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4 CONTENTS

0.1 Summary of notation

For sets A and B, the notation A x B denotes their Cartesian product. If
A and B are subsets of the same Abelian group, then A + B denotes their
Minkowski sum, which is the collection of all elements of the form a + b
with a € Aand b€ B. If A and B are any two Abelian groups then A& B
denotes their direct sum.

We use #A to denote the number of elements of a set A, or oo if A is
not finite. If A is a subset of R¥ then we use dim(A) to denote its Hausdorff
dimension. If A C R* is measurable then, unless otherwise specified, we use
|A] to denote its k-dimensional Lebesgue measure. When there is ambiguity
about the dimension of the ambient space in which we are viewing A then
we will use a subscript to clarify matters. For example, if we want to speak
about a d-dimensional measure of a set A C R which lies in a proper
d-dimensional subspace of R¥, then we will write |A|4.

For z € R, {z} denotes the fractional part of = and ||z| denotes
the distance from x to the nearest integer. For z € RF, we set |z| =
max{|zi|,...,|zm|} and ||z = max{||z1]],..., [|zn|}. If z € R¥ and r > 0

then we write B, (z) for the open Euclidean ball of radius r centered at .

We use the standard Vinogradov and asymptotic notation, which we
now describe. If f and g are complex valued functions which are defined
on some domain D then we write

f(z) < g(zx) for all z € D
to mean that there exists a constant C' > 0 with the property that
|f(z)| < Clg(x)]| for all z € D.

When it is convenient (e.g. in describing the sizes of error terms in asymp-
totic formulas) we may also write f(x) = O(g(x)) to mean the same thing.
In case the domain D is omitted, writing f(x) < g(x) is usually taken to
mean that this inequality holds on the largest domain common to both f
and g. Therefore, to avoid misunderstanding, it is usually best practice to
specify the domain under consideration.

The notation f(z) > g(z) for all # € D has the same meaning as
g(z) < f(z) for all z € D. We write f(z) =< g(z) for all z € D to mean
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that both f(z) < g(z) and f(x) > g(x) hold, for all z € D. Finally, the
statement that

f(z) ~g(x) as . — xq (0.1.1)
means that
lim M =1,
520 g(2)

while the statement that

f(z) =o(g(x)) as © — xg (0.1.2)
means that Fa)
o)

When f and g are defined on a set which contains arbitrary large real
numbers, the value of z; is often omitted from (0.1.1) and (0.1.2). In this
case it is usually assumed that zy = oc.






Chapter 1

Results from Diophantine
approximation

In this chapter we review a number of important results from Diophantine
approximation, which will be used later in our investigation of aperiodic or-
der. We begin with classical, one dimensional results, including an overview
of simple continued fraction expansions and the associated Ostrowksi ex-
pansions of both the integers and the real numbers. We move on to discuss
probabilistic and dimension theoretic approaches to this subject, which ex-
plore the question of how well almost every real number (in the sense of
Lebesgue or Hausdorff measure) can be approximated by rationals. Next,
we explain how some of these results generalize to higher dimensions and,
finally, we conclude with a discussion of a transference principles which
connect homogeneous and inhomogeneous approximation.

Our overall goal is not to give a rigorous justification for all of the re-
sults in this chapter, and as such we omit most of the proofs. For readers
who desire more details, there are a large number of excellent references
on Diophantine approximation which can be consulted. For a thorough
treatment of classical questions about continued fractions and one dimen-
sional approximation, we refer to the books of Khintchine [20] and Rockett
and Sziisz [26]. For the classical theory of approximation by linear forms,
inhomogeneous approximation, and transference principles, we refer to Cas-
sels’s book [9]. For more modern developments we recommend the books of
Kuipers and Niederreiter [21] and Drmota and Tichy [11], and for a good
introduction to the probabilistic and dimension theoretic aspects of this
subject we refer to Harman’s book [16].

7
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1.1 One dimensional approximation and
badly approximable numbers

Classical Diophantine approximation is concerned with the study how well
real numbers can be approximated by rationals. A basic result in this
direction is the following theorem of Dirichlet from 1842.

Theorem 1.1.1. If « is a real number and N is a positive integer then we
can find a rational number a/n with 1 <n < N and

a 1
R I 1.1.2
‘a n‘ ~n(N+1) ( )
It is not difficult to show that Dirichlet’s theorem, in this form, is best
possible (see Exercise 1.1.2). It follows from the theorem that, for any
irrational real number «, there are infinitely many fractions a/n € Q with

a 1
‘a - ﬁ‘ <= (1.1.3)

For rational « this statement is actually false (see Exercise 1.1.2). However,
if we are willing to restrict attention to irrational «, then it turns out that
we can do better. This is demonstrated by the following theorem, which
was proved by Hurwitz in 1891.

