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ABSTRACT. Criteria for the existence and uniqueness of weak solutions of div-curl bound-
ary-value problems on bounded regions in space with C?-boundaries are developed. The
boundary conditions are either given normal component of the field or else given tan-
gential components of the field.

Under natural integrability assumptions on the data, finite-energy (L?) solutions exist
if and only if certain compatibility conditions hold on the data. When compatibility
holds, the dimension of the solution space of the boundary-value problem depends on the
differential topology of the region. The problem is well-posed with a unique solution in
L2(Q; R3) provided, in addition, certain line or surface integrals of the field are prescribed.
Such extra integrals are described.

These results depend on certain weighted orthogonal decompositions of L? vector fields
which generalize the Hodge-Weyl decomposition. They involve special scalar and vector
potentials. The choices described here enable a decoupling of the equations and a weak
interpretation of the boundary conditions. The existence of solutions for the equations for
the potentials is obtained from variational principles. In each case, necessary conditions
for solvability are described and then these conditions are shown to also be sufficient.
Finally L2-estimates of the solutions in terms of the data are obtained.

The equations and boundary conditions treated here arise in the analysis of Maxwell’s
equations and in fluid mechanical problems.

1. INTRODUCTION

This paper treats existence and well-posedness issues for boundary value problems
for div-curl systems of the form (2.1)—(2.2) on bounded 3-d regions. In particular we treat
situations where

(i) the normal component of the field is prescribed on the boundary, or
(ii) the tangential components of the field is prescribed on the boundary.

Each of these cases each arise in electromagnetic modelling and we show that

(i) the data must satisfy certain compatibility conditions for solutions to exist,
(ii) depending on the topology of the region and the boundary data, the solutions may
be non-unique, and
(iii) the solutions are described by variational principles for specific scalar and vector
potentials.
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The specific well-posedness results are Theorems 12.6 and 13.4 of this paper. These
theorems are based on the representation theorem 5.2, and much of this paper is devoted
to establishing this weighted Hodge- Weyl decomposition. A major issue is the description
of appropriate classes of potentials for each of these problems. When the potentials are
selected appropriately, the system may be decomposed into independent problems for the
scalar potential and the vector potential of the solution.

Variational principles for these potentials are described and the existence and unique-
ness of solutions is analyzed. For each of these problems, we first describe the necessary
conditions on the data for the existence of solutions. Then we show that, subject to some
further natural integrability requirements on the data, these necessary conditions are, in
fact, sufficient to guarantee the existence of finite-energy solutions. When the topology of
the domain or the boundary data is non-trivial, there may be non-uniqueness of solutions
of the pure boundary value problem. This non-uniqueness is manifested in the existence
of a finite dimensional subspace of e-harmonic vector fields. Extra linear functionals must
then be specified to determine a unique solution. Such extra conditions are detailed.

For the prescribed flux problem these extra conditions may often be interpreted as
requiring the prescription of extra circulations. When the tangential component of the
field is prescribed, the extra conditions may be regarded as potential differences. The
number and type of such extra conditions are independent of the tensor £(x) in the
equations, provided condition E1 holds. In the case of prescribed flux, the number of
extra conditions is the number of handles in the domain - or the dimension of the first
de Rham cohomology group. When the tangential field is prescribed on the boundary,
the number of potential differences required is the number of holes in the domain - or the
dimension of the second de Rham cohomology group of the region.

Earlier work on the normal and tangential boundary-value problems for these sys-
tems includes that by Picard [16] and Saranen [17] and [18]. Their results used the theory
of closed linear operators on Hilbert spaces. Recently Bolik and von Wahl [8] have de-
scribed a C* approach to these questions. Cessenat, in chapter 9 of [9], has provided a
careful analysis of these problems. The variational approach detailed here is quite differ-
ent to any of the preceding works and provides, we believe, both a physically reasonable,
and an numerically advantageous formulation of these problems. In particular, it permits
the treatment of boundary conditions in certain natural weak forms. Previously, Kotiuga
and Silvester in [15] described a variational principle related to those described here for
a modelling a magnetostatic problem.

The results of this paper could have been formulated in the language of exterior
analysis and differential forms. This was not done here for a variety of reasons including
the fact that using the same exterior derivative symbol for each of grad, curl and div ends
up being quite confusing. Moreover the analysis given here applies to contravariant fields
such as the velocity field in inviscid fluid mechanics as well as to covariant fields. It is,
however,gvery useful to interpret many of the results for the special case of forms on open
sets in R”.



L2-WELL-POSEDNESS OF div-curl SYSTEMS 3

This paper has many similarities with our paper on the planar div-curl problem [6],
although there are many changes in the notation, results and methodology because of the
extra dimension. In both papers, however, the results are obtained by using potential
decompositions of finite-energy fields and variational principles for the potentials. Also
Auchmuty [4] described related principles for finding the velocity from the vorticity in
3-dimensional fluid flows.

2. div-curl EQUATIONS ON BOUNDED REGIONS.

This section describes the boundary-value problems for div-curl systems that are be
studied. Throughout this paper, ) is a non-empty, bounded, connected open subset of
R?. Its closure is denoted by Q and its boundary is 9 := Q\ Q. A non-empty, connected,
open subset of R? is called a region. We generally require:

Condition B1. Q is a bounded region in R® and 0 is the union of a finite number of
disjoint closed C? surfaces; each surface having finite surface area.

A closed surface X in space is said to be C? if it has a unique unit outward normal
v at each point and v is continuously differential vector field on . See [14], Section 1.1.
for more details on this definition. When (B1) holds and 09 consists of J + 1 disjoint,
closed surfaces, then J is the second Betti number of €2, or the dimension of the second
de Rham cohomology group of €2. Geometrically it counts the number of “holes” in the
region ().

When u, v are vectors in R?, their scalar product, Euclidean norm and vector product
are denoted u - v, |u|, and u A v, respectively. The issue to be studied here is:

Given a Lebesque-integrable real-valued function p, a vector field w defined on
Q and specific boundary conditions, when does the system

(2.1) div(e(z)v(z)) = plz) and
curlv(z) = w(x), forzeQ,
have a unique weak solution v € L?(Q;R?)?

Here div and curl are the usual vector differential operators and £(z) := (ej(x)) is a

symmetric, positive definite, 3 x 3 matrix for each z € Q. The matrix (x) is required to
satisfy the following condition:

Condition E1. FEach component ej, of € is continuous on Q and there exist positive
constants ey and ey such that, for all z € Q and v € R3,

(2.3) eolul’ < (e(z)u) -u < eful’.

The system (2.1)—(2.2) arises in fluid mechanics and electromagnetic field theory, as
well as other applications. For a fluid , e(x) is a diagonal matrix whose diagonal entries
are the local mass density. In electrostatics, (x) is the permittivity matrix. In linear
magnetic field theory, p(z) is zero, v represents the magnetic field intensity and then
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g(x) is the inverse of the magnetic permeability tensor. Much of the following analysis
is motivated by questions about the solvability of Maxwell’s equations. The conditions
imposed, and the results obtained, have physical interpretations in electromagnetic field
theory.

The normal (or prescribed flux) boundary-value problem for (2.1)—(2.2) is given a
function p on 0L, to find solutions v subject to

(2.4) (e(z)v(z)) - v(z) = p(z) on ON.

The tangential boundary-value problem is given a tangential vector field 1 on 02 to solve
(2.1)—(2.2) subject to

(2.5) v(x) Av(z) = n(x) on 0.
The field 7 is tangential on 0S) provided
(2.6) n(z) - v(z) =0 on 0.

This paper develops sharp conditions under which the div-curl system (2.1)—(2.2)
has finite-energy (L?) weak solutions which satisfy the boundary conditions in a specific
weak sense. An important part of this paper is to establish this weak formulation for
this problem. The guiding principle in this work is the use variational principles to
determine both the formulation, and the solutions, of these boundary value problems. To
do this special potential representations of the solutions are introduced. These separate
into distinct problems for the scalar and vector potentials of the solution. The next two
sections describe the various Hilbert spaces used in these decompositions which allows us
to state the weighted Hodge- Weyl representation in Theorem 5.2.

3. SPACES OF FUNCTIONS AND VECTOR FIELDS

To state our results various spaces of functions and vector fields are defined. A listing
of spaces and projections is provided for the convenience of readers in an appendix near
the end of this paper. The space LP(€2) with 1 < p < 00, is the usual space of (equivalence
classes of ) Lebesgue measurable functions ¢ : 2 — R for which |¢[? is Lebesgue integrable
on 2. They are Banach spaces under the norm

ol = / @) d.

When p = 2, these are real Hilbert spaces, the inner product is denoted (u,v) and the
subscript on the norm is omitted. All integrals are Lebesgue integrals and dz denotes
integration with respect to 3-dimensional Lebesgue measure. When the domain of inte-
gration is omitted it is assumed to be Q. The function ¢ is in LY (Q) if ¢ € LP(K) for
every compact subset K of 2.

Let WHP(Q2) be the usual real Sobolev space of functions. Derivatives are usually
taken in the weak sense and the j™ weak derivative of (z) is written ¢ j(z) := dp(x)/0x;.
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When ¢ € WP(Q) for some p > 1 and 2 obeys (B1), then the trace of ¢ on 0% is well-
defined and is a Lebesgue integrable function, see [11, Section 4.2] for details. Surface
integrals are denoted by do and are defined using 2-dimensional Hausdorff measure.

