
International Journal of Engineering Science 48 (2010) 1289–1312
Contents lists available at ScienceDirect

International Journal of Engineering Science

journal homepage: www.elsevier .com/locate / i jengsci
Dependence of the frequency spectrum of small amplitude vibrations
superimposed on finite deformations of a nonlinear, cylindrical elastic
body on residual stress

Yuliya Gorb a, Jay R. Walton b,⇑
a Department of Mathematics, University of Houston, Houston, TX 77204-3008, United States
b Department of Mathematics, Texas A&M University, College Station, TX 77843-3368, United States

a r t i c l e i n f o
Article history:
Available online 6 October 2010

Keywords:
Nonlinear elasticity
Residual stress
Vulnerable and stable atherosclerotic
plaque
Neo-Hookean
IVUS
Small amplitude high frequency time
harmonic vibrations
0020-7225/$ - see front matter � 2010 Elsevier Ltd
doi:10.1016/j.ijengsci.2010.09.002

⇑ Corresponding author. Tel.: +1 (979) 845 7242;
E-mail addresses: gorb@math.uh.edu (Y. Gorb), j
a b s t r a c t

We model and analyze the response of nonlinear, residually stressed elastic bodies sub-
jected to small amplitude vibrations superimposed upon large deformations. The problem
derives from modeling the use of intravascular ultrasound (IVUS) imaging to interrogate
atherosclerotic plaques in vivo in large arteries. The goal of this investigation is twofold:
(i) introduce a modeling framework for residual stress that unlike traditional Fung type
classical opening angle models may be used for a diseased artery, and (ii) investigate the
sensitivity of the spectra of small amplitude high frequency time harmonic vibrations
superimposed on a large deformation to the details of the residual stress stored in arteries
through a numerical simulation using physiologic parameter values under both low and
high blood pressure loadings. The modeling framework also points the way towards an
inverse problem using IVUS techniques to estimate residual stress in healthy and diseased
arteries.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

This paper is concerned with acoustic wave propagation in a residually stressed nonlinear elastic body. In particular, we
study a model for the response of a residually stressed body subjected to small amplitude harmonic vibrations superimposed
upon large deformations. Our motivation derives from the usage of intravascular ultrasound (IVUS) imaging techniques to
identify and characterize or classify the level of vulnerability of atherosclerotic plaques in large arteries. The main focus
of the paper is on the impact of the residual stress stored in the body on the vibrational frequency spectrum, and we spec-
ulate on the possible use of IVUS through an inverse spectral problem for approximating residual stress.

Before presenting the precise mathematical problem formulation, we briefly review the biological and mechanical back-
ground for the problem of interest.
1.1. Biological background

Cardiovascular diseases are the leading cause of death in the Western world [9]. Atherosclerosis, the process in which
cholesterol and other deposits build up (plaque) in the wall of muscular arteries limiting blood flow, is the most common
disease of the arterial system. As plaque growth progresses, a calcified, fibrous layer forms over a softer, fatty core. A thick
fibrous cap stabilizes the plaque build-up lessening the likelihood of a spontaneous rupture. Such a plaque is called stable. If a
. All rights reserved.
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Fig. 1. Unstable and stable atherosclerotic plaques. From www.heartcenteronline.com.
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plaque is covered with a thin calcified layer, the plaque is more likely to rupture and is called unstable or vulnerable (also
known as fatty plaque with a thick lipid core). Cap rupture exposes the fatty core to the bloodstream in the lumen of the
artery which can initiate thrombosis and block flow through the vessel completely. The early detection of vulnerable athero-
sclerotic plaques is an critical challenge facing cardiovascular scientists [1,16]. It depends upon being able to discriminate
the plaque with thin fibrous caps and thick lipid cores from ones with thick fibrous caps and thin lipid layers. (Fig. 1)

IVUS is a medical imaging methodology that detects blockage or narrowing of the vessels [46]. It is an invasive procedure
performed through cardiac catheterization that produces detailed images of the interior walls of the artery to see blood ves-
sels ‘‘from the inside” and allows one to detect an obstruction of the lumen of the artery. The catheter tip emits acoustic
sound waves, usually in the 15–40 MHz range. The catheter also receives and conducts the return echo information out
to the external computerized ultrasound equipment which constructs and displays a real time ultrasound image (see
Fig. 2) of a thin section of the blood vessel surrounding the catheter tip.

However, IVUS has been demonstrated to have significant limitations in tissue characterization (e.g. [25,10,11,42,36]),
especially in discriminating between vulnerable and stable plaques. Indeed, IVUS does not give information about inflamma-
tion, has low spatial resolution (�200 lm), and gives poor images of deeper plaques. Its sensitivity to discriminate between
fatty and fibrous plaque tissues has been reported to be in the range 39–52% [24,25].

Recently, several novel approaches for quantitative tissue characterization to discriminate fibrous and fatty plaque tissues
have been developed to overcome these limitations. Among them are wavelet analysis of radio frequency intravascular ultra-
sound signals [45], backscattered radio frequency signals [5], integrated backscatter intravascular ultrasound [40,41] and
others [6]. Many of these techniques are still under investigation and at present none of them can accurately identify a vul-
nerable plaque and how it is going to develop. Achieving satisfactory results by means of traditional techniques is very dif-
ficult due to the complex nature of the tissue characterization problem and the imaging characteristics.
1.2. Mechanical background

Experimental studies [15,29,34] show that intact arteries are layered, anisotropic [30,20,17], slightly compressible
[12,14,13], heterogeneous, residually stressed [15,43,44,19], elastic or viscoelastic [34] material bodies which exhibit a non-
linear stress–strain behavior. Moreover, due to the muscular component of the arterial wall, they behave differently in the
Fig. 2. IVUS image of the diseased artery. from www.wikipedia.com.
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active and passive states. Despite the importance of all of these characteristics, most classical constitutive models account for
only a few of them at once.

Our interest lies in the application of ultrasound technology to distinguish the major types of the plaque tissue (fibrous vs.
fatty), and a preliminary step toward this is understanding the effect of basic features, such as material compliance, geom-
etry and residual stress, on ultrasound wave propagation in the deformed body. While the effect of material parameters and
body geometry on sound wave propagation is well studied, such is less the case for pre-stress and residual stress. An inter-
esting step in this direction is the paper by Otténio et al. [48] that considers ultrasound waves at the interface of a pre-
stressed elastic body and a viscous fluid. Their study, which was motivated by the use of ultrasound technology to interro-
gate abdominal aortic aneurysms, as does the current one, models ultrasound wave propagation in the solid phase through
linearization of the dynamical, nonlinear elastic equations about a static, finite deformation that is responsible for the pre-
stressed state. They consider pre-stress from a stress-free natural reference configuration and focus attention upon deriving
the appropriate incremental boundary condition along the viscous fluid/elastic solid interface, the principal challenge being
taking proper account of an Eulerian formulation for the fluid phase equations and a Lagrangian formulation for the solid
phase equations. They then special the analysis and simulations to a planar fluid/solid interface.

The present contribution is less concerned with a detailed model for ultrasound wave propagation in such a fluid/solid
system, but focuses attention on the spectral response of the solid phase to time harmonic ultrasound waves superimposed
upon a nonlinear elastic body pre-stressed from a residually stressed reference configuration. In particular, we explore the
question of the sensitivity of the ultrasound frequency spectrum of a nonlinear elastic body to a residual stress distribution.
It is well known that the impact of residual stress on the stress distribution in a deformed nonlinear elastic body can be quite
significant [26–28,37–39]; we investigate whether it is also significant on the small amplitude ultrasound vibrational fre-
quency spectrum.

Modeling residual stress in soft tissue is a challenging subject. That accounting for residual stress is crucial in many issues
arising in the study of soft tissue is well established. But of course, not all soft tissue exhibits significant residual stresses.
When it is significant, it develops through growth and adaptation processes over a possibly large range of time scales. In
arteries, for example, residual stress confers an obvious biological benefit and develops through natural, genetically pro-
grammed processes that are sensitive to mechanical and biochemical influences. Further evolution of the natural residual
stress of healthy arteries can also occur in response to a variety of pathological changes including hypertension and
atherosclerosis.

Most strategies appearing in the literature for modeling residual stress in soft tissue, including the arterial wall, view the
residual stresses as arising from deformational processes. That is, one posits the existence of a deformation from the un-
loaded but residually stressed configuration to a stress free natural configuration. However, it is far from clear that such a
stress free natural configuration is reachable by a deformation, continuous or otherwise, from the unloaded, residually
stressed configuration presented to the experimenter. Indeed, a paradigm for modeling residual stress popularized in the
classical works of Fung [15,18,19] consists of making a single through the thickness cut of thin slices of arterial segments.
The cut segments spring open as their residual stress relaxes. From measuring the opening angle of the cut segment, one
can readily calculate the corresponding deformation and associated induced stress state under the assumption that the cut
segment is stress free. However, it is well known (see e.g. [22]) that the cut segments are not stress free since further cuts
induce additional relaxation. Moreover, measuring the amount of deformation occurring from these cuts is a delicate process
at best. It is not known if any number of cuts produces a stress free configuration. Additionally, these cuts certainly do not
correspond to continuous deformations since they involve essential topological changes. It is precisely this difficulty that
motivated the introduction and study of virtual stress free configurations by A. Hoger et al. [26–28,37–39] which can be
viewed as taking Fung’s cutting idea to the extreme of producing totally disconnected (point) stress free reference
configurations.

Given the theoretical and practical difficulties of determining the residual stress in healthy arteries, it is even more daunt-
ing to model and measure it in arteries with a significant atherosclerotic plaque burden. This fact is a central motivation for
one aspect of the current study, namely, to investigate how significant the residual stress is distinguishing key tissue types
via ultrasound techniques.

The purpose of this paper is twofold. (i) First, we introduce a framework for incorporating a general residual stress dis-
tribution into a model intended to describe the material response of a healthy or diseased artery. (ii) Second, we explore how
the residual stress impacts the vibrational frequency spectrum of small amplitude harmonic vibrations superimposed upon a
large static deformation of a residually stressed arterial segment.

