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Application of Second Order Linear ODEs
Consider a vertical spring of original length ℓ > 0 [m or ft] that exhibits a
stiffness of κ > 0 [N/m or lb/ft] (a.k.a. the spring constant). Also, let a body
of mass m > 0 [kg or slug] be hanging on the end of this spring. This mass
causes an elongation L > 0 [m or ft] of the spring in the downward direction
and assume that downward direction is positive.

There are two forces acting at the point where the mass is attached to the
spring:

1 The gravitational force (or weight) acts downward: of magnitude mg ,
where g is the acceleration due to gravity

2 A force ~Fs , due to the spring, that acts upward: if we assume the
elongation L is small, then Fs is very nearly proportional to L, known as

Hook’s Law:

Fs = −κL (1)

Since the mass is in equilibrium, the two forces balance each other:

Equilibrium Equation:

mg − κL = 0 (2)

For a given weight mg , one can measure L and then use (2) to determine κ
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Application of Second Order Linear ODEs

We want to study the motion of the mass when it is acted on by an external
force or is initially displaced

Let u(t), measured positive downward be the displacement of the mass from its
equilibrium position at time t. Then u(t) satisfies

Newton’s 2nd Law:

mu
′′ = F (t),

where u′′ is the acceleration of the mass and F is the net force

Consider F (t). There are four forces that might act on the mass:

1 The gravity force Fg = mg (or weight): always acts downward

2 The spring force Fs is assumed to be proportional to the total elongation
L+ u of the spring: always acts to restore the spring to its natural
position Fs = −k(L+ u(t))

3 The damping or resistive force Fd always acts in the direction opposite to
the direction of motion of the mass Fd = −γu′(t)

4 An applied external force f (t): can be directed downward or upward
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Mechanical Vibrations

Taking account of these forces, we can now rewrite Newtons law as

mu
′′ = mg − k(L+ u(t))− γu′(t) + f (t),

and using (2) we obtain the equation of motion of the mass:

mu
′′ + γu′ + ku = f (t),

where the constants m, γ, and k are positive

The complete formulation of the vibration problem requires that we specify two
initial conditions, namely, the initial position u0 and the initial velocity v0 of the
mass:

Mechanical Vibrations Model:










mu′′ + γu′ + ku = f (t)

u(0) = u0

u′(0) = v0
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Mechanical Vibrations: Example

Example

A mass of 100 g stretches a spring 5 cm. If the mass is set in motion from its
equilibrium position with a downward velocity of 10 cm/sec, and if there is no
damping, determine the position u of the mass at any time t. When does the
mass first return to its equilibrium position?

t, [s]  time (independent variable)
u = u(t), [m]  displacement from the equilibrium, (dependent variable)
m = .1 [kg ]  mass
L = .05 [m]  elongation

g = 9.8 [m/s2]  acceleration due to gravity
γ = 0 [kg/s]  drag coefficient
u0 = 0 [m]  the initial position

v0 = −.1 [m/s]  the initial velocity (downward)
f (t) = 0 [N]  external force
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Example (cont.)

First from the equilibrium equation (2) we find κ:

κ =
0.1× 9.8

0.05
= 19.6 [kg/s]

then set the IVP:

0.1u′′ + 19.6u = 0, u(0) = 0, u
′(0) = −0.1

The general solution of
u
′′ + 196u = 0

is
u(t) = C1 cos 14t + C2 sin 14t,

and then using the ICs we obtain

u(t) = − 1

140
sin 14t
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Different Types of Mechanical Vibrations

Depending on values of the parameters Mechanical Vibrations are split into

1 Free Vibrations (when f (t) = 0)

2 Forced Vibrations (when f (t) 6= 0)

each of which is also split into

1 Undamped (when γ = 0)

2 Damped (when γ 6= 0)
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Free Undamped Vibrations

Given by
mu

′′ + ku = 0, u(0) = u0, u
′(0) = v0

whose solution is

u(t) = A cosω0t + B sinω0t, where ω0 =

√

κ

m
The constants A and B are to be determined from initial conditions

Definition

The circular frequency ω0 =

√

κ

m
, measured in radians per unit time, is called

the natural frequency of the vibration.

Definition

The period of the motion is T =
2π

ω0

= 2π

√

m

κ
.

Definition

The maximum displacement R =
√
A2 + B2 of the mass from equilibrium is the

amplitude of the motion.
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Free Damped Vibrations

Given by
mu

′′ + γu′ + ku = 0, u(0) = u0, u
′(0) = v0

whose solution is

u(t) = A cosω0t + B sinω0t, where ω0 =

√

κ

m
The roots of the corresponding characteristic equation are

r1,2 =
γ ±

√

γ2 − 4κm

2m
(3)

Depending on the sign of γ2 − 4κm we distinguish the following free damped
motions. Let γcr = 2

√
κm be critical damping, then if

1 γ > γcr  Overdamped Motion: u(t) = Aer1t + Ber2t

2 γ = γcr  Critically Damped Motion: u(t) = (A+ Bt)e−γt/2m

3 γ < γcr  Underdamped Motion: u(t) = e−γt/2m(A cosµt + B sinµt),

where µ =

√

4κm − γ2

2m
called quasi-frequency. Then the quantity

Td =
2π

µ
is called the quasi-period.
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Free Damped Vibrations (cont.)

Since m, γ and κ are positive, γ2 − 4κm is always less than γ. Hence, if

1 γ2 − 4κm ≥ 0 then r1, r2 in (3) are real and negative

2 γ2 − 4κm < 0 then r1, r2 in (3) are complex with the negative real part

Thus, in all cases, the solution

u(t) → 0 as t → ∞ (4)

This occurs regardless of the values of the arbitrary constants A and B, that is,
regardless of the initial conditions
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Forced Undamped Vibrations

Given by
mu

′′ + ku = f0 cosωt, u(0) = u0, u
′(0) = v0

where f0 is a constant and ω is frequency of the external force.
The solution then depends on whether ω coincides with the natural frequency

of the mass ω0 =

√

κ

m
or not. If

1 ω 6= ω0  Beat: u(t) = A cosω0t + B sinω0t + C cosωt + D sin ωt

2 ω = ω0  Resonance:
u(t) = A cosω0t + B sin ω0t + Ct cosω0t + Dt sin ω0t

The constants A and B are to be found from the initial conditions, while C and
D are by the method of undetermined coefficients
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Forced Damped Vibrations

Given by

mu
′′ + γu′ + ku = f0 cosωt, u(0) = u0, u

′(0) = v0

where f0 is a constant and ω is frequency of the external force.

The solution is given by
u(t) = u0(t) + U(t),

where u0(t) represents the free damped displacement and

U(t) = C cosωt +D sin ωt

As observed in (4): u(t) → 0 as t → ∞ and is called the transient solution

The solution U(t) represents a steady oscillation with the same frequency as

the external force, is called the steady-state solution or the forced response
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