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Abstract. We consider the problem of the dynamic, transient propagation of a semi-
infinite, mode I crack in an infinite elastic body with a nonlinear, viscoelastic cohesize
zone. Our problem formulation includes boundary conditions that preclude crack face
interpenetration, in contrast to the usual mode I boundary conditions that assume all
unloaded crack faces are stress-free. The nonlinear viscoelastic cohesive zone behavior
is motivated by dynamic fracture in brittle polymers in which crack propagation is pre-
ceeded by significant crazing in a thin region surrounding the crack tip. We present a
combined analytical/numerical solution method that involves reducing the problem to a
Dirichlet-to-Neumann map along the crack face plane, resulting in a differo-integral equa-
tion relating the displacement and stress along the crack faces and within the cohesive
zone.

1. Introductory remarks

While the problem of unsteady, dynamic crack propagation has received considerable
attention, the literature is largely composed of experimental and numerical studies, with
comparatively few results from analytical methods. Analytical solutions to certain canon-
ical fracture boundary value problems have facilitated a deeper understanding of the
physical processes involved in dynamic fracture of polymeric materials and have guided
their numerical simulation. Unfortunately, constructing analytical solutions to even highly
simplified fracture problems can be extremely difficult.

Despite this difficulty, some good progress has been made in the construction of analyt-
ical solutions to dynamic fracture boundary value problems in the context of either linear
elasticity or viscoelasticity. Broberg [3] and Freund [6] have written extensive accounts of
these developments prior to 2000. Analytical solutions for dynamic steady crack growth
in linear viscoelastic material have been constructed for both mode III (anti-plane shear)
[7, 20] and mode I (planar opening) [22, 8] fracture conditions. Analysis of the propa-
gation of a viscoelastic mode I crack with a cohesive zone under equilibrium conditions
can be found in [10]. For dynamic, unsteady crack growth, deriving analytical solutions
has proven quite difficult and is almost entirely confined to mode III cracks in elastic
material, both without a cohesive zone [9, 21, 12, 11] and with a cohesive zone [23, 5, 4].
Two exceptions are a method of Saraikin and Slepyan [17] that reduces the problem of
a dynamically accelerating mode I crack in elastic material to an integral equation, and

This work was supported in part by the Army Research Laboratory under contract number W911NF-
04-2-00-11 and in part by award number KUS-C1-016-04 made by King Abdullah University of Science
and Technology (KAUST).

1



2 TANYA L. LEISE, JAY R. WALTON, AND YULIYA GORB

a method of Leise and Walton [13, 14] that similarly reduces the problem of a mode III
accelerating crack in a linear viscoelastic material to an integral equation. Building on
[17], we recently carried out a further analysis of a dynamically accelerating mode I crack
in elastic material and demonstrated that the usual boundary conditions must be modified
to prevent crack face interpenetration [15] (an issue that does not arise for quasi-static or
dynamic steady-state fracture, or for transient dynamic mode III fracture). In this article,
we generalize the method developed in [15] to the setting of a dynamic, transient mode I
crack with a cohesive zone exhibiting nonlinear, time-dependent constitutive behavior.

Since Barenblatt [2] first proposed the idea of a cohesive zone, it has been a subject
of controversy. Cohesive zones have been widely used in recent years in many direct
numerical simulations of crack propagation, due to the great advantages they offer. Re-
placing the assumption of a sharp crack tip with a cohesive zone relieves singularities in
the stress and strain at the crack tip. Use of a cohesive zone also facilitates modeling
of microstructure in the fracture process separate from the bulk material assumptions.
However, there are significant issues in choosing a model of cohesive zone behavior that
realistically reflects the physical processes occurring near a crack tip. This choice will be
highly material dependent, and fitting cohesive zone models to real data presents serious
hurdles, as cohesive zones in brittle material are typically quite small and dynamic fracture
experiments are very delicate and complex to carry out. In general, polymeric materials
exhibit complex time and temperature dependent bulk constitutive behavior under both
finite and infinitesimal strain histories. Moreover, fracture in such materials is nearly
always preceded by craze formation and possibly other damage processes. A variety of
cohesive zone constitutive relations have been proposed to model these materials. For
plane strain models of fracture under mixed mode loading (combined tensile and shear
loading either on the fracture faces or far field), a commonly used class of cohesive zone
models ([16], for example) regards the angle the cohesive zone traction vector makes with
the crack plane as a tunable parameter.