If o, p € WHP(Q) for some p > 3/2, then the Gauss-Green Theorem holds in the
form

(3.1) /gowﬂ- dPr = / 0 P v da—/lﬂ@,z’ dx
Q o0 Q
for i € {1,2,3}.

When v : Q — R? is a Lebesgue measurable vector field, its Cartesian components
are denoted v;, so that v(z) = (vi(x),va(x),v3(x)). When v is weakly differentiable, its
derivative matrix is Dv(z) := (v;x(x)). v is said to be in L2(;R?), or H'(Q;R?), when
each component v; is in L*(Q), or H*(Q), respectively. These are Hilbert spaces with
respect to the inner products

(3.2) (u,v) := /Qu(x)v(x) dz, and

(33) oy = [ Lula)vle) + 37 wisle) visle) | &'

jk=1

The corresponding norms are denoted ||ul|, ||u||, respectively. When no subscript is indi-
cated, the corresponding norm is an L?*norm. The field is in LP(€;R?) for 1 < p < oo
provided

loll? = /Q W@ P < oo
The class of all such fields is a real Banach space with this norm.

When ¢ : Q — R is in W'P(Q) then its gradient is the vector field Vy : Q — R?
defined by

(3.4) Vo(z) = (pa(x), pa(x), ¢ s(x))

and this field is in LP(;R*). When v : Q© — R?® is a C" vector field, its (classical)
divergence is the function defined by

(3.5) divu(z) = v11(x) + vo2(z) + v33(2)
The curl of v is the vector field defined by

(3.6) curlv(z) := (1)372 — V3,U13 — V31, V21 — ULQ).
where v; ; is the classical 5 derivative of v;.

Let C2°(€2) be the space of all C* functions on Q with compact support. When
v € LP(;R?) for some p > 1, then a function p € LL (Q) is the (weak) divergence of v
on {2 provided

(3.7) / o p+Vo-v] &z = 0 for all p € C°(Q).
0
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The field is solenoidal on € if this holds with p = 0 on Q. Similarly when v € LP(Q;R?)
for some p > 1, then a field w € L .(;R?) is the (weak) curl of v on Q provided

loc
(3.8) / [v-curlz —w- 2] d®z = 0 for all z € C°(;R?).
Q

v is 1rrotational on §2 provided this holds with w = 0.

The field v is said to be in H(div, Q) provided v € L?*(Q;R?) and dive € L3(9Q).
The space of all such fields is a real Hilbert space with respect to the inner product

(3.9) (u,v)g = / [u-v + divu.dive] dx.
Q

Similarly H(curl, ) is the space of all fields v € L?*(Q;R*) such that curlv is also in
L2(;R?). Tt is a real Hilbert space with respect to the inner product

(3.10) (u,v), = / [u-v + curlu-curlv] dx.
Q
Let
(3.11) Hpe () = {v e L*(R?) 1 dive € L*(Q) and curlv € L*(; R?)}.

This is a Hilbert space under the inner product
(3.12) (u,v)pe == / [u-v + curlu-curlv + divu.dive] dz,
Q
which is called the DC-inner product. Further discussion of these spaces may be found in

Girault and Raviart [14, Chapter 1] or Cessenat [9, Chapter IX, part A].

A number of results about the boundary behavior of vector fields are required. Let
C(€2 : R?) be the space of all continuous vector fields on Q. Given v € C(Q : R?), the
normal component of v on the boundary is the vector field

v,(x) = (v(x)- v(z)) viz).
The tangential component of the field is
v (z) = v(x) —u(x) = v(@)A (v(x) Av(x)).
The vector v, (x) is non-zero if and only if (v(x) Av(z)) # 0.
Define the normal trace operator T, : (€ : R*) N Hpe () — C(09Q) by
(3.13) T,o(z) = v(z)- v(x) for x € 09

This operator may be extended to a continuous linear map of H (div, ) to H~1/2(9Q). See
[9, Chapter IX, Section 1.2, Theorem 1] for the precise statement and a proof. Similarly
the tangential trace operator T, : C(Q : R*) N Hpe(Q) — C (99 : R?) is defined by

(3.14) Tyv(x) == v(x) Av(z) for x € 09).

This operator may be extended to a continuous linear map of H (curl, Q) to H~'/2(98; R?).
See [9, Chapter IX, Section 1.2, Theorem 2] for more details.
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Linearity and the Gauss-Green theorem (3.1) yield the following identities when
each of the integrals are finite:

(3.15) /u-Vgpd% = / o (u-v)do— / ¢ divu d®z,
Q o9 Q

(3.16) /u~curlvd3x = / v-(uAv)do + / v-curlu d’x.
0 o9 0

Sometimes in treating line and surface integrals on smooth subsets of Q we use the notation
of differential forms and omit the symbol for the measure.

When u € H(div,Q), o € HY(Q), (3.15) still holds with the surface integral replaced
by the pairing of H'/2(9€) and H~'/2(99). Similarly when v € H(curl,Q),v € H'(; R?),
(3.16) remains valid with the surface integral replaced by the pairing of H'/2(9$); R*) and
H=Y2(00; R?).

These formulae permit us to define the normal and tangential traces of general fields
on . When u € L'(Q;R?),divu € L'(Q) and g € L'(9Q) we say that u - v := g on O
provided

(3.17) /[gpdivu+V<,0-u] Pr = / g p do.
0 o9

for all ¢ € C(Q) N WH(Q). This definition ensures that (3.15) holds for the fields used
here.

When u € L'(Q;R?), curlu € L'(;R?) and 7 is a L'-vector field on (99, do), we
say that u Av = 7 on 02 provided 7-v =0, o a.e. on Jf2 and

(3.18) /[u-curlv—v-curlu] dr = / v-1do
Q )

for all v € WL (Q;R*) N C(Q: R?).

The spaces H(€; R?) and H,(€; R?) are the closed subspaces of fields u € H'(€; R?)
which satisfy, in the trace sense,

(3.19) u-v =0 or wuAv = 0on df2, respectively.

Friedrichs showed in [13] that these spaces can be identified with the subspaces of Hpc((2)
that obey the same boundary conditions; see also [5] for a recent discussion of these issues.

4. WEIGHTED ORTHOGONAL DECOMPOSITIONS

To describe the solvability of boundary value problems for div-curl systems of the
form (2.1)-(2.2), we use some special representations of the solution. We seek solutions
of the form

(4.1) u(x) = Vo(z) +e(x) " curl A(z) + h(z).

Here ¢ is called a scalar potential for the field v, A is called the vector potential for v and
h is an e-harmonic vector field on €. There are many possible such decompositions; here
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we apply two such decompositions defined by orthogonal projections on L?(€;R?) with
respect to the weighted inner product

(4.2) (u,v). ::/Q (e(z)u(z)) - v(z) d’x.

The particular choices to be used here result in the decoupling of the equations for ¢, A
and h and permit a weak interpretation of the boundary conditions.

When ¢ satisfies (E1), the inner product (4.2) and concomitant norm are equivalent
to the usual ones on L?(€;R*). Two subspaces V, W of L?(Q;R?) are said to be e-
orthogonal when they are orthogonal with respect to the inner product (4.2). A field
v € L*(Q;R?) is said to be e-solenoidal on Q provided

(4.3) / [(e0) Vg d'z = 0 forall p € CX(Q).
Q
This is the weak version of the equation
(4.4) div(e(z)v(z)) = 0 on 2.
Define

G(Q) :={Vy: o € H(Q)}, and Go(Q) := {Vp: ¢ € H}(Q)}.

These are subspaces of L*(; R?) and their e-orthogonal complements may be character-
ized as follows.

Proposition 4.1. Assume (B1) and (E1) hold and v € L*(;R?). Then v is

(i) e-orthogonal to Go(Q2) if and only if v is e-solenoidal,
(ii) e-orthogonal to G(Q) if and only if v is e-solenoidal and satisfies (in the sense of

(3.17))
(4.5) ev-v = 0  on 0N.

Proof. v € L*();R?) is e-orthogonal to Go(€2) if and only if (4.3) holds for all p € H}(€2).
Thus (i) holds as C°(Q) is dense in H}(Q2). When v is e-orthogonal to G(£2), then (i)
holds so ev is in H(div, ) and v is e-solenoidal. This implies that cv - v is in H~1/2(9Q).
Substitute ev for w in (3.17), then v is e-orthogonal to G(€2) if and only if (4.5) holds. [

Define the spaces V-(€2) and V,,0(€2) to be the e-orthogonal complements of Gy(2)
and G(Q) respectively in L?(Q;R?). Then

(4.6) LA(R%) = Go(Q) @ V() = G(Q) ®e Varo(9).

Here @, represents the orthogonal direct sum with the inner product (4.2). Part (i) of
Proposition 4.1 may be interpreted as saying that an L? field satisfies (4.3) if and only if
it is in V.(Q). Similarly v € L*(Q;R?) is a weak solution of (4.4) and (4.5) if and only if
it is in V,0(Q).
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Define
(4.7) Curl.(Q) := {e'cwlAd:Ac H(Q;R®},
(4.8) Curl,,o(Q) = {eteurld:Ac H (R}, and
(4.9) Curl.,o(Q) = {eteurld: Aec H (R}

When ¢(x) = I3 on €, the subscript € is omitted in these definitions. When ¢ satisfies (E1),
these are subspaces of L?(€2; R?) and their e-orthogonal complements may be characterized
as follows.

Proposition 4.2. Assume (B1) and (E1) hold, then Curl.(Q2) = Curl.,o(Q). Ifv €
L2(;R?) then v is

(i) e-orthogonal to Curl.;o(Q2) if and only if v is irrotational on €,
(i) e-orthogonal to Curl.(Q) if and only if v is irrotational and satisfies, in the sense

of (3.18),
(4.10) vAv = 0 on .