Theorem 1.1.4. For any o € R\ Q there are infinitely many a/n € Q
with )

NG

Now it can be shown, for example by taking a = (1 + +/5)/2, that the
constant 1/ v/5 which appears in Hurwitz’s Theorem cannot be replaced by
any smaller number. In fact, there is a countably infinite set of real numbers
a for which Hurwitz’s theorem is best possible in this sense. However, if we
are willing to exclude all of these numbers from our consideration then, for
any real number o which remains, it can be shown that there are infinitely
many a/n € Q for which

a
a——| <
n

1
V8n2

a
a——| <
n
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Once again there are is a countably infinite set of o for which this is best
possible. We can continue in this way, but the story does eventually become
a little complicated, so we will return to it after a short detour.

In order to formulate things in a slightly less cumbersome fashion, from
here on we make use of the distance to the nearest integer function || - || :
R — [0,1/2], which is defined by

||z|| = min |z — al.
a€l

For example, multiplying both sides of (1.1.2) by n, we find that Dirichlet’s
theorem is equivalent to the statement that, for every o € R and N € N,

it [Inol] <
renen MU= N
Similarly, Hurwitz’s Theorem implies that for every v € R\ Q, we have
that

lim inf n||nal| < L
Motivated by our discussion in the previous paragraph, we say that real
number « is badly approzimable if there exists a constant c¢(a) > 0 such
that

lim inf n||nal| > c(a).

n—oo

We write B for the set of all badly approximable numbers. A real number
which is not badly approximable is called well approximable.

From what we have said before, the golden ratio a = (1++/5)/2 is badly
approximable with the constant c(a) = 1/v/5, which is therefore largest
possible by Hurwitz’s theorem. Returning to our previous discussion, the
collection of all possible values of the quantities

lim inf n||nal], (1.1.5)
n—oo

as « runs over all real numbers, is referred to as the Lagrange spectrum (note
that some authors consider the reciprocals of these values to be the Lagrange
spectrum). The largest number in the Lagrange spectrum is 1/+/5, followed
by 1/4/8,5/v/221, and so on. These initial values form a countable subset
of the Lagrange spectrum which lies in the interval (1/3,1/4/5], and whose
only accumulation point is at 1/3. The values of a which give rise to this
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countable subset are also, themselves, a countable subset of the real numbers
[9, Chapter II, Section 6]. The part of the Lagrange spectrum which lies
in [0,1/3] is somewhat different in nature. It turns out, for example, that
there are uncountably many real numbers « for which (1.1.5) is equal to 1/3.
Furthermore, it is known that the Lagrange spectrum contains an interval
of the form [0,&y], with g > 0, which is called Hall’s ray [13, 14, 15].
Hopefully all of this gives the reader a more complete impression of what
the collection of badly approximable numbers looks like.

EXERCISES

Exercise 1.1.1. Prove Theorem 1.1.1.

Exercise 1.1.2. Prove that, without imposing additional hypotheses in The-
orem 1.1.1, inequality (1.1.2) cannot be improved.

Exercise 1.1.3. Prove that if a € Q then there are only finitely many
rationals a/n € Q for which (1.1.3) holds.

1.2 Continued fractions and Ostrowski
expansions

Continued fractions are a central tool in the study of one-dimensional ap-
proximation. They have a long history, with numerous applications both
within mathematics and also to real world problems. Our presentation of
the material in this chapter, therefore, does not reflect historical sequence
but instead aims to prioritize organization of concepts.

Every irrational real number o has an infinite continued fraction expan-
sion of the form

1
a=ag+ 1 5
a; +
1
as +
a3 _|_ e
where ag € Z and aq,as,... is a sequence of positive integers. For con-

venience of notation we denote the continued fraction expansion of a by
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lag; a1, as,as,...]. The integers ay are called the partial quotients in this
expansion and, since « is irrational, they are uniquely determined.

If « is rational then it has two finite expansions of the above form,
which can be written as [ag;a1,...,ay] and [ag; ay, ..., a, — 1,1], for an
appropriate choice of k > 0,a¢9 € Z, and a4,...,a,, € N. We may refer
to either of these as the continued fraction expansion of o and, unless it
is important to make a distinction between these expansions, we will not
specify which of the two we are choosing. When we are working with
rational «, with continued fraction expansion as above, we will also set
ap = 0 for k > m.

For o € R and k£ > 0 the rational numbers

Pk

dk

with p, and ¢ are coprime and ¢, > 0, are called the principal convergents
to . If we also set p_; = 1 and ¢_; = 0, then it is not difficult to show that

for £k > 0 the numerators and denominators of the principal convergents
satisfy the recursive relations

= [(I(];Cbl, s 7ak]7

Dkl = 1Pk + Pe—1 and  Gry1 = Qp1qr + Gr—1. (1.2.1)
From this it follows easily that, for k£ > 0,
Pr1 — qrpr1 = (—1)" . (1.2.2)

The principal convergents py /g, converge to « as k — 00, as seen by the
inequality

1
‘a S , (1.2.3)
Ak Qk+19k
for £ > 0. If « is rational then from some point on we actually have that
pr/qr = «. However if « is irrational then the above inequality is close to

the truth, as in this case we also have the lower bound

1

‘oz _ P > (1.2.4)
@ |~ (@re1 + ar)qr

A primary significance of the principal convergents lies in the fact that, in

a strong sense, they provide the best approximations to a. To make this

precise, it can be shown that, for any k£ > 0,

min ||nal| = ||gral|. (1.2.5)

N<qk+1
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If « is irrational we have the stronger result that
min{|[na| : 1 <n < grp1,n # @} > |- (1.2.6)

In other words, this shows that py /g is the best rational approximation to
a, not only among fractions with denominators up to gz, but even among
all fractions with denominators less than g .