In this article, we model fracture in brittle polymers (well below the glass transition
temperature), based on two simplifying assumptions: (i) strains are sufficiently small to
limit consideration to linearized bulk constitutive behavior; (ii) time-dependent mate-
rial behavior is limited to an infinitesimally thin region surrounding a fracture surface.
Consequently, we model the fracture of a brittle polymer by assuming linear elastic bulk
constitutive behavior, with all material time dependence confined to a crack surface cohe-
sive zone. Our chosen cohesive zone constitutive behavior incorporates both (viscoelastic)
time history and nonlinear strain dependence, and was derived through homogenization
arguments applied to nonlinear, viscoelastic models of craze and damage development in
front of an advancing crack in polymeric materials in [1].

Barenblatt originally proposed a cohesive zone of very short length forming a transition
region between fully open fracture surfaces and perfectly intact material. The leading and
trailing edges of the cohesive zone for a propagating crack must be determined as part of
the boundary value problem describing the fracture problem, by applying a cohesive zone
constitutive relation and fracture criterion in addition to imposing the condition that the
stress field resulting from the cohesive zone tractions cancels the singular crack tip stress
field coming from the applied loading. This singularity cancellation condition can be very
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problematical to implement in direct numerical simulations, prompting Needleman [16]
and many others to utilize cohesive zone models with cohesive zones of infinite extent,
thereby avoiding the calculation of the cohesive zone length required to cancel a crack tip
stress singularity. The idea is that for a semi-infinite, straight, mode I crack, say, when a
load is applied, the entire line in front of the crack tip opens up into a cohesive zone in the
sense that the displacement becomes discontinuous across a semi-infinite ray extending
ahead of the crack tip. Only the trailing edge of the cohesive zone must be computed,
via a fracture criterion such as the critical crack opening displacement criterion. In the
present article, we adopt this strategy of assuming a cohesive zone of infinite extent, in
order to model an infinitesimally thin evolving craze field in front of an accelerating crack
tip in a brittle polymer.

2. Problem formulation

We consider the unsteady, dynamic growth of a semi-infinite crack under pure mode I
loading, with a cohesive zone of infinite extent, where crack propagation is driven by trac-
tions applied to the crack faces. We assume that the bulk material behavior is isotropic,
homogeneous, and linearly elastic. The cohesive zone is governed by a nonlinear, vis-
coelastic law derived via homogenization of a three dimensional model of a craze/damage
zone evolving in front of the advancing fracture edge [1].

2.1. The initial/boundary value problem. Consider an infinite, isotropic, homoge-
neous elastic body with a planar crack along the xz-plane for x < ℓ(t) under mode I
conditions, where x = ℓ(t) locates the crack tip. We can reduce the problem to the xy-
plane since the displacement and stress are independent of z, and we can restrict attention
to the upper half-plane y > 0 if we apply crack face loadings symmetric with respect to the
xz-plane. The goal is to determine the crack face displacement due to a time-dependent
loading, which we accomplish by adapting the method of Saraikin and Slepyan [18] to
obtain a boundary integral equation relating the stress and displacement along the x-axis
for t > 0.

Let uk(x, y, t) denote the displacement components and let σij(x, y, t) denote the com-
ponents of the Cauchy stress tensor. The equations of motion in the context of plane
strain are

ρü1 = (2µ + λ)u1,11 + µu1,22 + (µ + λ)u2,12,

ρü2 = (2µ + λ)u2,22 + µu2,11 + (µ + λ)u1,12,

while the relevant linear elastic constitutive relations are

σ12 = µ(u1,2 + u2,1),

σ22 = λu1,1 + (2µ + λ)u2,2.

We assume initial conditions ui(x, y, 0) = 0 and u̇i(x, y, 0) = 0, and that σij → 0 as
x2 + y2 → ∞. The mode I assumption is that σ12(x, 0, t) = 0 for all x and t.