Proof. Suppose B = e 'curl A € Curl.(Q). Then A € H'(;R?) and there is a weak
solution ¢ € H'(Q2) of the Neumann problem

: Iy
(4.11) Ap = divA onQ and = A-v  on 0.

v

See Theorem 6.1 below for a proof of a more general result. Define C' := A — V. Then
C' is solenoidal, with curlC' = curl A and C' - v = 0 on 092. Thus C' € Hpeo(f2), so it
is in H!y(€;R?) from [9, Chapter IX, Section 1.2, Theorem 3]. Also B = ¢~ !curl C so
B € Curl,,o(€2) and the first claim holds.

(i) From (4.2), v € L*(Q;R?) is e-orthogonal to Curl.,(Q) if and only if
(4.12) / [v-curl A] d®z = 0 for all A€ H (4 R?).
Q

Since C°(; R?) is a subspace of H!,(Q2;R?), this implies that v is irrotational on € so
it is in H(curl, Q). Conversely if v is irrotational on ©, use (3.18) with u € H!,(Q;R?) to
see that it is e-orthogonal to Curl.o(€2).

(i) If v is e-orthogonal to Curl.(£2), it is irrotational on €2 from part (i). Substitute in
(3.18); then (4.10) holds. Conversely, when v € H'(€; R*) and is irrotational, (4.10) and
(3.18) implies that v is e-orthogonal to Curl.(Q2). By density, this extends to L?(Q;R?).

U

It is worth noting that parts (ii) of the above results imply that L2-fields on € which
obey an L?-orthogonality condition not only are weak solutions of an equation on €2, but
also satisfy specific weak boundary conditions on 0f).
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5. HARMONIC AND e-HARMONIC VECTOR FIELDS

The last result shows that the irrotational vector fields on €2 may be characterized
as the e-orthogonal complements of specific subspaces. It is natural to ask if G(€2) and
Go(Q2) are these spaces? As seen later, the answer depends on the topology of €.

The field v € L*(Q;R?) is e-harmonic, (respectively harmonic) on € if it is e-
solenoidal, (respectively solenoidal) and irrotational on €. Define H.,0(€2) and H..o(2)
to be the spaces of all L? vector fields on 2 which are e-orthogonal to G(2) &, Curl.,¢(2),
and Go(Q) ®. Curl,,(f), respectively. That is h € H.,0(2) provided it is in L?*(Q;R?)
and

(5.1) / (eh) - Vo d®r = 0 and / h-curl Ad’z = 0
Q Q
for all ¢ € G(Q2), A € Curl.¢(2). Similarly & is in H..o(€2) provided (5.1) holds for all
v € Gp(2), A € Curl,,o(£2). These are weak forms of the system
(5.2) diveh = 0 and curlh = 0 on

subject to further boundary conditions associated with these orthogonality conditions.
This may be summarized as follows.

Proposition 5.1. Assume (B1) and (E1) hold, then a vector field h € L*(;R?) is in

(1) Hewo(82) if and only if h is e-harmonic on 2 and satisfies (4.5),
(i) Hero(2) if and only if h is e-harmonic on Q0 and satisfies (4.10).

When ¢ = I3 and h is in either H,o(2) or H.o(Q), then h € H'(S;R?).

Proof. The first two parts follows from the last two propositions of Section 4. When
e = I3, the fact that any such field is actually H' is a consequence of [9, Chapter 9,
Section 1.2, Theorem 3]. O

This result may be refined to the following weighted Hodge- Weyl theorem which
justifies the representation (4.1).

Theorem 5.2. Assume that (B1) and (E1) hold, then

(5.3) L*(4R*) = G(Q) @. Curl.;o(Q) B Heano(),
(5.4) L R?) = Go(Q) . Curl(Q) &, Hero(Q),

and the spaces Heyo(Q2) and Hero(S2) are finite dimensional.

Proof. Here the direct sums are with respect to the weighted inner product (4.2). These
decompositions follow from Proposition 5.1, provided that each of the relevant spaces is
closed. These closure properties are proved in Corollaries 6.2, 6.4, 8.2 and 8.4 in the next
three sections. The explicit characterization and dimension properties of the subspaces
of e-harmonic fields are described in Sections 10 and 11. O
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When e(x) = I3 , the representation (4.1) in this theorem has been called a Hodge-
Weyl decomposition. Hodge originally studied such formulae on quite general manifolds,
see Abraham, Marsden & Ratiu [1, Section 7.5] for such a result. Weyl, in [19], used
singular integral operator methods to prove similar results when € is a region in R?* and
these results were proved using functional-analytic methods by Cessenat in [9, Chapter IX,
Section 1.3]. In the next few sections, the methodology of Auchmuty [3] is generalized to
prove this weighted version of the decomposition theorem.

6. CHARACTERIZATION OF THE SCALAR POTENTIAL

In this section, the scalar potentials in Theorem 5.2 are described explicitly. If H
is a Hilbert space, the projection of H onto a closed subspace V' can be characterized
variationally by Riesz’ Theorem. When v € H, its projection @ := Pyu onto V is the
minimizer of ||u — v|| over V. Let H = L?*(€2;R?) with the weighted inner product (4.2),
let V be the closure of G(2) and u € L?*(€;R*). Then the scalar potential ¢ in the
representation (5.3) minimizes the functional D, : H'(Q) — R defined by

(6.1) Dulp) = / (Vo) - Vi) — 2(ew) - Vgl dPa.

Let H! () be the subspace of H!(Q) of functions with zero mean value. It is a closed
subspace and
(6.2) Dy(Pmp) = Dulp)  for all p € H'(Q),

where P, := ¢ — @ is the projection of H'(2) onto H} () and ¥ is the mean value of
@ on 2. The basic results about the minimization of D, may be summarized as follows.

Theorem 6.1. Assume ) satisfies (B1) and ¢ satisfies (E1). For each u € L*(Q;R?),
there is a unique function @, € H' (Q) which minimizes D, on H} (). Moreover o, is
the unique solution in H! (Q) of

(6.3) / e(Vo—u)-Vipd®’z = 0 for all p € HY(Q).
Q
A function ¢ € HY(Q)) minimizes D, on H*(Q) if and only if ¢ is a solution of (6.3).

Proof. The functional D, defined by (6.1) is continuous and convex by standard argu-
ments. Hence it is weakly lower semi-continuous on H'(Q2) and on H} (). Then (2.3)
and Poincaré’s inequality (see [2]) imply there is a ¢;(€2) > 0 such that

(6.4) / (Vo) Vo) d*s > e / Vo) ' > eoer(Q) / p(@)? de

for all p € H! (Q). Thus

1
Du¢) 2 3 [ @llVel +a@] dz—e ul Vo]

Since ¢ () is positive, this is coercive and strictly convex on H! (€), so there is a unique
minimizer ¢, of D, on H} (Q). See [20, Chapter 42] or [7, Chapter 6] for these existence
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theorems. The functional D, is Gateaux differentiable on H'(2) and its derivative D/, ()
satisfies

(6.5) (D)) = 2 / (Vo —u) - Vi d

for all v € HY(Q2). If v minimizes D, on H'(Q), then (D’ (¢),v) = 0 for all p € H(Q)
and thus (6.3) holds. Thus ¢, = P, satisfies (6.3) as it only differs from ¢ by a
constant. U

When ¢ satisfies (E1), and eu is a sufficiently nice field on €2, then (6.3) is the weak
form of the elliptic boundary value problem

(6.6) div(eVy) = div(eu) on 2, and
(6.7) (eVe)-v = eu-von df.

In this case, the scalar potentials ¢, in (5.3) may be taken to be any H'-weak solution
of this boundary-value problem.

Corollary 6.2. With Q,¢ as above, the space G(Q) is a closed subspace of L*(;R?). If
u € L2(;R?), the e-orthogonal projection of u onto G() is Vo where ¢ is any solution
of (6.3).

Proof. Take H = L*(Q;R?), V = G(f) in [3, Corollary 3.3]. Since there is a minimizer of
D, on H*(Q) for each u € H, the space G(1) is a closed subspace of H and the projection
of u into G(2) is Vi where ¢ is any solution of (6.3). O

The projection of L?(Q; R*) onto G(€2) may be analyzed in a similar manner. The
functionals are the same but the space of allowable potentials is H}(2). This leads to the
following.

Theorem 6.3. Let Q be a bounded, open set in R® and suppose € satisfies (E1). For each
u € L*(Q;R?), there is a unique function @y that minimizes D, on H}(Q). Moreover ¢
is the unique solution in H}(Q2) of

(6.8) / (Vo —u)-Vpdr = 0, for all € Hy(Q).
Q
Proof. The crucial step here is the verification of the Poincaré inequality on Hg(2). This

is a standard result (see [2]). The rest of the proof parallels that of Theorem 6.1. O

Corollary 6.4. When ¢ satisfies (E1) and Q is a bounded open set in R®, Go(Q) is a
closed subspace of L*(Q;R?). If u € L*(Q;R?), the e-orthogonal projection of u onto
Go(2) is Vg where g is the unique solution of (6.8).

Proof. Take V' = G(f2) and repeat the arguments in the proof of Corollary 6.2. O

Essentially, this projection is Vg, where g is a weak solution in Hj () of equation
(6.6).
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7. VECTOR POTENTIAL OF SOBOLEV FIELDS

In this section some further properties of certain potential representations of fields
in (subspaces of) H'(€;R?) are described. In particular we use the results to specify some
uniqueness results for the vector potential of such fields.

