done more analysis, you may have
seen more general definitions than the one’s given here - and these definitions will be
theorems in that case.

Let (X,d) be a metric space. A sequence I' := {z} : k > 1} converges to an
element x of X provided
lim d(zg, z) = 0.

k—o0
In this case we say that x is the limit of the sequence I". To prove that this holds one
generally shows that

For any € > 0, there is an N such that n > N = d(zg,x) < e. (2.1)

A metric space (X,d) is complete provided every Cauchy sequence in X has a limit
in X. That is if I := {x,, : n > 1} is a Cauchy sequence in X then there is an 2 € X such
that lim,,_, z,, = .

The metric space (X,d) is compact if every sequence in X has a subsequence which
converges to an element of X.

Obviously a compact metric space is complete, but the converse doesn’t hold.

The extended real line R.

The extended real line is the set

R = RU{too} = [—00, 0]. (2.2)
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It is a totally ordered set with the usual order on R together with —oco < x < oo for each
real number € R. T will call an element of R a number. The finite numbers will be
called real numbers.

R is a metric space with respect to the metric

/y dt
. 1422

The proof that this is a metric is straightforward (Please verify this yourself).

de(z,y) =

= |arctan(y) — arctan(z)|. (2.3)

Convergence on R may be compared with with convergence on R. A basic result
is the following

Theorem 2.1 R with the metric (2.3) is a compact metric space. Let {z,, : n > 1} be a
sequence of points in R which converges to z in R, then it also converges to z in R.
Proof: The proof that this space is compact is an exercise in metric space topology. The

proof that the sequence converges wrt the metric d. follows as

/f dt
2, 1+t

A

|2 —x,| as

1
<1

for all t.

Note that while R is complete - but not compact, R is both complete and compact.
The following example shows that a sequence may converge in R but not in R.

Ex 2.1.  The sequence {1,2,3,...,n,...} does not converge in R. It converges to oo in R
since

*dt
de(n,c0) = / o= g — arctan n

Given € > 0, choose an N, sufficiently large that 7/2 — arctan(N,) < €. Then for n > N,
de(n,00) < de(Ne,00) < €. So de(n,00) — 0 asn — oo in R.

Corollary 2.2. A subset K of R := [-00,00] is compact if and only if K is a closed
subset of R.
Proof: This is a special case of the general theorem that subset of a compact metric

space is compact if and only if it is closed.

Ex 2.2: [1,00] is compact in R. It is not compact in R in view of the example in Ex 2.1.



The usual definition of scalar multiplication may be extended to products of o0
and a real number ¢ by

00 if ¢>0
c. (o) =40 if ¢=0
-0 if e¢<0.

and c¢.(—00) = (—c).(c0). These formulae also hold for ¢ = +oo - so multiplication is
defined for any two elements of R.

Addition is given by the following convention when ¢ € R.

(i.) c+o00 = 00, 00+ 00 = 00.
(ii.) c+ (—o0) = —o0, —00 + (—o0) = —o0.
(iii.)  The expression 0o + (—o0) is not defined.

In view of (iii), R is not a vector space.

When A is a subset of R, then the set cA is defined by cA := {cx : x € A}. In
particular, —A := {—z : = € A}. When A, B are subsets of R, then the set A+B is
defined by A+ B:={z+y: v € A, y € B}. Similarly A—B:={x—y: x € A, y € B}.
The set theoretic difference will be denoted A\ B :={x: = € A &z ¢ B}.

Infima, Suprema, Minima & Maxima.

Let E be a non-empty subset of R. v € R is a lower bound for E provided v <
for all x € E. Similiarly, v is an upper bound for E provided v > x for all x € E. Thus
e —c0 is a lower bound for every nonempty subset E of R.
e 00 is a upper bound for every nonempty subset E of R.
e Every element of R is both a lower bound and an upper bound of the empty set 0.
(Why?)

We say that « is the infimum of E if « is a lower bound for E and when ~ is any
lower bound of E, then v < «. Similarly, § is the supremum of E if 3 is an upper bound
for E and when ~ is any upper bound of E, then 7 < ~.

When E is any subset of R, its infimum will generally be denoted a(E), and
its supremum will be denoted B3(FE). The infimum and supremum are unique; lower and
upper bounds generally are not unique.

Applying these definitions to the empty set, you observe (?) that a(f)) = +oo

and ((0) = —oc.

Ex 2.3:  Suppose E := (0,1). Then any v < 0 will be a lower bound for E and 0 is the
infimum of E. Similarly, any 0 > 1 will be a upper bound for E and 1 is the supremum of E.



Theorem 2.3 If E is a non-empty subset of R, then E has a unique infimum «(E) and
a unique supremum (3(E) in R. Moreover o(E) < 5(FE).
Proof: When E is a non-empty bounded subset of R, this is often an regarded as an

axiom of the real number system. Alternatively (as in Rudin) the real numbers are con-
structed to ensure this property holds. When —oo € F, then a(E) = —oo. If E is a subset
of R which is not bounded below, the definition implies that a(E) = —oo. Similarly for
suprema.

Thus for any = € E, we have a(F) <z < §(F). Note that when £ = (), the last
inequality in this theorem does not hold.

When E is non-empty we say that « is the minimum of E if inf{z : x € E} is in
E. Similarly, if B(E) € E, then B(F) is the mazimum of E.

Ex 2.4: (0,1) has no maximum or minimum. [0,1] has both a maximum and a minimum.

With the conventions for —A, we see that
B(A) = sup{x:z € A} = —inf{—-z:2€ A} = —a(-A)

or a(—A) = —pB(A) for any non-empty set A € R.
There is an algebra for infs and sups with respect to unions and intersections.
Let {E; : j € J} be a family of subsets of R. Then

a(UjesE;) = inf{x:xz € E; for some j € J} = infjc {a(E;)}.

Also
a(NjesEj) = supjes a(Ej) if Njes B # 0, and similarly

6(UjeJEj) = SUpjeJ{ﬁ(Ej)};
B(NjesE;) = infie {B(E;)} if  Njes Ej # 0.

3. Minimization of Continuous Functions.

Let K be a non-empty set in R and f : K — R be a continuous function. The
infimum of f on K is

alfi K) == infrex f(x) (3.1)



and this number always exists in R. It is called the value of the problem. When there is
a point & € K such that f(Z) = infeex{f(z)}, then Z is called a minimizer of f on K.
When K = R", K is often omitted and we write a(f) for a(f;R").

Ex 3.1. The function f : R — R defined by f(z) = €® is continuous.

alf;R) = infier €® = 0, but there is no minimizer of f on R.
Ex 3.2. Let K := [-7/2,7/2]. Define f: K — [—00, 00| by
-0 if x=-—-7/2
flz) =« tan x if |z| <7/2
00 if z=m/2

Then f is continuous with respect to the metric d, on R. The value a(f; K) =
—oo and —7/2 is the minimizer of f on K.

Ex 3.3.  Define f: R — R by
In |z| if |z|#0

—o00o if z=0

This f is even and continuous as a map of R into the metric space (R, d,). The
value a(f) = —oo and 0 is the (unique) minimizer of f on R. The supremum of f on R
is 0o, but there is no maximizer.

Lecture 3; 8/29/2004

General Optimization Problems.

Let (X, d) be a complete metric space and f : X — R be a continuous function.

The minimization problem for f on X is to find

alf; X) = infiexf(x) and (3.2)
M(f) = {reX:flz)=alf; X)}. (3.3)

The set M(f) is called the set of minimizers of f on X. a(f;X) is the value of
this problem.

The mazimization problem for f on X is to find

B(f; X) = supgexf(xz) and (3.4)
M(f) = {zeX:flx)=p8(f;X)} (3.5)
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One has B(f; X) = —a(—f; X) and a point & maximizes f on X if and only if it minimizes
—f on X. Thus a maximization problem can be converted into a minimization problem
and vice versa. We shall concentrate on minimization problems.

A sequence I' := {z®) : k > 1} C X is a descent sequence for f on X provided
f(z®D) < f(2®) for all k& > 1.

[ is a strict descent sequence if f(z*+D) < f(z®) for all k > 1.

I' is a minimizing sequence for f on X if it is a descent sequence and also

lim f(zV) = infis1 f(2W) = af; X).

k—o0

Existence of Minimizers of Optimization Problems.

This semester we will primarily consider problems where X is a closed subset of
R™. To prove the existence of minimizers we usually use the following basic theorem from
elementary real analysis.

Theorem 3.1 (Bolzano-Weierstrass) A subset K of (R, |.||,) is compact if and only if
K is closed and bounded.

The next result is called the fundamental existence theorem in Berkovitz, Chapter
1, section 9.

Theorem 3.2 (Weierstrass) Suppose K is a non-empty compact subset of a complete
metric space (X, d) and f: K — R is continuous, then

(i) af; K) == infoer f(x) and G(f : K) := supex f(x) are finite,
(ii) there are points z,y in K such that f(2) = a(f; K) and f(y) = 5(f; K).

Proof: (i) When f is continuous, K is compact, then f(K) is a compact subset of R.
Hence it is closed and bounded and «(f; K), 3(f, K) are finite.

(ii). Select a minimizing sequence {z*) : k > 1} for f on K as follows. Choose (! to
be any point in K. If 2() is a minimizer of f on K, put 2 = 2@ for all k£ > 1. If 2™
is not a minimizer of f on K, then choose a point ® € K with f(z®?) < f(z™).

Continue, either we find a minimizer in a finite number of steps, or we have a
strict descent sequence. In the first case, a(f; K) = f(z®) for some [ > 1 will be finite. In
the second case choose the sequence so that f(z®)) — a(f; K). Since K is compact there
is a convergent subsequence {z(*s) : 5 > 1} and there is an Z in K such that %) — 3 € K.
Then f(z*)) — f(#) as f is continuous, f(#) = a(f; K) and this is finite. Hence (i)
and (ii) hold for minimization.



The results for maximization hold by using the same arguments with — f in place

of f.

Comment: This is an existence theorem which is not ”constructive”. The argument
does not provide an explicit way (ie a specific algorithm or construction) that produces
2**Y when f and 2® are given or known.

Corollary 3.3 Suppose K is a non-empty compact subset of a metric space (X, d) and
f: K — R is continuous, then there are points #,7 in K such that f(2) = a(f; K) and
f(@) = B(f; K).

Proof:  a(f;K) := infeexf(z) and B(f : K) := supycxf(z) exist as numbers in R.
The construction of the theorem generates a minimizing sequence for f on K. Since K is
compact, this sequence has a convergent subsequence and this subsequence has a limit z
in X which is also in K. By continuity Z is a minimizer of f on K. (Please make sure you
understand why each of these statements holds.)

Ex 3.4 The function £ : R — R defined by E(z) = e” for # € R, E(—00) := 0, E(00) :=
oo is continuous. It is the continuous extension of e® to R. Thus, from corollary 3.3, since
K := R is compact, there is a minimizer of E on R. In fact a(E;R) :=in e ¢ =0,
and —oo is the unique minimizer of E on R. Similarly oo is the maximizer of E on R.

Note that the infimum and supremum of e* on R are 0, co respectively - but they
are not attained on R.

Let f : X — R be a given function and ¢ € R. The level sets (or contour sets) of f are
defined to be

L(f) = {r € X fx) = c}
The synoptic (or sublevel) sets of f are
Se(f) ={x e X : f(z) <c}.
The function f is said to be proper provided f(z) # —oo for any x € X. That is the
range of f = f(X) C (—o0, 0].
Ex 3.5. Define L: R — R by
() :{ In |z| if |z|#0

-0 if =0

This L is even and continuous as a map of R into the metric space (R, d.). This
function is not proper - since L(0) := —oo. The value a(L) = —oo and 0 is the (unique)
minimizer of L on R. The supremum of L on R is 0o, but there is no maximizer.
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Corollary 3.4. Suppose f : R — R is continuous and the set S,(f) is non-empty and
bounded for some real ¢, then there is an & € R™ such that Z is a minimizer of f on R".
Furthermore, if f is proper then «(f) is finite.

Proof.  Since f is continuous, S.(f) is closed in R™ for each real c. Choose ¢ so that
this set is bounded and non-empty then it is compact and we have a(f) = infres.(p) f ()
. (Why?). Use corollary 3.3 with K = S.(f) then f has attains its value on S.(f) or there
is an & € S.(f) such that

f(&) = infoes.(r) f(x) = a(f). (3.6)
When f is proper then f(x) # —oo for any x, so this implies that a(f) is finite as it is
attained.

A function f :R"™ — R is said to be weakly coercive if
f(z) = 400 as |z| — oo.

It is coercive if
lim |z|7'.f(z) = oco.

|z|—o0

Homework Pb 1.6 Prove that if f : R" — R is continuous and weakly coercive then
a(f) is finite and M(f) is non-empty.

Ex 3.6. If f(x) := (a,x)+b, x€R" then

. | —oo ifa#0
xleann f(x)—{ b if a =0

When a = 0, the set of all minimizers of f on R™ is R™. This is also the set of all maxi-
mizers of f on R™.

Ex 3.7. 1If f(z) := ax?+br+c, x€R, a>0,then

: b?
anxe]R f(ZL’) =C— 4_(1

and this function has a unique minimizer & = —b/2a.

Ex 3.8. If p(z) = %™ 4+ a12*™ 1 + ... + agm_1T + aa,, is a polynomial of even degree on
R, then a(p) := inf.er(p(x)) is finite and there is minimizer Z of p on R. When m > 2,
this minimizer need not be unique.

Ex 3.9. If p(z) = ¥ + a12%™ + ... + a2mT + A1 is a polynomial of odd degree, then
a(p) = —oo and there is no minimizer of p on R.
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Lecture 4; 9/1/2004

4. 1-d Local Minimization

We shall first treat one-dimensional optimization in detail and will generalize
these techniques to n-dimensional problems later.

Suppose f : R — R is a continuous function. Just as before, define

a(f) = infeerf(z) and M(f) = {zeR: f(z) = a(f)}.
Sometimes the elements of M(f) are called the global minimizers of f; remember that
M(f) may be empty.

Definitions. A point 7 in R is
(i) a local minimizer of f if there is a 6 > 0, such that

f(x) = () for [x — 2] <,

(ii) a strict local minimizer of f if it is a local minimizer and f(z) > f(&) when
0<|z—2z|<9,

(iii) an isolated local minimizer of f if & is a local minimizer of f and there is a 6; > 0
such that f has no other local minimizer ¥ in |Z — 2| < d;.

Comment. A local minimizer could be a local and/or a global maximizer of f. However,
a strict (or isolated) local minimizer cannot be a local maximizer. Below, in result 4.1, it
will be shown that (iii) = (i) = (i) above.

2224 cos(z™)) z#0
0 x=0"
f is an even function and for all z, 2% < f(x) < 322

Ex 4.1: Consider f(z) =

This function has infinitely many positive local minimizers {z; : kK > 1} C (0, 2]}
which have a limit point at 0. Each of them is an isolated local minimizer. 0 is the
unique global minimizer and it is a strict minimizer of f on R, but 0 is not a isolated
local minimizer of f.

Result 4.1:  If 2 is an isolated local minimizer of f on R, then 7 is a strict local mini-
mizer.

Proof. Choose 62 = min(d, 6;) where d,0; as in the definitions (i) and (iii) of an isolated
local minimizer. Let Iy = (Z — 02,2 + 02). If & is not a strict local minimizer, then there
exists & € I such that f(Z) = f(£). But this implies Z is a local minimizer of f as
f(x) > f(z) on (z — 0,% + §). Contradiction. So Z is a strict local minimizer.

12



Limits, liminfs and limsups

Calculus is based on being able to take limits - and work with the resulting
expressions - such as integrals and derivatives. For optimization theory, mathematicians
have recently (since 1964) developed some better versions of differential calculus than
what you learnt as an undergraduate - theories that were based on the work of Cauchy
in the early 19th century.

An infinite sequence I' := {z®) : k > 1} C R is said to be increasing (resp.
decreasing) provided z 1) > 20 (vesp. 2+ < 20 If it is either increasing or
decreasing, then the sequence is said to be monotone. When I' is an increasing (decreasing)
sequence, then

li (k) — (k) — inf 2. 4.1
e = e (or= Qule) e
These limits may be £o0.

In general a bounded infinite sequence of real numbers need not have a limit.
However every bounded sequence does have a liminf and a limsup defined as follows.

liminf z® := sup inf z® and limsupz™®™ := inf sup z® (4.2)
k— 00 >1 k>l k—o0 121 k>

These always exist and are finite when the sequence is bounded. More generally
the definition (4.2) works for unbounded sequences, or for sequences of points in R. In
this case the liminf or limsup could be £+oo. In particular every sequence I' of points in
R has a liminf and a limsup and

liminf I' < limsup I’

The sequence has a limit v € R if and only if these two numbers are equal to 7.

Ex 4.2.  Define a sequence by x9,11 = 1 — (1/m) and xg,, := —1 4+ (1/m). Then
-1 < x,, <1 for all m,
liminfz,, = lim 29, = —1 and also
limsupx,, = lim 29,11 = 1

Comment:  This definition of liminf and limsup does NOT involve a metric. There is
no € here, just infs and sups. More generally one can define the liminf and limsup of a
countable family of sets; see the attached problem from page 3 of Frank Jones book on
Lebesgue integration.
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Suppose I := (a,b) is an interval, f : I — R is a function and ¢ € [a, b]. Define
fr(c) :==inf {f(x):x € and |z —¢| < 1/k}
The sequence {fx(c) : k > 1} is an increasing function of k, so we define

liminf f(z) := leIEO fr(c) = sup fi(c).

r—c k>1

Since the supremum of an increasing sequence always exists, this liminf exists as either a
number or +00. When ¢ € I, then fi(c) < f(c) for all k, so that liminf, .. f(z) < f(¢).
In a similar manner you can define limsup,_,, f(z). (Please try).