The classical mode I crack problem assumes a known loading on the crack faces:
σ22(x, 0, t) = Λ(x, t) for x < ℓ(t). Note that this implies that off the support of Λ(x, t),
the crack faces are stress free. We recently demonstrated that this assumption leads to the
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{
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be determined (is moving in time).

Figure 1. New scheme with a compressive stress in front of the opening
portion of the crack faces. The curve x = r(t) where the opening displace-
ment becomes zero and the compressive stresses for x > r(t) must be de-
termined.

prediction of crack face interpenetration in the region near x = cLt [15]. Consequently,
the boundary conditions must be modified to allow a contact/slip zone between the fully
opened crack regime and the cohesive zone (Figure 1). Regions of compressive stress will
travel out from the left and right edges of the loading interval on the crack face, com-
plicating the initial/boundary value problem in that we must calculate the boundary of
these regions as well as the stresses within them. Let the curve x = r(t) mark the back
(left) edge of the region of compressive stress traveling to the right; this also marks where
the displacement becomes zero. Note that r(0) = −d < ℓ(0), so x = r(t) begins to the
left of the crack tip path x = ℓ(t) and typically crosses it. See Figure 2 for an example.

We insert a cohesive zone to the right of the crack tip (with the assumption that the
cohesive zone lies along the continuation of the crack face plane) and impose a law relating
the stress within the cohesive zone to the history of the cohesive zone displacement:

σ22(x, 0, t) = F ({u2(x, 0, τ) : 0 < τ ≤ t}). (2.1)

The chosen cohesive zone law, derived in [1], takes the form

σ22(x, 0, t) =
(

1 − α
(

u2(x, 0, t)
)

)

(

σf +

∫ t

t0

Ec(t − τ)
∂δ

∂τ
dτ

)

, (2.2)

where σf is the stress required for the cohesive zone to start opening, t0 is the time at which
the stress attains the critical value σf , α(u) is a damage parameter function modeling fibril
pullout and void growth within a thin craze zone, and δ(t) is the opening displacement
nondimensionalized by the critical opening displacement δc at which the cohesive stresses
vanish. We assume that σf = 0, for simplicity, and let α(u) = 1−(1−u/δc)

2, imitating the
form derived in [1]. We use the standard linear solid model for the viscoelastic relaxation
kernel:

Ec(t) = E∞ + E1e
−E1t/η1 , (2.3)

and a critical crack opening displacement criterion to determine the crack tip position:
that is, when the displacement at the edge of the cohesive zone reaches the critical value
δc, the material can no longer support stress and the crack extends.
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3. Integral equation formulation

Since the cohesive zone is assumed to lie along the continuation of the crack face plane,
the problem is well-suited for a solution method that reduces the boundary value problem
to a Dirichlet-to-Neumann map, transforming the BVP into a boundary space/time weakly
singular, nonlinear differo-integral equation for the opening displacement. The form of the
Dirichlet-to-Neumann map for a mode I semi-infinite crack was first described by Saraikin
and Slepyan in [17] and can also be found in [19]. We developed a slightly modified
version in [15] in order to simplify numerical computations. Details of the derivation
of the Dirichlet-to-Neumann map can be found there. The resulting integral equation
relating the stress σ(x, t) = σ22(x, 0, t) and the displacement u(x, t) = u2(x, 0, t) on the
crack face and in the cohesive zone is

S+ ∗ ∗σ = T− ∗ ∗Du, (3.1)

where D =
(

c ∂
∂t

− ∂
∂x

)

and double asterisks refer to convolution with respect to both x
and t:

f ∗ ∗g(x, t) =

∫ t

0

∫

∞

−∞

f(x − r, t − s)g(r, s)drds.