Let H! (0 R?), H!,(€2; R?) be the spaces defined at the end of Section 3, and V,},(€2),
V1(€) be their subspaces of solenoidal fields. Throughout this section we use results from
the previous section with e(x) = I3 on Q. The following result may be compared with
Proposition 4.1.

Proposition 7.1. Assume Q satisfies (B1). Given u € H,(Q;R?), there is a unique
v € VH(Q) and ¢y € H*(Q) N H(Q) such that

(7.1) u = Voo +v
and the fields Vg, v are L*-orthogonal.

Proof. Let g be a minimizer of D, on H} (). It exists and is unique from Theorem 6.3.
Condition (B1) and elliptic regularity results imply that ¢q is in H%(2), see [10, Section
6.3, Theorem 4] for a proof. Define v := u — Vi, then L*orthogonality follows from
(6.8) and £ = I3. Also {curl A, Vo) = 0 for all A € H'(Q;R?) [3, Theorem 3.1 (II)] or
[9, Chapter IX, Section 1.3, Proposition 3]. Then (3.18) implies that (Vo) Av = 0 on
99 in a weak sense. Thus v € V})(Q2) as claimed. O

The map Pgo : H'(;R?) — H'(Q;R?) defined by Pgu := Vi with ¢ as in this
proof is a continuous linear projection when (B1) holds. Thus its complement Pgu :=
u — Vi is the projection onto V(). The following is a similar decomposition result
for H'(Q;R?). It is worth noting that the regularity of ¢ here is a consequence of results
about vector fields.

Proposition 7.2. Assume Q satisfies (B1). Given u € H'(Q;R?), there is a unique
v e VH(Q) and ¢ € H*(Q) N H},(Q) such that

(7.2) u = Vep+v
and the fields Vo, v are L*-orthogonal.

Proof. Let D, be the functional defined by (6.2) with € = I3 on  and ¢ be a minimizer of
D, on H! (Q). Tt exists and is a solution of (6.3), so it is a weak solution of Ay = divu €
L*(Q). Thus g := Ve is in Hpc(Q) as curlg = 0 in a weak sense. Define v := u — Vy,
then v € V}i(Q) so it is in Hpc,o(2). From [9, Chapter IX, Section 1.2, Theorem 3],
v € HY(Q;R?) so g is also and thus ¢ € H?(f) as claimed. The orthogonality follows
from (6.3) with € = I5. O

Just as above, when (B1) holds, the map Pg : H'(Q;R?) — H'(Q;R?) defined by
Pau = Vi with ¢ as in this proof is a continuous linear projection and its complement
is the projection onto V.1 (Q).
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We next characterize the vector potentials of the solenoidal components of these
Sobolev fields. This depends on the topology of the region Q. Let H,o(2), H,0(2) be the
spaces of harmonic fields on € which satisfy the boundary conditions (3.19) respectively.
It is shown in [3, Sections 9, 10] that these are finite dimensional subspaces of H'(Q;R?)
when (B1) holds. There they are characterized as the zero-eigenspaces of a vector-valued
eigenproblem.

Set dim H,0(2) = L and dimH,4(2) = J. Then de Rham theory says that the
first and second Betti numbers of {2 are L and J respectively. Let Pg; and Pgo be
the projections of H'(Q;R*) onto these spaces. Py = 0 if  is simply connected and
Pro = 0 if 99 is connected. Let Z,0(Q2) be the subspace of V,}(€2) which is L?-orthogonal
to H,0(Q), and define P, : H'(Q;R?) — Z,0(Q) by
(7.3) Pu = u— Pou— Pmu
where Pg and Py are defined as above. From these definitions @ differs from u by an
irrotational field, so curlu = curl 4. The following result is [3, Theorem 5.1].

Theorem 7.3. Assume ) satisfies (B1) and P, is defined by (7.3). For each u €
HY(Q;R?), @ := P,u satisfies curlu = curl @ and there is a constant ¢ > 0 such that

(7.4) /|Cur1u|2 d*r > c/|11|2 dz,
Q Q

There is a similar result for H!,(€2;R?). Define Z,o(2) be the subspace of V()
which is L?-orthogonal to H,o(f2), and define P, : H,(Q;R?) — Z,4(Q) by

(75) PT’LL = u-—- PG()U — PHQU

where Pgg is the gradient projection in Theorem 7.1 and Py is defined above. This holds
as for the previous theorem but now (7.6) follows from [3, Theorem 6.1].

Theorem 7.4. Assume ) satisfies (B1) and P, is defined by (7.5). For each u €
HY(Q;R?), @ := Pru satisfies curlu = curl @ and there is a constant ¢ > 0 such that

(7.6) /[curlu|2 dr > c/\ﬂ|2 dz.
Q 0

It is worth noting that the optimal constants in (7.4) and (7.6) are the same and
depend only on the region €2, see [3, Section 11]. The projections P, and P, are used to
specify unique vector potentials for fields in these Sobolev spaces.

8. VECTOR POTENTIALS OF L? FIELDS.

For given L? field u, the vector potential A in (4.1) may also be defined by a
variational principle. Let V be the closure of Curl.(€2) in L2(€; R*). Given u € L?(Q;R?),
from Proposition 4.2, the potential A in the representation (5.4) minimizes the functional

C.: H!,(Q;R?) — R defined by
(8.1) Cu(A) = /[(5_1 curl A) - curl A — 2u - curl A | d°x,
0
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Here e(x) " is the inverse matrix of (x) and satisfies (E1) when ¢ does. Unfortunately
this functional is not coercive on H1 (Q;R?). Let Z,0(Q) be the space defined in the
preceding section. It is a closed subspace of H;O(Q;R‘g). Let P, be the corresponding
projection onto Z,0(2) then, from Theorem 7.3,

(8.2) Cu(P,A) = C,(A) forall Ac HY(Q;R?).
Consider the problem of minimizing C, on Z,0(f2). From (8.2)

8.3 inf  Cu(A) = inf C,(A

( ) AeH,l}?(Q:RB) ( ) Aelzlzo(Q) ( )

and A minimizes C, on H,(€2; R?) if and only if P, A minimizes C, on Z,o(2) . The basic
results about this minimization of C, may be summarized as follows.

Theorem 8.1. Assume Q, ¢ satisfy (B1) and (E1). For each u € L*(Q;R?), there is a
unique A which minimizes C, on Z,o(Q). A field A minimizes C, on H}\(Q;R?) if and
only if

(8.4) / [e7'(curl A) —u] - (cwrl B) d®z = 0 for all B € H (4 R?).
Q

In this case
(8.5) PA=A orA = A+Vo+h,
for some p € H' () and h € H,0(2).

Proof. When ¢ satisfies (E1), so does 7! and, (2.3) yields
(5.6) ol < (=@ ) v < el

for each v € R*. The functional C, defined by (8.1) is continuous and convex on H},(Q),
so it is weakly lower semicontinuous on H.(€2) and also on Z,(2). From (8.6) and (7.4),
there is a ¢ > 0 such that

1
Cu(A) > 5/ er ! UcurlA\2 + C\Aﬂ dx — [|v]|| ||curl A]| .
Q

Thus C, is coercive and strictly convex so there is a unique minimizer A of C, on Zo(92).
Given C' € H](€;R?), there is a unique L*-orthogonal decomposition C = A+ Vo +h
with A € H! (% R?), ¢ € H'(Q) and h € H,o(Q2) from [3, eq. (3.8)]. In this case curl C =
curl A so (8.3) holds. Since A is the unique minimizer on Z,0(f2), this representation
theorem and (8.3) yields (8.5). The functional C, is Gateaux differentiable on H},(Q; R?)
and the extremality condition obeyed at a minimizer may be verified to be (8.4). U

Equation (8.4) is the weak form of the system

(8.7) curl (7' curl A) = curlu on
. (etcwrl AYAv = wuAv ond9Q,
(8.9) A-v = 0 ondf.
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Each field A of the form (8.5) is a solution of this problem. The unique solution A € Z,,(€2)
is also solenoidal and obeys

(8.10) (A,hy = 0 forall h € H,o(R).

Corollary 8.2. Assume Q,c as above, then Curl.(Q) is a closed subspace of L*(€2;R?).
If u € L*(S;R%), the e-orthogonal projection of u onto Curl.(Q) is e~' curl A where A is
any solution of (8.4).

Proof. This proof is the same as that of Corollary 6.2 but with Curl.(£2) in place of
G(). O

The projection of L*(Q;R?) onto Curl.,o(f2) may be analyzed in a similar man-
ner. The functionals are the same but the space of allowable vector potentials now is
H!(€;R?). This leads to the following results whose proofs are similar to the above.

Theorem 8.3. Let Q and € obey (B1) and (E1). For each u € L2(S;R%), there is a
unique A which minimizes C, on Z;o(Q). A field A minimizes C, on H!(Q;R?) if and
only if

(8.11) /Q [e7 ! (curl A) — u] - (curl B) dz = 0, for all B € HY,(O;R?).

In this case
(8.12) A = A+Vo+h forsomep e H} Q) and h € Hqo(Q).

Corollary 8.4. When ¢ and Q as above, Curl.;o(Q) is a closed subspace of L*(Q;R?).
If u € L*(;R?) the e-orthogonal projection of u onto Curl..o(Q) is e~ 'curl A, where
A€ HY (R is a solution of (8.11).
Equivalently this projection is 7! curl A where A is a weak solution of equation
(8.7) in H,(Q;R?). Here the unique solution A is solenoidal and satisfies

(8.13) (Ak) = 0 for all k € Hro(Q).