Ex 4.2: The function f(z) := sin(z™') does not have a limit as + — 0. However the
set of all limit points of f(x) as * — 0 is [-1,1], so that liminf, . sin(z™') = —1 and
limsup,_, sin(z™!) = 1.

Necessary Conditions for a Local Minimizer.

In the following theorem, we use the concept of left and right derivatives of f.
These are defined as follows by using 1-sided difference quotients. Suppose f : (a —d,a +
d) — R is a function then

Dif(a) = lim ¢ [fla+) - f(a) (13)
D_f(a) = Jm[f(a)~ fla— )/l (1.4)

These need not exist, but if they do and they are equal and finite, then f is said to be
differentiable at a; The derivative of f at a will be denoted by either f’(a) or Df(a).

Theorem 4.2. Suppose [ : (a,b) — R is continuous and Z is a local minimizer of f on
(a,b), then

(1) lLminfi_o|k|™" [f(Z2+h) = f(2)] >0 (4.5)
(ii)  if f has left and right derivatives at z, then
D_f(z) <0 and Dyf(z)>0.(4.6)
(i)  (Fermat’s rule) if f is differentiable at &, then f'(z) = 0. (F)

Proof. (i) From the definition of a local minimizer, there is a § > 0, such that
|h| <6 = f(z+h)— f(z) > 0. That is,

["Uf(+h) — f(@)] >0 for 0<|h| <6
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Take lim inf of this as |h| — 0, then (i) follows.
(ii)) When z is a local minimizer of f, then from the criterion (i)

RHf(R+h)— f(#)] >0 for 0<h<J.

Take the limit of this as h — 0, then D, f(#) > 0 - whenever this limit exists.

When h is negative then the inequality sign here is reversed so D_f(z) < 0.
whenever this limit exists.
(iii) If f is differentiable at Z, then D_f(z) = Dy f(&), so part (ii) of this result implies
that this common value must be 0 or (F) holds.

Ex 4.1 (continued). The function f described in example 4.1 above obeys (i) but not (ii)
or (iii) at its global minimizer z = 0. (Determine the derivative and see what happens
as = approaches zero.) It has infinitely many other local minimizers - all of which satisfy
(ii).

Ex 4.3: The function f(z) = |z| has a unique local minimizer at £ = 0. f is not
differentiable at 0, but D_ f(0) = —1 and D, f(0) = 1. So (i) and (ii) of the theorem hold
- but not (iii).

These are said to be sufficient conditions for a local minimizer because a point
in (a,b) could obey (F) or (ii) without being a local minimizer of f on (a,b). A simple
example is f(z) = 23 which has f/(0) = 0 but 0 is not a local minimizer.

Note that if Z is a local maximizer of f on (a,b), then conditions (i) and (ii) in
this last theorem change (to what?) - but condition (iii) remains true.

A point Z € (a,b) is said to be a critical point of f if f is differentiable at Z and
f(@) =o.

Second Derivative Conditions

If z is a local minimizer of f then the following second derivative-type conditions
must hold at z. It is called a necessary condition for Z to be a local minimizer.

Theorem 4.3 Suppose f : (a,b) — R is continuously differentiable and z is a local
minimizer of f.

(i) If Z is an isolated critical point of f, then

lim inf Rt (3 +h) = ¢ > 0(4.7) (4.5)
(i) If f"(2) exists, then f”(z) > 0. (4.8)
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Proof:. (i) Suppose Z is an isolated critical point, then there is a 6 > 0, such that
0 < |h| < & implies that |f'(Z + h)| # 0.

Thus h™! f/(Z + h) is of constant sign on the intervals (-4, 0) and (0,6). If ¢ < 0, in (4.3),
then there is a h; such that

it (@) < % <0and 0 < |hy| <6.
h
Suppose hy > 0, then f(Z + h) — f(2) = / f(Z+s)ds < 0 for 0 <h < hy.

0
This contradicts the assumption that Z is a local minimizer.
Similarly, if h; < 0, ¢ < 0,  will not be a local minimizer, so we must have ¢ > 0.
(ii) If f"(2) exists, then f”(%) = limy_o h™' f'( +h) = c. From part (i), we must have
c>0.

Again what is the analog of this result if Z is an isolated local maximizer?

When a point Z is a critical point of f on an interval then the following result
guarantees that it is a local minimizer. It is a sufficient condition to be a local minimizer
of f on (a,b).

Theorem 4.4 Suppose f is C! on (a,b), 2 € (a,b) is a critical point of f and (i) of
theorem 4.3 holds with ¢ > 0. Then Z is an isolated strict local minimizer of f on (a,b).
Proof: When (4.7) holds with ¢ > 0, there is a § > 0 such that

|n| <6 = K@+ h)>c/2

h h
Then  f(Z+h)— f(2) :/0 (&4 s)ds > (c/2) /0 sds = (c/4)h?.

for 0 < |h| < 4. Hence # is an isolated strict local minimizer of f.

Comment: Just as in theorem 4.3, the conditions of this theorem hold provided f”(z) > 0.

Lecture 5; 9/8/2004
5. Existence of Local Minimizers.
Under a variety of conditions, the existence of a local minimizer of a function on
an interval can be guaranteed. T'wo useful criteria are the following; the first just involves

the function f, the second involves the derivative f’. It usually helps to sketch some
graphs to visualize the following results.

16



Theorem 5.1 Suppose f : [a,b] — R is continuous and there exist

a <y <3<y <b suchthat f(r3)<min (f(z1), f(z2)). (5.1)
Then there is a local minimizer of f on [a, b].
Proof: From Weierstrass’ theorem, a = [inf : f(z) is finite and there is a point & €
1,72

[x1, x9] such that f(Z) = a. Now (5.1) implies that Z is neither z; nor x5, so there will
be an & in [z1, 5] which is a local minimizer of f on [a, b].

In the following we say that a function f is differentiable on the closed inter-
val [a,b], provided f is differentiable at each point in the open interval (a,b) and also
D, f(a) and D_f(b) exist and are finite. In this case we usually write f’(a), f'(b) for
these derivatives. f is continuously differentiable (C') on [a,b] if the resulting function f’
is continuous on [a,b].

Theorem 5.2 Suppose f : [a,b] — R is C* and there are x, x5 € [a,b] such that
a<z <z9<b and f/(LE'l) < 0 < f/(l’g). (52)

Then there is at least one local minimizer & of f in (x1,x2) and f'(z) = 0.
Proof: Since f'(x1) < 0, there is § > 0 such that f(x; + ) < f(21) and similarly

f(ze —6) < f(x2), as f'(x2) > 0. Take x3 to be either x; + J or xo — 0 so that
f(z3) = min (f(21 +6), f(22 —0))
Then f(x3) < min (f(z1), f(z2)). From Theorem 5.1, there is a local minimizer & of f in

(z1,x9). Since f is C' on (a,b), the local minimizer will be a critical point of f.

You may find it interesting to work out what the corresponding criteria are for
local maxima. What do you need to change in these results to have a corresponding result
for local maximizers?

Error Estimates and Uniqueness for a Local Minimizer.

The following theorem is the usual result used to prove the uniqueness of a local
minimizer.
Theorem 5.3 Suppose [ : [a,b] — R is C' and there is a ¢o > 0, such that
(i) flxe) — f'(z1) > co(we —x1) foralla <z <2y <b, and

(i) f'(a)f'(b) < 0.
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Then there is a unique minimizer Z of f on (a,b) and
|z — 2| < o™t | f(2)] for any = € (a,b). (5.3)
Proof: From (i), f'(b) > f'(a) + ¢o(b— a), so (ii) implies that f’(a) < 0 and f'(b) > 0.

Now theorem 5.2 implies there is a local minimzer & of f in (a,b) and f'(z) = 0.

When a < 27 < z, then (i) implies that f'(z)— f'(z1) > co (—z1) > 0. Thus f'(x1) <0
Similarly, & < xo < b, implies that f'(z3) > 0. Thus & is the unique critical point of f in
(a,b).

When z € [a, ), then from (i)

fl@) = f'2) = co (@ =) or |t—a]<c™ |f(2)].
Similarly, when z € (2, 0], so (i) implies (5.3)

Comments 1.  Condition (i) holds provided f is C* on (a,b) and f”(x) > ¢y > 0 for all
x € (a,b) from the differential mean value theorem.

2. (5.3) is the basic error estimate in 1-d optimization. It is used as a stopping condition
in most algorithms for minimization. One seeks points where |f’(z)| is sufficiently small
and then (5.3) provides an upper bound on the distance to the local minimizer in [a,b]. -
provided we know cy.

6. Convex Functions on an Interval

Let I be a closed nonempty interval in R. That is [ = (—o00,00), or [a,c0) or
(—00,b] or [a,b] with —oo < a < b < co. Usually we assume the interior of I # () (that is
I is not a single point or b # a).

A function f: I — (0,00) is convex provided

f((A=t)x+ty) < (1 —1t)f(z)+tf(y) forall 0<t<1, =zyel, (C)

It is strictly convex if inequality holds in (C) whenever x # y and 0 < ¢ < 1.

We first need some criteria for a function to be convex on a closed interval.

Theorem 6.1 Suppose f : I — R is such that for each x € [ there is a n € R such
that

fly) = f@) + n(y—=x) forall yel (5.1)

then f is convex on I.
Proof.  Choose x <y € I and put z := (1 —t)z +ty with 0 < ¢ < 1. Then (5.1) implies

f@) =2 f(2) +ne—=2) = f(z) +nt(zr —y)
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where 7 := n,. Similarly

fly) = F2)+nly—2) = f(z2) +n(l —1)(y —2)

Multiply first equation by (1 — t), second by ¢ and add to find

(1 =0)f(x) +tf(y) = f(2)

so f is convex on I.

Corollary 6.2 Suppose f : I — R is such that for each z € I there is a n € R such
that

fly) > fle) + n(y—x) forall yely#u, (5.2)
then f is strictly convex on I.
Proof.  Just as for the theorem - but with strict inequalities.

Corollary 6.3 Suppose f : I — R is differentiable at each point x € I. Then f is
convex on I if and only if

fly) > flx) + f'(x) (y—x) forall z,y €. (5.3)

It is strictly convex on I iff (5.3) holds with > in place of > and y # x.
Proof. ~ When (5.3) holds then f is convex on I from the theorem. Conversely if f is
convex on I, 0 <t <1 then

fly) = A=t +ty) = (A=) f(@)] = fl@)+ Q/1)[f(+ty —2) - f(z)).

for all x,y € I. Let t — 07 in this inequality then (5.3) holds. Similarly for strict
convexity.

This last corollary says that the graph of the function z = f(x) lies on, or above,
its tangent line at each point in I.

Example 6.1.  f,(x) := |z|P is convex on R when p > 1. —f,(x) is convex on (0, c0)
when 0 < p < 1. (Sketch the graphs of these functions; they are even so it is enough to
graph them on [0, 00).)

0 |zl <1
Example 6.2.  Define fo(z):= lim f,(z) = 1 Jz|=1
p—00

oo x| >1
This is a convex function on R (with values in [0, oco]).

Example 6.3  f(z) := e* is convex on R  for any choice of a € R.
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Example 6.4.  f(z) := { g Iz i i 8 is convex and continuous on [0, 00).

Theorem 6.4 Suppose f: [ — R is convex and x; < x9 < x3 are in I, then

f(ws) = f(@1) _ flws) = flon) _ flws) = flwn) (CS)

To — X1 - T3 — I - T3 — Xo

or S1a < Siz < Sy where S;; = slope of f on the interval [z;, z;].
Proof: Since x5 € (21, z3), there is a t € (0,1), such that x5 = (1 — t)x; + tas.

1;1£0H;)(C), fx2) < (1 =1)f(21) +1f(25). Rearrange this, then f(x3) — f(x1) < ¢(f(xs) —

flw2) = flan) _ Uf(s) = f(1))

To — X1 t(l’g — ZL’l)

as ro — X1 = t(l’g — ZI,’l). Thus 512 < 513.

A different rearrangement yields
f(xs) = f@2) 2 (1 = )(f(xs) — f(21)).
So, using the expression for xo again, x3 — xo = (1 —t)(2z3 —z1) and thus,

f(x3) — f(x2) > (1 —)(f(x3) — f(%)).

T3 — T2 (1—t)($3—l'1)

This yields Sz, > S3;.

Let 2o — xf or y — x5, then the right derivative of f at z; and the left
derivative of f at x3 are defined by
f(x3) — flx2)

D, f(xy) = lim Jlrz) = J (1) and D_f(z3) = lim —————=.

LBQ—XET Ty — T1 To—zy T3 — Ty

Taking careful limits in (CS) leads to the following result.

Theorem 6.5 Suppose [ is an interval in R and [z, 21 + h) C I for some h > 0. If f
is convex on I, then D, f(x;) exists, it may be —oo, it cannot be +o00. If (x3 — h,x3] C I
for some h > 0, then D_ f(x3) exists, it cannot be —oo, it may be +o00. If x € (a,b), then
D_f(z), Dyf(x) exist and are finite, with D_f(x) < Dy f(x). Moreover, D_f(x) and
D, f(x) are increasing functions on (a, b).
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Comments: The theorem says that, when f is a convex function on (a,b) C I,
(i)  f has left and right derivatives, D_f(x), D4 f(z) at each point x in (a,b),
(ii)  these left and right derivatives are increasing on (a, b).
(iii) if f is differentiable on (a,b), then f’ is an increasing function on (a, b).
(iv)  Check how these results apply to the convex functions in examples 6.1 -6.4.
This implies that f is (Lipschitz) continuous on any closed subinterval of (a,b).
When f is C! or C? there are some simpler criteria for convexity in terms of the derivatives

of f.
Corollary 6.6 Suppose f : I — R is differentiable at each point x € I. Then f is
convex on I if and only if f’ is an increasing function on L. If f”(z) exists, then f”(z) > 0.

Proof.  The above theorem shows that if f is convex and differentiable on I, then f'(x)
is increasing on [.

When f’(x) is increasing and = < y € I, then from the mean value theorem

fly) = f@)+fQy—2) = flz)+ f(2)(y—2) withz <{ <y.
Similarly if y < z. Hence corollary 6.3 implies that f is convex.
When f’(z) is increasing and f”(x) exists it must be > 0.

The following result is the usual criteria for a function to be convex that is given
in elementary calculus classes. I'll leave it as an exercise for you to prove it using the
preceding results.

Corollary 6.8 Let I := (a,b) with a,b € R and f : I — R be twice-differentiable with
f"(x) > 0 for every z € I. Then f is convex on I.

Lecture 6; 9/13/2004
Optimization of Convex Functions.

Suppose I = [a,b] is a closed subinterval of R with —oco < a < b < oo and
f: I — Ris a convex function. Then f will be continuous on (a,b) - but it could be
discontinuous at the end-points a, b.

Lemma 6.9 Suppose f is continuous and convex on a closed interval I as above. Then
the synoptic set S.(f) :={z € I : f(x) < ¢} is either empty or else is a closed subinterval
of I.
Proof. ~ When zg,z1 € S.(f), let ; := (1 — t)zg + tx1. From the definition of convex
function

flze) < A—=t)f(xg) +tf(z1) < ¢ for0<t <1
Thus x; € S.(f) for all 0 <¢ < 1-s0 S.(f) is an interval. It is closed as it is the inverse
image of the closed subset (—oo, c] of R.

The essential results about minimizing or maximizing a continuous convex func-
tion f on I can be summarized as follows.
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Theorem 6.10  Suppose f, I as in lemma and f is not constant on I. Then a(f; ) and
B(f; 1) are finite and there are minimizers and maximizers of f on I. Moreover,

(i). the set of all minimizers of f on [a,b] is a closed subinterval of [a, b], and

(ii).  onme of the end-points of I will be a maximizer.

Proof: « := «(f;I), §:= B(f;I) are finite and there are minimizers and maximizers
from Weierstrass’ theorem since f is continuous.

(i) The set of all minimizers of f is S := {z € [a,b] : f(z) = o }. This is closed as f is
continuous. If z1,z9 € S and x; = (1 — )1 + tzy, then

F(1 =)z +tag) < (1 —1t)f(x1) +tf(x2) = .
Thus S is a closed subinterval of I.

(ii) Suppose D, f(a) > 0, then D, f(z) > 0 for all # € [a,b), so f is increasing on [a, b)
and either f is constant on the whole interval or f has a maximum is at b. Suppose
D, f(a) <0, then a is a local maximum of f. If D_f(b) < 0, then since D, f(z), D_f(x)
are increasing functions on (a,b), we have D_f(x) < 0 for all x € (a,b), so f decreases
on (a,b) and thus {a} is the maximizer.

If D_f(b) > 0, then f is increasing near b and there cannot be an interior maximizer.
The maximizer is either a or b, we must compare f(a) and f(b) to see which one is z#.

Corollary 6.11 If f : [a,b] — R is strictly convex, then there is a unique minimizer &
of f on [a,b].

Proof: Suppose 71,25 are two minimizers, then f(27) = f(23), so that

X1+ 2o 1

1
5 ) < §f(fl) + if(fg) < a as fis strictly convex.

i

This is impossible unless #; = 25 or the minimizer is unique.