The transfer functions S+ and T− are defined as follows:

S+(x, t) =
H(x)√

πx
H(t − ax)

[

G1(t/x) − H(c − t/x)B

√

c − a

c − t/x

]

,

T−(x, t) = −2µ(b2 − a2)

b2

[

H(−x)√
−πx

H(t + ax)G2(−t/x)

]

,

where

G1(s) = 1 − H(b − s)

∫ b

s

F1(u)

√

u − a

u − s

du

c − u
,

G2(s) = 1 + H(b − s)

∫ b

s

F2(u)
du√

u − a
√

u − s
,

B = G1(a) = 1 −
∫ b

a

F1(u)
du

c − u
,

F1(u) = γ(u) exp[ℵ(u)],

F2(u) = −γ(u) exp[−ℵ(u)],

γ(u) =
4

π

u2
√

b2 − u2
√

u2 − a2

√

(b2 − 2u2)4 + 16u4(b2 − u2)(u2 − a2)
,

ℵ(u) =
1

π
P.V.

∫ b

a

ϕ(α)
dα

α − u
,

ϕ(α) = tan−1
4α2

√
b2 − α2

√
α2 − a2

(b2 − 2α2)2
,
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Figure 2. Crack tip path and speed, with E1 = 1 and η1 = 1. The
graph on the left shows the crack tip path x = ℓ(t), where the opening
displacement equals the critical value δc, and the path x = r(t), where the
opening displacement becomes zero (marking the right edge of the cohesive
zone, once it begins to open). The graph on the right shows the crack tip

speed v = ℓ̇(t), which jumps quickly as the crack begins to propagate and
then gradually increases, due to the crack face loading increasing in strength
over time. All quantities are given in dimensionless units.

where a, b c denote the ”slownesses”

a :=
1

cL
, b :=

1

cS
, c :=

1

cR

with cL, cS, cR denoting the longitudinal, shear and Rayleigh wave speeds, respectively.

4. Numerical methods and simulations

Due to the complexity of the space/time boundary integral equation (3.1), we must
solve the mode I problem via a combined analytical/numerical approach.

Consider the integral equation (3.1) in the case that the loading increases in strength
over time on a loading interval [−d − L,−d], where the right end is a nonzero distance
from the crack tip. Let Λ(x, t) represent the crack face loading and u−(x, t) the crack face
displacement. Let u+(x, t) represent the cohesive zone displacement and σ+(x, t) represent
the stress in the cohesive zone. According to (2.1), σ+(x, t) = F ({u+(x, τ) : 0 < τ ≤ t}).
Let σr represent the stress in the region r(t) < x < cLt; the displacement will equal zero
in this region. For x > −d − L, the integral equation (3.1) expands to

S+ ∗ ∗F (u+) + S+ ∗ ∗σr + S+ ∗ ∗Λ = T− ∗ ∗Du+ + T− ∗ ∗Du−. (4.1)

This can be used to solve for the displacements u+ and u−. We also need to calculate σr.
To that end, one shows that the T− ∗ ∗Du± terms in (4.1) in this case drop out, so the
integral equation (4.1) reduces to

S+ ∗ ∗σr = −S+ ∗ ∗F (u+) − S+ ∗ ∗Λ (4.2)

for x > r(t).
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To solve the integral equation (4.2) numerically, we discretize using a grid in charac-
teristic coordinates ζ = t + ax and ξ = t − ax, after nondimensionalizing the integral
equations (length with respect to δc, time with respect to aδc, and stress with respect
to µ, where δc is the critical crack opening displacement). In the simulations shown in
the figures, we implicitly refer to the dimensionless slownesses a = 1, b = cL/cS, and
c = cL/cR. We use continuous piecewise linear approximations of the displacement (on
triangles with edges along lines with constant ζ , ξ, or x value) and continuous piecewise
quadratic approximations of the stress (on quadrilaterals with edges along lines with con-
stant ξ or x value). This discretization and the shape of the triangles and quadrilaterals
are chosen for compatibility in working with the various convolution domains that arise
in (4.1) and (4.2), as well as the integral in the cohesive zone law (2.2).