Comparing what we have said so far with the results in the previous
section, it is not difficult to show that (1.2.3) implies Theorem 1.1.1. In the
other direction, using the recursion (1.2.1) in the lower bound (1.2.4), we
obtain that .
~ (a1 +2)q¢

This together with the best approximation property (1.2.6) implies the well
known result that an irrational real number is badly approximable if and
only if it has bounded partial quotients in its simple continued fraction
expansion.

Moving on, the following lemma describes what we will refer to as the
Ostrowski expansion, with respect to «, of a positive integer.

Theorem 1.2.7. Suppose o € R is irrational. Then for every n € N there
is a unique integer M > 0 and a unique sequence {ci+1}7>, of integers such
that qpr < n < qpre1 and

oo

n= chﬂ%» (1.2.8)

k=0
with 0<c; <ay, 0<cp <agy for k>1,

c, =0 whenever cgy1 = axy1 for some k > 1, and

1 =0 for k> M.

A proof of this result can be found in [26, Section II.4]. For convenience
we will consider the integer 0 to have the Ostrowski expansion given by
taking cxy 1 = 0 for all k. Now, for irrational o and k& > 0 we define

Dy, = qra — pi.
Using the properties of principal convergents, it can be shown that

(—1)* Dy, = |qre — i, (1.2.9)
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and that
|Di| = apr2| D] + [ Dol (1.2.10)

The following lemma, which follows from [26, Theorem II.4.1], begins to
highlight the reason why the Ostrowski expansion is important for problems
in Diophantine approximation.

Lemma 1.2.11. Let o be an wrrational number which lies in the interval
[0,1), let n be a positive integer with Ostrowski expansion as above, and let
m be the smallest integer such that c,, 1 # 0. If m > 2 then

o0
E Ck+1Dk

k=m

[nall =

= sgn(Dy,) - Z Ck+1 Dy - (1.2.12)
k=m

Also if m =1 and {a} < 1/2, then (1.2.12) also holds. In all other cases
we have that ||na|| > |Dsl.

The restriction that « lie in [0, 1) is a technical point which makes little
difference in practice, since the approximation properties we are interested
in only depend on @ modulo 1. Lemma 1.2.11 can be used, together with
what we know about the quantities Dy, to prove the following accurate
upper and lower bounds for ||na||.

Theorem 1.2.13. Let « € [0,1) be an irrational number, let n be a positive
integer, and let m be defined as in Lemma 1.2.11. If m > 2 then

(Cmrr=D|Dm|+(am2=Cmi2)[Dmpa| < [lnall < (empr+1)[ D] (1.2.14)

Proof. 1f m > 2 then by Lemma 1.2.11 we know that (1.2.12) holds. Using
1.2.9 we then have that

Inall = cmit1| Dim| — ¢ms2| Dimgr| + Cmgs| Dimsa| — Cmga| Dings| + -+
2 Cm-&-l’Dm‘ + (am+2 - Cm+2)‘Dm+l|

- CLm—&-2|Dm-|—1| - am+4|Dm+3| —

Now by applying (1.2.10) we find that

am+2’Dm+1’ + am+4|Dm+3‘ o= ’Dmla
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and substituting this in to our previous equation gives the left hand in-
equality in (1.2.14).

For the right hand inequality we argue similarly, and we find that
Inall < cmia| Dl + cmis| Dina| + s | Dina| + - -

< Cmi1| Din| + [ D] < (mar + 1) Diml,
thus completing the proof. O

In addition to the Ostrowski expansions of the positive integers, there
are similar expansions for real numbers which use the D}’s in place of the
qx’s. The following result is taken from [26, Theorem I1.6.1].

Theorem 1.2.15. Suppose o € R\ Q has continued fraction expansion as
above. For any v € [—{a},1 —{a})\ (aZ + Z) there is a unique sequence
{br+1}32, of integers such that

¥ = braDy, (1.2.16)
k=0
with 0 <by <ay, 0<bgy <apy for k>1, and

b, =0 whenever by, = agyy for some k > 1.

We will refer to the expansion provided by this theorem as the Ostrowski
expansion, with respect to «, of a real number. Just as the Ostrowski ex-
pansion of the positive integers is useful for determining how close multiples
of a are to 0, modulo 1, the Ostrowski expansion of a real number 7 is useful
for determining how close multiples of o are to 7, modulo 1. The following
result makes this somewhat precise.