7. Convex Sets in R".

A subset C of R” is said to be convex provided
z,y € C' implies (1 —t)z+tyeC for0 < ¢t < 1.

We often write [z,y] := {(1—t)z+ty: 0 < t < 1} and this is the closed (line) interval
from x to y in R™. A convex set is said to be non-trivial if it contains at least two distinct
points.
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The empty set and a singleton are convex sets. When C contains 2 distinct points,
then C is convex if and only if the closed line interval joining any two points in C is a
subset of C.

Example 7.1.  The only convex subsets of R are the empty set, singletons or intervals.
Example 7.2.  If V is a subspace of R™ then V is a (closed) convex set.

Example 7.3.  Define H := {z € R": (a,x) = ¢} where a is a unit vector in R". Then
H is called a hyperplane in R™ and it is a closed convex set.

Let I' := {al) :1 < j < J} be a finite set of points in R”. A point x € R™ is
said to be a convexr combination of points in I' provided

J J
r = Z t;a¥  with each t; >0 & Z t; = 1. (7.1)
=1 j=1

The set of all convex combinations of points in a set I" will be denoted co(I") and is called
the convex hull of I'. When I is a finite set, then co(I") is called a polyhedron and it is a
bounded closed convex subset of R". When J = n + 1, this is called a simplez.

When (7, C5 are non-empty convex subsets of R™, then the sets
ACy, CiNGy Cr + Gy, O —Cy

will all be convex subsets of R™. Here \ € R.

The union of two convex sets need not be convex. When {C} : k € K} is any
family of convex sets in R", then the intersection NgexcCy will again be convex.

The proofs of each of these statements is quite straightforward. Please verify
them yourself.

Convex Functions on Convex Sets.

Let C be a non-empty convex set in R” and f : C' — R be a given function. The
graph of f is the set

G(f) = {(z, f(x)): x € C}.
The epigraph of f is the set

epi(f) == {(z,2):xeC & z> f(x)}.

The function f is said to be convex provided epi(f) is a convex set in R™*1. f is said to
be concave provided —f is convex.

Example 7.4. Showed that a function which is convex in the sense of lecture 5 is convex
in this sense.
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<z <
Example 7.5. The function defined by f(x) := { cc>o Z; Z grl; -

is a convex function on R (with values in [c, 00]).

The function f is said to be quasi-conver provided the synoptic sets S.(f) :=
{z € C: f(z) < ¢} are convex for every ¢ € R.

Every convex function is quasi-convex but there are many examples of quasi-
convex functions which are not convex. For example an increasing function such as f(x) :=

2? is quasi-convex, but it is not convex.

Operations on Convex Functions

1. Suppose fi, fo := C' — R are convex functions, then ¢y f; + cof2 is convex whenever

¢1 > 0,c0 > 0. In general, if {f1, f2,..., fu} is a finite set of convex functions on C, then
n

S(z) = Z ¢; fi(x) is convex whenever ¢y, ¢y, ..., ¢, > 0.

j=1
In this case we say that f is a positive linear combination of fi, fo,..., fu. (P.L.C.)
2. Suppose {fr : k € K} is a collection of convex (—oo, o0]- valued functions on the

convex subset C' C R". Define F': C' — (—o0, 00| by

F(z) = Sup fr(@)

then F'is a convex function on C' which may take the value +00. That is the supremum
of any family of convex functions is convex.

We will use this property repeatedly to show that various functions are convex.

A convex function g : C' — R is said to be a convexr minorant of a function f: C — R
provided g(z) < f(x) for all z € C.

When f is bounded below on I, then any constant function g(x) = C with
C < a=inf,cr f(x) is a convex minorant of f.

The function g(r) := z? is a convex minorant of the function f(x) defined in
example 4.1.

B Let I'(f) be the set of all convex minorants of a function f on C, then the function
f(x) : C — R defined by

f(x) = sup {g(z) : g € T(f)} (7.2)
is called the convex hull of f on C.

Note that from property 2 above, f is a convex function on C. Also f(x) < f(x)
for all z € C (since g(z) < f(x) for each ). Moreover, f is the largest such convex
function on I - because otherwise it would not be this supremum.
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We will often use the convex hull of a given function. Find the convex hulls f,
and sketch the graphs of the functions f : R — R defined by

i) fl2) = (2*-1)
(i) f(z) = —2?

(iii)  f(z) = cosz.

Lecture 7; 9/15/2004
Lemma 7.1 Suppose f : C — (—00,00] is continuous and «(f,C) is finite. Then

a(f,C) = a(f,0).

Proof: Good exercise.

Let C be a non-empty convex set in R” and f : C' — R be a given function. The
preceding definition of a convex function is equivalent to the condition given in lecture 6.
Namely we have

Lemma 7.2 A function f: C — R is convex if and only if
f((l=t)x+ty) < (1 —1t)f(z)+tf(y) forall 0<t<1, x,y € C. (7.3)
Proof::  Done in class for the case C=I. The same proof works in general.
The function f is strictly convex on C provided inequality holds in (7.3) whenever

r#yand 0 <t <1

Theorem 7.3 (Jensen’s inequality)  Suppose f : C — Ris convex and {a¥) : 1 < j < J}
is a subset of C then

f(z t;a) < Z t; f(a) (7.4)

when (t1,ty,...,t;) > 0in R’ and ijl t;=1.
Proof:  This is done by induction on J. It is lemma 7.2 when J=2.

Most examples of multivariate convex functions that arise in practice involve
functions that are constructed from elementary operations including composition. The
chain rule property that is usually used is the following.

Theorem 7.4 Let C be a nontrivial convex set in R” and f : C' — R be a convex
function with f(C) € I C R. Here I is an interval and assume ¢ : I — R is convex and
increasing. Then g(z) := ¢(f(z)) is convex on C.

Proof:  Choose z,y € C and define z(t) as usual. Since f is convex on C, then (7.3)
holds. Apply ¢ to both sides of this, then since @ is increasing

p(f(z(1) < e((T=0)f(x)) + tf(y)).

Now use the fact that ¢ is convex, then this RHS is < (1 —t)¢(f(x)) + teo(f(y)). Thus
g is convex as claimed.
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The following examples all are real valued functions defined on R".

Example 7.6.  f(z) = (a,2) +¢ = c+> 7, a;jz;is convex on R".
Here a € R™, ¢ € R. This is called an affine function when a # 0.

Example 7.7.  Let p: R™ — [0,00) be a norm as in lecture 1. Then p is convex on R™.
Proof: Let z,y be any two vectors in R and define z(t) := (1 —t)x + ty. Then (7.3)

holds as, when 0 < ¢t < 1,

p(z(t) < p((1—=1t)x) + p(ty) from the triangle inequality (7.5)
= (1—=t)p(z) + tply) as p is homogeneous. (7.6)
Example 7.8. Let A := (a;) be an n X n real matrix. The quadratic form associated

with A is the function ¢ : R” — R defined by

q(x) = (Ax,z) = Z Ajk Tj Tk (7.7)

]7]45:1

Without loss of generality, we can assume that A is a real symmetric matrix. A real
symmetric matrix is defined to be positive semi-definite or p.s.d. if q(z) > 0 for all
x € R™. It is positive definite or p.d. if g(x) > 0 for all x € R™\ {0}.

Later in section 9, the following theorem will be proved.

Theorem 7.5 Let A be a real symmetric n x n matrix. Then the function ¢ defined
by (7.7) is convex if and only if A is positive semi-definite. q is strictly convex if and only
if A is a positive definite matrix.

The theory of eigenvalues of real matrices says that a real n x n symmetric matrix
has n orthogonal eigenvectors corresponding to n real eigenvalues. (The eigenvalues need
not be distinct). In section 16, we’ll show, using constrained optimization theory, that
the symmetric matrix A is p.s.d. if and only if all its eigenvalues are positive (that is
> 0.) It will be p.d. if and only if all its eigenvalues are strictly positive (that is > 0.

Lecture 8; 9/20/2004

8. Multivariate Differentiation

To describe further properties of multivariate functions we need a good theory of multi-
variate differentiation. The following are the essential definitions.

Let U be an open set in R, 20 € U and f : U — R be a continuous function.
The lower differential of f at £(© in the direction h is

dif (@, h) = liminf t7' [f(z© +th) — f(= ). (8.1)

t—0t
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This always exists and may be +o0o. We say that f has a derivative at £® € U in the
direction h, provided there is a real number d such that

Jim 7 [f (2 - th) — f(2O)] = a. (8.2)
If f has a derivative d at z(®) in the direction h, then d;f(z(®,h) = d. Often, we just
require that ||h|| = 1.

f is said to be G(ateauz)-differentiable at x(® provided there is a vector v € R”
such that
im ¢! [(f(z® +th) — f()] — v-h =0 forallheR" (8.3)

t—0+
(or just all h with ||h||; = 1). When this holds, the gradient of f at z(®) is defined to be

Vf(x®) := v. The jth component of V f(z(?)) is the usual partial derivative g—f(:c(o)).
Ly

Just as in one dimension, there are necessary conditions and also sufficient con-
ditions, for a point in U to be a local minimizer of f on U. The necessary conditions may
be expressed in terms or either the lower differential of f or, when f is differentiable, in
terms of the derivative of f.

Theorem 8.1 Suppose () is a local minimizer of f on an open set U, then
(i)  dif (@, h) >0 for all h € R”, and
(ii) if f is G-differentiable at (¥, then V f(2(®) = 0. (F)

Proof: If (9 is a local minimizer, then f(z® +th) > f(z(©) for all h € R™ and ¢ small

enough. Thus
@O +th) — f(@@)] >0 for 0 <t < 8(h).

Thus nmoigft—l[f(x(owth)— F(@)] > 0or (i) holds.
t—s

If f is G-differentiable at z(®) then part (i) implies that d = Vf(z®) - h > 0 for all
h € R". Take h = 4eU), then

af

af
0y > 9f
o, () > 0 and (™)

<0
8:cj ’

0
SO 8—f(:c(0)) =0 for each j € {1,2,,...,n}.
x .
Comments: 1. These are often called first order conditions for a local minimizer. Note

that (ii) here does not require that f be differentiable at any point except z©,

2. We often use the function (t) := f(2(® +th) defined on an interval (—d;, &)
which includes 0. When f is G-differentiable at z(*), then from (8.3), ¢ is differentiable
at 0 and ¢'(0) = Vf(z®) - h.
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Let F: U — R™ be a continuous vector valued function on the open set U. F is
said to be G-differentiable at ©) provided there is a m x n matrix D, such that

lim || t ' [F(z® +th) — F(z)] — Dh|| = 0 forall h € R" (8.4)

t—0t
Here we can use any norm on R™. When this holds, we write DF (z(®) = D. Let

Fl(xl,x2, ,.f(fn)
F2(:L’1,x2, ey Zl,’n)

F(z) = (8.5)
Fo(z1, 2o, ..., xy)
then each &(:c(o)) exists and
al'k
OF oy B0y 9B )
ox ox ox
OF, 0y 0P 0Fs, )
—— (@) ——('7) (™)
DF(z) = | oz Oy Oz, (8.6)
g I op
Zom (0)y ZTm..(0) YLm . (0)
o (™) i (™) oz, (™)
This is called the Jacobian matrix of F at z(©).
of
87(@
0
When F(z) = Vf(z) = 8—@(@ , then the derivative matrix is called the
af
. (x)
Hessian of f and
ﬁ(z) l x of x
oz? 0x2071 T 0x,01
i M (4
DF(z) = D*f(z) = | 01,0z, 013 7 Owa0y (8.7)
82}. ) a2.f“ ) aj.f. (x>
0107, 01207, 022

When f is twice continuously differentiable on a neighborhood of x, then D?f(x)
will be a symmetric n X n matrix as
0?f 02 f
= forall 1<y,k<n. 8.8
8@-8:@ 8:@8@ ora =hE=n ( )
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Theorem 8.2 (2nd order Necessary condition)  Suppose Z is a local minimizer of f on
U and f is C* on an open neighborhood of # in U. If D?f(%) exists, then

(D*f(&)h,h) > 0  forall h € R". (8.9)

Proof: Put p(t) = f(2 + th) for some h € Sy.  is a local minimizer of f implies that

0 is a local minimizer of ¢. From theorem 4.3, if ¢”(0) exists, then it is > 0 Moreover
©"(0) = (D%*f(Z)h,h) from the chain rule. Thus (8.9) holds.

Corollary 8.3: Under the above assumptions, when z is a local minimizer of f, and
D?f(%) exists then its eigenvalues are all greater than or equal to zero.
Proof: This is a result about quadratic forms - should be covered in an advanced linear

algebra class.
Theorem 8.4 (Sufficient Condition) Suppose Z is a critical point of f, fis C! on a
neighborhood of &, D?f(#) exists and there is a ¢; > 0 such that

(D*f(2)h,h) > ci||h|)* forall he€R™ (8.10)

Then Z is an isolated, strict local minimizer of f.
Proof: Choose ¢ as above, then (8.10) implies

©"(0) = allp|* > 0
Assume [|h|| = 1, then since Z is a critical point of f, as in the proof of theorem 4.4,

o) — p(0) > Czlt? since |/ (t) — ¢'(0)] > %m for 0 < [t| < &

t
Thus ot) — p(0) = / )i > L fort >0
0

Similarly when ¢ < 0, so f(&+4th)— f(&) > <t* for each direction h € R" and 0 < |t| < .
Thus 7 is a strict local minimizer as claimed.
Since Vf(2) = 0 and (D?f(2)h,h) > c1||h]|3, then & is an isolated critical point.

Comments 1.  The necessary and sufficient conditions for local maximizers have the
reverse inequality in (8.9) or (8.10).
2. Condition (8.10) holds iff all the eigenvalues of D?f(%) are greater than c;.

The preceding argument is based on the following result about differentiation - which is
a good exercise in €, analysis:

Lemma: Suppose ¢ : (—1,1) — R is continuous, 1(0) = 0 and ¢ is differentiable at 0
with ¢/(0) = a > 0, then there is a § > 0 such that

Y(t) <at/2 on (—6,0) and ¥(t) > at/2 on (0,0).
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Proof: The condition on ’(0) implies that there is a 6 > 0 such that

[t| <& implies that ¢ 'u(t) > a/2.

Rearranging gives the stated result.
We used this with ¢ () := ¢'(t), thus ¢”(0) = a > 0.

When 7 is a critical point of f then we say that & is a degenerate critical point
if either (i) D?f(%) does not exist, or else (ii) the matrix D?f(z) is singular (or 0 is an
eigenvalue of D?f(1)).

When D?f(z) exists and is a non-singular matrix then # is said to be a non-
degenerate critical point.

Lecture 9; 9/22/2004

9. Convex Functions and Convex Minimization.

Let C be a non-empty, open convex set in R™ and f : C' — R be a differentiable function.
Then V f : ¢ — R" is well-defined. The following results provide differential criteria
for the function to be convex. See also Chapter III, Section 3 of Berkowitz for more
information and compare these results with the 1-dimensional results in lecture 6.

Theorem 9.1 Suppose f,C as above, then f is convex on C if and only if
fly) = fl@) + (V[f(2),y—=) forallz,yeC. (9.1)

Proof.  Suppose f is convex, z,y € C,x # y and z(t) := (1 — t)z + ty with 0 < ¢t < 1.
Then

fa@) < (L=0)f(x) +tf(y)
Rearranging this with 0 <t <1 leads to
7 [f(x(t) — f(@)] < fly) = fla).
Take limits as t — 07, then
(V[(@),y—=z) < fly) - f(z)

so (9.1) holds.

Conversely when (9.1) holds, x,y € C,x # y, let z := (1 —t)z+ty with 0 < ¢ < 1.
Substitute z for x in (9.1), then

f@) = f(2) + (Vf(z),z—2) and f(y) = f(z) + (V[(2),y—2)
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Multiply first equation by (1—t), second by ¢ and add to find that the convexity inequality
(7.1) holds.

Corollary 9.2 Suppose f, C as above, then f is strictly convex on C if and only if strict
inequality holds in (9.1) when x # y.
Proof.  Straightforward.

In lecture 6, the basic results about 1-dimensional minimization and maximization
of convex functions on a convex set C were described. Here we shall describe the results
about the unconstrained minimization of a nontrivial convex function f on C.

The following theorem says that, when f is differentiable and convex on an open
convex set C then the only critical points of f on C' are the minimizers of f on C.
Alternatively being a critical point of f is a necessary and sufficient condition to be a
minimizer when f is convex. To prove these results we use an elementary result about
inner products - which is basic in the theory of equations.

Lemma Suppose a € R" and (a,x) > 0 for all x € R", then a = 0.

Proof.  Suppose a # 0 and take z := —a. Then —|a|*> > 0. The rules for inner products
say that this implies a = 0.

Theorem 9.3 Suppose f,C as above with f convex. Then Z minimizes f on C'if and
only if Z is a critical point of f. That is iff V f(z) = 0.

Proof. = When Z is a critical point of f, then (9.1) implies that f(y) > f(z) for all
y € C. Thus £ minimizes f on C.

Conversely, if # minimizes f on C, then f(z + td) > f(z) for all t > 0,d € R™.
Thus (V f(z),d) > 0 for all d € R™. This implies Z is a critical point of f.

Corollary 9.4 Suppose f,C as above with f is convex. The set of all minimizers of
f on Cis a closed convex set. If f is strictly convex, then this set contains at most one
point.