The basic process is to step with respect to increasing values of ξ. For each ξk =
k△ξ value, we step through increasing values of ζj = j△ζ . For each node (ζj, ξk), we
generate an equation involving a single unknown nodal value by substituting the piecewise
expressions for the displacement and stress into the appropriate integral equation. We
then solve the resulting polynomial equation as indicated below; all values required by the
integral equation at each step will have been calculated in prior steps (taking advantage
of the wave-like nature of the original system of equations). Three cases arise, depending
on the values of xj,k = (ζj − ξk)/(2a) and tj,k = (ζj + ξk)/2:

(1) If xj,k < min{ℓ(tj,k), r(tj,k)}, solve (4.1) for u−(xj,k, tj,k).
(2) If ℓ(tj,k) < xj,k < r(tj,k), solve (4.1) for u+(xj,k, tj,k) and then substitute into (2.2)

to determine σ+(xj,k, tj,k).
(3) If r(tj,k) < xj,k < cLtj,k, solve (4.2) for σr(xj,k, tj,k).

The integral computations are done efficiently by precomputing all needed convolutions
on two prototype triangles and a quadrilateral. These can then be used repeatedly to
avoid redundant integrations. The precomputed convolution values scale with the step
size, so this lengthy set of computations only needs to be done once.

For the simulations shown in the figures, a = 1, b = 2, c ≈ 2.1447, E∞ = 1, α1 = 27/4,
Λ(x, t) = 20

L2 t(x + d)(x + d + L) on [−d−L,−d] and equals zero otherwise, where d = 0.2
and L = 10 (all in dimensionless units). Note that this applied loading increases in
strength linearly with time, but the loading interval on the x-axis remains fixed. The
crack tip is initially located at x = 0, and begins to run once the opening displacement
equals 1 (in dimensionless units) at the crack tip position, which is the left edge of the
cohesive zone. The crack propagates according to a critical crack opening displacement
criterion, u(ℓ(t), t) = 1. The right edge path r(t) is determined by calculating the value
of ζ at which the displacement will first equal zero for the current value of ξ. We use step
size △ξ = △ζ = 0.1 in the simulations shown in the figures. All simulations were run in
Mathematica 6.0.

For examples of numerical simulations, see Figures 2, 3, 4, and 5. The nonlinear
viscoelastic cohesive zone law generally leads to smaller displacements but larger stresses
accumulating inside the cohesive zone and slower crack tip speeds than the nonlinear
elastic cohesive zone law (using E1 = 0). The viscoelastic cohesive zone delays the initial



8 TANYA L. LEISE, JAY R. WALTON, AND YULIYA GORB

E1=1, Η1=1

-1 1 2
x

2

4

6

8

10
u

Elastic HE1=0L

E1=20, Η1=20

-1 1 2
x

2

4

6

8

10
u

Figure 3. Profiles of the displacement u. The graph on the left shows
displacement profiles at times t = 1, 2, . . . , 10 (lighter to darker), in di-
mensionless units, with E1 = 1, η1 = 1. The graph on the right shows
compares displacement profiles for the nonlinear elastic and viscoelastic co-
hesive zones, at times t = 2.5, 5, 7.5, 10.
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Figure 4. Cohesive zone stress profiles from simulations at times t =
1, 2, . . . , 10 (lighter to darker), in dimensionless units, for simulation with
E1 = 1 and η1 = 1. The stress equals zero at the crack tip, and is governed
by (2.2) within the cohesive zone.

growth of the crack, but later the crack tip speed closely matches that for the elastic
cohesive zone, as shown in the examples in Figure 5.

5. Concluding remarks

The approach described here of reducing the initial/boundary value problem describing
the unsteady, dynamic propagation of a semi-infinite crack to a differo-integral equation
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Figure 5. Crack tip path x = ℓ(t) and speed v = ℓ̇(t) for different values
of E1 and η1. Larger values of the viscoelastic parameters initially lead to
delayed crack growth, but eventually the cracks attain very similar speeds.
All quantities are given in dimensionless units.

allows analytical methods to be applied as far as possible before turning to numerical
methods. This has certain advantages. For instance, using this approach revealed that
the boundary conditions for the dynamic, transient mode I fracture problem must be
considered carefully in order to obtain a fully correct solution [15]. The integral equation
formulation also works quite well when considering cohesive zones with time-dependent
behavior, as this only requires minor modifications of the numerical part of the method.
While this approach does not easily generalize to more complicated contexts, such as non-
homogeneous or viscoelastic bulk materials, it can be used as an alternate computational
method to verify the accuracy of, for example, finite element-based numerical codes for
solving fracture problems.
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