We begin by deriving the governing equations for small amplitude harmonic vibrations superimposed upon a large static
deformation applied to a residually stressed elastic body under rather general assumptions about material behavior. Then,
specific forms for both the residual stress distribution and the overall stress-deformation behavior are adopted for numerical
calculations of the frequency spectrum studying its sensitivity to the presence of residual stress. This is a critical first step
towards use of the inverse problem to determine residual stress from observed IVUS spectral data.

A key modeling issue is choosing a reference configuration from which the strains are measured. The classical Fung ap-
proach uses a cut, open arterial segment as a natural stress-free reference configuration. The corresponding closed but un-
loaded arterial segment is then viewed as being pre-stressed by deformation from the stress-free, cut segment. It is
important to note that the deformation giving rise to the pre-stress must be viewed as a virtual deformation since it is
not single-valued since the two faces of the cut map to a common internal surface of the intact arterial segment. In contrast,
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since we do not initially assume a particular model for the residual stress in an unloaded arterial segment, we use this un-
loaded state as reference. We would be remiss to not remark that the Fung model for residual stress in muscular arteries is
not the only one in the literature. For example, the obvious deficiencies with the Fung open angle model led to the introduc-
tion of virtual configurations for modeling residual stress in soft tissue [26–28].

Using the unloaded, residually stressed configuration as reference, we write the Cauchy response function to deformation
out of this configuration as:
T ¼ bT ðFÞ; ð1Þ
where F is the deformation gradient from the unloaded, residually stressed configuration. The material is said to be residu-
ally stressed if
T res :¼ bT ðIÞ– 0; ð2Þ
where I denotes the second-order identity tensor. It is useful to view the response function (1) as depending on both the
deformation gradient F and the residual stress distribution Tres
T ¼ bT ðF; T resÞ ð3Þ
and to define the Cauchy Natural Response Function
bT NðFÞ :¼ bT ðF; 0Þ: ð4Þ
By definition, it follows that
T res :¼ bT ðI; T resÞ: ð5Þ
The model (3) has been used in [38] with the constitutive equation explicitly depending on the residual stress and deforma-
tion from the unloaded but residually stressed configuration. For such a modeling construct, the key issues to be settled are
how to model the residual stress and how to model the dependence of the response function upon the residual stress. These
issues are addressed in the following section.

We re-emphasize that the current contribution is the first step towards a long-range project that was motivated by two
issues: (1) distinguishing vulnerable and stable plaques, and (2) determining residual stress distributions, given that there
are no reliable experimental techniques for measuring it. Related to these issues are problems of determining the constitu-
tive properties of healthy arteries as well as diseased arteries with accounting for residual stress being a major challenge.
These problems are related to IVUS offering promise as a technology for addressing each of them. In order to use this tech-
nology for resolving these related issues, certain foundational work must be done. In particular, the critical issues to be ad-
dressed can be viewed as inverse problems to boundary value problem modeling IVUS in vivo arterial interrogation. But in
order to solve such inverse problems, one must first understand the behavior of the forward or direct problem which is the
primary focus of the current contribution.

Finally, we note that this journal issue’s honoree, Professor K.R. Rajagopal, has had a long term interest in many of the
topics arising in the present contribution. That he recognizes the value of studying small amplitude deformations and mo-
tions superimposed upon large deformations in the context of arterial mechanics is evident in [2]. Moreover, he clearly dem-
onstrates in [50] the key role mechanics plays in understanding vascular pathologies, and he illustrates in [51] the value to
be gained in our understanding of the mechanics of nonlinear elastic tubular bodies from the study of cleverly conceived
special solutions. Another issue germane to the present contribution that Professor Rajagopal has studied is the effect of
material inhomogeneity on predicted stress distributions. The present contribution considers only homogeneous natural re-
sponse functions even though it is well-known that the arterial wall is not a homogeneous material body. As pointed out by
[52], use of homogenized response functions can lead to large errors in predicted stress distributions even when material
properties would appear to depart only a small amount from a homogeneous body. Future extensions of the present contri-
bution will address the impact of the arterial wall’s inhomogeneity on the predicted stress distributions and natural ultra-
sound vibrational frequencies.

2. Preliminaries

2.1. Basic continuum mechanical framework and notation

Assume that a body occupies a connected open set Bt embedded in a 3-dimensional Euclidean space that is referred to as
a configuration of the body. Let B denote a particular configuration declared to be a reference configuration and let @B be its
boundary. The positions of the points in B are labeled by vectors X relative to an arbitrarily chosen origin. A deformation
mapping the point X of B to the point x of Bt is denoted by v : B ! Bt with x = v(X).

A material body is called elastic if there exists a symmetric tensor-valued function bT of the deformation gradient F :¼rv,
called the material response function, such that the Cauchy stress tensor T is given by:
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T ¼ bT ðX; FÞ: ð6Þ
Henceforth, for notational convenience, we omit the dependence of tensors on the position vector X, e.g. T ¼ bT ðFÞ. IfbT ðIÞ ¼ 0, then B is called a natural configuration. Otherwise, B has a residual stress distribution bT ðIÞ. The Piola–Kirchhoff stress
tensor is defined by
S ¼ JTF�T ; ð7Þ
where J :¼ detF. One can then also define the response function S ¼ bSðFÞ ¼ JbT ðFÞF�T . An elastic material is called hyperelastic
if there exists a scalar function W ¼ cW ðFÞ, called a strain-energy function per unit reference volume, such that
bSðFÞ ¼ @F
cW ðFÞ; bT ðFÞ ¼ J�1@F

cW ðFÞFT : ð8Þ
The strain-energy function is required to satisfy the customary principle of material frame indifference.
Typically, soft tissue has been modeled in the literature as a nonlinear hyperelastic material. While it is widely under-

stood that in actuality soft tissue exhibits time-dependance in its mechanical behavior and perhaps should be modeled as
a nonlinear viscoelastic material, in the high frequency ultrasound regime of interest here, acoustic wave behavior is dom-
inated by glassy material properties.1 Therefore, we choose to ignore the time-dependant viscoelastic effects in our model and
treat an arterial wall as a nonlinear elastic body. Hence, developing a constitutive model amounts to specifying the strain-en-
ergy function W. In doing so, one must make a decision as to what effects to include such as anisotropy, compressibility and
residual stress. The vast majority of the papers modeling soft tissue have adopted incompressible models, e.g. [8,7,15,49,
31,32,30]. For a healthy arterial wall, the assumption of incompressibility is quite reasonable, however for a diseased artery with
a significant plaque burden, it is more appropriate to assume the material response is slightly compressible (e.g. developed pla-
ques often have many small voids which would make the effective response of the plaque to be slightly compressible) [4].

Recalling that the issue of primary interest here is the effect of residual stress on the small amplitude vibrational response
of soft tissue, we assume that the material response is isotropic. Subsequent studies will focus on anisotropic models such as
those introduced in [30,20,17]. Even for isotropic nonlinear elastic models a wide variety of forms for the strain-energy func-
tion W have been studied in the context of soft tissue and rubbery materials. In our investigation, attention will be focused
on an isotropic slightly compressible residually stressed elastic body whose strain-energy function W is constructed from the
classical model (without the residual stress) given by [29]:
W ¼ l
2b
ðJ�2b � 1Þ þ l

2
ðtrB� 3Þ; b ¼ m

1� 2m
ð9Þ
and called (compressible) neo-Hookean. The material parameters l and m denote the shear modulus and Poisson’s ratio,
respectively.

The equations of motion expressing the balance of linear momentum for the material body are:
DivS þ qb ¼ q€v; S ¼ @F
cW ðFÞ; F ¼ rvðX; tÞ; ð10Þ
where Div denotes the divergence operator in B, q is the mass density in B, b is a body force per unit mass, and
€v ¼ ð@tÞ2vðX; tÞ. Supplemented with appropriate boundary and initial conditions, (10) yields an initial-boundary-value prob-
lem. Typically, the boundary conditions arising in the problems of nonlinear elasticity are specified at material points X of @B
and prescribe either a displacement u = x � X = v(X) � X or a traction Sm, where m is an outward unit normal to the reference
boundary @B.

Motivated by our intended application to IVUS in vivo arterial interrogation, we consider small amplitude high frequency
time harmonic vibrations superimposed on static finite deformations of the artery. The justification for this modeling choice
recognizes that while the in vivo artery is subjected to pulsatile time dependent loading of roughly 1 Hz frequency, the IVUS
wave with frequency typically in the MHz range essentially ‘‘sees” a static deformation. Of course the residually stressed
constitutive response governing the IVUS wave depends upon where in the cardiac cycle the static deformation is. Thus,
the analysis of the IVUS wave must be done for a range of blood pressures corresponding to extremes in the cardiac cycle.
The relevant boundary-value problem (BVP) (10) for the static portion of the deformation upon which the IVUS wave is
superimposed has inertial term equal to zero:
Div@F
cW ðFÞ þ qb ¼ 0 ð11Þ
and appropriate boundary conditions. From hence forth, the body force b is assumed to vanish since it plays little role in the
intended applications.

The issue of the ‘‘well-posedness” for mixed boundary value problems in finite elasticity is very much an area of active
research. However, this is not the focus of the current study. It is well-known that the most useful requirement on the strain-
energy function W leading to the proof of the well-posedness for the BVP (11) with appropriate boundary conditions is that it
, for example, Humphrey [34, p. 281]. It is clear that most of the stress relaxation for the arterial wall occurs on relatively long time scales. When
ed to frequencies through the Carson transform of a viscoelastic stress relaxation function, one concludes that for frequencies in the ultrasound range
r IVUS, the material response is nearly elastic with constitutive properties very near the glassy elastic values.
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should be polyconvex [3]. However, it is also widely understood that the physically most relevant condition on W is strong
ellipticity (that is, rank-one convexity, which is a weaker condition) and it is still an open question whether strong ellipticity
is sufficient to show the well-posedness of boundary value problems. It has also been demonstrated that many popular mod-
els for soft tissue fail to be even strongly elliptic at physiologically relevant levels of deformation [53,56,57]. The specific
models we consider below will all be strongly elliptic, and relevant solutions to the BVP (11) are constructed through com-
bined analytical and numerical methods via the semi-inverse approach (see e.g. [21,55]).