Proof. Just as in 1-d.

The next two theorems give the conditions that are usually used to check whether
a particular differentiable function is convex on C.

Theorem 9.5 Suppose f,C as above, then f is convex on C if and only if
(Vfly)—V f(x),y—2z) > 0 forall z,y,eC. (9.2)

It is strictly convex on C if strict inequality holds here when y # x.

Proof.  Suppose f is convex, z,y € C,x # y and let p(t) := f(x(t)). Then ¢ is a convex
differentiable function of t and ¢'(t) = (V f(z(t)),y — ). From 1d theory, ¢'(1) > ¢'(0)
0 (9.2) holds.

Conversely, when (9.2) holds, then ¢'(t) > ¢'(0) for all t > 0. Then
t
o) = ¢0) + [ o) ds = pl0) + S0
0
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That is
flz@) = flz) + t{V fz),y— =)
This implies that (9.1) holds, so f is convex on C. The strictness part is similar.
When (9.2) holds, then V f(z) is said to be a monotone mapping of C into R™.

Example 9.1  Define f(z) := (1/2) (Az,z) for x € R™. where A is a symmetric n X n
matrix. Then V f(z) = Axz. Theorem 9.1 says that this function will be convex on R"
if and only if

fly) > f(z) + (Az,y — x) for all z,y, € R".

Theorem 9.5 says that this function will be convex on R" if and only if
(Aly —z),y —x) > 0 for all z,y, e R"™.
This last statement is the same as saying that (Az,z) > 0 for all z € R". or that

the matrix A is p.s.d. - which is what was claimed in Theorem 7.3.

From the last part of theorem 9.5, the function f will be strictly convex on R"
provided (Az,z) >0  for all z € R"\ {0}.

Suppose now that f : C' — R is twice continuously differentiable (C*—) on C and
define (t) := f(z(t)) - as in the proof of theorem 9.5. Then

P(t) = (Vf(z(t),y—2) and ¢"(t) = (D*f(2(t))(y — @), (y — 2)).

From the 1-d Taylor’s theorem for ¢, one has that
fly) = fl@) + (Vf()y—2) + 1/2/(D*f(x(n)(y — =), (y —2))  (9.3)

for some 7 € (0,1).

This leads to the following second derivative criterion for convexity of a function.
It is theorem 3.3 of Berkowitz chapter III - and a proof is given there.

Theorem 9.6 Suppose f,C as above with f of class C?*— on C. Then f is convex on
C if and only if D?f(x) is p.s.d on C. If D?2f(z) is p.d. on C, then f is strictly convex on
C.

Lecture 10; 9/27/2004

10. Unconstrained Quadratic Optimization Problems.

Many important problems can be written as convex optimization problems. In each case
the questions are
(i)  does the optimization problem have a global minimum on R™?

32



(i) what equations do the minimzers satisfy? and
(iii)  how can we find the minimizers / critical points.

To answer (i) we usually show that f is convex and coercive - or that some
synoptic set is non-empty and bounded. To answer (ii) just compute the G-derivatives.
(iii) is a matter of developing algorithms for finding the minimizers.

This lecture will treat the two optimization problems usually associated with
solving a linear equation of the form

Az = b (LE)

Here A is an m X n matrix and b is a given vector in R™.

Energy methods for linear equations
Example 10.1 Let A be a real symmetric n X n matrix, b € R™ and define £ : R” — R
by

1 1 n n
E(x) = {Aw,2) —(bx) = 5 Zajkxjxk—ijxj (10.1)
7,k=1 7j=1
Consider the problem of finding
al) = inf &(x)

PISIING

and the minimizers M(E) of £ on R™.

Note that VE(z) = Az —b, so & is a critical point of £ if and only if it is a solution
of (LE). Hence finding the critical points of the function £ is equivalent to solving this
linear equation.

The first question is about the minimization of £ on R". First remember the
following definitions from lecture 7. A real symmetric matrix is defined to be positive
semi-definite or p.s.d. if g(x) > 0 for all x € R™. It is positive definite or p.d. if g(x) >0
for all x € R™\ {0}. Here ¢(x) := (Az,x). There are three cases.

(a) If Ais positive definite, then & is coercive on R™ and «(€) is finite, for any b € R™.
(b) If A has a negative eigenvalue, then a(€) = —oo for any b € R".
(¢c) If Aisp.s.d. with A singular, then the answer depends on b.

The following describes each of these cases.

When (a) holds, then the matrix A is non singular (ie Az = 0 implies z = 0) so
A~ exists and the unique critical point is Z = A7'b  so

1 1
E(F) = —=(A7,b) = —=<3,b>.
2 2
This is the value a(€) when A is positive definite.
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When (b) holds, and A is nonsingular, there will be a unique critical point of £ -
just as in (a) - but it will not be a minimizer of £ and £ will not be a convex function on
R™. The value a(€) = —oo. If (b) holds and A is singular, then we again have o(£) = —o0
and we may, or may not have a solution of (LE).

In case (c), the function £ is convex on R”, but the infimum may be either —oco
or be a finite number. Specifically let N(A) be the null space (or kernel) of A. Then «(€)
is finite if and only if (b,e) = 0 for all e € N(A). (Try to prove this; its not hard from
ordinary linear algebra).

When «a(€) = —oo, then there is no solution of the equation (LE) as if there is
a solution, it would be a critical point of £. When & has a critical point, then theorem
9.3 says that it is a minimizer of £ as £ is convex. Since the value is —oo, there is no
minimizer of £ so this contradiction implies that there is no solution of (LE).

When «(€) is finite, then the following theorem holds - but we need more linear
analysis to prove it. We will give the proof later.

Theorem 10.1.  Suppose A is an n X n symmetric matrix and £ is defined by (10.1).
If £ is convex and bounded below on R™, then there is a minimizer of £ on R". If £ is
strictly convex then this minimizer is unique.

Least Squares Solutions of Linear Equations.

Example 10.2:  Let A be a m X n matrix, b € R™ and define F : R" — [0, 00) by

1
Flz) = §||Ax—b||§ (10.2)
Note that F(z) > 0so «(F) > 0 and
1 1 1
F(z) = §<Ax—b,Am—b> = §<ATASL’,JJ>— (Az, by + 5 110][3 (10.3)
1
Thus F(x) = E(x) + 3 |10][3.

Here £ as in Example 10.1, but with AT A in place of A and A”b in place of b. This
function has derivatives

VF(r)=AT(Ar —b) and D*F(z)= A" A (10.4)

and F is convex on R” from example 9.1 where theorem 7.3 is proved. The critical points
of F will be the solutions of

AT Az = AT (LS)

From theorem 9.3. a vector xps € R" is a solution of this equation if and only if it
minimizes F on R" - since F is convex.
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Since this function is a special case of the function defined in Ex 10.1 with the
extra property that it is always positive, the properties of this optimization problem are
special cases of the optimization problem for £.

The important result about this least squares problem is that for any matrix A
and any b € R™, there is a minimizer x5 of F on R™. That is, there is a least squares
solution xps of (LS). This follows from theorem 10.1 above. Moreover the least squares
solution xg will be a solution of (LE) if and only if F(z.g) = 0.

So if we try minimizing F on R" and find that the minimal value is positive - then

there is no solution of (LE). Sometimes this least squares solution is called a generalized
solution of (LE).

Suppose N(A) = {0}. In this case the symmetric matrix ATA is non-singular
and positive definite, as ||Azx|[s > 0 for all z € R™\ {0} so that we are in case (a) of the
preceding example. Then for any b € R™, there will be a unique minimizer xg of F on
R™ and it will be the unique solution of (LS).

715 need not be a solution of (LE) unless we also have that N(AT) = {0}.
When dim N(AT) > 1, then a least squares solution of (LS) need not be a solution of
(LE).

If dim N(A) > 1, and xpg is a minimizer of F on R", then zp¢ + y is again a
minimizer for any y € N(A) as F(xrs+vy) = F(rrs). Thus there is an affine subspace of
minimizers of F on R" - or the set of all minimizers is

M(F) = {aws}t + N(A) = {ows + y:y e N(A)}

Another very interesting unconstrained minimization problem is the following

Example 10.3: Let A, M be real , symmetric n X n matrices and define

G:R" >R by G(z):= i(Mx,xf — %(Ax,x) (10.5)

Consider the problem of minimizing G on R”. When is this function bounded below? You
may want to determine the G-derivatives of this and describe what the possible critical
points are.

We'll treat this problem later.
Lecture 11; 9/29/2004

Preconditioned Least Squares Problems.
Example 10.4:  Let A be a m X n matrix, b € R” and M be a p.d. m X m symmetric
matrix. Define Fj; : R™ — [0, 00) by

Fulz) == (M(Azx —b), Az — b)/2 (10.6)
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Note that Fy(z) > 0so a(Fuy) > 0 and

1 1
Fu(z) = 5<ATMA;1:, z) — (MAz,b) + 5 (Mb, b). (10.7)
1
Thus Fulz) = E(x) + 5 (MDb,b).
Here £ as in Example 10.1, but with AT M A in place of A and AT Mb in place of b. When
M := I, this reduces to the least squares function of example 10.2. If m = n and A is

p.d symmetric, then so is A~!, and choosing M = A~! yields the least squares function
of example 10.1. Thus this function includes both the previous examples as special cases.
M is called a preconditioner for solving the equation (LE).

This function has derivatives
VFu(xr) = ATM(Az — b) and D*Fy(r) = ATMA. (10.8)

and F,, is convex on R” from example 9.1 or theorem 7.3.

11. Algorithms for quadratic minimization

Here we shall describe and analyze some methods for finding the minimizers of
quadratic strictly convex functions on R™. That is we shall look at the problem of example
10.1 with A positive definite and symmetric, b € R™. We would like to minimize

E(z) = %<Ax,x> (b,

In this case VE(z) = Ar — b and D?E(x) = A for each x € R™.

To develop an iterative algorithm for minimizing £, we first must decide on a
stopping criterion. Usually we preselect an € > 0 and stop when ||VE|| < e. The general
outline of an algorithm has the following general form. A descent direction for £ at a
point z is a vector d such that (V E(x),d) < 0. Often we require that ||d|| = 1.

1. Choose an initial point 2°, and a descent direction d°.

2. For k>0, let
or(t) == E(xF + td*) and choose t* so that ¢ (t*) < ¢ (0).

3. Put 2" = ¥ + t*d* and evaluate ||VE (2" T1)]|.
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4. If ||VE(*Y)|| < ¢ stop. Else choose a new descent direction d**! and go to

(2).

There are two sets of choices here. The step size (t*) choice in step 2, and the
new direction (d**1) choice in step 4.

When € is quadratic as above then the general form of ¢y (t) is
o(t) == t*(Ad,d)/2 + t (Az —b,d) +c (11.1)

where ¢ := &(x) is a constant. Often we call r = r(z) := Az — b = VE(z) the residual
of this problem at x.

A direction d € R™ is a descent direction for £ at x if and only if (r,d) < 0. The
function ¢(t) is quadratic in t and its minimum occurs at

T = —(r,d)/(Ad,d) > 0.

For quadratic problems, t* in step 2 is usually chosen using this formula.

The simplest choice of the directions in step 1 and 4 is to choose d := —r(z) =
VE(z). This is called the steepest descent method and numerically it has poor convergence
properties.

Around 1952, Hestenes and Stieffel introduced the conjugate gradient (CG) algo-
rithm for this problem. If we write r¥ := Ax* — b for the k-th residual then the successive
directions in the CG method are given by

d’:=—r" andfork >0 dFftt .= bt 45 dF (11.2)

where
By = (Ad*, r*) /) (AdF,d¥). (11.3)

The surprising result about the conjugate gradient algorithm is the following.

Theorem 11.1.  Suppose A is an n x n symmetric p.d. matrix and £ is defined by (10.1).
Then the conjugate gradient algorithm will find the unique solution z of (LE) in at most
n steps.

In practice this is not quite the case as any actual computation involves some
round-off error. Nevertheless, the CG method generates good approximate solutions in
a reasonable number of steps - independently of the starting point. It is a very effective
way to obtain good approximate solutions of very large systems in which you do not want
to do all the algebra involved in finding an exact solution.

For more general, convex minimizations, one can look for algorithms that have
similar properties to the CG algorithm. They have two parts, the line search algorithm for
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a t* and then a search direction choice. These will be described next semester - together
with analyses of convergence of various algorithms.

Lecture 12; 10/4/2004

12. Important Inequalities on R”

In n-dimensional analysis, we repeatedly use a number of standard inequalities.
They include Cauchy’s, Holder’s, Minkowski’s and Young’s inequalities. Generally these
inequalities are written in terms of norms on R” and usually they are proved by using
special formulae. Here we shall provide proofs based on optimization methods.

When 1 < p < oo define p* := p/(p—1) then p* is called the conjugate, or dual,
index to p. The following inequalities hold for all z,y € R™:

z||P P
Young (z,y)| < Il + Hy*p (12.1)
p p
Holder [zl < llzllp lyllp (12.2)
Minkowski lo + gy < Nzl + Dyl (123)

*

Cauchy’s inequality is the special case of Holders inequality with p = p* = 2.
Minkowski’s inequality also holds for p = 1,00. When p = 1, p* = oo, then Holder’s
inequality holds. These cases, as well as the cases when either x or y is zero, are straight-
forward.

Theorem 12.1 For any non-zero z,y € R, p > 1, then (12.1) holds. Moreover equality
holds in Young’s inequality if and only if y; = |z;|P~2 z; for all j.
Proof: In your last homework set you showed that when p, p* as above,

p*

ly

lryl < — +

l’p
= for z,y € R
p

and equality holds here if and only if y = |#|[P~2 x. Thus, for vectors,

- —~ (|l gl
VD SETTIED SR C- SR

J=1 Jj=1

which yields (12.1).

Theorem 12.2  For any non-zero z,y € R",p > 1, then (12.2) holds. Equality holds
here if and only if y; = c|z;[P~2 z; for some ¢ € R and all j.
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Proof: For z,y € R"\ {0}, let u := z/||z||, and v := y/||y
to (u,v), then

»+ Apply Young’s inequality

n

Z |z yjl <

1
— = 1.
2 Tallp ol =

1
T
p

This implies (12.2). The equality condition here follows from that of theorem 12.1.
We are now in a position to prove theorem 1.4 of the first lecture. It said that
when 1 < p < ¢ < 00, then
lzll, < llzll, < P~V ||zfl, forall ze€R™ (12.4)

The result is straightforward if ¢ = oo, and the first inequality follows from the mon-
tonicity described in theorem 1.1. To prove the second inequality, let z; := |z;|? and
r:=¢q/p > 1. Then

|z[[b = |lz[i = (z,¢) where e:=(1,1,...,1). (12.5)

Now
I2[l7 = Nzl so [zl = (=}

Apply Holder’s inequality to (12.5), then

lzlly < Nzl llelle = 274" flally (12.6)

Take p-th roots of both sides of this, then (12.4) follows.

It remains to prove Minkowski’s inequality. This is usually done by using some
identities and Holder’s inequality. Here, I will show how certain convex functions can
define norms on R"™ in a way that generalizes the usual p-norms. The convexity of these
defining functions implies that the triangle inequality holds for the associated norms.

The positive orthant in R™ is the set of all vectors x all of whose components
satisfy «; > 0. The set of all strictly positive vectors in R" is denoted R’ := (0, 00)".
The unit simplex A, C R™ is the closed convex hull of the set of points {0,e™, ... e™}.
Here €V is the j-th unit vector in R™. A, is the set of vectors = which satisfy

Z z; <1 and x; > 0 forallj (12.7)

j=1

This simplex has n + 1 vertices and also n + 1 faces (or sides). Let

Al = {x eR":z; > 0foralljand Z r; = 1} (12.8)

j=1
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Then A/ is the closed convex hull of {e®, ... e™}. It also is the intersection
of the positive orthant with the unit sphere in R™ with respect to the 1-norm and is the
only face of A, that is not a subset of one of the coordinate hyperplanes H; := {z € R" :
x; = 0}. In applications, it is the set of all probability vectors in R™.

When z € R”, we shall now write |z| := (|x1], |22, ..., |zs]). Then |z| = ||z|, d
for some d € Al .

Suppose 9 : [0, 00)" — [0, 00) is a continuous convex function which satisfies
(P1): ¥(0) =0, ¢(x) > 0 for x # 0, and
(P2): tlim Y(td) = oo for each d € Al.

When 1) obeys (P1) and (P2), define

lzlly == inf {A>0: ¢(z|/) < 1. (12.9)

The p-norms on R™ are special cases of norms induced by functions of this type.
Example 12.1. For 1 < p < oo, define

Uple) = 3 ll" (12.10)

Then 1, satisfies (P1)-(P2) and the ¢»—norm associated with this function is the usual
p-norm. (Verify this!).

There are many other useful norms on R" that arise in applications and statistics.
Some of them involve exponentials and logarithms - not just powers of a variable. Many
have the following form
Example 12.2.  Let ¢ : [0,00) — [0,00) be a continuous convex function that satisfies
(P3): ©(0) =0, @({t)>0fort>0 and lim; . p(tf) = oo.

Then the function ¢ defined by

n

W) = Y ellz))

Jj=1

obeys (P1)-(P2).

Examples of functions that satisfy (P3) include ¢In(1 + ¢) and e’ — 1 - so these
can be used to define norms on R™.

The following theorem says that the ”¢)— norm” induced by a convex function
which satisfies (P1)-(P2) is actually a norm. When % is the function of example 12.1 it
yields (12.3) for 1 < p < 0.