Lemma 1.2.17. Let « be an irrational number in [0,1) and suppose that
v € [—a,1 —a)\ (aZ +Z). Let n € N and, with reference to Ostrowski
expansions of o and 7y, as denoted above, for each k > 0 let

Ok+1 = Ck+1 — D1,

Then there exists a smallest integer m = m(n,«a,y) such that 0,41 # 0.
Setting

=) 8D,
k=m
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we have that this quantity satisfies the equations
Ina =1l = 121 = min { |=],1 - 5/}

and

|Z| = Sgn<5m—i-113m>Z .

This lemma is an inhomogeneous (referring to the fact that v # 0)
analogue of Lemma 1.2.11. There is also an inhomogeneous analogue of
Theorem 1.2.13, which is proved in [7, Lemma 4.4], but its statement is
quite detailed, and we will not need it in what follows.

EXERCISES

Exercise 1.2.1. Prove assertions (1.2.2), (1.2.3), and (1.2.4).
Exercise 1.2.2. Prove the recursive relation (1.2.10) for the Dy’s.

Exercise 1.2.3. Let a € [0,1/2) \ Q. Prove that, for any n € N, we have
that {na} € [1 — 2,1 — «) if and only if the digit ¢; in the Ostrowski
expansion for « is equal to a; — 1.

The next exercise is about the Three Distance Theorem (also known
as the Steinhaus Theorem), which says that, for any a € R and for any
N € N, the component intervals of the set

0,1)\ {{na}:0<n <N} (1.2.18)

take one of at most 3 distinct lengths. Furthermore, if there are 3 distinct
lengths then one of them is the sum of the other two. This theorem was
first proved by Sés [29] and Swierczkowski [30], and subsequently by many
others.

Exercise 1.2.4. Prove the following refinement of the Three Distance The-
orem for irrationals: Let o be an irrational real number and N € N. Let {
and a be the unique integers satisfying £ > 0, 0 < a < apy1, and

age + qe-1 < N < (a+ 1)qe + qe—1.
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Then the lengths of the component intervals of the set (1.2.18) take one of
the three values

lgeetll, Nlgeall = allgeall, or llgerall = (a = Dlige]],

which are written, from left to right, in order of increasing magnitude. Fur-
thermore, if n = (a + 1)qo + qo—1 — 1 then only the smaller two of these
lengths occur.

1.3 Probabilistic and dimension theoretic
results

After the results of the previous sections, a next natural direction is to
investigate how well ‘typical’ numbers can be approximated by rationals.
There are various ways to make this precise. For example we might decide
to look for results which hold Lebesgue almost everywhere, or we might
only require them to hold on a set of large Hausdorff dimension. In this
section we will look at results of both of these types, in order to gain a more
complete picture of this subject. First we have the following theorem due
to Borel (1909) and Bernstein (1912).

Theorem 1.3.1. For Lebesgue almost every a € R we have that

inf n||nal| = 0.
neN

It follows immediately from this theorem that |B| = 0 (recall that we
use the notation |A| to denote the Lebesgue measure of a measurable set).
Equivalently, almost every a has unbounded partial quotients in its contin-
ued fraction expansion. Therefore, Borel and Bernstein’s theorem tells us
that badly approximable numbers are not typical, in the sense of Lebesgue
measure. However, it turns out that they are typical in the sense of Haus-
dorff dimension, as demonstrated by the following result of Jarnik (1929).

Theorem 1.3.2. The set B has Hausdorff dimension one.

Next, we might ask whether a result stronger than Theorem 1.3.1 holds,
for Lebesgue almost every real number. In order to present things in a
larger framework, we first make a few definitions.
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Given a nonnegative function ¢ : N — R, which we will call an approx-
imating function, we define, for each n € N, a set A, = A,(¢) C R/Z
by

_¥(n) a  P(n)

+
n n

w0

a=1

Sle

We then set

W() = limsup A, (¥) = {a € R/Z : a € A, for infinitely many n}.

n—oo
To avoid having to separate out special cases, and because it makes no
difference to the main results below, we will always assume that ¥(n) < 1/2.

Our previous results can be formulated in terms of the sets W(1), by
choosing appropriate approximating functions. For example, Borel and
Bernstein’s theorem is equivalent to the statement that for any ¢ > 0 we
have that [W(e/n)| = 1.

Introducing the sets W(v)) emphasizes the fact that we working in a
probability space. From this point of view, what should we expect for the
Lebesgue measure of these sets? To answer this question first notice that

|AL| = 2¢(n).
Now we recall the statement of the Borel-Cantelli Lemma.