2.2. Constitutive models with residual stress

The response function (3) models the stress-deformation behavior of a residually stressed elastic body using an unloaded
configuration B as reference. We assume that the body responds hyperelastically to the deformation out of this unloaded,
residually stressed reference configuration B. Appealing to frame indifference, if follows that there is a strain energy functioncW RðC; sÞ of the right Cauchy-Green strain C :¼ FTF satisfying
@F
cW RðC; sÞ ¼ bSRðF; sÞ; ð12Þ
where @F
cW R denotes the gradient of cW R with respect to F defined to be the unique second order tensor satisfying
@F
cW RðF; sÞ �H ¼ DF

cW RðF; sÞ½H� ð13Þ
for all H 2 Lin, the space of all second order tensors, and F 2 Lin+, the subset of Lin of all second order tensor of positive deter-
minant. In (13), DF denotes Fréchet differentiation and K � H denotes the canonical trace inner product on Lin.
K � H :¼ tr ðKT HÞ:
In order to model the constitutive response of a residually stressed nonlinear elastic body one must address two issues: (i)
how to model the response of the material to a deformation v from the unloaded configuration B to the current Bt , that is,
how to choose a form for the strain energy function cW RðC; sÞ, and (ii) how to model the residual stress s in the unloaded
configuration B. The principal aim of this contribution is to study the sensitivity of the spectrum of ultrasound vibrations
superimposed upon finite static deformations to the magnitude of the residual stress level. To that end, two example models
are considered:

1. a simple additive form for the strain energy function
cW RðC; sÞ ¼ cW NðCÞ þ
1
2

/ðC � sÞ ð14Þ
with associated First Piola–Kirchhoff stress
bSRðF; sÞ ¼ @F
cW RðC; sÞ ¼ bSNðFÞ þ /0ðC � sÞFs; ð15Þ
2. a simple multiplicative form generalizing the Fung-type model
cW RðC; sÞ ¼ cW N FT
RCFR

� �
; ð16Þ

FR :¼ bT�1
N ðsÞ ð17Þ
with associated First Piola–Kirchhoff stress
bSRðF; sÞ ¼ @F
cW RðC; sÞ ¼ bSNðFFRÞFT

R; ð18Þ
where FR plays the role of a Fung-type pre-strain from a stress-free, natural configuration which in the Fung arterial model is
the split-ring arterial segment. In (14) and (16), cW Nð�Þ denotes the natural strain energy function, that is, the strain energy
function (12) corresponding to s = 0
cW NðFÞ :¼ cW RðF; 0Þ ð19Þ
and bT�1
N ð�Þ denotes the inverse of the natural Cauchy response function defined by
bT NðFÞ :¼ 1
J
bSNðFÞFT ð20Þ
with J :¼ det(F) and
bSNðFÞ :¼ @F
cW NðFÞ ¼ bSRðF; 0Þ: ð21Þ
One should note that since bT Nð�Þ is a natural Cauchy response function, it follows that
CR :¼ FT
RFR ¼ I $ s ¼ 0: ð22Þ
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In example (16), it is s that is specified, not the pre-strain FR as in the Fung paradigm. The tensor FR can be viewed as a
pre-strain from a virtual natural configuration that need not be specified. In particular, with an eye toward the inverse prob-
lem of determining the residual stress s from ultrasound data, one can view the model (16) as asserting the existence of
some natural configuration and a pre-strain giving rise to the residual stress s. One can then solve an inverse problem for
s directly without attempting to deduce what a natural configuration might be. For an artery, there would be some virtual
natural configuration, but it most likely is not the split arterial segment utilized by the Fung paradigm.

We remark that unless the residual stress s is a pure pressure, i.e. s = �pI, the stress-deformation models (15) and (18) are
anisotropic even when the response function bSN is isotropic.

Below, use will be made of linearizations of (14), (15) and (16), (18) about s = 0. To that end, one finds that (14) and (15)
satisfy
2 A tu
where �
cW RðC; sÞ ¼ cW NðFÞ þ
1
2

/0ð0ÞC � sþ oðjsjÞ; ð23ÞbSRðF; sÞ ¼ bSNðFÞ þ /0ð0ÞFsþ oðjsjÞ; ð24Þ
while for (16) and (18) one has
cW RðC; sÞ ¼ cW NðFÞ þ FTbSðFÞ � E�1
N ½s�

� �
þ oðjsjÞ; ð25ÞbSRðF; sÞ ¼ bSNðFÞ I þ E�1

N ½s�
� �

þ ENðFÞ FE�1
N ½s�

� �
þ oðjsjÞ; ð26Þ
where ENðFÞ½�� denotes the fourth-order natural elasticity tensor
ENðFÞ½H� :¼ DF
bSNðFÞ½H� ð27Þ
defined for all F 2 Lin+ and H 2 Lin.

3. Small amplitude harmonic vibrations superimposed on large deformations

Here we derive a boundary value problem corresponding to an idealized model of IVUS interrogation of an arterial seg-
ment whose elastic response is governed by (12). The arterial segment is assumed to have the shape of a tubular domain.2 Let
B denote an unloaded but residually stressed reference configuration with inner and outer boundaries @BI and @BO, respectively.
The inner boundary will be subjected to a constant pressure, �p0 < 0 (in the deformed configuration). Various boundary con-
ditions can be applied to the outer boundary depending upon whether one is interested in in vivo or in vitro behavior, and upon
the manner in which the outer boundary interacts with the surrounding environment. In vitro, one might want to impose a
stress-free boundary condition on the outer boundary which would correspond to the setting of many inflation–extension–tor-
sion experiments performed on excised arterial segments. In vivo, one might want to consider fixed grip or third-kind boundary
conditions depending upon the nature of the constraint imposed upon the artery by the surrounding tissue. The constitutive
behavior is specified through (15) or (18). For simplicity, the tubular domain is assumed to be doubly infinitely long in order
to ignore consideration of boundary conditions on the tube’s ends. Alternatively, one could simply consider a two dimensional
problem.

3.1. Static deformation of the tubular domain

The displacement field u0 corresponding to this static deformation satisfies the following boundary value problem (in the
absence of a body force)
DivS0 ¼ 0 in B; ð28Þ
S0m ¼ �ku0 on @BO; ð29Þ
S0m ¼ �p0J0F�T

0 m on @BI; ð30Þ
where m denotes the outward pointing unit normal to the boundary in the reference configuration, J0 = det(F0), and
S0 ¼ bSRðF0; sÞ ð31Þ
with
F0 ¼ I þru0: ð32Þ
The third-kind boundary condition (29) in the limits k ? 0+ and k ?1 converges to the traction-free and fixed grip bound-
ary conditions on the outer boundary, respectively.
bular domain refers to a region in R3 described parametrically in cylindrical coordinates as {(R,H, Z)j0 6H < 2p, Z0 < Z < Z1, RI(H,Z) < R < RO(H, Z)}
1 6 Z0 < Z1 61.
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When the configuration B is unloaded, the residual stress satisfies
Divs ¼ 0 in B; ð33Þ
sm ¼ 0 on @BO [ @BI: ð34Þ
Three remarks are in order.

1. Unless s � 0, (33) and (34) imply that the residual stress does not arise through smooth deformation from a natural
(stress free) configuration. Indeed, assume there is a natural configuration B0, a smooth deformation f0 from B0 to B
and a strain energy W0 on B0 such that the residual stress s on B is the Cauchy stress corresponding to the solution to
the boundary value problem on B0
DivS0ðF0Þ ¼ 0; on B0; ð35Þ
S0ðF0Þn ¼ 0; on @B0; ð36Þ
S0ðF0Þ ¼ @F W0ðF0Þ:

Since B0 is assumed to be a natural configuration, the response function satisfies S0(I) = 0, i.e. B0 is not residually stressed.
One can now appeal to uniqueness theorems for the traction boundary value problem in finite elasticity (see, for example,
[54]) to conclude that the stress tensor corresponding to the solution to the traction boundary value problem (35) van-
ishes identically.

2. For the model (15) with /0(�) a constant function, (33) implies that the equilibrium Eq. (28) do not involve gradients of the
residual stress. Indeed, the left side of (28) has the form
DivS0 ¼ DivbSNðF0Þ þ Divðru0sÞ: ð37Þ

To calculate the second term in (37), we appeal to the definition of divergence of a second order tensor A as the unique
vector Div(A) satisfying

a � DivðAÞ ¼ DivðAT aÞ ð38Þ

for all constant vectors a. Appealing to (33), it follows that

a � Divðru0sÞ ¼ Div sðruT
0aÞ

� �
¼ ruT

0a
� �

� hðsÞ þ s � r ruT
0a

� �
¼ s � r ruT

0

� �
½a� ¼ a � rðru0ÞT

� �T
s

� 	
and hence that

Divðru0sÞ ¼ rðru0ÞT
� �T

s; ð39Þ

where (r(ru0)T)T is an appropriately defined third order tensor acting on the second order tensor s.
3. From (34), it follows for the additive model that the static boundary conditions (29) and (30) do not involve the residual

stress, only the natural material response stress tensor bSNðF0Þm.