Theorem 12.3 (generalized Minkowski inequality) ~ When 1 satisfies (P1)-(P2), then
|.]x defined by (12.9) is a norm on R". Equality holds in the triangle inequality whenever
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y = cx for some ¢ > 0.

Proof: The properties (i) and (ii) of a norm (see lecture 1) are easily verified. Suppose
z,y € R*\ {0} with ||z||y, = ¢1 and |ly||y = ca. Let u:=x/c1, vi=y/co, 2 := (u+0v)/2.
Then

rT+y c1 w + Co "
2\ o+t €1+ c2
when A := (¢; + ¢2)/2. Therefore
C1 Co
2)\) < 1
W+ S —2uw) + —Z ) <

as 1 is convex. Thus

l@+y)/2ly < X = (a+e)/2 < ([zlly + [lylle)/2
so the triangle inequality holds for this norm on R™. The criterion for equality is easy to
verify.
Lecture 13; 10/6,/2004

13. Optimization on a convex set

Let U be an open set in R", C be a convex subset of U and f : U — R be a continuous
function. Consider the problem of characterizing the local minimizers of f on C.

The analog of theorem 8.1 is the following necessary condition for minimization
on a convex subset.

Theorem 13.1  Suppose f,U, C as above and 7 is a local minimizer of f on C. If f is
differentiable at x, then ¥ satisfies

(Vf(x),y—z) > 0 forallyeC (VI)
Proof: If 7 is a local minimizer, then f((1—t)Z+ty) > f(Z) forally € Cand 0 <t < 1.
Thus 7 satisfies
tfx+tly—2))— f(x)] > 0 forallyeC, 0<t<1.

Take the limit as ¢ — 07, then (VI) follows.

(VI) is called a variational inequality. When f is convex on C, then this condition
is also sufficient.

Corollary 13.2 Suppose f,U,C as above with f convex and differentiable on C. If z
satisfies (VI) then it minimizes f on C.
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Proof: Since f is convex and differentiable on C then, from theorem 9.1, we have that

fly) = fx) + (Vf(z),y—x) forallyeC

If z satisfies (VI), this implies f(y) > f(&) for all y in C so the corollary holds.

If we seek local maximizers instead of minimizers, the sign in (VI) is reversed and
one obtains the following result - whose proof is similar to that of the theorem.

Corollary 13.3  Suppose f,U, C as above and (! is a local maximizer of f on C. If f
is differentiable at ("), then x(") satisfies

(Vf(x),y—z) <0 for ally € C (VIX)

Lecture 14; 10/11/2004

14. Optimization with Linear Equality Constraints.

Suppose f : R" — R is a given differentiable function. Let A be a m X n matrix and
b € R™ be in the range of A. Assume rankA = m < n and define K to be the set of all
solutions of the equation

Az = b (14.1)

Write AT = [a™,a® ... a™)] so that the a¥/) are the row vectors of A. Then
(14.1) is equivalent to requiring that

(a(j),:c> = b, forall 1<j<m.

This is a system of m linear equality constraints. The rank condition implies that the
vectors aV/) are linearly independent. Let & be a solution of (14.1), then K = {& + z:
z € N(A)}. The null space of A will have dimension n —m. Consider the problem (P) of
minimizing f on K and finding

a(f,K) = infrerf(x) (14.2)

The basic existence results about this may be summarized as follows.
(i) If f is weakly coercive on R™, then a(f, K) is finite and there is an & € K which
minimizes f on K.
(ii) If f is (strictly) convex on R™ and there is a minimizer of f on K, then the set of
all minimizers is convex (a singleton).
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This problem can be converted into an unconstrained problem on N(A). Namely
define g : N(A) — R by

g(z) == f(T + z) where Z as above. (14.3)

Then
Oé(f,K) = a(g7N(A)) = infng(A)g(Z)~

When there are constraints, then the conditions obeyed at a local minimizer, or
maximizer, will be different. The simplest criterion is the following:

Theorem 14.1 Suppose f, K as above and 7 is a local minimizer of f on K, then z
satisfies

(Vf(z),z) =0 for all z € N(A). (14.4)
Moreover if f is convex on K and Z satisfies (14.4), then & minimizes f on K.

Proof: If 7 is a local minimizer, then it satisfies (VI) for all y € K. Thus (LVI) holds

as T+ z € K for all z € N(A). The last sentence follows from corollary 13.2 applied to
this case.

An equivalent form of this result is the following.
Theorem 14.2 (Linear Lagrange multiplier rule)  Suppose f, K as above and 7 is a
local minimizer of f on K, then there is a A € R™ such that z satisfies

Vix) = ATX = ij A a¥) (LMR)
j=1

Moreover if f is convex on K and # satisfies (LMR), then & minimizes f on K.
Proof: Theorem 14.1 says that if & is a local minimizer of f on K then Vf(%) is or-

thogonal to N(A). Thus there is a A € R™ such that Vf(zZ) = AT X from the fundamental
theorem of linear algebra. (This says that N(A) & R(AT) = R™.) Thus (LMR) holds
and the second part holds just as in theorem 13.4.

Example 14.1 Take n = 2, f(z) := 2?4 223 and minimize this subject to the
constraint 2x; + x5 = 2. Do this both by elimination and by the Lagrange multiplier
rule and verify that you obtain the same minimizer and value for this problem.

Least Norm Solutions of Linear Equations.

An important example of minimization on an affine subspace is the problem of
minimizing f(z) := ||z||3 on the set K defined by (14.1). If z7x minimizes f on K, then
it will be the solution of (14.1) of least 2-norm - or the point closest to the origin in the
Euclidean metric on R".
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The G-derivative of f is Vf(z) = 2z, so zyy minimizes f on K if and only if it
is in K and satisfies 2z = AT \ for some A\ € R™. That is \ satisfies

AATN = 2b (14.5)

Equivalently A minimizes the functional £ on R where
EN) = [|AT X||2 — 4(b, \) (14.6)

Since AT has rank m, the equation (14.5) has a unique solution A and then z,y := AT A
is the least norm solution of (14.1). Moreover, from (14.4), zx is orthogonal to N(A), so
we can write

K = {zin}®N(4) (14.7)
where @ means that we have an orthogonal sum here.

Example 14.2 Take d(z) := |z||2 and minimize this subject to the constraint
Z?:l x; = 1. That is find the point on this hyperplane closest to the origin. We have
just one linear constraint equation in n variables.

From theorem 14.2, there is a real number A such that the minimizer satisfies
Vd(z) = 2z = A1,1,...,1).

Summing over the entries yields A = 2/n so the minimizer is # = n~! (1,1,...,1) and
d(z) = 1/4/n.
Lecture 15; 10/13/2004

15. Tangent and Normal Cones of a Convex Set

The description of the systems satisfied by solutions of optimization problems on convex
sets depends on the theory of convex cones in R™. A convex subset K of R™ is said to be
a convex cone provided that whenever x € K, then tx € K for all t > 0.

A convex cone is said to be pointed if 0 € K. When K is a convex cone so is
K U {0}. The set {0} is a cone - the trivial cone. Any non-trivial cone is an unbounded
convex subset of R™.

When K is a pointed cone in R", then V := K N (—K) is a subspace of K - and
it is the maximal subspace of K. A cone is said to be strict if K N (—K) is empty or {0}.
The closed positive orthant R”} := [0, 00)" is a strict cone.

When K is a cone, so is cK for any real number c¢. Note that cK = K for ¢ > 0,
and cK = —K for ¢ < 0. When K, K5 are cones, so also are K1 N Ky and K1 + Ks. In
fact the intersection of any family of convex cones is again a convex cone.
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Let S := {dW,d®,... d™} be a finite subset of R”. A vector x is said to be a
positive linear combination (p.l.c.) of the elements of S provided

x = Z p; dY with all the p; > 0. (15.1)
=1

This is a strictly positive linear combination (s.p.l.c.) if all the p; > 0.

When S is any nonempty subset of R", then K(S) will be the smallest convex
cone that contains S. It is always well-defined and non-empty and contains the set of all
strictly positive linear combinations of finite subsets of S. The closure of K(S) is called
the closed convex cone generated by S.

A convex cone is said to be polyhedral if it is the convex cone generated by a finite
set. That is there is a finite set of vectors such that every vector in K has the form (15.1).
When n > 3, there are cones which are not polyhedral.

Henceforth let C' be a convex set in R™ which contains at least 2 points. For each
x € C, define the
tangent cone 7,,(C) of C at x to be the closure of the convex cone generated by C' —{x}.
normal cone N,(C) of C at x to be the set of all vectors d € R which satisfy

(d,y—x) < 0 forall yeC. (15.2)

Both of these are closed convex cones.
Example 15.1 Let A, be the unit simplex in R2. It is the triangle whose vertices are
(0,0),(1,0), (1,0). Equivalently it is the set in R? defined by the three inequalities

r7 > 0, 29 >0, and 27 + 29 < 1

If z is an interior point of the triangle, then T},(C) = R? and the normal cone is
trivial. At the origin the tangent cone is T5(C') = R2 and the normal cone is —R%. At
the other two vertices of the triangle the tangent cone is the cone of all directions that
point into the triangle. (Write down the algebraic formulae for these sets.) The normal
cones are not what you might guess - they are not the negative of the tangent cones.

In general suppose that a convex set C' C R” is defined to be the set of all points
which satisfy the inequalities

(a9 z) < b, for 1 < j < m. (15.3)

This can be written as the matrix inequality

Az < b (15.4)
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where A is an m X n matrix and b € R”™. Here m may be (much) larger than n. The set
C is called the feasible set associated with the inequalities (15.3). For example a box B
in R" is defined by the 2n inequalities

ngl'jgdj fOTlS]STL

(Exercise: Write this system of inequalities in the forms (15.3) and also (15.4) - in a way
that produces simple vectors a') and a nice matrix A).

When Z € C we say that the j-th inequality in (15.3) is active at & provided
equality holds in the inequality. Otherwise it is inactive. Let J(Z) be the set of indices
of the active inequalities for C at . Then a vector z is in T3(C) if and only if it satisfies

(aV,2) < 0 for each j € J(2). (15.5)

It often requires a lot of algebra to determine this tangent cone from the specifi-
cation of C via the inequalities (15.3). However there is a simple description of the normal
cone to C at z. It is the following

Theorem 15.1  Suppose C as above and x is a point in C. Then the normal cone N, (C)
of C at z is the closed convex cone generated by the active constraints at x.

The proof of this is purely algebraic and quite straightforward - assuming you
have worked with cones and linear inequalities. I will not give it here. It may be found in
any text that treats the theory of linear inequalities. It says that a vector z is in N,(C)
if and only if it is a p.l.c. of the vectors {a") : j € J(x)}, or that

z = Z ,uja(j) with all the p; > 0.
jeJ (x)

The importance of the this result is that it provides a different form for the
necessary optimization conditions of theorem 13.1 and corollary 13.3. This result is a
form of what is often called the Karush-Kuhn-Tucker (KKT) theorem. The equations in
the next theorem are called the extremality conditions satisified by local minimizers or
maximizers of f on K. Note that when there are inequality constraints, the condition may
be different for a local maximizer than for a local minimizer.

Theorem 15.2 (KKT) Suppose f,U as in section 13, C is a nonempty convex subset
of U, 7 is a local minimizer of f on C and f is differentiable at z, then = satisfies

Vfx) + z = 0  for some z € N,(C). (15.6)
If 7 is a local maximizer, then it satisfies

Vf(x) = z  for some z € N, (C). (15.7)
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When the tangent cone 7,(C') to C at x is defined by (15.5), then Z is a local maximizer
(minimizer) of f on C provided

(5)Vf(x) = > pa?  withallthe p; > 0. (15.8)
JET ()

Proof: If 7 is a local minimizer, then it satisfies (VI). This implies that —V f(z) €
N,(C), so (15.6) follows. Then theorem 14.1 gives the last part of this theorem.

The coefficients p; are called the Kuhn-Tucker, or inequality, multipliers associ-
ated with the active constraints at x. Quite often the condition (15.8) for a minimizer of
fon C is stated in the form that there is a € R,.™, such that 7 satisfies

m

Vi) + Y pja? =0 (15.9)

with p; = 0 when the j-th constraint is inactive at 7.

One consequence of this result is that somewhat different conditions hold at a
local minimizer of f on C depending on which constraints are ”active” at the point.
Inactive constraints are not ”"observed” by the extremal equations.

Lecture 16; 10/20/2004

16. Optimization subject to a Single Convex Inequality Constraint.

Let g : R™ — R be a differentiable, convex function and C'= S.(g9) := {z € R": g(z) <
¢} be a synoptic set with non-empty interior. Then C is a closed convex set. Assume that
the boundary of C is

AC = Lg) = {zr€R": g(z) = c}. (16.1)

(This is an extra assumption; in general LHS C RHS here. )
If g(x) < ¢, then T,,(C) = R™ as g is continuous and x is an interior point of C

Suppose z € 9C so g(z) = c. If v satisfies (V g(z),v) < 0, we have g(x + tv) < ¢
for t small enough and positive as g is differentiable at z. Thus v € T,(C). Assume
V g(z) # 0, this implies that

No(C) = {uVyg(z):p = 0}. (16.2)

This leads to the following special case of the KK'T theorem.
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Theorem 16.1  Suppose f, g are G-differentiable real valued functions on R" with g
convex. Define C as above and assume it has nonempty interior and (16.1) holds. If 7 is
a local minimizer of f on C and V ¢g(&) # 0, then Z satisfies

Vf(x) + uVglz) = 0 for some p1 >0, and (16.3)
u(g(x) —c) = 0. (16.4)

When 7 is a local maximizer of f on C, then this system still holds except that now p < 0.
Proof: Under these assumptions, theorem 13.1 says that Z satisfies (VI). That is =V f(z)

N, (C), so (16.3) follows from (16.2) when ¢g(z) = ¢. If g(Z) < ¢, then (16.3) holds with
i = 0. These results may be combined as (16.3) and (16.4).

We shall now use this theorem to describe the characterization of eigenvalues and
eigenvectors of a real symmetric n X n matrix A by optimization methods.

Let ¢ : R — R be the quadratic form associated with A as defined in example
7.7. Take g : R — R to be the function defined by

n

go) = Jal3 = Y lay (16.5)

J=1

Let Bj be the unit ball in R" defined by B; := {z € R": ||z]|3 < 1}. Consider the
problem of minimizing, and maximizing, q on B; and define

alq) = infren, q(x),  B(q) = supep, q(). (16.6)

Obviously we have a(q) < 0 < [((q) as 0 € B;. These maxima and minima turn
out to be related to the eigenvalues of A. A eigenvector e of A is said to be normalized if
el = 1. When e¥) is a normalized eigenvector of A corresponding to the eigenvalue
)j, then g(teW)) = 2);. Thus

where A1, A\, are the least, respectively largest, eigenvalues of A.

In fact the first and last inequalities will often be equalities - in particular when
a(q) < 0 or B(q) > 0 respectively. The following result gives the conditions for this. It
also provides a proof that there are real eigenvalues and eigenvectors of a real symmetric
matrix, as well as a characterization of the smallest and the largest eigenvalues.

Theorem 16.2 Suppose A is a real symmetric n X n matrix, q and B; are defined as
above. Then «a(q), 3(q) defined above are finite and there are vectors &, Z € By such that
a(q) = q(%) and ((q) = q(z). Moreover,

(a) if Z # 0, then it is an eigenvector of A corresponding to the eigenvalue a(q), and
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this is the least eigenvalue of A, and
(b) if & # 0, then it is an eigenvector of A corresponding to the eigenvalue 3(q), and
this is the largest eigenvalue of A.

Proof: The unit ball By is compact in R"™, so these minimization and maximization
problems have finite values which are attained from Weierstrass’ theorem.

First consider the case of minimization of q on Bj. If the infimum is attained at
an interior point of Bj, then from theorem 15.1, the minimizer satisfies Az = 0. Thus
either £ = 0 or it is an eigenvector of A corresponding to the eigenvalue 0. In either case
there cannot be any negative eigenvalues A of A, as if u is a corresponding iegenvector of
norm 1 then ¢(u) = A < 0 which contradicts the assumption that Z minimizes q on Bj. If
the infimum is attained at a vector  on the boundary 0By, then theorem 15.1 says that
T satisfies

Az + px = 0 for some p > 0. (16.7)

Take inner products with & then ¢(%) := a(q) = —pu, so —u is an eigenvalue of A and it
is less that or equal to 0. It must be the least eigenvalue of A, as if there were a more
negative eigenvalue, that would yield the minimium value of q on By. Hence (a) holds.
Similar arguments prove (b).

This result did not use the fundamental theorem of algebra, or related results, to
show that there are eigenvalues or eigenvectors. It just depends on differential calculus
and optimzation theory. The following corollary is often used and its generalizations are
very important in analysis.

Corollary 16.3 Suppose A is a real symmetric n x n matrix and the least eigenvalue
of Ais A;. Then
(Az,z) > M\ ||z|3 for all x € R™. (16.8)

Proof: If A has )\; as an eigenvalue then A — kI has A\; — k as an eigenvalue. Thus the

least eigenvalue of B := A — A\{I will be zero. B is again symmetric. From the theorem
a(q,B) =0, or (Bz,z) > 0 for all z € By. That is (16.8) holds for all z € By. If || 2|2 > 1,
then normalize z and one sees that (16.8) holds on R™.