9. L?- AND e-ORTHOGONALITY

To complete the proof of Theorem 5.2, the spaces of e-harmonic vector fields are
characterized explicitly. We use the following result which may be interpreted as saying
that each vector field in L?(€2; R?) can be written as a sum of a gradient and a curl. These
results are proved in chapter IX, section 1.3 of [9] - and the versions below just extract
the statements needed here.

Theorem 9.1. Suppose Q satisfies (B1) and u € L?(Q;R?).

(i) Ifu is L*-orthogonal to G(Q), then u € Curl(Q).
(i)  If u s L*-orthogonal to Curl(SY), then u € G(Q).
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Proof. The proof of these follow from the analysis of [9, Chapter IX, Section 1.3]. The
assumptions (B1) are sufficient to guarantee the condition (1.45) i) required there.

(i) First assume that v € H'(Q;R?), then [9, Chapter IX, Section 1.3, Corollary 5]
implies that

(9.1) u = Ve + curlA with curl A-v =0 on 09.

Multiply this by Vi and integrate over Q. If u is L?-orthogonal to G(f2), use the diver-
gence theorem to see that |[Ve||2 = 0. Hence u € Curl(Q). Since (i) holds for all such
H*! fields it holds for all such L? fields by a density argument.

(ii) This follows from proposition 3 of section 1.3 cited above; especially with the
help of Proposition 4.1 of this paper. U

A similar result holds for e-orthogonal subspaces.
Corollary 9.2. Suppose Q satisfies (B1), € satisfies (E1) and u € L*(€;R?).

(i) Ifu is e-orthogonal to G(2), then u € Curl.(Q2),
(ii)  If u is e-orthogonal to Curl.(RY), then u € G().

Proof. If u is e-orthogonal to G(2), then eu is orthogonal to G(£2) so (i) follows from (i)
of Theorem 9.1 and the definition (4.7). Similarly part (ii) follows directly from (ii) of
Theorem 9.1. U

The question as to whether the results described in this paper hold under weaker
regularity conditions on the region than (B1) appear to require that a version of this
Theorem 9.1 hold on such regions. It is of considerable interest to investigate what
characterization of these orthogonal complements holds under other reasonable geometric
or regularity assumptions on ). These results are required for the explicit characterization
of the e-harmonic vector fields in the next section.

10. THE SPACE H..0(12)

In this section the e-harmonic vector fields in the decomposition (5.4) are charac-
terized explicitly and we show that when  satisfies (B1), the dimension of the space
Her0(€2) is J; one less than the number of connected components of the boundary of 2.

Let the components of 92 be denoted >, ¥, ..., 3, with the connected region (2
being a subset of the region interior to 5. When J = 0 these spaces of harmonic vector
fields are trivial. When J > 1, ) is the region interior to ¥, and exterior to each of
the other components ;. Thus {2 may be viewed as a region with J “holes” and J is
the second Betti number of ). To prove the results on the dimensions of the spaces of
e-harmonic vector fields introduced in Section 3, we obtain an explicit characterization of
these fields. Assume J > 1, Q satisfies (B1) and the X; are as above. For each 1 < j < J,
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let K be the class of functions in H'(Q2) which satisfy

1 forxzed;
10.1 = )
(10.1) x(@) {O for z € 00\ X;.

It is straightforward to verify that K; is a closed convex subset of H'({). Let D, :
H'(©2) — R be the functional defined by

(10.2) Do(p) = /(e(Vgo) V) d*x.

Q
Consider the variational problem of minimizing Dy on K;. This problem has a unique
minimizer x; and it is the unique H'-solution in K; of
(10.3) div (e(z)Vx(z)) = 0 on {2,
subject to the boundary conditions (10.1). The proof of this parallels that of Theorem
6.3. Define
(10.4) M (z) = Vy,(z) forzeQ, 1<j<J
Then each A9 is a non-zero L?-vector field on 2. Under our regularity assumptions (B1)
and (E1) on ¢, each h\%) be continuous on 2 and C* on .

Theorem 10.1. Assume Q¢ satisfy (B1) and (E1). When J = 0, Heo(2) = {0}.
When J > 1, then {hM), ... WD} defined by (10.4) is a basis of Hero(Q)) and thus
dimHero(Q) = J.

Proof. If h € H70(£2), then it is e-orthogonal to Curl.(€2) by definition, so from part (ii)
of Theorem 9.2, h = Vi, on Q, where Vi, is the projection of h onto G(£2) defined by
Theorem 6.1 and Corollary 6.2. Now h satisfies (4.10), so

Vo, AN v = hAv = 0 on 0f2.
Since the components of 9 are C*, there are constants ; with
@h(x) = Ky on E]a OS.]SJ

When J = 0, this and (10.3) imply that ¢, (z) = ko is a solution for this potential and
hence h = 0, so the first claim holds. When J > 1, consider the function

X(x) = onl) =D eix (@) — ko

7j=1
This function satisfies (10.3) and X (z) = k; — kg — ¢; on X;. Take ¢; = k; — Ko for
each j. Then X =0 on 092. The only such solution of (10.3) is identically 0 on €, so

J
(10.5) on(z) = Ko+ Z(F;j — Ko)xj(r) on Q, and

(10.6) hz) = > ¢ h(z),
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upon taking gradients. Thus dim H.,o(2) < J. If AV, ... k) are linearly dependent,

there are constants aq,...,ay, not all zero, such that
J
V(Z apg)(m) =0 on{.

j=1

Since € is connected, ¥ (z) = ijl a;x;(r) must be constant on (2. However
W(z) = a; onX;, 1<j5<J,
0 on Eo.

Then a; = 0 for all j which contradicts our assumption, so the theorem holds. O

Suppose J > 1 and v € L?(€2;R?). Then the projection of L?(£2;R?) onto H..(f)
is given by

7
(10.7) Purv = Y c;hl9(x),
j=1
where (c1,...,cy) is the solution of the linear system
J
(10.8) Y hijep =, 1< k<
=1
Here hy; = (M%) AW). and vy = (v,h®)_. Note that this projection is orthogonal

and continuous on L?(£2; R*) by construction and its range consists of smooth fields on
Q from regularity theory for (10.3)—(10.1). The matrix H := (hj;)) is symmetric and
non-singular as it is the Grammian matrix of a set of linearly independent vector fields.
In particular this projection is the zero field if and only if each vy = 0. When (E1)
holds, and v is smooth enough, this is the requirement that the flux of ev through each
boundary component is zero. That is, for each j, 1 < j < J,

/ cvdo = 0.
E.

J

1} be a C* curve in Q with 2(0) € %y, 29(1) € ¥; and

Let & = {2W():0 < t <
‘ 1. When h() is defined by (10.4), for 1 < i,j < J, then

z@(t) € Qfor 0 <t <

; 1 ifi=y
10.9 h) =
(109) /5 {0 if i # j.
This is a consequence of the boundary condition (10.1) and the chain rule. It leads to the

following characterization of coefficients in this projection.

Theorem 10.2. Assume ) satisfies (B1) with J > 1. If v is a continuous vector field
on Q0 which is e-orthogonal to Curl.(Q), the projection Py, of L*(;R?) onto Hero(Q) is
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given by (10.7) with

(10.10) c;j = /U, 1 <5 < U
&5

Proof. With v as in the theorem, (5.4) implies that v = Ve, + h for some ¢, € Hy(Q)
and h € H.,o(£2). Since h is continuous on €2, so is V,. The line integral of Vi, over §;
is zero from the chain rule. Hence (10.9) and (10.6) imply (10.10). 0

The coefficients c¢; here may be regarded as the potential difference of the scalar
potential ¢g+ ¢y, of v between the boundary surfaces 3y and ¥;. For a general continuous
vector field on €2, (10.10) becomes

¢ = /[v—al curl A]
g.

where A is a vector potential of v defined as in Theorem 8.1.

11. THE SPACE H,0(2)

When e(z) = I3, the space H,0(Q2) arises in topology. Its construction and prop-
erties are described by Cessenat in [9, Chapter 9, Section 1.3, Foias and Temam [12],
Picard [16] and Saarinen [17] amongst other references. The dimension L of this space is
a topological invariant of the region. It is the first Betti number, $1(€2) or the genus of
the region €2 and counts the number of handles in the region.

Let {S),Ss,...,5.} be closed subsets of  which are C2-surfaces with boundary
and satisfy

S1: S NS, = 0for1<l{<m<L.
S2: S is never tangential to OS).
S3:  the region Q. := Q\(UL, Sy) is simply connected.

When [S1]-[S3] hold, the sets {51, ..., S} are called cutting surfaces for the region €. The
above references describe the construction of a basis {k(D, ... k(F)} of H,0(Q) by solving
certain transmission problems for harmonic functions that are discontinuous across this
family of cutting surfaces. Choose the fields k¥ to satisfy the flux conditions;

(11.1) / k9 do = 65, 1<j(<L.
Sj
Note that this is not the usual convention described in the above references, but it is a
permissible alternative to the standard condition involving certain loop integrals.