3.2. Superimposed small amplitude harmonic vibrations

To model superimposed, small amplitude harmonic vibrations on the static deformation described by (28)–(30), we con-
sider the boundary value problem corresponding to the tubular domain subject to the time-harmonic pressure
p ¼ p0ð1þ �eixtÞ ð40Þ
and construct an asymptotic development of its solution in the form
uðX; tÞ ¼ u0ðXÞ þ �u1ðXÞeixt þ oð�Þ; ð41Þ
FðX; tÞ ¼ I þruðX; tÞ ¼ F0ðXÞ þ �ru1ðXÞeixt þ oð�Þ; ð42Þ
SðX; tÞ ¼ S0ðXÞ þ �S1ðXÞeixt þ oð�Þ: ð43Þ
The boundary value problem satisfied by u(X, t) is
DivS ¼ q€u in B; ð44Þ
Sm ¼ �ku on @BO; ð45Þ
Sm ¼ �pJF�T m on @BI:: ð46Þ
Asymptotic expansion of the boundary value problem (44)–(46) gives a sequence of static boundary value problems to all
orders in �. To zero-order in �, u0 satisfies the static boundary value problem (28)–(30). To first order in �, u1(X) satisfies
the differential equation
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DivS1 ¼ �qx2u1 in B ð47Þ
and outer boundary condition
S1m ¼ �ku1 on @BO: ð48Þ
Constructing S1 and specifying the inner boundary condition, while straightforward, requires some effort. To that end, we
first recall well-known asymptotic expansions for J = det(F) and F�T (cf [47], [23])3
J ¼ J0 1þ �eixtF�T
0 � ru1 þ oð�Þ

� �
; ð49Þ

F�T ¼ F�T
0 � �eixtF�T

0 ruT
1F�T

0 þ oð�Þ: ð50Þ
Next, the first Piola–Kirchhoff stress S is expanded
S ¼ bSRðF0; sÞ þ �eixtERðF0; sÞ½ru1� þ oð�Þ; ð51Þ
where ERðF0; sÞ½�� denotes the (fourth-order) elasticity tensor about the zero-order deformation
ERðF0; sÞ½H� :¼ DF
bSRðF0; sÞ½H�: ð52Þ
Appealing to the additive constitutive relation (15), one sees that
ERðF0; sÞ½H� ¼ DF
bSNðF0Þ½H� þ /0ðC0 � sÞHsþ 2/00ðC0 � sÞðF0s �HÞF0s

¼ ENðF0Þ½H� þ /0ðC0 � sÞHsþ 2/00ðC0 � sÞðF0s � HÞF0s; ð53Þ
where ENðF0Þ½�� denotes the natural elasticity tensor at F0 given by
ENðF0Þ½H� :¼ DF
bSNðF0Þ½H�:
On the other hand, use of the multiplicative constitutive relation (18) leads to
ERðF0; sÞ½H� ¼ ENðF0FRÞ½HFR�FT
R ð54Þ
with FR given by (17).
Linearizing the elasticity tensor (52) about s = 0 gives
ERðF0; sÞ½H� ¼ ELinðF0Þ½H; s� þ oðjsjÞ; ð55Þ
where
ELinðF0Þ½H;K � :¼ ENðF0Þ½H� þ DsðDF
bSRðF; 0Þ½H�Þ½K�: ð56Þ
In (56), the second term on the right hand side is the sixth-order tensor obtained by successive Fréchet differentiation ofbSRðF; sÞ with respect to F and s which is then viewed as a bi-linear form defined on the Cartesian product Lin � Lin taking
values in Lin. Under suitable smoothness assumptions, the order of Fréchet differentiation in (56) can be reversed
DsðDF
bSRðF; 0Þ½H�Þ½K � ¼ DFðDs

bSRðF; 0Þ½K �Þ½H�: ð57Þ
Note that the response function
bSLinðFÞ :¼ Ds
bSRðF; 0Þ½s� ð58Þ
is hyperelastic since its corresponding strain energy potential is the linearization cW LinðFÞ of cW RðF; sÞ about s = 0
@F
cW LinðFÞ ¼ bSLinðFÞ; ð59Þ
where
cW RðF; sÞ ¼ cW LinðFÞ þ oðjsjÞ
with
 cW LinðFÞ :¼ cW NðFÞ þ @s
cW RðF; 0Þ � s: ð60Þ
Linearizing the elasticity tensor (53) about s = 0 for the additive constitutive model, one has
ELinðF0Þ½H; s� ¼ ENðF0Þ½H� þ /0ð0ÞHs; ð61Þ
whereas linearizing the elasticity tensor (54) about s = 0 for the multiplicative constitutive model gives
mulas and derivations arising in the following linearization calculations are more or less standard, and can be found in the classical books by Gurtin and
The notation employed here is consistent with [23].
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ELinðF0Þ½H; s� ¼ ENðF0Þ½H� ð62Þ
þ DFENðF0Þð Þ½H�ð Þ F0E

�1
N ½s�

� �
ð63Þ

þ ENðF0Þ HE�1
N ½s�

� �
þ ENðF0Þ½H�E�1

N ½s�; ð64Þ
where DFENðF0Þ is a sixth order tensor and E�1
N ðF0Þ½�� denotes the inverse of the fourth order tensor ENðF0Þ½�� considered as a

linear transformation on Sym, the space of symmetric second-order tensors.
Combining (47)–(51) one has for the first-order differential equation
�qx2u1 ¼ DivðERðF0; sÞ½ru1�Þ ð65Þ
and the boundary conditions
ERðF0; sÞ½ru1�m ¼ �ku1 on @BO; ð66Þ

ERðF0; sÞ ru1½ �m ¼ �p0F�T
0 J0 1þ F�T

0 � ru1

� �
�ruT

1F�T
0

� �
m on @BI: ð67Þ
On the other hand, linearization about s = 0 gives the boundary value problem
�qx2u1 ¼ Div ELinðF0Þ ru1; s½ �ð Þ ð68Þ
and the boundary conditions
ELinðF0Þ½ru1; s�m ¼ �ku1 on @BO; ð69Þ

ELinðF0Þ½ru1; s�m ¼ �p0F�T
0 J0 1þ F�T

0 � ru1

� �
�ruT

1F�T
0

� �
m on @BI: ð70Þ
The systems 65,66,67 and 68,69,70 define linear eigenvalue problems with discrete frequency spectra {xnjn = 1,2, . . .}. Of
interest in the remainder of this paper is the sensitivity of this spectrum to the residual stress distribution s. We investigate
this question by studying explicit solutions corresponding to specific geometries, strain energy functions cW NðFÞ and residual
stress distributions s motivated by the IVUS interrogation of arteries.

3.3. Compressible neo-Hookean natural constitutive response

For the numerical simulations presented below, we adopt the compressible neo-Hookean model for the natural response of
the material which is defined through the strain energy function
cW NðFÞ :¼ l uðJÞ þ 1
2
jFj2 � 3
� �� 	

; ð71Þ
where as above J :¼ det(F) and u(�) is a scalar valued function usually chosen so that u(1) = 0 and hence cW NðIÞ ¼ 0. The
canonical choice for u(r) is
uðrÞ ¼ 1
2b
ðr�2b � 1Þ ð72Þ
with
b :¼ m
1� 2m

:

The parameters l and m correspond to the shear modulus and Poisson’s ratio of classical linear elasticity.
The stress response function corresponding to (71) has the form
bSNðFÞ :¼ @F

cW NðFÞ ¼ lðwðJÞF�T þ FÞ; ð73Þ
where
wðrÞ :¼ u0ðrÞr
and the natural linear elasticity tensor ENðF0Þ½�� obtained by linearizing (73) about a deformation gradient F0 has the form
ENðF0Þ½H� :¼ @F
bSN F0ð Þ½H� ¼ l w0ðJ0ÞJ0 F�T

0 � H
� �

F�T
0 � wðJ0ÞF�T

0 HT F�T
0

� �
þ lH; ð74Þ
in which H is an arbitrary second-order tensor. For the classical model (72) and (74) becomes
ENðF0Þ½H� ¼ lJ�2b
0 2b F�T

0 �H
� �

F�T
0 þ F�T

0 HT F�T
0

� �
þ lH: ð75Þ
Substitution of (75) into (26) gives for the linearized, First Piola–Kirchhoff response function for the multiplicative con-
stitutive model
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bSRðF; sÞ ¼ F � J�b
B F�T

� �
l� b

1þ 3b
trðsÞ

� 	
þ Fs; ð76Þ
whereas for the additive model one sees that
bSRðF; sÞ ¼ F � J�b
B F�T

� �
þ /0ð0ÞFs: ð77Þ
Differentiation of (76) with respect to F gives for the linearized elasticity tensor (62)–(64)
ELinðFÞ½H; s� ¼ l 2bJ�b
B F�T �H
� �

F�T þ J�b
B F�T HT F�T þ H

� �
þ Hs

� b
1þ 3b

trðsÞ 2bJ�b
B F�T � H
� �

F�T þ J�b
B F�T HT F�T þ H

� �
: ð78Þ
3.4. Symmetry considerations

In the study below of the natural vibrational frequencies for small amplitude, harmonic waves superimposed upon large,
static deformations taking account of residual stress, it will prove important to decide under what conditions the relevant
second-order linear differential operators are self-adjoint and elliptic. To that end, a key issue is the symmetry of fourth or-
der elasticity tensors constructed above.

We first note that the elasticity tensor (52) is a symmetric fourth order tensor with respect to the trace inner product on
Lin, that is, it satisfies
K � ERðF; sÞ½H� ¼ H � ERðF; sÞ½K � ð79Þ
for all H, K 2 Lin and for all F 2 Lin+. This follows from the fact that the material response with residual stress is assumed to
be hyperelastic. Indeed, defining the real value function u(a,b) by
uða;bÞ :¼ cW RðF þ aAþ bBÞ
for F 2 Lin+ and A, B 2 Lin, one sees that under suitable smoothness assumptions on cW Rð�Þ
A � ERðF; sÞ½B� ¼ @abuða;bÞ ¼ @bauða;bÞ ¼ B � ERðF; sÞ½A�:
Symmetry also holds for the linearized (about s = 0) elasticity tensor ELinðFÞ½�; s� (56). Indeed, the first term on the right
hand side of (56) is a symmetric fourth-order tensor by the above argument since
ENðFÞ½�� ¼ ERðF; 0Þ½��:
The second term on the right hand side of (56) is seen to be a symmetric fourth-order tensor by virtue of (57)–(60) which
demonstrate that it is the second derivative with respect to F of the linearized (about s = 0) strain energy function (60).