(16.8) shows that the quadratic form ¢ will be p.d. on R™ if and only if the least
eigenvalue of A is strictly positive. It will be p.s.d when the least eigenvalue of A is 0. This
result was stated earlier without proof. The analysis above shows why the eigenvalues of
A are connected with the quadratic form . This was known for centuries before linear
algebra was invented and has interpretations in both geoemtry and mechanics - where it
is associated with the theory of principal azes.
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Lecture 17; 10/25/2004

17. Penalty Methods for problems with inequality constraints.

Today we’ll describe penalty methods for modifying inequality constrained problems and
use them to prove a result about the conditions satisfied by their local minimizers.

Suppose {g1,...,gs} are continuously differentiable real valued functions on R"
and define
S ={reR":g¢;(z) <0 for1<j<J} (16.1)

S is a closed set. For each point x € S, let J(x) be the indices of the active constraints
at x. That is, J(z) = {j : gj(xr) = 0}. A point z € S is said to be a regular point for
the constraints defining S providing the set {Vg;(z) : j € J(z)} is linearly independent.
Any interior point of S is a regular point.

Suppose f : R®™ — R is continuously differentiable and we want to find the
extremality conditions obeyed by the local minimizers of f on S. When S is not a convex
set, we usually need some extra conditions on the functions g; to obtain such equations.
There are many different such conditions that provide different results. See section 5 of
chapter 4 of Berkovitz for a description of some different results and, in particular, of
the theory of the Fritz John condition. Here we’ll prove a general version of the KKT
condition. The result is the following

Theorem 17.1 (KKT2) Suppose f, S as above and 7 is a local minimizer of f on S. If
Z is a regular point for the inequality constraints, then there is a unique positive vector
1 such that z satisfies

Vi@ + Y wVg(x) =0  withallthe pu; > 0. (16.2)
JjET (%)

The condition that the only nonzero y; correspond to j € J(x) is often written
J
> wigi(x) =0 (16.3)
j=1
This is a system of n+1 equations and J inequalities that must hold at the local minimizer.

Usually there are n + J; unknowns, namely the n entries in & and J; possible positive
values of the ;. Here J; is the number of indices in J ().

We shall prove this result by using a penalty function formulation. Given a local
minimizer = of f on S and an € > 0, consider the function

J
Fle) = f@) + 5 3 ) + 5 o= dl3 (16.4)
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Here g;1(z) := maz(0, g;(x)). Note that g;1(z)? will be G-differentiable on R" with
V(gir(2)®) = 2g;+(2)Vgj(z) whenever g;(x) > 0. (16.5)

Let By := {z € R" : ||z — Z||2 < d} be a closed ball in R™ of radius ¢ and center Z.

Consider the penalized problem of minimizing Fj on B;. This is a problem of
minimizing a continuously differentiable function on a closed ball in R"™; so the constraints
are easy to work with. This problem always has a solution from Weierstrass’ theorem.
Let 2*) be a minimizer of this problem and I' := {z® : k > 1} be a corresponding
sequence of minimizers.

Lemma 17.2 (Convergence) Suppose f, S, Fy, By as above and ¥ is a local minimizer
of fonS. If T'is a sequence of minimizers of Fj, on By, then 2*) converges to & as k — oo.

Proof: Note that F(z) = f(&) for all k, so

Fp(z®) < f(&) forallk>1 (16.6)

Define oy := infyep, f(x). Then the last inequality and the definition of Fj show that
ko (n2 -
a; + 5 ; gj+ (') < f(z) forallk>1
Since k " 0o, this implies that
J
Z gir(z®)? — 0" ask — oo,
j=1

Thus each g;4(z®)) — 0 as k — oo. Let # be a limit point of the sequence I'. Then since
each g; is continuous, we have g; (z™) — g, (). Thus 2 € S. Take limits in (16.6),
then

A €. ~ -
f@) + =25 < f(7) = af,9).
This can only happen if & = Z, so the result holds.

Proof of theorem 17.1:
A consequence of this result is that for sufficiently large k,z®) will be in the interior of
Bi. When this holds, then z*®) will satisfy

V@) + kD 94(@)Vgi(a) + elz=3) = 0 (16.7)

If z*) € S then we must have z*) = # and this formula implies that V f(&) = 0
which has the form (16.2).
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Otherwise, define 1% := kg, (x®)) and observe that for k sufficiently large J (x*))
J(Z). Then (16.7) implies that

J
Via®) £ 30 V) = e (@) (16.5)
j=1
This is a linear equation of the form D, u = c* where Dy is an n x J; matrix

of rank J; whose columns are the active constraints at z*). 44 is a column vector with J;
entries and ¥ := (7 — z®)) — V f(z®). Premultiply this equation by DF, to obtain

DIDy u = DFc

The matrix on this left hand side is a .J; x J; matrix that has rank J; as = is a regular point
of the constraints. This equation has a unique solution for the vector u*. Let k — oo,
then since the functions are continuously differentiable, Dy converges to D and & — @
Thus the multipliers u* converge to

i = (D'D) D¢

Now take limits as & — oo in (16.8), each term converges to a limit and the RHS
goes to zero, so (16.2) holds at the local minimizer Z of f on S and p is unique.

This choice of a penalized function is good for showing that a local minimizer of
f on S which is regular, must satisfy the KKT equations. Sometimes penalized functions
like this are used to develop numerical algorithms for approximating the local minimizers
of fon S.

A function ¢ : R — [0,00) is called an exterior penalty function provided v is
continuous and increasing with
(i) ¢(s)=0 fors<0,and (s)>0 for s> 0, with
(i) ¥(s) o0 ass— oc.

When the set S is described by inequality constraints as above, define

J

U(z) = P(g;(x))-

j=1

Then ¥(z) =0 on S and ¥(z) > 0 on R"\ S. Consider the penalized function P, f(z)

defined by
J

Pof(z) == f(z) + o¥(x) = f(x) + o > ¥(g(x))

i=1

The associated penalized problem is to minimize P, f(z) either on all of R", or
else on some simple subset such as a ball or a box that is of interest. As o " 0o, one might
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expect the solutions of this problem will converge to solutions of the original problem of
minimizing f on S. This often is true and leads to good algorithms for some problems.

Lecture 18; 10/27/2004

Example 17.1 Let S be the region in the plane defined by the 5 inequalities
0 <2 <2, 0< 2 <2, and x4+ 25 > 1.

Suppose that a differentiable function f attains its minimum on S at the point P = (1,0),
then what can be said about V f(1,0)? Repeat this problem when the minimum is at

Q@=(L2).
Answer. First note that S is not convex so we must use the theory of section 16. Rewrite
the inequalities in the standard form (16.1). Then

—21 <0, —25 <0, 11 —2<0, 1, —2<0, 1 —x2 — 235 <0,

Minimization at P. At P, the two active constraints are ro = 0 and 23 + 2% = 1.
The gradients of these constraints at P are

0 —2
(1) _ @ _
@~ (5) =3

Then the KKT?2 theorem says that, since dV,d® are 1.i. when f is minimized at P, there
are positive pug, p1o such that

Vf(l,()) + [le(l) + ,ugd(2) =0

Thus of
axl( 70) M2 = 07
of
- — >
8.1’2 (17()) H1 = 07

That is the two partial derivatives of f at (1,0) must both be > 0. So these two
inequalities must hold when f has a minimum at P.

Minimization at Q. At Q only 1 constraint is active, namely o —2 = 0. The gradient
of this constraint is d := ((1)) Theorem 16.1 applies so there will be a positive us such
that

Vf(l,Q) + /Lgd =0

In terms of components, this becomes

- — R, — <
) (1,2) 0 and ; (1,2) 3 0,
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This time the extremality conditions say that 1 equation and 1 inequality hold when f
has a minimum at (1,2).

There are other conditions besides those given in Theorem 17.1 which allow one
to conclude that if a point 7 is a local minimizer of f on S, then (16.2) holds. These are
called constraint qualification conditions. There are, however, points # and C''—functions
g; such that (16.2) may not hold when 7 is a local minimizer of f on S.

18. Optimization with Nonlinear Equality Constraints.

In theorem 13.5 the linear Lagrange multiplier rule was stated for multivariate opti-
mization subject to linear equality constraints. We would like to have a similar rule for
minimizing a continuously differentiable function f on a set S defined by L equality con-
straints. Let {hq,...,hr} be continuously differentiable real valued functions on R"™ and
define
S ={zeR":hx) =0 for 1<I<L} (18.1)
A point x € S is said to be a reqular point for these equality constraints provided the set
{Vh(z) : 1<1< L} is alinearly independent set in R™.
Suppose f : R® — R is continuously differentiable and we want to find the

extremality conditions obeyed by the local minimizers of f on S.

Theorem 18.1 (Lagrange Mulltiplier)  Suppose f, S as above and 7 is a local minimizer
of f on S. If T is a regular point for the equality constraints, then there is a unique vector
A € R” such that 7 satisfies

Vi) + > N Vi(z) =0 (18.2)

This is a system of n 4+ L equations for n + L unknowns; namely the n entries in
Z and the L Lagrange multipliers A;.

This result will be proved by using a penalty function formulation similar to that
for the inequality case described in the preceding section. Given a local minimizer Z of f
on S and an € > 0, consider the function

ko € _
F(x) = fla) + ; h(z)? + 5 lle— || (18.3)
Let By := {zx € R" : ||z — Z||]2 < 0} be a closed ball in R" of radius ¢ and center Z.

Consider the penalized problem of minimizing Fj on B;. This is a problem of
minimizing a continuously differentiable function on a closed ball in R"™; so the constraints

o4



are easy to work with. This problem always has a solution from Weierstrass’ theorem.
Let 2*) be a minimizer of this problem and I' := {z® : k > 1} be a corresponding
sequence of minimizers.

Lemma 18.2 (Convergence) Suppose f, S, Fi, By as above and 7 is a local minimizer
of fonS. If T'is a sequence of minimizers of Fj, on By, then 2*) converges to & as k — oo.

Proof: Note that Fi.(Z) = f(Z) for all k, so
Fi(z®) < f(z) forall k> 1. (18.4)
Define oy := infyep, f(x). Then the last inequality and the definition of Fj show that
L
o+ g Z h(z*™)? < f(z) forall k> 1

Since k " oo, this implies that

L
Z h(z®)? =0t as k — oo.

Thus each h;(z*)) — 0 as k — oo. Let # be a limit point of the sequence I. Then since
each h; is continuous, we have h;(z*)) — hy(2). Thus # € S. Take limits in (18.4), then

@) + FlE=l < f@) = alf.9).

This can only happen if & = Z, so the result holds.

Proof of theorem 18.1:
A consequence of the preceding lemma is that, for sufficiently large k, z®) will be in the
interior of B;. When this holds, then z*) will satisfy

flz) + kZ h(2)V ly(z) + e(x—3) = 0 (18.5)

If z*) € S then we must have *) = # and this formula implies that V f(#) =
which has the form (18.2).

Otherwise, define A\F := khy(x*)) then (18.5) implies that

L
®) + 3N Vh@E®) = €@ -a®) (18.6)
=1

This is a linear equation of the form Dy \* = ¢* where Dy, := DH (z®) =
1((z (@ 1s an n X L matrix. e matrix = Z) has ran V
Vhy((z® , Vh((x™)] i L ix. Th ix D:=DH(z) h k L b
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assumption. Thus for large k, D, has rank L as the columns are continuous functions
of x on B;. M is a column vector with L components and c* := ¢(& — 2®)) — V f(z®)).
Premultiply this equation by D}, to obtain

DID, \* = D}

When k is large enough, the matrix on this left hand side is an L x L matrix of rank
L. This equation has a unique solution for the vector A\¥. Let k — oo, then since the
functions are continuously differentiable, D), converges to D and ¢* — & Thus the \*
converge to

X = (D"D)"'D"¢

Now take limits as & — oo in (18.6), each term converges to a limit and the RHS
goes to zero, so the Lagrange multiplier rule (18.2) holds at the local minimizer Z of f on
S and A is unique.

This theorem is Corollary 2 of theorem 5.2 in Chapter 4 of Berkovitz, page 156.
He gives a number of examples of its use.

Note that the constraints could just as well have been that
h(x) = ¢ for 1 <1< L. (18.7)
Just define some new functions m,(z) := h;(x) —¢; and the set S will have the form (18.1).
Moreover Vh(x) = Vmy(z) so the Lagrange multiplier rule (18.2) is the same.

Again there are some other conditions under which a Lagrange multiplier rule
holds at a local minimizer of an equality constrained C!'—problem like this one. There
also are examples where this rule does not hold. The criterion of this theorem is usually
the easiest to verify in practice.

lecture 19; 11/1/04.

19. Optimal Portfolio Problems.

Optimal portfolio problems have the following mathematical formulation.

Minimize V(z) = (Cuzx,x) with z € R" (19.1)
subject to Z x, = A and (19.2)
j=1

> rjz = R (19.3)
j=1

Here z; is the amount invested in the j-th asset, A is the initial amount invested
and R is the expected return - both are assumed to be strictly positive. C := (cj;) is
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a positive definite symmetric n X n matrix which is the variance-covariance matrix of
the asset prices. This problem says that you wish to find the allocation of the amount
available which will produce the given return R while minimizing the variance.

This is a problem with two linear equality constraints, so the theory of section 13
applies. This function V' (z) is strictly convex from theorem 7.3 and it is also coercive, so
V will attain its infimum on the affine subspace of all vectors which satisfy (19.2)-(19.3).

Let e :== (1,1,...,1)T and 7 := (ry,...,7,)T be the vectors in the constraints.
Without loss of generality (wlog), assume that e, r are linearly independent. (If not then
each asset has the same rate of return - so they are indistinguishable from the point of
view of return and you just put all your resources into the security with least variance).
Henceforth we will also assume that all the r; > 0. Why invest in a security where the
expected return is negative or zero? Also note that if z is the solution of this problem
with A = 1,R = R;, then Az is the solution of this problem subject to (19.2) and
R = AR,. So wlog we often take A = 1 and then adjust R. This is equivalent to just
determining the proportion that should be invested in each security.

There are a number of ways to minimize V subject to these constraints. First we
could use the two constraints to eliminate two variables - say x,,, x,,+1 and then substitute
back into V' (z). This will be a quadratic function of n — 2 variables and one seeks an
unconstrained minimizer of this function. This is fine when n is small and you do not
change the vector r.

There are many direct minimization algorithms that are specially designed to find
minima of problems such as this. Here I'll primarily look at the equations and inequalities
satisified at the optimal allocation.

From theorem 14.2, & will be a minimizer of this problem if and only if there is
a A € R? which satisfies
CSL’ = )\1 e + >\27" (194)

Since C is positive definite, it is invertible and its inverse C~! will also be sym-
mmetric and positive definite. Thus if we know the Lagrange multipliers A\;, Ay, we only
have to solve this system (19.4) to find the optimal Z. Now the solution of this system is
given by

&= C ' Ae + Mr) (19.5)

Substitute this back into (19.2)- (19.3), to obtain 2 linear equations for A. Namely

(19.6)
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When e, r are linearly independent this system is non-singular (Why?), and there
is a unique solution given by

where L is the inverse of the matrix in (19.6). Substitute this into (19.5), to
find the optimal allocation. That is to find the optimal allocation, we need to know the
(Cholesky decomposition of the) inverse matrix C~! and solve (19.6) to find the Lagrange
multipliers. Then use the formula (19.5).

In practice most investors, or funds, impose further constraints. Many investors
are uncomfortable with, or not allowed to, short sell stocks. This means that all the x;
are required to be positive. Then the allowable allocations are

S = {z € R} : (19.2) and (19.3) hold} (19.7)

This is a bounded closed convex set, with
0 < z; < min(A, R/r;) for each j.

provided the vector r > 0. (What happens when r; < 07) The optimization problem now
is to minimize a strictly convex function on a compact convex set, so there is a unique
minimizer of V on S.

The theory of section 15 applies here. To find the conditions obeyed at a local
minimizer, we need to describe the normal cone to S at a general point in S. This can
be done, as in today’s homework problem set. The KKT theorem 15.2 says that the
minimizer z of V on S satisfies

Cr + 2z =0  forsome ze N,(5) (19.8)

A somewhat simpler condition may be obtained using Lagrange and KKT mul-
tipliers. Namely there is a A € R? such that the minimizer satisfies

chkmk — A = Xr; >0 for all j > 1, and (19.9)
k=1
chkmk— M= Ay =0 whenever z; > 0. (19.10)
k=1

If we multiply each equation here by z; and add, then we find the minimizer &

satisfies
(Cx,xy = MA + R (19.11)
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These conditions are not usually sufficient to determine the solution z and A directly. We
usually have less than n + 2 equations for the n + 2 unknowns. Nevertheless solutions
of this optimization problem may be found very efficiently using standard algorithms for
minimizing convex functions on compact convex sets.

Another common requirement is to say that no single security can be more than
a fixed percentage of the portfolio. This enforces diversification. In this case, define
I := [0,b] where b is the maximum investment in a given security. Then the allowable
portfolios lie in

S = {x e R": (19.2) and (19.3) hold and each z; € I} (19.12)

This S is a compact convex set. For it to be non-empty, we must have nb > A and
b(>_j-, rj) > R - assuming 7 > 0. That is

b > min (A/n,R/|r])  where |r|:= Z 7]

J=1

In the preceding case this holds with b = A. As b decreases, this set S becomes
smaller and will be empty when b is too small. As long as S # (), there will be a unique
minimizer of V on S and the algorithms for minimizing convex functions on compact
convex sets will find the minimizer.