When ¢ is a general matrix obeying (E1), a basis of H.,0(€2) using transmission
problems was described by Picard in [16] and he showed the dimension of the space is
L. Also Saarinen in [17] gives an abstract proof, credited to K. J. Witsch, that under
conditions similar to ours, the space H.,0(2) has dimension L. Here we first describe an
explicit construction of a basis for H.,0(€2) which is based on perturbation of the basis
with € = I3 and does not require the solution of another transmission type problem.
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Note that if a field k € H.,0(2) then k& € Curl.(Q2), from part (i) of Theorem 9.2
as k is e-orthogonal to G(Q). Define h := ¢k, then h € V}(Q) and is L?-orthogonal to
G(Q). From the (unweighted) Hodge-Weyl decomposition (5.3) there is a B € V() and
a k € H,(Q) such that

(11.2) h = curl B+k.

Given ¢ with 1 < ¢ < L, define B® to be the unique minimizer of the functional
Ci: Z:0(2) — R defined by

(11.3) CG(B) = C_.1j0(B),

where C, is defined by (8.1). This problem has a unique solution from Theorem 8.3 and
BY satisfies (8.7) with —e =1k in place of u. Define

(11.4) EO .= efl[curlB@) + l;:(f)], 1</ < L.

These fields are non-zero L? fields on Q. They could also be defined using a modification
of the proof of [9, Chapter 9, Section 1.3, Proposition 2|. These fields are continuous on
Q2 and C* on .

Theorem 11.1. Assume ¢ satisfy (B1) and (E1). When § is simply connected,
Heno(2) = {0}, When L > 1, then {kW, ... KD} defined by (11.4) is a basis of
Heoo(2) and dim H,,0(2) = L.

Proof. When k() is defined by (11.4), then it is irrotational, since B ) satisfies (8.7). It is
e-solenoidal since k() is solenoidal. Hence it is in H.,0(92). Integrate ek over a cutting
surface S;; then Stokes” Theorem and (11.1) yield

(11.5) /ek“) = / k@ = 6,  1<jl<L.
S S

J J

as each BY) € Z,(Q). Hence the fields are linearly independent and are a basis as
claimed. 0

Suppose L > 1 and v € L?*(Q;R?). Then the projection of L?(€2;R?) onto H.,0(Q)
is given by

L
(11.6) Pmo(r) = Y ek (x),
=1
where (cy,...,cr) is the solution of a linear system similar to (10.8). Namely
L
(11.7) » hje = v,  1<j <L
=1

Here hy; = (kW kO)_ and v; = (v,kD).. The matrix H := (h;;) is symmetric and non-
singular as it is the Grammian matrix of a set of linearly independent vector fields. Since
the k) are smooth, the range of this projection consists of nice fields and the projection
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is continuous on L?(Q; R*) by construction. The projection is zero if and only if the flux
of ev through each cutting surface is zero. That is,

/evda = 0, foreach1</¢< L.
S

This time the coefficients in this expansion may also be determined as fluxes across the
cutting surfaces using the following result.

Theorem 11.2. Assume ) satisfies (B1) with L > 1. If v is a continuous vector field on
Q which is e-orthogonal to G(R), the projection Pr,, of L*(Q;R?) onto H.no(Q) is given
by (11.6) with

(11.8) o = /sv do, 1 < ¢ < L
Se

Proof. With v as in the theorem, (5.3) implies that v = et curl A+Fk for some A € V,o(92)
and k € H.,0(f). Since v,e71, k are continuous on €, so is curl A and then the surface

integral of curl A over S, is zero from Stokes’ theorem and a density argument. Hence
(11.6) and (11.5) implies (11.8). O

For a general continuous vector field on 2, (11.8) becomes

¢ = / e(v — V) do,
Se

where ¢ is the scalar potential of v defined as in Theorem 6.1. Let W () be the class of
all irrotational L2-vector fields on Q. From the unweighted Hodge-Weyl decomposition
and (i) of proposition 4.2, it follows that

(11.9) W(Q) = G(Q) ® Huo(Q).

This holds as the non-zero fields in Curl.,o(2) have non-zero curls from the description of
the basis of this space in [3, Section 10]. This leads to the following result—well-known
when w is smooth—that is needed below.

Theorem 11.3. Assume Q satisfies (B1) and w € L*(Q;R?) is a continuous irrotational
vector field on Q2. Then there is a o € HY(Q) with w = Ve if and only if

(11.10) /w = 0 for every closed C*-curve v C §).
v

Proof. True if H,o(2) = {0}. When © is not simply connected, then the representation
(11.9) implies that w = Vg +k for some k € H,0(£2). Using the description of this space
in [12] or [9, Chapter 9], this &k = 0 if and only if (11.10) holds. O
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12. THE PRESCRIBED FLUX div-curl PROBLEM

We now describe the L2-solvability and well-posedness of various div-curl problems
on domains which satisfy (B1). First consider the problem of finding finite-energy solu-
tions subject to given boundary fluxes. Namely given a matrix valued function ¢, the
vector-valued function w and scalar functions p and u find solutions v € L?(€; R*) of the
system

(12.1) div(e(z)v(z)) = p(z) and
(12.2) curlv(z) = w(z) on Q, with
(12.3) (e(@)v(z)) -v(z) = p(z) on 0f).

Various results on the finite-energy solvability of this problem have been described
by Picard in [16] and Saranen in [17] and [18]. They used operator-theoretic methods on
Hilbert spaces. There is also a considerable literature on the classical solvability of these
problems. Here we use variational principles and variational methods to obtain somewhat
different, and sharper, results. Some results of this type have already been described in
[4] for the case where e(x) = e(x)I3 is everywhere a multiple of the identity matrix.

Throughout the following analysis we assume the following integrability conditions
which are necessary for the functionals in the variational principles to be continuous.

Condition CF. pc L5/°(Q), w € L5/ R?) and p € LY3(09).

First note that if there is a solution of this system then the data must satisfy certain
compatibility conditions

Proposition 12.1. Assume (B1), (CF) and (E1) hold and v € L*(Q;R?) is a weak
solution of (12.1)-(12.3), then the data must satisfy

NC1): dr = do
(NC1) p p do,
Q G)
(NC2): /Qw “Ad*v = 0 for all irrotational fields A € Hy(Q;R?).

Proof. Take ¢ = 1,u = ev and substitute in (3.17). Then (NC1) follows. Multiply
(12.2) by Vi with ¢ € C(€2) and use (3.16). Then (w, V) = 0, so w is orthogonal to
Go(©2). Similarly multiply (12.2) by h € H,o(€2) and use (3.16). The class of irrotational
fields in H(Q2;R?) is dense in Go(2) & H,o(Q2) from the analysis of Section 7 so (NC2)
follows. O

These are necessary conditions for the system (12.1)—(12.3) to have a finite-energy
(i.e., L?) solution. Condition (NC2) is more recognizable in a differential form. The
condition that w is orthogonal to Go(2) is the weak form of divw = 0 on Q. When
J > 1, this condition also requires that w be orthogonal to any field in H.o(£2). The
description of these fields in Section 10 shows that this is equivalent to the condition that
there be no net flux of w through any boundary component ;.
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We next show that when these conditions hold, there is at least one finite-energy
solution by using the decomposition (5.3). This particular representation leads to a de-
coupled system of elliptic boundary-value problems for the potentials ¢ and A. We then
describe, and prove results about, variational principles for these potentials. Thus we seek
v € H (Q),AeVY(Q) and k € H.,0(Q) such that

(12.4) v(z) = Vo(z)+e(z) ' curl A(z) + k()
is a solution of (12.1)—(12.3). Substituting this in (12.1), ¢ must satisfy
(12.5) div(e(z)Vep(z)) = p(z) onQ, and
(12.6) (eVe)-v = p on 0S.
A weak solution of this system is a function ¢ in H'(Q) satisfying
(12.7) / [(eV) - VX + pX] d*z —/ pX do = 0

Q o0

for all X € H'(Q). Consider the variational problem of minimizing the functional D :

H'(Q) — R defined by

(12.8) D(yp) = /QB(&(WO%WDHP4 d?’x—/Q pp do.

The following theorem provides an existence result for this variational principle and thus
also for H'-solutions of (12.7).

Theorem 12.2. Assume (B1), (CF) and (E1) hold. Then D defined by (12.8) is bounded
below on HY(Q) if and only if (NC1) holds. In this case, there is a unique function ¢
which minimizes D on HL(Q). A function ¢ minimizes D on H'(Q) if and only if it
satisfies (12.7). In this case p = @ + ¢ for some constant c.