4. Axisymmetric model problem

We now consider specific models to study the sensitivity of the frequency spectrum of small amplitude harmonic vibra-
tions superimposed on large static deformations. To simplify the analysis, we consider a cylindrical tube of infinite length
whose walls satisfy
RI < R < RO ð80Þ
and study radially symmetric deformations and motions. Attention is given first to a study of static deformations from an
unloaded but residually stressed configuration with constitutive behavior given by (73). We seek solutions to (28)–(30) in
the class of axially symmetric deformations of the form
v ¼ rðRÞj1ðHÞ þ kðRÞZj3; ð81Þ
where {j1(H), j(H), j3} denotes the usual cylindrical curvilinear basis in both the reference and deformed configuration
j1ðHÞ :¼ cosðHÞe1 þ sinðHÞe2; j2ðHÞ :¼ � sinðHÞe1 þ cosðHÞe2; j3 :¼ e3; ð82Þ
where {e1,e2,e3} is the natural Euclidean orthonormal basis.
It is evident from the analysis below of the static boundary value problem that in order to be compatible with deforma-

tions within the class (81), the residual stress distribution should have the form
s ¼
X2

m;n¼1

smnðRÞjm � jn þ
X

fm¼3;n¼1;2;3g;fn¼3;m¼1;2;g
smnðRÞZjm � jn: ð83Þ
Additional restrictions on the form of s compatible with (28)–(30) and (33), (34) will emerge from the analysis.
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To simplify the presentation, detailed derivations are presented only for the linearized, additive constitutive model (23)
and (24) with /0(0) = 1. However, numerical results are also given for the linearized multiplicative model (25) and (26).

4.1. Static finite deformation boundary value problem

To derive the explicit static boundary value problem (28)–(30) and (15) satisfied by deformations of the form (81), fre-
quent use is made of the formulas recorded in Appendix A.

From (81), it follows that the deformation gradient F is given by
F ¼ r0j1 � j1 þ
r
R

� �
j2 � j2 þ kj3 � j3 þ k0Zj3 � j1 ð84Þ
from which one deduces that
F�T ¼ 1
r0

� 	
j1 � j1 þ

R
r

� 	
j2 � j2 þ

1
k

� 	
j3 � j3 �

k0Z
kr0

� 	
j1 � j3; ð85Þ
where 0 denotes differentiation with respect to R. To study the static boundary value problem (28)–(30) within the class of
solutions of the form (81), we first deduce from (84), (85) and (73)
DivbSNðFÞ ¼ l wðJÞDivF�T þ F�TrwðJÞ þ DivF
� �

ð86Þ
and
DivF ¼ r00 þ 1
R

r0 � 1
R2 r

� 	
j1 þ Z k00 þ 1

R
k0

� 	
j3; ð87Þ

DivF�T ¼ 1
R

R
r0

� 	0
� 1

r
� k0

kr0

� 	� 	
j1; ð88Þ

rwðJÞ ¼ w0ðJÞrdetðFÞ ¼ Jw0ðJÞ F�T � F 0
� �

j1 ¼ Jw0ðJÞ r00

r0
þ ðr=RÞ0

r=R
þ k0

k

� 	
j1: ð89Þ
It follows from (86)–(89) that
DivbSNðFÞ ¼ lj1 wðJÞ 1
R

R
r0

� 	0
� 1

r
� k0

kr0

� 	� 	

þJw0ðJÞ 1

r0
r00

r0
þ ðr=RÞ0

r=R
þ k0

k

� 	
þ 1

R
ðRr0Þ0 � r

R

� ��
ð90Þ

þ lj3
Z
R

Rk0ð Þ0: ð91Þ
Next, appealing to (33), (83), (84) and the calculation leading to (39), one can show that
DivðFsÞ ¼ j1 s22 r0

R
� r

R2

� 	
þ s11r00


 �
ð92Þ

þ j2s12 r0

R
� r

R2 þ
r
R

� �0
 �
ð93Þ

þ j3Z s11k00 þ 2s13k0 þ s22 k0

R

� 	
 �
: ð94Þ
The static equilibrium equations require the sum of (90)–(94) to vanish in B.
Since the residual stress satisfies sm = 0 on @B where on both the inner and out boundaries, the outward unit normal

m = ±j1, respectively, the static boundary conditions are
bSNðFÞj1 ¼ l wðJÞF�T þ F
� �

j1 ¼ l wðJÞ
r0
þ r0

� 	
j1 þ lZk0j3 ¼ �ku on @BO ð95Þ
and
l wðJÞ
r0
þ r0

� 	
j1 þ Zk0j3

� 	
¼ �p0F�T detðFÞj1 ¼ �p0

rk
RI

j1 on @BI: ð96Þ
We remark that it follows from (90)–(96) that in order for the static boundary value problem to have solutions within the
class (81), the residual stress must satisfy
s12 ¼ s21 ¼ 0: ð97Þ
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Moreover, the axial stretch k(R) is seen to satisfy the boundary value problem
l Rk0ð Þ0 þ s11Rk00 þ s22 þ 2Rs13
� �

k0 ¼ 0; ð98Þ
k0ðRIÞ ¼ 0; ð99Þ

k0ðROÞ ¼ �
k
l
ðkðROÞ � 1Þ: ð100Þ
Note that the ordinary differential equation (98) is a linear, first-order equation in k0(R). It then follows from (98) and (99)
that
k0ðRÞ � 0 for RI < R < R0 ð101Þ
and hence that k(R) is a constant. Now appealing to the outer boundary condition (100) one concludes that the axial displace-
ment is identically zero, that is
kðRÞ � 1 on RI < R < RO: ð102Þ
The radial portion of the deformation r(R) satisfies the differential equation
0 ¼ l wðJÞ 1
R

R
r0

� 	0
� 1

r

� 	
þ Jw0ðJÞR ðr=RÞ0

ðrr0=RÞ �
1
r0

� 	0� 	
þ ðRr0Þ0 � r

R

� �
 �
þ s22R

r
R

� �0
þ s11Rr00 ð103Þ
with boundary conditions
l½wðJÞ þ ðr0Þ2� ¼ �k rðRÞ � Rð Þ for R ¼ RO; ð104Þ
l½wðJÞ þ ðr0Þ2� ¼ �p0rr0k=R for R ¼ RI: ð105Þ
We remark that s22 and s11 are the only non-zero components of the residual stress appearing in the axisymmetric, static,
boundary value problem within the class of deformations (81).

We next examine other constraints on the form of (83) that follow from considering the boundary value (33) and (34).
Substitution of (83) into (33) and (34) gives
Divs ¼ j1 ðs11Þ0 þ s11 � s22

R
þ s13


 �
þ j2 ðs12Þ0 þ 2

s12

R
þ s23


 �
þ j3 ðs13Þ0 þ s13

R
þ s33


 �
¼ 0 for RI < R < RO ð106Þ
with boundary conditions
sj1 ¼ s11j1 þ s12j2 þ s13Zj3 ¼ 0 for R ¼ RI and R ¼ RO: ð107Þ
From (106) and (107), one derives the compatibility conditions
Z RO

RI

ðRs13 � s22Þ ¼
Z RO

RI

Rs33 ¼
Z RO

RI

R2s23 ¼ 0: ð108Þ
Also, from (33) and the compatibility condition (97), one concludes that
s23 ¼ 0 for RI < R < RO: ð109Þ
With an eye toward determining the residual stress distribution from ultrasound interrogation, we remark that if s11 and s22

can be determined through solving an inverse problem, the s13 and s33 following immediately from the boundary value
problem (106) and (107).

4.2. The linearized vibrations eigenvalue problem

Next we study the linearized eigenvalue problem (68)–(70) within the class of axisymmetric displacements of the form
u1ðR;H; ZÞ ¼ r1ðRÞj1ðHÞ þ Zk1ðRÞj3 ð110Þ
with the elasticity tensor ENðF0Þ½H� given by (75). To that end, we record the following useful formulas:
ru1 ¼ r01j1 � j1 þ
r1

R
j2 � j2 þ k1j3 � j3 þ k01Zj3 � j1; ð111Þ

F�T
0 � ru1 ¼

r01
r00
þ r1

r0
þ k1

k0

� 	
;

F�T
0 ruT

1F�T
0 ¼

r01
ðr00Þ

2 j1 � j1 þ
R
r0

� 	2 r1

R

� �
j2 � j2 þ

k1

ðk0Þ2
j3 � j3 þ

k00
k0r00

� 	
k01
k00
� k1

k0
� r01

r00

� 	
Zj1 � j3;
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Div ru1sð Þ ¼ s22 r1

R

� �0
þ s11r001


 �
j1 þ s11k

00
1 þ 2s13k01 þ s22 k01

R

� 	
 �
Zj3; ð112Þ

r F�T
0 � ru1

� �
¼ r01

r00
þ r1

r0
þ k1

k0

� 	0
j1; ð113Þ

r J�2b
0

� �
¼ �2bJ�2b

0
r000
r00
þ ðr0=RÞ0

ðr0=RÞ

� 	
j1; ð114Þ

Div F�T
0 � ru1

� �
F�T

0

� �
¼ 1

r00

r01
r00
þ r1

r0
þ k1

k0

� 	0
þ r01

r00
þ r1

r0
þ k1

k0

� 	
1
R

R
r00

� 	0
� 1

r0

� 	
 �
j1; ð115Þ

Div F�T
0 ruT

1F�T
0

� �
¼ 1

R
Rr01
ðr00Þ

2

 !0
� r1

ðr0Þ2
þ k00

k0r00

� 	
k01
k00
� k1

k0
� r01

r00

� 	" #
j1; ð116Þ

Divru1 ¼ r001 þ
r1

R

� �0
 �
j1 þ

1
R
ðRk01Þ

0Zj3: ð117Þ
We note that (112) appeals to the assumption s21 = 0. Substitution of (112)–(117) into (68) gives the desired partial differ-
ential equations system governing the superimposed vibrations. The eigenvalue problem also requires the boundary condi-
tions on R = RI, RO which are derived from
ENðF0Þ½ru1�j1 ¼ l J�2b
0

2b
r00

r01
r00
þ r1

r0
þ k1

k0

� 	
þ r01
ðr00Þ

2

 !
þ r01

" #
j1 þ lk01Zj3: ð118Þ
Equating coefficients of the two base vectors j1, j3 one derives a coupled pair of ordinary differential equations with two
point boundary conditions. The boundary value problem coming from j1 is
�x2r1 ¼ l r001 þ
r1