This time the conditions satisfied by a local minimizer of V on S will be that
there is a A € R? such that the minimizer & satisfies

chkzk — A = XN, >0 whenever z; =0, (19.13)
k=1
chk Tp— M — A1, = 0 whenever 0 < z; < b, (19.14)
k=1
chkmk o e L whenever z; = b, (19.15)
k=1

This is a system of n linear inequalities and 2 equations, for the n + 2 unknowns.
Now we do not even have a simple analog of (19.11).

Still for each of these problems, we have
(i)  the existence of a unique minimizer,
(ii)  the criteria that must hold at a local minimizer of V on the set, and
(iii)  good algorithms for finding this minimizer.

In each case the criteria that hold at the minimizer has a different form. It is
(i) asystem of n+ 2 linear equations for n + 2 unknowns when there are no inequality
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constraints,

(ii) a system of at least 3 equations and at most n — 1 inequalities when we require the
components to be positive

(ili) a system of at least two equations and up to n inequalities when the components
must lie in a fixed interval.

There are other variations on these problems. For example, one could allow the
components x; to lie in different intervals I; C R, or the intervals could have the form
I = [—by, by] where by, by are both positive. For each such problem, the theory we have
described allows us to conclude that there is a unique minimizer of V on S and to find
the extremality conditions that such a minimizer must satisfy.

lecture 20; 11/3/04.

20. Lagrangians and Dual problems.

Associated with a convex optimization problem, there often are dual optimization
problems which will provide extra information about the original or primal problem. Of-
ten these are variational problems for the multipliers that are present in the optimality
conditions; but sometimes they involve new dual variables. There may be a number of
very different dual problems to the same original problem.

The primal problem (P) is assumed to have the form

Find alf,C) = ;1612 f(x) and M(f) = {ze€C: f(x) = a(f,C)}. (20.1)

with f: C' — (—o00, 00] assumed to be continuous and C a nonempty closed convex subset
of R™.

Let A be a nonempty, closed subset of R™, then a function £ : C' x A — R is said
to be a Lagrangian for (P), provided

f(z) = sup L(z,y) for all z € C. (20.2)

yeA

There are many examples of such Lagrangians. This notation is standard for op-
timization theory - but only rarely is related to the Lagrangians that arise in physics. The
following are examples of Lagrangians for some of the constrained optimization problems
we have already considered.

Example 20.1. Suppose, as in section 13, that f : R® — R is a given differentiable
function. Let A be a m X n matrix and b € R™ be in the range of A. Assume rank A =
m < n and define C' to be the set of all solutions of the equation

Az = b (20.3)
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C is an affine subspace of R". The primal problem is to minimize f on C. Define L :
R™ x R™ — R by
L(x,\) = f(z) — (N Az —b). (20.4)

Then the function F': R" — (—o0, 00| defined by

o | flx) if Av=10
Fla) = f;gfn Lz, A) = { 00 otherwise. (20.5)
This shows that this £ is a Lagrangian for our problem.
Example 20.2. Suppose again that f : R” — R is a given differentiable function. Let

A be am x n matrix and b € R™ be in the range of A. Assume rank A =m > 1 and, as
in section 14, let C be the set of all solutions of the inequalities

Az < b (20.6)

C is a closed convex set, assume it is non-empty. The primal problem is to minimize f
on C. Consider £ : R™ x [0,00)™ — R defined by

L(z,p) = flz) + (p, Az =b) = f(z) + Z p (a9, ) = by). (20.7)

J=1

Define the function F': R" — (—o0, co| by

F(x) == sup L(x,pn) = {f(:c) if Az < b (20.8)

1E[0,00)™ 00 otherwise.

Here F' may be regarded as an extension of f to R™ as it equals f on C. Thus £ is a
Lagrangian for this problem.

Example 20.3. Suppose now that f,g : R® — R are given differentiable functions.
Assume ¢ is convex and let C' = {x € R" : g(x) < ¢} be non-empty. Then C is
closed and convex. The primal problem is to minimize f on C and is the type of problem
described in section 16.

Consider £ : R" x [0,00) — R defined by
L(z,p) = flz) + plg(z) —o). (20.9)

Then the function F': R" — (—o0, 00| defined by

x if ) < ¢
Flz) = S[ﬁp) Ll p) = { £C(> ) othegr(wi)se_ (20.10)
I ,O0 :

so F'is an extension of f, and this £ is a Lagrangian for this problem.
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In terms of the Lagrangian one sees that

a(f,C) = inf sup L(z,y) (20.11)

zeC yep

When £ is a Lagrangian as in (20.2), then the dual problem (P*) associated with
this Lagrangian is to maximize G : A — [—00, 00) defined by

G(y) = ;Ielg L(z,y). (20.12)

The value of this problem will be

B(G,A) = sup G(y) = sup inf L(z,y). (20.13)

yEA yeA z€C
The following result shows that whenever we have a Lagrangian function as above
then the value of the dual problem is less than that of the primal problem.
Theorem 20.1 Suppose L is a Lagrangian function for the problem (P) and G is the
dual functional defined by (20.12). Then
G(y) < B(G,A) < a(f,C) < f(x) forallye A, zeC. (20.14)
Proof: From (19.2) and (20.12),

f(3) = G(5) = suwp L(7.y) — inf L(z,5) for any (7,5) € C x A,

yeA

This RHS equals

sup sup [£(Z,y) — L(z,y)] and thisis > 0.
yeA zeC

Hence f(z) > G(y) for any (z,7) € C' x A and the result follows.

The central inequality here can be written as follows. It says that for any function
L defined on a product set C' x A, the sup inf is less than, or equal to the sup inf of the
function.

Corollary 20.2  Suppose L is any function on C' x A, then

sup inf L(z,y) < inf sup L(z,y). forallye A, x € C. (20.15)

yeA T€C z€C yep

62



21. Conjugate Convex Functions.

To describe the dual problems it helps to use the theory of conjugate, (or dual or polar),
convex functions. Their systematic use helps simplify many arguments and formulae.
Unfortunately they are not treated in any of the recommended textbooks.

Let C be a convex subset of R” and f : C' — (—o00, 00| be a given function. The
effective domain of f is defined to be the set

dom(f) = {zeC: f(x)<oo} (21.1)

The function f is said to be nontrivial on C provided dom(f) # 0.

The conjugate conver of f is the function f*:R™ — (—o0, oo defined by

f*(y) == sup [(y,z) = f(z) ] (21.2)

zeC

If you prefer to use minimization this is equivalent to

—f(y) = inf [ f(z) —{y,2) . (21.3)
Note that f* is defined on all of R™ whenever C is a subset of R". Moreover
we don’t require that f is continuous, convex or have any property except that it is not
identically co. Observe that
fr(0) = —inf f(x) = —a(f,C).

zeC

This conjugate function is a simpler (and better) way of describing what used to
be called the Legendre transform of a function. This has been that has been used in clas-
sical mechanics for 200 years and is the basis of the transition from Lagrangian mechanics
to Hamiltonian mechanics. It also is a fundamental operation in thermodynamics. The
following theorem says that f* is always convex - whether or not f is.

Theorem 21.1 Suppose f is a function defined on a convex subset C of R™ with f
bounded below and not identically co. Then f* defined by (21.2) is nontrivial and convex
on R".

Proof: When f is bounded below on R", then 0 € dom(f*) as above. It is convex
as f* is the supremum of a family of linear - hence convex - functions of y on R".

Lecture 21; 11/8/2004

Example 21.1. Let A be a positive definite and symmetric n x n matrix and define
f(@) = (1/2)(Az, ).
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Then f(z) is strictly convex and coercive on R™ and the infimum in equation (21.3) with
this function occurs at a point # which satisfies Ax = y. Thus & = A~'y since a positive
definite matrix always has an inverse. Substitute back in (21.3) to find that

fy) = (1/2)(Ay,y).
In particular when A := I,,, then f(z) := (1/2)||z||%, and f*(y) = (1/2)]yll3.

Example 21.2. Let  f(x) == (1/p) [[z[|p with1<p<oo.

Then f(z) is strictly convex and coercive on R™ and the infimum in equation (21.3) occurs
at a point & which you (should have) found in one of your homework problems (when n
= 1) and is described in theorem 12.1. Then, from the fact that equality holds in Young’s
inequality,

fly) = (1/p") llllp-.

Example 21.3. An important convex function in probability theory, thermodynamics
and statistical mechanics is the entropy function h : [0, 00)" — [0, 00) defined by

h(z) = Z f(z;) where f(s):=slns (21.4)
j=1
This function f was example 6.4 earlier. It is straightforward to show that f*(y) = e¥~!
for y € R, so that
h*(y) = e ! Z eYi for y € R" (21.5)
j=1
Example 21.4. Let C be a nonempty closed convex set in R™. The indicator function

of C'is I : R" — [0, 00| defined by
0 it zeC

le(w) = { oo  otherwise. (21.6)
The conjugate function of I is called the support function of C and is given by
sc(y) = sup (z,y). (21.7)
zeC
When C is bounded, this function is finite for any y € R".
Example 21.5. Given ¢ € R”, define f(z) := (c¢,z) + co. This is an affine function
and its conjugate is
« B —C if y=c
f) = { 00 otherwise. (21.8)

When ¢y = 0, this conjugate function is the indicator function of the single point ¢ € R™.

Some simple properties of convex conjugation include the following. Here each f
is a given function with values in (—o0, 00].
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1. If (0

) = cg, then f*(y) > —co for every y € R™.
If g(x) := cf(z) with ¢ € (0,00), then ¢*(y) = ¢ f*(y/c)
) =

2. (

3. If g(z f(Lz) with L an invertible n x n matrix, then ¢*(y) = f*((L*) ty).
4. If f(z) < g(x) for all z € C, then f*(y) > g¢*(y) for all y € R™.

5. If f(a®, 2@) = fi(2M) + fo(2?) is defined for (V) 2?)) € Cl x Cy where

C), Cy are closed convex sets then f*(y™M,4y?) = fi*(yM) + f5(y@).

Homework set 5. (due 11/15/04)

Question 1.  Prove the above 5 properties.

Question 2.  Prove the formulae for A* in example 21.3.

Question 3. Suppose that K is a closed convex cone in R"™ and I is the indicator
function of K as in example 21.4.

(a)  Show that the support function of K is again an indicator function and describe the
effective domain of sg.

(b) If K :=10,00)", what is the effective domain of s?

The definition (21.2) leads to the following result.
Theorem 21.2 (Fenchel-Young inequality)  Suppose f is a function defined on a convex
subset C of R™ and f* is defined by (21.2). Then

flx) + f*y) > (z,y) for all (z,y) € C x R". (21.9)

If f is convex and differentiable on C, equality holds here if and only if (z,y) satisfy
Vi) =y

Proof: (21.9) follows directly from the definition (21.2). When f is convex and
differentiable on C, and the infimum in (21.3) is attained then the minimizer is a point
which satisfies V f(z) = y. Hence equality holds in (21.9) implies that V f(z) = .
Conversely if V f(z) = vy, then such an z will minimize the RHS of (21.3) and this
implies equality in (21.9).

Note that the Youngs’ inequality of section 12 is the special case of this inequality
with f as in example 21.2. Essentially this theorem generalizes Young’s equality to the
class of all functions that have a nontrivial conjugate function.

Conjugate convex functions often arise in describing dual optimization problems.
For the Lagrangians associated with either equality or inequality constraints, we have the
following dual problems.

Example 21.1. (continued) When £ : C' x A — R is defined by equation (20.2), then
the dual problem (P*) from (20.12) is to maximize

G(\) == (b,\) — f*(AT)) for A € R™. (21.10)
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This is an unconstrained m-dimensional optimization problem - which is often written as
the problem of minimizing —G(\) on R™.

Example 21.2. (continued) When L : C' x[0,00)™ — R is defined by equation (20.7),
then the dual problem (P*) from (20.12) is to maximize

G(p) = —(b,pu) — f(=A"p) for p € [0, 00)™. (21.11)

This is an maximization problem on the positive orthant in R™. Again it is often treated
as a problem of minimizing —G(u) on this positive orthant.

In both these examples, the dual problem involves maximizing a concave function
on a relatively simple closed convex set - either all of R™ or the positive orthant [0, 00)™.

Lecture 22; 11/10/2004

22. Saddle Points and Dual Optimization Problems.

Suppose f, C are as in section 19 and (P) is the primal problem of minimizing f on C. Let
C, D be nonempty closed convex subsets of R", R™ respectively and £ : C'x D — R be a
Lagrangian for (P). A point (z,7) is said to be a saddle point for £ on C' x D provided

L(z,y) < L(z,9) < L(z,y) forall (z,y) € C x D. (22.1)

This is a purely algebraic definition and is not necessarily the same as the def-
inition you may have had in a calculus course. The dual problem (P*) is to maximize
G : D — R defined by

Gly) = ;Ielg L(z,y). (22.2)

The following theorem says that if a Lagrangian has a saddle point then there
are solutions of both the primal and dual optimization problem and their values are
equal. Moreover, if the primal and dual problems both have solutions, and their values
are equal, then the Lagrangian has a saddle point. It is the central theorem of (convex)
duality theory.

Theorem 22.1 (Saddle-point duality) Suppose £ is a Lagrangian for the problem (P)
and G is defined by (22.2). Then (,7) is a saddle point for £ on C' x D if and only if
1. & is a minimizer of (P),

2. ¢ is a maximizer of (P*), and

3. a(f,0) = B(G,D).

Proof: Choose 7 in C and gy in D. Then the properties of £ imply that
f(z) = G(y) = sup L(Z,y) — inf L(z,7)
yeD zeC
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= sup sup L(Z,y) — L(z,§) = 0.
yeD zeC

From the definition of a saddle point (22.1), we have

f@) < L(2,9) < G@{H)

These last two sets of inequalities then imply that

f(&) = L(z,9) = G(9) (22.3)

so properties 1-3 of the theorem hold.
Conversely if (z,7) satisfy properties 1-3, then

ap L(y) = inf L(r.g) < L(.9)
yED zeC

Thus
L(i,y) < L(,9) forallye D.

Similarly property 3 implies that

G(y) = inf L(z,9) = f(&) = sup L(&,y) = L(&,9)

zeC yED

Thus L(x,y) > L(z,7) for all z € C, so the other part of (22.1) holds. That is, (z,9) is
a saddle point for £ on C' x D.

Thus a pair of dual optimization problems will both have solutions whenever the
associated Lagrangian function has a saddle point. Usually to prove that a function £
has a saddle point in the sense of (22.1), we need some convexity type conditions on L.

The function £ is said to be convez-concave on C' x D provided C and D are
convex sets and
(i)  L(.,y) is convex on C for each y € D, and
(ii)  L(x,.) is concave on D for each x € C.

Remember that a function G is concave on a convex set D whenever —G is
convex on D. Note that when L is convex-concave on C' x D, then from the property 2 of
operations on convex functions in lecture 7, we have
(i) F(x) = sup,ep L(x,y) is convex on C, and
(i) G(y) := infrec L(z,y) is concave on D.

Example 22.1  Suppose f : R" — R and g : R™ — R are continuous convex functions
and B is an m x n matrix. Define £ : R” x R™ — R by

L(z,y) == f(z) + (Br,y) — g(y).
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Then £ will be convex-concave. Moreover the functions F' : R* — R and G : R™ — R
are given by

F(z) = f(z) + ¢°(Bz) and G(y) = —g(y) — f*(—B"y).

Thus if a Lagrangian is convex-concave, both the primal and the dual problems
are equivalent to minimizing a convex function on a convex set. This holds as maximizing
the concave function G on D is equivalent to minimizing —G - which is convex - on D.

The basic theorem on saddle points is the following result which was originally
proved as a result in the theory of 2-person games.

Theorem 22.2 (von Neumann’s minimax)  Suppose L is a convex-concave function, C,
D are closed nonempty compact convex sets in R, R™ respectively and £ is continuous.
Then there is at least one saddle point of £ on C' x D.

This is theorem 5.2, chapter 3 of Berkovitz, page 117ff and he takes 4 pages for
the proof. In fact we have the following result when C, D are not compact - which is the
case in the examples we’'ve had

Corollary 22.3  Suppose L is a continuous convex-concave function and C,D are
nonempty, closed unbounded convex sets in R™, R respectively. Suppose also
(i) thereis a yo € D, such that

lim L(x,y) = oo, and
[|z||—o0,zeC

(ii)  there is an xy € C, such that

lim L(xg,y) = — 00,
llyl|—o0,y€D (0. )

then there is at least one saddle point of £ on C x D.

The proof of this is very similar to that of the theorem. There are some other
general theorems on the existence of saddle points for various types of functions; the above
are just the most often used results.

In either case we have the following which depends on the fact that the set of
minimizers of a convex function on a convex set will itself be a convex set.

Theorem 22.4 Suppose L is a continuous convex-concave function and C,D are nonempty;,
closed convex sets in R™, R™ respectively. Then the set of saddle points of £ on C' x D is
a closed convex set in C' x D.

Proof:  From theorem 21.1, a point (Z,7) in C' x D will be a saddle point of £ if and
only if  minimizes F on C and § maximizes G on D. The function F is convex so from
Corollary 9.4, the set of all minimizers of F on C is a closed convex set C,,, in R™. Similarly
the set of all maximizers of G on D is a closed convex set D,,, in R™. Thus the set of all
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saddle points of £ will be C,, x D,, and is a closed convex set since the product of two
closed convex sets is again a closed convex set.