Lemma 1.3.3. Suppose that {E,}nen is a sequence of measurable sets in
a measure space (X, ) which satisfies

> WE,) < 0.

neN

Then

n—oo

I <lim sup En> = 0.
Applying this lemma to our sets A,,, we find that if

> w(n) < oo (1.3.4)

neN
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then [W(¢)| = 0. In other words, if (1.3.4) holds then almost every real
number « has only finitely approximations a/n € Q satisfying
‘a B g‘ Y(n)

n

<
n

It follows, for example, that for any ¢ > 0 and for almost every « the
inequality

1
’a B ﬁ) ~ n?logn(loglogn)i+e

is satisfied for at most finitely many a/n € Q.

The converse of the Borel-Cantelli Lemma, which is what would be
needed in order to prove affirmative statements like the Borel and Bernstein
Theorem, is not true in general. For example, consider the collection of set
E, C R/Z defined by E, = (0,1/n). The sum of the measures of these
sets in infinite, but the limsup set is empty. An important problem in
probability theory is to determine when the converse of the Borel-Cantelli
Lemma holds. It turns out that, when (X, i) is a probability space, if the
sum of the measures of the sets FE, diverges and if the sets are pairwise
independent, so that

w(Epn N Ey) = w(Ep)pu(Ey)  forall m #n,

then p(limsup E,,) = 1. This result is due to Erdés and Renyi.

The sets A,, in our problem are not in general pairwise independent.
However, if ¢ is monotonic then, after throwing away some overlapping
parts of the sets, we can show that the remaining sets are close to be-
ing pairwise independent, on average. This idea can be used to prove the
following well known theorem of Khintchine (1924).

Theorem 1.3.5. If ¢ is monotonic then W()| =1 if
> 4h(n) = oo, (1.3.6)
neN

and it equals 0 otherwise.

Duffin and Schaeffer showed in [12] that the assumption of monotonicity

in this theorem is crucial. They produced a nonmonotonic approximating
function ¢ for which (1.3.6) holds and at the same time [WW(¢)| = 0. Duffin
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and Schaeffer’s example works because when two integers m and n have a
large common divisor, the sets A,, and A,, can have a large overlap. Com-
ments at the end of Duffin and Schaeffer’s paper led to the formulation of
what is called the Duffin-Schaeffer Conjecture, which proposes to remove
the monotonicity assumption in Khintchine’s Theorem by restricting atten-
tion to reduced fractions (and by appropriately modifying the corresponding
divergence condition). This conjecture has a long history, most of which is
recorded in [16, Chapter 2|. Recent developments can be found in [1, 6, 17].

1.4 Extensions to higher dimensions and
transference principles

Here we turn to the problem of obtaining higher dimensional generaliza-
tions of our above results. Some of the arguments used in one-dimensional
approximation can be adapted directly to higher dimensions. However, one
of the difficulties is that there is no single expansion or multi-dimensional
algorithm which does all of the things that the continued fraction expansion
does in one dimension. Fortunately, for our applications in later chapters
there are still tools which can be used to get around this difficulty.

Let L : R? — R*4 be a linear map, which is defined by a matrix with
entries {ay;} € R¥*~9 For any N € N, there exists an n € Z¢ with [n| < N
and

1
LM < Sam=a- (1.4.1)

This is a multidimensional analogue of Dirichlet’s Theorem, which follows
from a straightforward application of the pigeonhole principle. We are in-
terested in having an inhomogeneous version of this result, requiring the
values taken by || L(n) — || to be small, for all choices of v € Rk, For this
purpose we will use the following ‘transference theorem,” a proof of which
can be found in [9, Chapter V, Section 4].

Theorem 1.4.2. Given a linear map L as above, the following statements
are equivalent:

(T1) There exists a constant Cy > 0 such that

Ch

| L(n)[| > T/t
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for all n € 2%\ {0}.

(T2) There exists a constant Cy > 0 such that, for all v € R*=? the in-
equalities
Cy

[L(n) =~ < N’ In| <N,

are soluble, for all N > 1, with n € Z°.

Next, with a view towards applying this theorem, let B, ;_q denote the
collection of numbers a € R¥*~9 with the property that there exists a
constant C' = C(a) > 0 such that, for all nonzero integer vectors n € Z¢,

C
IL(n)|| = W.
By a slight abuse of notation, we refer to the elements of the set B j_4, as
well as the systems of linear forms which they define, as collections of badly
approximable systems of linear forms. The Khintchine-Groshev Theorem,
which is a higher dimensional analogue of Khintchine’s Theorem (see [§]
for a detailed statement and proof) implies that the Lebesgue measure of
Bik—a is 0 (in fact, like Khintchine’s Theorem in one dimension, it implies
somewhat more than this). However, in analogy to Jarnik’s Theorem, in
terms of Hausdorff dimension the sets Bgy_q are large. Jarnik’s Theorem
was extended to the multidimensional setting by Wolfgang Schmidt, who
showed in [28, Theorem 2| that, for any choices of 1 < d < k,

dim Bde_d = d(k’ - d)

Next, in our applications to cut and project sets we will sometimes be
working with linear forms L : R — R which have the degenerate property
that L(Z?) + Z is a periodic subset of R/Z. If we define £ : Z¢ — R/Z by

L(n) = L(n) mod 1, (1.4.3)
then we can phrase this property by saying that the kernel of the map L is

a nontrivial subgroup of Z?. For the types of cut and project sets that we
want to understand, there is no way to avoid this degeneracy, but we will
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still want to be able to say something meaningful about the Diophantine
approximation properties of L.