R

� �0
� 2bJ�2b

0
r000
r00
þ ðr0=RÞ0

ðr0=RÞ

� 	
2b

1
r00

r01
r00
þ r1

r0
þ k1

k0

� 	
þ r01
ðr00Þ

2

 !
þ J�2b

0 2b
1
r00

r01
r00
þ r1

r0
þ k1

k0

� 	0

"

þ r01
r00
þ r1

r0
þ k1

k0

� 	
1
R

R
r00

� 	0
� 1

r0

� 	�
þ 1

R
Rr01
ðr00Þ

2

 !0
� r1

r2
0

þ k00
k0r00

� 	
k01
k00
� k1

k0
� r01

r00

� 	##
þ s22 r1

R

� �0
þ s11r001 ð119Þ
with outer boundary condition at R = RO
2b
r00

r01
r00
þ r1

r0
þ k1

k0

� 	
þ r01
ðr00Þ

2 þ J2b
0 r01 ¼ �kJ�2b

0 r1; ð120Þ
and inner boundary condition at R = RI
lJ�2b
0

2b
r00

r01
r00
þ r1

r0
þ k1

k0

� 	
þ r01
ðr00Þ

2

" #
þ lr01 ¼ �p0

r0k0

R
1þ r01

r00
þ r1

r0
þ k1

k0

� 	
1
r00
� r01
ðr00Þ

2

 !
: ð121Þ
The eigenvalue problem coming from j3 is
�x2k1 ¼ l1
R

Rk01
� �0 þ s11k001 þ 2s13k01 þ s22 k01

R

� 	
; ð122Þ

k01ðRÞ ¼ 0 for R ¼ RI; ð123Þ
lk01ðRÞ ¼ �kk1ðRÞ for R ¼ RO: ð124Þ
The boundary value problem (122)–(124) is an eigenvalue problem for the first-order axial stretch which has solutions
only for a discrete spectrum of frequencies {xa1, xa2,. . .}. In contrast, the boundary value problem (119)–(121) for the radial
stretch governs forced vibrations and has solutions for all frequencies x expect for a discrete spectrum of resonant frequen-
cies. If the driving frequency x is not one of the axial resonant frequencies, then the system is incompatible unless k1 � 0. On
the other hand, if the driving frequency hits one of the axial resonant frequencies, then the system is compatible with non-
zero axial eigen-modes; one must solve the forced boundary value problem (119)–(121) for the radial stretch r1(R) with the
k1(R) equal to the given axial eigen-mode.

There are also pure radial resonant frequencies {xr1,xr2, . . .} and eigen-modes that occur when k1 � 0. They are governed
by the unforced system
�x2r1 ¼ l r001 þ
r1

R

� �0
� 2bJ�2b

0
r000
r00
þ ðr0=RÞ0

ðr0=RÞ

� 	
2b

1
r00

r01
r00
þ r1

r0

� 	
þ r01

r00
� �2

 !
þ J�2b

0 2b
1
r00

r01
r00
þ r1

r0

� 	0

"

þ r01
r00
þ r1

r0

� 	
1
R

R
r00

� 	0
� 1

r0

� 	�
þ 1

R
Rr01
r00
� �2

 !0
� r1

r2
0

� k00
k0r00

� 	
r01
r00

� 	##
þ s22 r1

R

� �0
þ s11r001 ð125Þ
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with inner and outer homogeneous boundary conditions
2b
r00

r01
r00
þ r1

r0

� 	
þ r01

r00
� �2 þ J2b

0 r01 ¼ 0; R ¼ RI; ð126Þ

2b
r00

r01
r00
þ r1

r0

� 	
þ r01

r00
� �2 þ J2b

0 r01 ¼ �kJ2b
0 r0ðRÞ; R ¼ RO: ð127Þ
It should be remarked that the residual stress enters the first-order radial eigenvalue problem both directly in the differ-
ential equations and indirectly in both the differential equations and the boundary conditions through the zero-order radial
stretch r0(R). In contrast, the residual stress enters into the eigenvalue problem for the axial stretch only directly in the dif-
ferential equation since both the differential equation and the boundary conditions do not contain the zero order radial or
axial stretch. Determining the sensitivity of the first-order axial and radial spectra {xaj,xrj, j = 1,2, . . .} to the direct depen-
dence of (125) and (122) on the residual stress is rather straight forward using variation formulations of the eigenvalue prob-
lems, but determining its sensitivity to the residual stress through r0(R) is not a simple matter. For that reason, we gain
understanding about the influence of the residual stress on the frequencies xaj, xrj through numerical simulations.

4.3. Eigenvalue problem: general considerations

In this section, we make a few observations on the general first-order eigenvalue problem (68)–(70) with homogeneous
boundary conditions on both the inner and outer boundaries @BI; @BO. In particular, we first note that the differential
operator
LEfu1g :¼ Div ELinðF0Þ½ru1; s�ð Þ ð128Þ
with homogeneous boundary conditions
ELinðF0Þ½ru1; s�m ¼ 0 on BI; ð129Þ
ELinðF0Þ½ru1; s�m ¼ �ku1 on BO ð130Þ
is a self-adjoint (unbounded) operator on L2fBg. Indeed, since the fourth-order tensor ELinðF0Þ½��was shown above to be sym-
metric, the self-adjointness of DivðELinðF0Þ½ru1; s�Þ equipped with homogeneous boundary conditions (129) and (130) fol-
lows by standard arguments.

A crucial issue is determining when the operator LEf�g with homogeneous boundary conditions (129) and (130) is posi-
tive. In general, it can have negative eigenvalues. But numerical examples presented in the following section for the partic-
ular models considered here suggest that in the intended application to arterial wall tissue, the spectrum can be expected to
be positive so that LE½�� is elliptic.

First consider the spectrum of LE½�� for the case of the additive constitutive model with ELin given by (61) with /0(0) = 1.
Define the fourth-order tensor T½�� by
T½H� :¼ Hs: ð131Þ
Note that since the second-order tensor s is symmetric, the fourth-order tensor (131) is also symmetric, that is given arbi-
trary second-order tensors H, K,
K � T½H� ¼ K � ðHsÞ ¼ ðKsÞ �H ¼ H � T½K�:
Also, the eigenvalues of the second-order tensor s are the eigenvalues of the fourth-order tensor (131). In particular, if r is an
eigenvalue of s of multiplicity n, then it is an eigenvalue of T½�� of multiplicity 3n (for tensors over the Euclidean space R3).
Thus, the principle stresses of the residual stress s give the eigenvalues of the fourth-order tensor T½��. The principle stresses
of s are in general not be positive.

Next, consider the differential operator Lr ½u� :¼ Div hðru1sÞ. Let u and v be smooth vector fields. Then
Z
B

v � Lr½u� ¼
Z
B

v � DivðrusÞ ¼
Z
B

Div ðrusÞTv
h i

�
Z
B
rv � ðrusÞ ¼

Z
@B
ðrusÞTv
� �

�m�
Z
B
rvs � ru

¼
Z
@B

v � ðrusÞm�
Z
@B

u � ðrvsÞmþ
Z
B

u � Lr½v � ¼
Z
B

u � Lr½v �;
where use is made of the homogeneous boundary condition sm = 0 on @B and the symmetry of s. Thus, the operator Lr is
self-adjoint for any boundary conditions on vector fields u and v, and by the spectral theorem one has
�
Z
B

u � Lr ½u� ¼
Z
B
ru � T½ru�P

Z
B
rmjruj2; ð132Þ
where rm is the smallest eigenvalue of s which, as noted above, can be negative.
Consider next the symmetric fourth-order elasticity tensor ENðF0Þ½�� for the compressible neo-Hookean model (75) and the

associated quadratic form
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H � ENðF0Þ½H� ¼ lJ�2b
0 2b F�T

0 � H
� �2

þ H � F�T
0 HT F�T

0

� �� 	
þ ljHj2

¼ lJ�2b
0 2b F�T

0 � H
� �2

þ tr ðF�1
0 HÞ2

� �� 	
þ ljHj2 ð133Þ
for all H – 0. In general, the term trððF�1
0 HÞ2Þ need not be nonnegative. However, it is if F0 is diagonal and H is triangular as is

the case, for example, for ru1 given by (111).
Next, we consider the differential operator LN½u� :¼ DivðENðF0Þ½ru�Þ subjected to homogenous boundary conditions (129)

and (130). Since ENðF0Þ½�� is a symmetric fourth-order tensor, LN½u� is readily shown to be self-adjoint. Moreover,
�
Z
B

u � LN ½u� ¼
Z
@BO

kjuj2 þ
Z
B
ru � ENðF0Þ½ru�P

Z
B

nmjruj2; ð134Þ
where nm > 0 is the smallest eigenvalue of the fourth-order tensor ENðF0Þ½��.
Combining (132) and (134) gives
�
Z
B

u � LN ½u� �
Z
B

u � Lr½u�P
Z
B
jruj2ðnm þ rmÞ: ð135Þ
In principle, the lower bound in (135) can be negative if the smallest principle stress, rm, of s is negative enough to dominate
the positive smallest eigenvalue, nm, of ENðF0Þ½��. But as will be shown through examples in the next section, for realistic
residual stresses in soft tissue, jrmj is much smaller that nm, implying that the free vibrational frequencies are all real.

A similar analysis can be carried out for the multiplicative residual stress model for which ELinðFÞ½H; s� is given by (78). As
with the additive residual stress model discussed above, one has that while in general the symmetric fourth-order tensor
ELinðFÞ½H; s� is not positive definite, it is for the examples considered below from which it follows that the differential oper-
ator DivðELinðF0Þ½ru1; s�Þ is self-adjoint and positive definite.

5. Numerical examples

We now examine the influence of residual stress upon the eigen-frequencies of the linearized vibrations problem through
example calculations. The first issue to decide is what model for residual stress to use. As mentioned above, the issue of what
form the residual stress takes in healthy arteries and the best way to model it are unsettled in the literature. For arteries with
significant plaque burden, the issue is even much less well understood. No doubt there is considerable patient specificity in
the picture. For purposes of illustrating the magnitude of the effect residual stress in healthy arteries is likely to have on the
ultrasound resonant frequencies, we appeal to the classical Fung model, which even though most certainly not correct, is
widely utilized as an order of magnitude approximation.