A natural question is what differential conditions hold at the saddle points of a
differentiable function £? The following is the necessary condition.

Theorem 22.5 Suppose C, D are nonempty, open, convex sets in R" R respectively
and L is a continuous function. If (Z,7) is a saddle point of £ and L is G-differentable at
(Z,7), then

V.L(z,y) = 0 and V,L(Z,9) = 0 (22.4)

Proof:  Just like the proof of theorem 8.1.
We also have the following analog of theorem 9.3.

Theorem 22.6 Suppose C, D are nonempty, open, convex sets in R", R™ respectively
and L is a differentiable convex-concave function. The point (z,9) is a saddle point of £
on C' x D if and only if (22.4) holds.

Example 22.1 Let A be a real symmetric, positive definite n x n matrix and B be an
n x n skew-symmetric matrix. That is BT = —B. Consider the function £ : R* x R® — R
defined by

Lly) = JAna) + (fy—2) — (Bry) - SlAvy) (229

This function is convex-concave and it has the derivatives

V.L(r,y) = Az — f — B'y and V,L(z,y) = f — Br — Ay. (22.6)

Theorem 22.7 Suppose A, B, L as above, then there is a unique saddle point (&, Z) of
L on R™ x R™. Moreover z is the unique solution of the linear equation

(A+ Bz = f (22.7)

Proof: =~ This Lagrangian satisfies the conditions of Corollary 21.3 so it has at least one
saddle point. Use the formulae for the derivatives (22.6) and theorem 21.6, then any such
saddle point (Z,7) satisfies

Az — BTy = f and Bz + Ay=f.
Subtract these two equations, then
(A -B)@E -9 =0
Take inner products with £ — ¢. Then
(A@ —9),2 —9) =0
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This implies £ = gy as A is positive definite. Thus the theorem follows.

The primal and dual problems associated with this Lagrangian provided opti-
mization problems for the solution of (22.7).

Note that any matrix equation of the form Cx = f with C being an n x n
matrix and (Cz,z) > 0 for x € R™ \ {0} can be written in the form (22.7). Thus there
are both optimization, and saddle point characterizations of solutions of linear equations
of this form.

Lecture 23; 11/15/2004

23.  Duality for Quadratic Programming problems.

Here we shall look at the dual problems associated with a programming problem
of the form (P); minimize

f(x) = (1/2) (Az,z) — (c,x) subject to Bz < d (23.1)

Here A is a positive definite symmetric n X n matrix, B is an m X n matrix, ¢,z are in
R™ and d € R™. This is the problem treated in Chapter 5, section 6 of Berkovitz. This
is called a quadratic programming problem as it involves minimizing a convex quadratic
function subject to linear constraints. We shall further assume that the set

C = {zeR": Bx < d}. (23.2)

contains more than 1 point. It is a closed convex subset of R™. Note that A is positive
definite implies that f is strictly convex and coercive on R", so this optimization problem
has a unique minimizer whenever C is non-empty.

All of the portfolio optimization problems of section 18 can be put into this form
as linear equality constraints correspond to 2 linear inequality constraints. That is

(b,x) = do isthe same as (b,z) < dyand (b,x) > do.

The Lagrangian for this problem is described in example 19.2 and is £ : R" X
[0, 00)™ — R defined by

L(z,p) = (1/2) (Azx,z) — (c,z) + (u, Bx —d) (23.3)

The primal problem associated with this Lagrangian is the original problem (P).
For fixed p, this function £(z, i) is strictly convex and coercive in x, so it has a unique
minimizer &(u) which will be the unique solution of

Az = ¢ — BTy (23.4)
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That is
#(u) = A™Ne — B'p)

This dual function defined by (19.11) is G : [0,00)™ — R where

G(u) = (=1/2){(A7(B"u—c),(B"u—c)) — (p.d) (23.5)

The dual problem (P*) is to maximize G on [0,00)™. This is a problem of maximizing
a strictly concave function on the positive orthant of R™. It has a unique maximizer ji -
which will be the vector of KK'T multipliers for this problem.

Then the unique solution of (P) will be given by the unique solution z of (23.4)
with [ in place of p.

Recapitulation: Suppose the primal problem (P) is to minimize the coercive, strictly
convex quadratic function f on C. From the existence theorems, there is a unique solution
and one could try to find this minimizer directly using a standard algorithm. If this is
done then Theorem 16.1 - the second KKT theorem, says that the minimizer will be a
solution of (23.4) for some KKT multipliers /i € [0, 00)™ with the property that

(i, Bi —d) = 0

(Actually we may have to improve theorem 16.1 a little when there are some equality
constraints in the definition of C but the result still holds for this problem). That is,
KKT type theorem says that there will be some fi such that the last two equations hold.

This Lagrangian formulation provides an optimization problem for the KKT mul-
tipliers. This dual problem is a quadratic optimization problem on the positive orthant
in R™ which has a unique solution for i and the corresponding maximum value is equal
to the value of the primal problem. Then the minimizer Z is found by solving a positive
definite symmetric linear equation. This is a standard linear algebra problem - which
is usually resolved using the Cholesky factorization. Thus the Lagrangian formulation
provides two associated optimation problems; the primal problem and one for the KKT
multipliers.

In fact one can show that (Z,/1) is a saddle point of this Lagrangian. The La-
grangian approach provides extra information about the problem - as it provides a direct
description of the KKT multipliers. When m is small compared to n, it is usually better
to use the dual problem obtained from this Lagrangian approach. When m is large, and
n is small then a direct method for the primal problem may be preferred.

A different description of this duality is given in Chapter 5, section 6 of Berkovitz
(page 210).
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24. Linear Programming problems.

A linear programming problem is a problem (P) of the form; maximize, (or minimize)
the function
f(x) = (c,x) subjectto z > 0 & Bz < d. (24.1)

Here B is an m x n matrix, ¢ € R™ and we shall assume that the set
C = {zxeR" iz > 0& Bz < d} (24.2)

contains at least two points. This C is a closed convex set in R".

When C is bounded, it will be the convex hull of a finite number of points in
[0,00)". These points are called the vertices of C and a careful argument leads to the
following theorem.

Theorem 24.1 When C as above is bounded, the linear function f(z) attains its
minimum, and maximum, at vertices of C.

This result is geometrically obvious in 2 dimensions. Thus in linear programming,
the effort was generally devoted to finding the vertices of the domain (or constraint or
feasible set) C. The simplex method is an algorithm for generating nearby vertices from
a given vertex. It is described in chapter VI of Berkovitz and will not be detailed here.
Here we shall describe a duality theory for linear programming problems.

A Lagrangian for this LP problem is similar to those described before and is
L :1]0,00)" x [0,00)™ — R defined by

This can be rewritten as

‘C(xmu) = (BT,u—c,x) - <[L,d>.

One can verify that maximizing £ over p gives a function whose minimization
leads to the primal problem (P).

The dual function associated with this Lagrangian is G(u) on [0, 00)™ where

— 00 otherwise.

The dual problem is to maximize G on [0,00)™. Since we want this maximum
to be finite, we consider the domain of the dual problem to be the set of points where
G(p) > —oo. Then the dual problem (P*) is to maximize g(u) := —(d, 1) on the set

D :={peR™: n>0& BTy > ¢} (24.5)
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This dual problem is again a LP problem involving the maximization of a linear
function on a closed convex set of the same form as C. The vectors ¢ and d have been
interchanged, BT replaces B and the inequality sign has been reversed. The main result
about this is the following.

Theorem 24.2 Assume f,g,C, D as above. The problem (P) has a solution Z if and
only if the dual problem (P*) has a solution and then the values of the primal and dual
problems are equal and the Lagrangian has a saddle point. If (P) has no solution, then
D is empty and £ does not have a saddle point.

The proof of this is not hard - but will be omitted here. This is a version of
theorem 7.1, chapter 5 of Berkovitz - where he also considers the case where C is empty.
Rather than prove these results we’ll treat the the following two examples which illustrate
how some LP problems work.

Example 24.1  Consider the problem of maximizing f(z) := (¢, z) over the unit simplex
A,, C R" defined by equation 12.7. That is,

 2; <1 and z; >0 forl<j<n (24.6)
j=1
This set A, is the closed convex hull of the set {0,e™,... e}, It has the form

of (24.2) with B := e being a 1 X n matrix and d = 1.
This description of the vertices of A, and theorem 23.1, implies, that f satisfies

min{0,c,...,c,} < f(xr) < max{0,cy,...,¢,} forall xe€A,. (24.7)
Please convince yourself that this is true. Asssume that ¢; = min{cy,...,c,} and
cxg = max{cy,...,c,}. If ¢; <0 then e) is a minimizer of f on A, and when c; > 0

then 0 is a minimizer . Similarly e®) is a maximizer of f on A, when cx > 0, and 0 is a
maximizer when cx < 0.

A Lagrangian for this problem is the function £ : [0, 00)" x [0,00) — R defined
by
L) = —(ea) + plle) — 1) (24.8)
This can be rewritten as
L(z,p) = (pe—cz) — p

You should verify that this is, in fact a Lagrangian for this problem. From
equation 19.11, the dual function will be G : [0,00) — R defined by

G(p) = ir>1f0 L(x,u) = { i pe 2 ¢ (24.9)

—oo if pe<e.
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Now the inequality pue > ¢ holds if and only if u
When cx < 0 then G(u) = —p for all g > 0. In this case, G(u
so the value of the dual problem is 0 and it is attained at [

K max{cy, ..., ¢}
< G0)=0forall u>0

When ck > 0, then

B - if u > ck
G(p) _{ —o0 if 0<pu< k.

This function is maximized when p = cx and the value of this dual problem will
then be —cg.

Now use theorem 24.2, to infer that the value of the primal problem is either 0
when cx < 0, or —cx when cx > 0. This implies that the maximum of (¢, z) on A, will
be either 0 or ¢k as was earlier found in (24.7). Moreover this maximum is attained at
e5) whenever ¢ > 0 or at 0 otherwise.

If you work carefully with the Lagrangian (24.8), you can show that (0,0) will be
a saddle point when cx < 0, and that (e(K), ck) is a saddle point when cx > 0.

A similar analysis can be used to investigate the minimization of (¢, z) on A,,. In
place of (24.8), one should use the Lagrangian with ¢ in place of —c, so

L(x,p) = {(c,xr) + p({e,x) — 1) = (pe+c,x) — p. (24.10)

In this Lagrangian version, the dual problem involves maximizing a linear function
on an interval - and the only issue is to explicitly determine the interval. This is a
much simpler problem than the primal problem. Once we know the solution of this dual
problem, then theorem 24.2 says that the primal problem has a solution and its value is
either —cg or 0 respectively. This leads to the detemination of which vertex (or vertices)
are minimizers of f on A,. So the solution of the primal problem is helped by knowing
the solution of the dual problem.

The following example illustrates what happens when there is no solution of the
primal problem.

Example 24.2  Consider the problem of maximizing f(z) := (¢, z) over the closed convex
set C' C R™ defined by

—_

n—

zj <1 and z; > 0 forl<j<n. (24.11)
1

J

This is an unbounded closed convex set as if a := (ay,...,a,-1,0) lies in C then
a + te™ e C for all t > 0. Moreover

fla + te™) = f(a) + te,
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When ¢, > 0, this function will have sup,.~ f(x) = oo, and there is no maximizer of f

on C.

This problem has the form of (24.2) with B :=b := (1,...,1,0) beinga 1 xn
matrix and d = 1. The Lagrangian for this maximization problem is similar to (24.8) but
with b in place of e. Thus

L(x,p) = (ub — c,z) — p. (24.12)

When ¢, > 0, then one finds that the dual functional G(u) = —oo for all
1 > 0. Hence the value of the dual problem is —oo and the essential domain of the dual
problem is empty as was stated in theorem 23.2.

Lecture 25; 11/22/2004

25.  Sensitivity of Critical Points and Lagrange Multipliers.

In this section, yet another property of the Lagrange multipliers for an equality
constrained optimization problem will be described. Consider the problem (P) of mini-
mizing a continuously differentiable function f on a set S defined by L equality constraints
as in section 18. We will be interested in seeing how the solutions and the value of the
problem change when the constraints vary.

Let {hi,...,hr} be continuously differentiable real valued functions on R" and
define
S(t) = {zeR": y(x) = td, for 1 <I<L} (25.1)
Here d := (dy,...,dy) is a fixed vector and assume w.l.o.g. —1 <t < 1.

A point z(t) € S(t) is a constrained critical point for f on S(t) provided it satisfies
the Lagrange multiplier system (18.2).

Vi) + > N Vh(z) = 0 (25.2)
- hl(ZL') = tdl (253)

For each value of t € (—1,1), this is a system of n + L equations for n + L
unknowns; namely the n entries in z(¢) and the L Lagrange multipliers \;(t). Suppose
that the curve {Z(t) : —1 <t < 1} is a differentiable curve in R™.

Theorem 25.1 Suppose f, h; as above are continuously differentiable and {z(t) : —1 <

t < 1} is a differentiable curve of constrained critical points of f on S(t). Let

da(t)
dt

a(t) == f(z(t)), then = —(A(t),d) for —1<t<l. (25.4)
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Proof: From the chain rule

do(t)
dt

(25.5)

= = > N (Vh(E®), ) (25.6)

Differentiate both sides of (25.3) wrt t, then from the chain rule,

di(t)
dt

(V hi(i(t)), ) = d

Substitute this in the preceding equation to obtain (25.4) as claimed.

In particular this shows that A\; will be the rate of change of the value function
with respect to the [ — th constraint when all the other constraints are kept constant.
Thus \; measures the sensitivity of the value of the function f with respect to a change
in the [ — th constraint. In particular applications, especially in economics and finance,
the Lagrange multipliers often are observable quantities.

26. Augmented Lagrangians for Equality Constrained Optimization.

In section 18, the Lagrange multiplier rule was developed for equality constrained
optimization using a penalty functions formulation. In example 20.1, a Lagrangian for a
linear equality constrained problem was described. These may be combined to provide
probably the most effective way of finding solutions of equality constrained problems
which is the augmented Lagrangian method due to Hestenes and Powell in 1969.

Assume we have a problem (P) as in the preceding section and take t = 0.
Define the function £ : R" x R x (0,00) — R by

Ll o) = fl@) — 3 Nh(z) + %Z ha(z)?. (26.1)

Let h : R® — RE be defined by h(z) := (hi(x),...,hy(x)), then this can be written

Lz, A o) = flz) — (ANWx) + %Ilh(x)llg- (26.2)

Note that this Lagrangian is linear with respect to (A, ). Consider the problem
of maximizing this with respect to (A, o). Then

flz) if ze€8

00 otherwise.

sup L(z,\,0) = { (26.3)

(X0)
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so this function is a Lagrangian in the sense of section 20 for this problem.

Moreover when f, h are continuously differentiable on R™, then this Lagrangian
is differentiable and its critical points are given by the solutions of

Ve Lz, M o) = V[ (@) — (\Vh(z)) + 0 h(z)Vh(z) = 0. (264)
=1
di)\lﬁ(x’ ANo) = —hx) =0 for1<i<L (26.5)

If 7 is a local minimizer of f on S, and it is a regular point for the equality constraints,
then from the Lagrange multiplier theorem 18.1, (Z,A) will be a critical point of this
augmented Lagrangian for any choice of o > 0.

So the relazed version of the primal problem (P) is the problem (P,) of minimizing
L(x,\,0) with respect to x € R" for fixed (A, o). If this minimum exists, then it would
be G(A, o), the dual function for this Lagrangian defined as in (20.12). If we could find
an (unconstrained) minimizer of this problem which also is in S, then we would have a
possible minimizer of f on S.

Many algorithms have been developed to find solutions of this problem. Essen-
tially we choose values of (Ag,0%) and find an approximate minimizer. Then ”update”
the choice of the Lagrange multiplier, and perhaps increase . Note that the larger that
o is the greater the "penalty” for violating a constraint. Then minimize in x again. Good
strategies for doing this depend on the problem itself, but for most problems mathemati-
cians have found efficient ways to find minima in this manner.

Homework Number 6. (due 12/1/2004)
Question 1. Given a finite set of distinct points S := {a™,... a™} c R" find the
point Z which minimizes F': R" x R — [0, c0) defined by
F(z) = ) ¢l —aV|3

j=1
where each ¢; > 0.
(i) show that this function is convex and coercive and that this problem has a minimizer.
(ii))  what conditions must hold at a minimizer of this problem?
(iii)  find the solution when m = 2,n > 1.
(iv)  find the solution when n = 2,m =3, each ¢; = 1 and S := {0,e), e@}.

Question 2.  Suppose h is the entropy function defined in example 21.3 and C' is the
closed convex subset of points in [0, 00)” that satisfy

(c,x) =1 with each ¢; > 0
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(i) Find the conditions that must hold at a minimizer of h on C.
(ii))  Hence find the unique minimizer of this problem.
(iii)  Describe a Lagrangian for this problem.
(iv)  Give an explicit formula for the dual function associated with the Lagrangian you
have in (iii).
Question 3. Define g : (0,00)" — (0,00) by

—~ 1

g(x) = Z -

— L

7=1
Determine the gradient of this function. Is it convex on its domain?

Let C be the subset of (0,00)" of points which also satisfy (e, ) = 1.

Find the possible solutions of the extremality equations that are satisfied by a local

minimizer of g on C. Hence find the minimizer of g on C and the value of g at this
minimizer. (Hint; Try the case n = 2 first.)
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