To clarify this further, let us consider a simple example. Let @ € R be
a badly approximable real number, and let L : R? — R be defined by

L(z1,x9) = auwy + .

Then we have that
L(ny,ns) =nja mod 1,

and it is clear that the kernel of this map is a rank 1 subgroup of Z2. It
follows that L itself is not badly approximable. However, the reason for
this is trivial and can be explained by the fact that, modulo 1, it is more
appropriate to think of L as a linear form in 1 variable.

Our discussion in the previous paragraph now motivates a definition.
Let S < Z? be the kernel of the map £ from (1.4.3), and write r = rk(S)
and m = d —r. We say that L is relatively badly approximable if m > 0
and if there exists a constant C' > 0 and a group A < Z? of rank m, with
ANS={0} and

C
1L > NG for all A e A\ {0}.

Now suppose that L is relatively badly approximable and let A be a group

satisfying the condition in the definition. Let F' C Z% be a complete set of
coset representatives for Z¢/(A + S). We have the following lemma.

Lemma 1.4.4. Suppose that L is relatively badly approximable, with A and
F as above. Then there exists a constant C' > 0 such that, for any X € A
and f € F, with LA+ f) # 0, we have that

O/
L+ > .
1£0+ D> 1557
Proof. Any element of F has finite order in Z?/(A +.5). Therefore, for each
f € F there is a positive integer uy, and elements Ay € A and sy € S, for
which
_ Mty
==

f
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If LA+ f) # 0 then either A+ f = s¢/uy # 0, or A +U;1>\f # 0. The first
case only pertains to finitely many possibilities, and in the second case we
have that

L+ A = upt - 1LCuph + Ap + sp)]
= ur - [[L(upA + Ag)l
C
> .
o Uf|Uf)\ + >\f|m

Therefore, replacing C' by an appropriate constant C’ > 0, and using the
fact that F' is finite, finishes the proof. ]

We can also deduce that if L is relatively badly approximable, then the
group A in the definition may be replaced by any group A’ < Z¢ which is
complementary to S. This is the content of the following lemma.

Lemma 1.4.5. Suppose that L is relatively badly approzimable. Then, for
any group N < Z% of rank m, with ' NS = {0}, there exists a constant
C'" > 0 such that

!

RYKS

L\ > for all X e A"\ {0}.

Proof. Let A be the group in the definition of relatively badly approximable.

Choose a basis vy, ...,v,, for A’, and for each 1 < j < m write
. )\j + Sj
v = ——,
Uj

with A\; € A,s; € S, and u; € N.
Each X € A’ can be written in the form

m
,— . .
A= E a;vj,
Jj=1

with integers a4, ..., a,,, and we have that

c (Z %)

12 = (u )™

Y
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with b; = aju; - - uy, /u; € Z for each j. If the integers a; are not identically
0 then, since A’ N S = {0}, it follows that

A= biA; # 0.
j=1

Using the relatively badly approximable hypothesis gives that
C

Up - Uy, - |)\’m

1L =

Finally since |A| < |X|, we have that
C '’

>
UL Uy ‘)\’m - ‘)\/|m’

for some constant C’ > 0. O






Chapter 2

Shift spaces and Sturmian
words

This chapter contains a collection of background material from symbolic
dynamics. The goal is to introduce, in the relatively simple setting of
Sturmian words, many of the ideas which we will encounter later in higher
dimensions. Most of the material in this chapter has been well understood
since work of Morse and Hedlund in the 1930’s and 1940’s. The exposition
which we give here was influenced mainly by Morse and Hedlund’s original
papers on symbolic dynamics and Sturmian trajectories [22, 23], and by
Baake and Grimm’s book “Aperiodic Order, Vol. 1”7 [5].

2.1 Bi-infinite words and shift spaces

A word is an ordered sequence of symbols, taken from a set called an al-
phabet. A word can be finite, one-sided infinite, or bi-infinite, and we also
consider the empty word to be a word. The length of a (finite or infinite)
word u, which we will denote by |u|, is the number of elements in the se-
quence which defines it (which is 0 in the case of the empty word). If
U=1uy... Uy and v =0y ...v, are finite words then we write

UV = UL ... UYL ... Uy

to denote their concatenation. We say that v is a subword of w if there
are words u; and wug, either of which may be the empty word, for which
u = urvug. If u = vuy then we say that v is a prefiz of u, while if ©u = ujv

25
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then we say that v is a suffiz of u. These definitions extend in the obvious
ways to one-sided infinite and bi-infinite words.