The Fung model takes an annular sector of dimensions 0 < h < 2p (1 � a), qI < q < qO, 0 < f < L in cylindrical coordinates
(q,h,f) as a stress-free reference configuration. Let {k1(h),k2(h),k3} denote the standard cylindrical orthonormal basis in this
configuration. One then solves the boundary value problem corresponding to closing the ring with zero tractions on the inner
and outer boundaries. The resulting Cauchy stress is then declared to be the residual stress in the unloaded, closed cylindrical
configuration.

The deformation used to close the split cylindrical tube is taken to have the form
vresðq; h; fÞ :¼ bRðqÞj1ðHÞ þ kresfj3; ð136Þ
where {j1(H), j2(H), j3} denotes the cylindrical basis in the unloaded, closed cylindrical configuration and H is given by
H ¼ h
ð1� aÞ : ð137Þ
The deformation gradient corresponding to (136) is most simply represented in a mixed tensoral basis
FresðqÞ ¼ bR0ðqÞj1ðHÞ � k1ðhÞ þ
bRðqÞ

qð1� aÞ j2ðHÞ � k2ðhÞ þ kresj3 � k3: ð138Þ
The tensor (138) must satisfy equilibrium
DivbSNðFresÞ ¼ 0 ð139Þ
and the traction free boundary conditions
bSNðFresðqÞÞk1ðhÞ ¼ 0; for q ¼ qI;qO ð140Þ
with
 bSNðFresÞ :¼ l wðJ resÞF�T
res þ Fres

� �
ð141Þ
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and
Jres ¼
bR0ðqÞbRðqÞk res

qð1� aÞ :
For the classical compressible neo-Hookean model,
wðJÞ ¼ �J�2b:
A lengthy calculation shows that (139) holds if and only if bRðqÞ satisfies
0 ¼ bR 00ðqÞ þ f ðq; bRðqÞ; bR0ðqÞÞ for qI < q < qO ð142Þ
subject to the boundary conditions
bR0ðqÞ ¼ qð1� aÞbRðqÞkres

 !b=ð1þbÞ

for q ¼ qI;qO ð143Þ
with
f ðq; r; sÞ :¼
s
q

� �
� r

qð1�aÞ2

� �
þ ð1þ 2bÞJ�2b 1

r � 1
qs

� �
1þ ð1þ 2bÞJ�2b=ðsÞ2
� �
and
J ¼ rskres

qð1� aÞ :
The boundary value problem (142) must be solved numerically. The residual stress is then defined to be the Cauchy stress
corresponding to (141)
sðRÞ :¼ l wðJresðRÞÞI þ F resF
T
res

� �
=Jres for RI < R < RO; ð144Þ
where
RI :¼ bRðqIÞ and RO :¼ bRðqOÞ:
In (144),
JresðRÞ ¼
Rð~qðRÞÞR0ð~qðRÞÞkres

~qðRÞð1� aÞ
with
~qðRÞ :¼ bR�1ðqÞ;
the inverse function of bRðqÞ.
The residual stress is then substituted into the static boundary value problem (103) with appropriate boundary condi-

tions to determine the zero-order solution r0(R) which in turn is substituted into the vibrational eigenvalue problem
(125), with appropriate boundary conditions, for the radial eigen-frequencies, or into the eigenvalue problem (122)–(124)
for the axial resonant frequencies.

In the following section, sample calculations are presented using physiologically relevant choices of material and geomet-
ric parameters to gain insight into the influence the residual stress has upon arterial wall stresses and natural resonant fre-
quencies when it is subjected to residual stress and pressure loading. Both the additive and multiplicative residual stress
constitutive models (61), (78), respectively, are considered.

5.1. Numerical simulations

Experimental data reported in the literature show that fatty tissue density is around 9 g/cm3, while fibrous tissue density
is around 1.1 g/cm3. In particular, most of the variation in tissue types and acoustic wave speeds come from stiffness rather
than density. Thus, we assume that density of the arterial wall in our model is constant for both healthy arteries and arteries
with plaque burden.

For the residual stress, s, we used the Fung paradigm (136), (33), (34) with the natural response being the compressible
neo-Hookean constitutive model (9). A relatively large residual stress was tested based upon an opening angle of 160� in the
Fung cut segment model. The values of other parameters used in numerical simulations were chosen to be: qI = 3.302 mm,
qO = 3.795 mm, kres = 1.0, mN = 0.3, lN = 27 kPa. The plots of normalized (by the shear modulus value lN) residual stresses
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Fig. 3. Normalized residual stresses s11/lN (—), s22/lN(� � �) and s33/lN(–––) plotted vs. R in the reference configuration B.
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Fig. 4. Normalized radial stress stress s11/lN for 93 mmHg (left figure) and 150 mmHg pressure (right figure) models, without residual stress (—), additive
model with residual stress (–––), and multiplicative model with residual stress (– �– �–).
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Fig. 5. Normalized circumferential stress stress s22/lN for 93 mmHg (left figure) and 150 mmHg pressure (right figure) models, without residual stress (—),
additive model with residual stress (–––), and multiplicative model with residual stress (– �– �–).
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Fig. 6. Normalized axial stress stress s33/lN for 93 mmHg (left figure) and 150 mmHg pressure (right figure) models, without residual stress (—), additive
model with residual stress (–––), and multiplicative model with residual stress (– �– �–).

Table 1
Comparison of radial eigen-frequencies for moderate and high blood pressure, with and without residual stress for the additive
model.

Pressure Without residual stress (Hz) With residual stress (Hz) % Error

p = 93 mmHg x1 = 69900.2 x̂1 ¼ 69797:8 0.15
x2 = 142813.2 x̂2 ¼ 142684:6 0.09
x3 = 215037.8 x̂3 ¼ 214863:7 0.08
x4 = 287100.8 x̂4 ¼ 286877:0 0.08
x5 = 359107.9 x̂5 ¼ 358831:4 0.08
x6 = 431095.2 x̂6 ¼ 430766:8 0.08
x7 = 503088.8 x̂7 ¼ 502707:8 0.08
x8 = 575112.4 x̂8 ¼ 574680:1 0.08
x9 = 647184.1 x̂9 ¼ 646696:7 0.08
x10 = 719330.5 x̂10 ¼ 718793:2 0.07

p = 150 mmHg x1 = 77114.7 x̂1 ¼ 77023:4 0.12
x2 = 158237.2 x̂2 ¼ 158121:7 0.07
x3 = 238439.1 x̂3 ¼ 238283:0 0.07
x4 = 318426.1 x̂4 ¼ 318226:2 0.06
x5 = 398333.6 x̂5 ¼ 398088:9 0.06
x6 = 478214.9 x̂6 ¼ 477926:1 0.06
x7 = 558100.1 x̂7 ¼ 557761:9 0.06
x8 = 638011.8 x̂8 ¼ 637630:7 0.06
x9 = 717979.9 x̂9 ¼ 717551:4 0.06
x10 = 798030.6 x̂10 ¼ 797553 0.06
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components s11, s22 and s33 are shown in Fig. 3, where the x-axis represents the radial stretch R of the reference configura-
tion B.

To gauge the effect of residual stress on the arterial wall stress when subjected to internal pressure, we performed cal-
culations for both moderate (93 mmHg) and high (150 mmHg) blood pressures on the inner wall, and for both the additive
and multiplicative response models, with and without residual stress. These results are summarized in the following Figs. 4–
6.

These results illustrate clearly that residual stress plays a significant role in determining stress distributions in arteries
under pressure loading. However, in contrast our numerical simulations suggest that such is not the case for the predicted
resonant frequencies under the same loading and residual stress conditions. The results for the first ten eigen-frequencies for
the additive and multiplicative models are summarized in the Tables 1–4. For the same residual stress distribution and ap-
plied loading, the multiplicative model seems to predict a larger ‘‘effective stiffness” leading to larger resonant frequencies.
Also, residual stress has a great impact on the radial eigenfrequencies than the axial, but in both cases the effect is rather
small.



Table 2
Comparison of radial eigen-frequencies for moderate and high blood pressure, with and without residual stress for the
multiplicative model.

Pressure Without residual stress (Hz) With residual stress (Hz) % Error

p = 93 mmHg x1 = 69900.2 x̂1 ¼ 73126:8 4.62
x2 = 142813.2 x̂2 ¼ 146016:7 2.24
x3 = 215037.8 x̂3 ¼ 218959:6 1.82
x4 = 287100.8 x̂4 ¼ 291920:2 1.68
x5 = 359107.9 x̂5 ¼ 364893 1.61
x6 = 431095.2 x̂6 ¼ 437882:8 1.57
x7 = 503088.8 x̂7 ¼ 510901:7 1.55
x8 = 575112.4 x̂8 ¼ 583960 1.54
x9 = 647184.1 x̂9 ¼ 657079:1 1.53
x10 = 719330.5 x̂10 ¼ 730279 1.52

p = 150 mmHg x1 = 77114.7 x̂1 ¼ 78172:6 1.37
x2 = 160326.7 x̂2 ¼ 158121:7 1.32
x3 = 238439.1 x̂3 ¼ 241567:2 1.31
x4 = 318426.1 x̂4 ¼ 322592:8 1.31
x5 = 398333.6 x̂5 ¼ 403542:2 1.31
x6 = 478214.9 x̂6 ¼ 484464:5 1.31
x7 = 558100.1 x̂7 ¼ 565391:7 1.31
x8 = 638011.8 x̂8 ¼ 646346:8 1.31
x9 = 717979.9 x̂9 ¼ 727356:6 1.31
x10 = 798030.6 x̂10 ¼ 808450:1 1.31

Table 3
Comparison of axial eigen-frequencies for moderate and high blood pressure, with and without residual stress for the
additive model.