Proof. When ¢(z) = ¢ is constant on €,

D(c)zc/pd%—c/ wdo.
Q o0

Letting |c| — o0, it follows that D is unbounded below on H'() if and only if (NC1) holds.
Let P,, be the projection of H'(Q) onto H} (Q) defined in Section 5, D,(Pp) = Du(p)
for all p € H'(Q2). So a function ¢ minimizes D on H'(Q) if and only if P,, minimizes
Don H! (Q). When ¢ € H'(Q), then p € L1(Q) for ¢ < 6 and its trace on 9 € L"(99Q)
for r < 4/3 from the usual imbedding theorems. Thus the last two terms in (12.8) are
continuous linear functionals on H'({) under our assumptions on p and x, and D is a
continuous, convex functional on H'(2). Hence it is weakly lower semi-continuous. From
Poincaré’s inequality as in (6.4), there are positive constants ¢y, ¢1, ¢z such that

(12.9) D(g) = co [Vel® = crllplloss 1 Vel = 2 lillagays 1V

for ¢ € H! (). Hence D is strictly convex and coercive on H} () and attains a unique
minimizer. D is Gateaux differentiable on H'(Q) with

(12.10) (D'(p), X) = /

[(eVy) - VX + pX] d*x —/ uX do.
Q

o0N
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At a minimizer of ¢ of D on H*(Q), (12.10) is zero for all X € H (), so ¢ satisfies (12.7).
Conversely if ¢ satisfies (12.7) then ¢ is a critical point of D on H'(Q). The convexity of
D implies that such solutions minimize D and the theorem follows. Il

Corollary 12.3. Assume the conditions of the theorem and (NC1). If ¢ minimizes D on
H! () then there are constants ky, ks which depend only on Q. e such that

(12.11) IVell, < kl(”PHG/EJ+k2||:“||4/3,8§2'

Proof. Since 0 € H} (Q), the value of this variational problem is less than or equal to 0.
The inequality (12.9) implies that ¢ satisfies

co [Vl < erllplless +callillonays
where ¢y depends on ¢, ¢1, ¢3 depend only on . Thus (12.11) follows. Il

Similarly if we take curls of both sides of (12.4), the vector potential satisfies
(12.12) curl(e(z) ' curl A(z)) = w(z) on €.
The weak form of this is to find A € H},(€;R*) which satisfies

(12.13) /[(5_1 curl A) -curl B —w- Bl d®xr = 0
Q

for all B € HY,(Q;R?). Consider the variational problem of minimizing Cy : H},(Q2; R?) —
R defined by

(12.14) Co(A) = / B(gl curl A) -curl A —w - A| &’
Q

This functional is not coercive on H!;(€; R?). In fact, Cy is bounded below on H,(Q;R?)
if and only if (NC2) holds. Then the following existence theorem holds.

Theorem 12.4. Assume (B1), (CF) and (E1) hold. Then Cy is bounded below on
H (4 R?) if and only if (NC2) holds. When (NC2) holds there are minimizers of Co
on HY (4 R?) and a unique minimizer A of Co on Z.o(Q). A field A minimizes Cy on
H (4 R?) if and only if it satisfies (12.13). In this case

(12.15) A = A+Vo+h for somepe H(Q) and h € H.o(Q).

Proof. The functional Cy is similar to the functional C, treated in Theorem 8.3; the dif-
ferences are a factor of 2 and the linear terms. Let P, be the projection of H!,(Q;R?)
onto Z,o(2), then

P.A = A—-Ve—h,
where ¢ € Hj(Q2) and h := Py A € H.o(Q) are as in equation (7.5). From (NC2), we
have that

/w-(Vg0+h)d3x =0
Q

for all such ¢, h. Thus Co(P,A) = Co(A) for all A € H! (2;R?) and Cy is bounded below
on H1,(€;R?) as it is bounded below on Z.¢(£2). The other parts of this theorem are now
proved just as in Section 8, Il
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Corollary 12.5. Assume the conditions of the theorem and (NC2). Iffl manimizes Co
on Zo(2), then there is a constant ks which depend only on ), e such that

(12.16)

‘curlAHz < ks [wllgs.

Proof. Since 0 € Z.4(Q2), the value of this variational problem is less than or equal to 0.
The functional Cy is coercive on Z,¢(£2) with

1
(12.17) Co(A) > % |curl A||* — csl|wllg/s lcurl A

using the fact that the imbedding of H'(2;R?) into L°(Q2; R?) is continuous and Holder’s
inequality. Here c3 depends only on 2. Thus the minimizer of Cy on Z.o(f2) satisfies
(12.16). O

When ¢ is a minimizer of D and A is a minimizer of Cy as above then, by linearity,
(12.18) o(z) = V(x)+e(z) " curl A(x) + k(z)

a solution of (12.1)-(12.3) for each k € H.,o(€2). That is, there is an L-parameter family
of solutions of this prescribed flux div-curl system. To specify a unique solution we must
further impose conditions that select a unique e-harmonic field k. When  is simply
connected no further conditions are required. If however, 51(2) = L > 1, then (11.6)
and (11.7) show that the solution is determined provided we know the values of the
inner products (v, k(f))e. These are always well-defined and from Theorem 11.2, when
the solution v is smooth enough, they are the familiar flux integrals through the cutting
surfaces;

(12.19) /51} = Ky, 1 < ¢ < L.
Sy

Note that this just involves solving a linear equation for the coefficients ¢; in the repre-
sentation (11.6) of k in terms of the basis of H.,0(€2).

This discussion leads to the following well-posedness result for this div-curl system.

Theorem 12.6. Assume (B1), (CF), (NC1), (NC2) and (E1) hold. If Q is simply con-
nected then there is a unique solution © € L*(Q;R®) of (12.1)-(12.3). When (1(Q) =
L > 1, there is an L-parameter family of solutions of this system. If Sy,...,Sp are L
independent cutting surfaces for the region ), and k := (ky,...,kL) is given, there is a
unique solution of this system which also satisfies (12.19).

The corollaries to the above existence results provide inequalities for the minima of
these variational problems which yield the following estimate for these solutions.

Theorem 12.7. Assume the conditions of Theorem 12.6 hold. Then there are constants
C; depending only on e such that the unique solution of (12.1)-(12.3) and (12.19)
satisfies

(12.20) lell, < Calllpllgss + lolloss) + Callillags pn + Ca [
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F1GURE 1. Q is the region exterior to the tubes 2, {25 and with connected
boundary 0f2. This region has J = 0, L = 2. To specify a unique solution
of the given flux div-curl problem in this region, the flux of v through two
independent cutting surfaces of the region must be prescribed.

where k= (K1, ...,KL).

Proof. The unique solution is given by (12.4) and, from (5.3), this is an e-orthogonal
decomposition. Hence

~112
o2 = 1912 + ||curt ||+ 1182

The norm ||k|| depends linearly on |%| as it is the solution of a nonsingular finite dimen-
sional linear equation. Use the inequalities (12.11) and (12.16) and the fact that the
norm on L? is equivalent to the usual L:-norm then (12.20) follows. U

13. THE TANGENTIAL div-curl PROBLEM

Similar analyses may be used to describe the well-posedness of the div-curl problem
of solving (12.1)—(12.2) subject to given tangential boundary data

(13.1) v(x) Av(z) = n(x) on 0.

This is sometimes called the electric-type boundary-value problem for the div-curl system.
Results on this problem have been described previously by Saranen [17] and [18], and by
Picard [16]. They used Hilbert space methods to obtain certain existence theorems.

We require the following integrability conditions on the data to ensure that our
functionals are continuous.
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Q >
2~
-

1
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F1GURE 2. () is the region obtained by rotating the cross-section depicted
above about the z-axis. It is a torus with 2 interior tori excised. The
boundary 02 has 3 components; the exterior surface ¥, and 2 interior
surfaces Y1, 5. This region has J = 2, L = 3. To specify a unique solution
of the given flux div-curl problem in this region, the flux of v through three
independent cutting surfaces of the region must be prescribed.

Condition CT. p € L9/°(Q), w € LY°(QR?), and n € LY3(0Q;R?).
When there is an L%-solution of this system, (3.18) leads to the following.

Proposition 13.1. Assume (B1) and (CT) hold and v € L*(Q;R?) is an weak solution
of (12.1), (12.2) and (13.1) then the data must satisfy

(NC3): 7 is tangential on OS2, and
(NC4): / w-A d3x—|—/ n-Ado = 0 for every irrotational field A € H'(Q;R?).
Q )

Proof. Take scalar products of (13.1) with v(x), then (NC3) holds. Substitute (12.2) and
(13.1) in (3.18) then (NC4) holds for all A € H*(;R?). O

The necessary condition (NC4) is stronger than condition (NC2) in the previous
section. It may be regarded as a weak form of certain equations on both 2 and 0f).
From the analysis in Section 7, the class of irrotational fields in H 1(Q;R3) is precisely
G Q) & H,o0(Q2), where GH(Q) := {Vy : ¢ € H*(Q)}. When w,n are smooth, upon
substituting Vo for A in (NC4), it follows that w must be solenoidal on 2 and also that

(13.2) divgn+w-v = 0 on 0.

Here divy is the surface divergence on the manifold(s) constituting 9€2. This compatibility
condition is a continuity equation which may be regarded as a continuous version of
Kirchoft’s rule for currents.
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When the region €2 is not simply connected, (NC4) also implies L conditions of the
form

(13.3) /w-i%<‘>d3x+/ n-kE9de =0, 1<(<L.
Q o0

Here {kM), ... kM)} is a basis of H,(Q) as in Section 11.

We next show that if the data obeys (CT) and (NC4), then there is at least one
finite-energy solution of this boundary-value problem. This is done by seeking solutions
of the form (5.4). Assume

(13.4) v(z) = Vi(z) + e(x) " curl B(z) + h(z),

with ¢ € H}(Q), B € V() and h € H,o(Q) is a solution of (12.1), (12.2) and (13.1).
Substitute this in (12.1), then ¢ € HJ () satisfies

(13.5) div(e(z)Vip(z)) = p(z) on Q.

A weak solution of this system is a function ¢ in H}(€2) which satisfies
(13.6) / [(eVY) - VX +pX ] &Pz = 0 for all X € Hy(Q).

Q
Consider the variational problem of minimizing D; : HJ(2) — R defined by

(13.7) D) = /Q B(g(w)~w)+pw .

Theorem 13.2. Assume (B1), (CF) and (E1) hold. Then Dy defined by (15.7) has a
unique minimizer 1 on H}(Q) and 1 is the unique solution of (13.6) in H}(S2).

The proof of this is similar to, but simpler than that of Theorem 12.2.
Take curls of both sides of (13.4), then the vector potential satisfies

(13.8) curl(e(z) ' curl B(z)) = w(z) and
(13.9) divB = 0 on ).
(13.10) B-v =0 and (¢s'cwrlB)Av = 7 on OSL.