To avoid any ambiguity in what follows, let us give a precise definition
of the collection of objects that we are going to focus on. Let A be a finite
alphabet, and let S = S(.A) denote the collection of all functions from Z to
A. We identify S with A% in the natural way, by bijectively mapping each
function in S to the sequence of its values. The elements of S can then be
written in the form

w = (wi)iez = ... W QW_1.WoW7 ...,

where each w; € A and, as denoted by the dot, wy is a distinguished point.
We refer to A as the alphabet and to S as the set of all bi-infinite words in
A. We will take A with the discrete topology and S with the corresponding
product topology. Note that, by Tychonoft’s theorem, S is compact.

Next we define 0 : § — S, the (two-sided, left) shift map on S, by
o(...w_ow_g.wowy ...) = ... W_1We.WW3 . . . .

It is clear that o is invertible and, by composition, it thus defines a Z-action
on S. Given a word w € S, if there exists an integer 7 € N with o™ (w) = w
then we say that w is periodic, and we call the smallest such 7 its period.
If no such integer exists then, following [5], we say that w is nonperiodic.

A subset ¥ C S is called a shift space if it is closed and invariant under
both o and 07!, so that o(X) = 3. The set S itself is a shift space, called the
full shift. For any element w € S, there is a smallest shift space containing
w, which we call the hull of w. Denoting the hull of w by X(w), we have
that

X(w) = {o™(w) : n € Z}.

The hull of an element of S may be the full shift. However, as we will see,
in general there are many other interesting possibilities. If w € S has the
property that every element of X(w) is nonperiodic, then we say that w is
aperiodic.

If ¥ is a shift space with the property that X(w) = X, for all w € X,
then we say that the Z-action of ¢ on ¥ is minimal. In this case we also
refer to X itself as a minimal shift space.

Returning to basic notation and terminology, for any subset ¥ C S, the
language of X, denoted L£(X), is the collection of all finite words (includ-
ing the empty word) which occur as subwords of any element of . For
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simplicity, if ¥ = {w} is a singleton set then we write L(w) instead of
L({w}). We say that two words w,w’ € S are locally indistinguishable (LI)
if £L(w) = L(w'). In other words, w and w’ are LI if and only if every finite
word which is a subword of one of them is also a subword of the other. It is
clear that local indistinguishability is an equivalence relation, and we will
denote the equivalence class of a word w € S by LI(w).

Finally, we say that a word w € S is repetitive if, for every finite subword
u of w, there exists an integer C'(u) € N with the property that every
v € L(w) with |v] = C(u) contains u as a subword. If w is repetitive then
we define its repetitivity function R : N — N by taking R(n) to be the
smallest positive integer with the property that every u € £ with |u| = n
is a subword of every v € L with |v| = R(n).

The following important theorem connects several of the concepts which
we have introduced.

Theorem 2.1.1. For any w € S(A), the following are equivalent:
(i) X(w) is minimal

(ii) X(w) = LI(w)

(11i) LI(w) is closed

w)
w)

The statement of this result, as well as its proof, can be found in [5,
Proposition 4.1]. However, as it is a good exercise in understanding defini-
tions, we encourage the reader to attempt the proof themselves.

EXERCISES

Exercise 2.1.1. Letv : SXS — Zx be defined by the rule that v(w,w') =0
if wo # wy, and otherwise

v(w,w") =sup{n >1: w, = w,, whenever |m| <n—1},
and let d: S x § — [0,00) be defined by
d(w,w') = 27w,

Prove that d is a metric on S, and that it induces the product topology
described above.
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1

Exercise 2.1.2. Prove that 0 and o=~ are continuous maps.

Exercise 2.1.3. Give an example of a word w € 8 which is nonperiodic
but not aperiodic.

Exercise 2.1.4. Prove that for any w € S, if X(w) is minimal then w is
nonperiodic if and only if it is aperiodic.

Exercise 2.1.5. Give an example of a nonperiodic word w € S for which
X(w) is not minimal.

Exercise 2.1.6. Suppose that w and w' are repetitive words with the prop-
erty that, for anyn € N, there exists a word u € L(w) N L(w") with |u| = n.
Prove that w and w' are in the same LI equivalence class.

Exercise 2.1.7. Prove that a word w € S is repetitive if and only if X(w)
1S5 mainimal.

2.2 Complexity and Sturmian words

We now begin our discussion of subword complexity for bi-infinite words.
Given any w € §, we define its complexity function p : N — N by setting
p(n) equal to the number of words v € L(w) with |u| = n. It is clear that
p is a nondecreasing function and that

p(n) < n#A
It is also not difficult to show that w is periodic if and only if there exists

a constant C' with the property that p(n) < C for all n (see Exercises 2.2.1
and 2.2.2). This implies that if w is nonperiodic then

lim p(n) = oco.

n—o0

However it turns out that more is true, as demonstrated by the following
well known theorem of Morse and Hedlund [22, Theorem 7.3].