Pressure Without residual stress (Hz) With residual stress (Hz) % Error

p = 93 mmHg x1 = 32630.2 x̂1 ¼ 32532:9 0.30
x2 = 65163.448141 x̂2 ¼ 64857:9 0.47
x3 = 97688.3 x̂3 ¼ 97347:2 0.35
x4 = 130406.8 x̂4 ¼ 130182:9 0.17
x5 = 162634.4 x̂5 ¼ 162111:6 0.32
x6 = 195750.8 x̂6 ¼ 194889:8 0.44
x7 = 228169.3 x̂7 ¼ 227156:8 0.44
x8 = 260570.5 x̂8 ¼ 259812:1 0.29
x9 = 291703.2 x̂9 ¼ 291703:2 0.49
x10 = 325054.7 x̂10 ¼ 324859:4 0.06

p = 150 mmHg x1 = 32631.6 x̂1 ¼ 32524:8 0.33
x2 = 65168.7 x̂2 ¼ 64828:5 0.52
x3 = 97696.5 x̂3 ¼ 97315:7 0.39
x4 = 130485.6 x̂4 ¼ 130046:9 0.34
x5 = 162828.5 x̂5 ¼ 162195:7 0.39
x6 = 195508 x̂6 ¼ 193898:1 0.82
x7 = 227732 x̂7 ¼ 227170:2 0.25
x8 = 260938.2 x̂8 ¼ 260492:9 0.17
x9 = 293077.1 x̂9 ¼ 291423:3 0.56
x10 = 326040 x̂10 ¼ 324790:5 0.38
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6. Conclusions, future directions

Modeling and experimentally determining stresses in arteries are challenging issues in biomechanics. A significant com-
ponent of these challenges concerns residual stresses. It is well-known that they strongly affect stresses in the arterial wall in
response to pulsatile loading and hence must be accounted for in efforts to understand and predict the mechanobiological
behavior of arteries. The Fung modeling paradigm which views arterial residual stress as a pre-stress arising from deforma-
tion from a stress-free cut arterial segment, or its generalizations appealing to finer dissections of an arterial segment, is
known to be incorrect even if popular in the literature. Moreover, the Fung paradigm certainly cannot be applied to
in vivo residual stress experimental determination.

The present study is motivated by the growing prominence of intravascular ultrasound (IVUS) techniques in a variety of
uses ranging from simple luminal imaging via elementary time-of-flight based algorithms to much more challenging tissue
imaging and characterization applications. Tissue mechanics plays a crucial role in these latter applications since the in vivo



Fig. 7. Generalized tubular domain.

Table 4
Comparison of axial eigen-frequencies for moderate and high blood pressure, with and without residual stress for the
multiplicative model.

Pressure Without residual stress (Hz) With residual stress (Hz) % Error

p = 93 mmHg x1 = 32630.2 x̂1 ¼ 32515:4 0.4
x2 = 65163.448141 x̂2 ¼ 64981:5 0.3
x3 = 97688.3 x̂3 ¼ 97476:7 0.2
x4 = 130406.8 x̂4 ¼ 129954:6 0.3
x5 = 162634.4 x̂5 ¼ 162629:4 0.0
x6 = 195750.8 x̂6 ¼ 194731:5 0.5
x7 = 228169.3 x̂7 ¼ 227390:6 0.3
x8 = 260570.5 x̂8 ¼ 259892:9 0.3
x9 = 291703.2 x̂9 ¼ 292712:3 0.1
x10 = 325054.7 x̂10 ¼ 324924:9 0.00

p = 150 mmHg x1 = 32631.6 x̂1 ¼ 32515:4 0.36
x2 = 65168.7 x̂2 ¼ 64975:7 0.3
x3 = 97696.5 x̂3 ¼ 97471:0 0.23
x4 = 130485.6 x̂4 ¼ 129937:2 0.42
x5 = 162828.5 x̂5 ¼ 162610:9 0.13
x6 = 195508 x̂6 ¼ 194604:2 0.46
x7 = 227732 x̂7 ¼ 227501 0.1
x8 = 260938.2 x̂8 ¼ 259827:9 0.43
x9 = 293077.1 x̂9 ¼ 292569:4 0.17
x10 = 326040 x̂10 ¼ 325035:7 0.31
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IVUS device is interrogating tissue undergoing large deformations from a residually stressed state. It is essential to such
applications to understand to what degree of accuracy one must be able to determine the residual stresses in order to per-
form reliable imaging and tissue characterizations from IVUS data.

There are two parts to the arterial wall residual stress challenge: (1) modeling or ‘‘measuring” residual stresses; (2) mod-
eling the response of the tissue to deformation from the unloaded, residually stressed state. This paper focusses on the latter
issue and its impact on modeling the in vivo IVUS-tissue interaction as a small amplitude, high frequency harmonic wave
superimposed upon a static, finite deformation. After some general derivations for the appropriate governing static and dy-
namic boundary value problems, attention is focussed on a specific simplified axisymmetric geometry and a compressible,
neo-Hookean natural constitutive relation for the purposes of gaining insight into the magnitude of the impact of residual
stresses on the stresses resulting from the finite, static deformation, and then subsequently upon the superimposed, small
amplitude, high frequency harmonic IVUS vibration. For the latter issue, attention is given to calculating the corresponding
resonant frequencies.

In the example calculations, two different approaches to modeling the impact of residual stress upon deformation from
the unloaded, residually stressed state are studied: (1) an additive form corresponding to a first-order Taylor expansion in
the residual stress tensor of the response, keeping terms only up to order one; (2) a multiplicative form motivated by the
Fung pre-stress paradigm. It is important to emphasize that the latter approach does not view the residual stress as arising
through pre-stress from a stress-free natural configuration. In a sense, the model insinuates that the residual stress comes as
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a pre-stress from a ‘‘virtual” natural configuration, but such a configuration and the associated pre-stress forming deforma-
tion never need to be modeled or determined.

It is confirmed through numerical simulation of deformation due to typical pulsatile flow pressures that for the proposed
models, the residual stress has a large effect on the resulting stress field. However, it is also observed that the residual stress
has only a minor effect on the predicted resonant frequencies of superimposed small amplitude harmonic waves. Indeed, the
predicted radial resonant frequencies between cases with and without residual stress differ by less than 5% and 2% for the
high and low blood pressure regimes, respectively; for axial eigenfrequencies, the difference is less than 1%. This observation
suggests both good news and bad.

One of the intended applications of the modeling framework for which the present contribution is but an initial effort is to
use IVUS for distinguishing vulnerable arterial plaques from stable ones through a restricted inverse spectral method. While
the question of what makes plaques stable or vulnerable is a very complex issue that most assuredly involves inflammatory
processes as well as mechanics, on a very simplistic level, one can rather safely declare plaques with thin, fibrous caps and
thick lipid cores as more vulnerable than those with thick fibrous caps and thin lipid cores. The hope is to develop an algo-
rithm for distinguishing these two cases from IVUS data through determining an ultrasound spectral ‘‘signature” for each.
The numerical observations in this paper suggest that those signatures should have only minor dependence upon residual
stresses, and that it should not be necessary to determine or model residual stress in order to develop useful spectral signa-
tures for the thin cap-thick core and thick cap-thin core configurations.

Another possible use of the modeling of arterial wall deformation from an unloaded, residually stressed configuration be-
gun in the present contribution is as a framework through which one could use IVUS interrogation to construct algorithms
for viewing the in vivo determination of residual stress distributions as an inverse spectral problem. The example calcula-
tions performed herein showing the relative insensitivity of the predicted resonant frequency spectra to residual stress sug-
gest that such an inverse spectral problem will most likely be ill-conditioned and ill-posed.

We intend to generalize the present study in several direction. In particular, we are investigating the validity of the results
for more realistic (anisotropic) constitutive models, such as those introduced by Holzapfel et al. [20,30,33]. Also the present
study will be generalized to more realistic geometries such as those employed in the recent study [35] will be utilized
(Fig. 7). Referred to as generalized tubular domains, when embedded in three dimensional Euclidean space, they can be de-
scribed parametrically via a cylindrical coordinate system with polar axis running through the length of the lumen (interior
of the segment) with the inner and outer walls of the segment given parametrically by two surfaces, SI(H,Z) and SO(H,Z),
with 0 6H < 2p, 0 6 Z 6 L, and SI(H,Z) < SO(H,Z) with L denoting the length of the tubular segment. The wall of the tube
is then defined by SI(H,Z) < R < SO(H,Z), 0 6H < 2p, 0 6 Z 6 L. The two dimensional domains will be considered as cross-sec-
tional slices of these tubular domains. This class of geometries will allow us to investigate whether the insignificant effect of
residual stress on the spectral signature problem observed for the axisymmetric geometry case holds in the nonaxisymmet-
ric setting. We conjecture such is the case for the same reasons as in the axisymmetric case and will study the issue through
combined analytical and numerical investigation.
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Appendix A

We record here a few useful formulas needed to derive the governing equations for both the static and the linearized per-
turbed boundary value problems. In the formulas below, {j1(H), j2(H), j3} denotes the orthonormal cylindrical curvilinear ba-
sis on Euclidean space R3
rj1ðHÞ ¼
1
R

j2ðHÞ � j2ðHÞ; ð145Þ

rj2ðHÞ ¼ �
1
R

j1ðHÞ � j2ðHÞ; ð146Þ

Div j1ðHÞ ¼
1
R
; ð147Þ

Div j2ðHÞ ¼ 0; ð148Þ

Div j1ðHÞ � j1ðHÞð Þ ¼ 1
R

j1ðHÞ; ð149Þ

Div j2ðHÞ � j2ðHÞð Þ ¼ �1
R

j1ðHÞ; ð150Þ

Divðj3 � j1ðHÞÞ ¼
1
R

j3; ð151Þ
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Divðj1ðHÞ � j3Þ ¼ 0; ð152Þ
Divð/uÞ ¼ /Divuþ u � r/;

DivðST uÞ ¼ S � ruþ u � DivS;
Divð/SÞ ¼ /DivS þ Sr/;

rðu � vÞ ¼ ðruÞTv þ ðrvÞT u;
Divðv � uÞ ¼ vDivuþ ðrvÞu:
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