The weak form of this system is to find B € H},(€; R*) which satisfies

(13.11) / (et curl B) - curl C —w- O] d?’a:—/ n-Cdo = 0 forallC € HY(Q;R?).
Q o0

Consider the variational problem of minimizing C : H*(Q; R*) — R defined by

(13.12) C(B) = CD(B)—/ n- B do,
o0

with Cy being the functional from (12.14).



30 AUCHMUTY AND ALEXANDER

Theorem 13.3. Assume (B1), (CT) and (E1) hold. Then C is bounded below on H'(£; R?)
if and only if (NC4) holds. In this case there is a unique minimizer B of C on Z,0(2). A
field B minimizes C on H,(Q;R?) if and only if it satisfies (13.11). In this case

(13.13) B = B+Vo+k for some e H Q) and k € Hyo(Q).

Proof. This proof is similar to that of Theorem 12.4 except now we use the projection
P, of Hl,(;R?) onto Z,0(2) defined as in equation (7.3). Then C(P,A) = C(A) for all
A € H'(Q;R?) if and only if (NC4) holds. In this case, C is bounded below on H'(Q;R?)
as it is bounded below on Z,0(€2), if (NC4) fails then the functional is unbounded below
and the rest of the proof follows as before. O

By linearity, when ¢ is a minimizer of D; and B is a minimizer of C as above then
(13.14) o(z) = Vi(z) + e(x) " curl B(z) + h(x)
is a solution of (12.1)-(12.2) and (13.1) for each h € H.-o(€2). If the region 2 has no holes,
then h = 0. When J > 1 there is a J-parameter family of solutions of this tangential div-
curl problem. To specify a unique solution, additional conditions must be imposed that
determine the e-harmonic component h. From (10.7) and (10.8), this is done when the

coefficients (v, h®), are given. From Theorem 10.2, provided the solution is continuous,
this amounts to specifying the line integrals, or potential differences,

(13.15) /U = «aj, 1 <7 < J
&5

where each §; is a C'! curve in Q which joins ¥, to another component ¥; of ).

P

S

FiGURE 3. (2 is the region interior to the closed surface >y and exterior to
the three cavities with surfaces ¥, Y9, 3. This region has J = 3, L = 0.
The tangential div-curl problem in this region is well-posed when three
extra conditions are prescribed. If the solution is continuous, these may be
the line integrals of v along paths such as 7y, 72, V3.

Thus we have the following well-posedness result for the tangential div-curl boundary-
value problem.
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Theorem 13.4. Assume (B1), (CT), (NC4) and (E1) hold. If 022 has only one com-
ponent, there is a unique solution © € L*(Q;R*) of (12.1)-(12.2) and (13.1). When
Bo(2) = J > 1, there is an J-parameter family of solutions of this system. For given
a:= (ai,...,ay), there is a unique solution of this system which also satisfies (13.15).

Using the same methods as in the previous section, one may obtain norm inequalities
for the minima of each of these variational problems. Use the e-orthogonality of the
decomposition (13.4), to obtain the following estimate about the solutions of this problem.

Theorem 13.5. Assume the conditions of Theorem 13.4 hold. Then there are constants
C; depending only on Q, e such that the unique solution of (12.1)-(12.2) and (13.1), with
(15.15) satisfies

(13.16) lully, < Cyllolleys + llags) + Collnllass pq + Calal

where & = (aq, ...,y ).

14. APPENDIX

The following is a list of notation of spaces used in this paper for the normal and
tangential div-curl boundary-value problems. The section where they are defined is also
given.

e C(Q),C(R?) and C(09) are spaces of continuous functions or fields defined on
Q and in section 3.

o C2(Q),0=(£;R?) are spaces of smooth functions and fields defined in Section 3.

e Curl.(Q2), Curl,(Q2), Curl.o(2) are spaces of weighted curl fields defined in Sec-
tion 4.

o G(0),Go(Q) are spaces of gradient fields defined in Section 4. G*(f2) is defined
and used in Section 12.

e H'(Q), H. (Q), H}(Q) are standard Sobolev-Hilbert spaces of functions introduced
in Section 6. HY2(08), H=/2(082), H*()) are also used.

o H'(OR?), HL (4 R?), HY,(Q;R?) are each Hilbert spaces of vector fields defined

in Section 3.

H{(curl, Q), H(div, Q) and Hpc(Q) are subspaces of L?(€2;R?) defined in section 3.

Heoo(Q), Hero () are spaces of e-harmonic fields defined in Section 5.

H,0(2), H,o(Q) are spaces of harmonic fields defined in Sections 5 and 7.

L*(Q), L .(Q), L' (09; do) are Lebesgue spaces of measurable functions defined in

Section 3.

o LP(Q;R?), L1(0%; R?) are Lebesgue spaces of measurable vector fields defined in
Section 3.

o V.(02), Vo0(Q2) are L? spaces of solenoidal vector fields defined in Section 4.

o V1 (Q), V1,(Q) are spaces of H' solenoidal fields defined in Section 7.

o WHP(Q), WhP(Q;R?) are Sobolev spaces of functions and fields defined in Sec-
tion 3.

o 7,0(), Z;0(£2) are subspaces defined in Section 7.
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There also are many projections defined in this paper. The following is a listing of

them; Py is the generic form of a projection onto a closed subspace V' of a Hilbert space
H. Some of the projections have domain L?(2;R?), the domain is listed when it is not
L2(Q;R?).

e P, is the projection of H'(Q) onto H} (2) defined in Section 6.

e Pg is the projection of H'(2; R?) into itself defined in Section 7. Pg := I — P is
also defined there.

e Py, and Ppyo are projections of H 1(Q;R3) onto the spaces of harmonic fields
H,0(2) and H,o(€2) defined in Section 7.

e P, is the projection of H'(£2;R?) onto Z,4(€2) defined in Section 7.

e Pgo and P, are the projections of H',(Q;R?) onto Go(2) and Z,o(€2) defined in
Section 7.

e Py is the projection onto H..o(2) defined in Section 10.

e Py, is the projection onto H.,o(2) defined in Section 11.

REFERENCES

R. Abraham, J. E. Marsden and T. Ratiu, Manifolds, Tensor Analysis and Applications, 2nd.
ed., Springer Verlag, New York (1988).

C. J. Amick, “Some remarks on Rellich’s theorem and the Poincaré inequality,” J. London Math.
Soc. (2) 18 (1973), 81-93.

G. Auchmuty, “Orthogonal decompositions and bases for three-dimensional vector fields,” Numer.
Funct. Anal. and Optimiz. 15 (1994), 445-488.

G. Auchmuty, “Reconstruction of the velocity from the vorticity in three-dimensional fluid flows,”
Proc. Royal Soc. Lond. A 454 (1998), 607-630.

G. Auchmuty, “The Main Inequality of 3d vector analysis,” Math Modelling and Methods in the
Applied Sciences, 14 (2004), 79-103.

G. Auchmuty and J. C. Alexander, “L2-well-posedness of planar div-curl systems,” Arch Rat
Mech & Anal, 160 (2001), 91-134.

P. Blanchard and E. Brining, Variational Methods in Mathematical Physics, Springer Verlag,
Berlin (1992).

J. Bolik and W. von Wahl, “Estimating Vu in terms of div u, curl v and either u-v or u X v and
the topology,” Math Methods in the Applied Sciences, 20 (1997), 737-744.

R. Dautray and J. L. Lions, Mathematical Analysis and Numerical Methods for Science and
Technology, Volumes 1-6, Springer Verlag, Berlin (1990).

L. C. Evans, Partial Differential Equations AMS, Providence, (1998).

L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press,
Boca Raton (1992).

C. Foias and R. Temam, “Remarques sur les équations de Navier-Stokes stationnaires et les
phénomenes successifs de bifurcation,” Annali Scuola Normale Superiore—Pisa, (1978), 29-63.
K. O. Friedrichs, “Differential forms on Riemannian manifolds,” Comm. Pure & Applied Math.,
8 (1955), 551-590.

V. Girault and P. A. Raviart, Finite Element Methods for the Navier-Stokes Equations, Springer
Verlag, Berlin (1986).

P. R. Kotiuga and P. P. Silvester, “Vector potential ofrmulation for three-dimensional magneto-
statics,” J. Appl. Physics, 53 (1982), 8399-8401.

R. Picard, “On the boundary value problems of electro- and magnetostatics,” Proc. Roy. Soc.
Edinburgh, 92A (1982), 165-174.



L2-WELL-POSEDNESS OF div-curl SYSTEMS 33

[17] J. Saranen, “On generalized harmonic fields in domains with anisotropic nonhomogeneous media,”
J. Math. Anal. Appl., 88 (1982), 104-115.
[18] J. Saranen, “On Electric and Magnetic Problems for Vector Fields in anisotropic nonhomogeneous

media,” J. Math. Anal. Appl., 91 (1983), 254-275.

[19] H. Weyl, “The method of orthogonal projection in potential theory,” Duke Math J., 7 (1940),
411-444.

[20] E. Zeidler, Nonlinear Functional Analysis and its Applications, III: Variational Methods and
Optimization, Springer Verlag, New York (1985).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HOUSTON, HOUSTON, TX 77204-3476, USA

E-mail address: auchmuty@uh.edu

DEPARTMENT OF MATHEMATICS, CASE WESTERN RESERVE UNIVERSITY, 10900 EucLID Av-
ENUE, CLEVELAND, OH 44106-7058, USA

E-mail address: james.alexander@case.edu