Theorem 2.2.1. For any word w € S, if p(ng) < ng + 1 for some ng € N,
then w is periodic and p(n) = p(ng) for all n > nyg.
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Proof. Suppose that p(ng) < ng + 1 for some ng, and that ng has been
chosen as the smallest positive integer with this property. Without loss of
generality, we may assume that ny > 2, otherwise what we are trying to
prove is trivial.

By our choice of ng, we have that p(ng — 1) > ng. However, since
p(no — 1) < p(ng), it must in fact be the case that p(ng — 1) = ng, and
thus that p(ng) = mo. Now suppose that u and v are distinct words of
length ng — 1 in £(w). Any words «’ and v" in £(w) which contain u and
v (respectively) as prefixes must also be distinct, so it follows that every
word of length ng — 1 in £(w) is a prefix of exactly one word of length ng
in L(w).

Finally, every word of length ng in £(w) can be written in the form au,
for some a € A and for some word wu of length ng — 1. It therefore follows
from our conclusion in the previous paragraph that every word of length
no in L(w) is a prefix of exactly one word of length ng + 1 in £(w). By
induction, we have that p(n) = p(ng) for all n > ng, and w is thus seen to
be periodic. O

It follows immediately from the statement of this theorem that any
nonperiodic bi-infinite word w must have p(n) > n+1 for all n. This raises
the question of whether or not there are nonperiodic words which attain
the minimum possible complexity allowed by the theorem, i.e. words with
p(n) = n+ 1 for all n. Such words do exist, and they are called Sturmian
words. It is clear that any Sturmian word must only use two symbols
from its alphabet. Therefore, without loss of generality, we will restrict our
discussion of Sturmian words to the case when A = {0, 1}.

One example of a Stumian word is given by

...00.100. . .. (2.2.2)

Words of this type form a countably infinite collection of nonrepetitive
Sturmian words. Of considerably more interest, however, is the collection
of repetitive Sturmian words which, as we will see in the next section, has
a dynamical description in terms of circle rotations.

EXERCISES

Exercise 2.2.1. Show that if w € S is periodic with period w then p(n) <
for all n, with equality for n > x.
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Exercise 2.2.2. Prove that, for any w € S, if there exists a constant C' > 0
such that p(n) < C for all n, then w is periodic.

2.3 Dynamical characterization of
Sturmian words

In this section we present a dynamical characterization of Sturmian words,
in terms of irrational rotations of the circle. The theorems in this section
are originally due to Morse and Hedlund [22]. The first direction of this
characterization shows how irrational rotations can be used to construct
uncountably many LI classes of Sturmian words.

Theorem 2.3.1. For I C R, let x; : R/Z — {0,1} denote the indicator
function of the set I +7Z. Then, for any a,,y € R with o ¢ Q, the bi-infinite
words

(Xp—a,n(ic+7))iez  and  (Xa-a(ic +7))iez, (2.3.2)

are Sturmian and repetitive.

Proof. We consider only the case when the interval defining the word is
[1 — a, 1), as both cases follow from the same argument. With a and v as
above, let

Ww; = X[l—a,l)(ia + ’7) for 7 € Z,

and let T : R/Z — R/Z be defined by
T(z) =2+ a mod 1.
For each n € N let
2™ = {{—ia}:0<i<n}C0,1),
and suppose that the elements of (™ are written in increasing order as
.TTE)n) < xﬁ”) <<z,
Set x,(ﬁzl = 1 and, for each 1 <i < n+ 1 define

" = 2, 2M).
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Now suppose that z € Ii(n) and that y € I](-n). We claim that
Xi—a)(T"'%) = Xj1—a,)(T™y) forall 0<m <n—1,

if and only if ¢ = j. To prove one direction of the claim suppose, without
loss of generality, that 7" (z) € [0,1 — «) and T™(y) € [1 — «, 1), for some
0 <m <n—1. Then, modulo Z, we have that

z€[-ma,1—(m+1)a) and ye€[l—(m+1)a,1—ma).

Thus x and y are contained in disjoint intervals whose endpoints are el-
ements of (™, from which we conclude that i # j. To prove the other
direction of the claim suppose, by interchanging the roles of x and y if
necessary, that x < y. In this case we may also suppose, without loss of
generality, that n is the smallest positive integer with the property that x
and y lie in different intervals Ii(n) and [ ](-n), respectively. Then we must

have that j =4+ 1 and that xE") = {—na}. Furthermore, by dividing into
cases depending on whether or not {a} < 1/2, we can show that

") <1—{a} and |1V <{a}.

It follows that 7" '(x) € [0,1 — {a}) and T"'(y) € [1 — {a},1), thus
establishing the claim.

It follows from our claim that, for any m € Z and n € N, the word
Wi Wit 1 -« - Wiipn—1 1S uniquely determined by which interval ]i(n)7 1< <
n+1, the number {ma+~} belongs to. The fact that « is irrational implies
that the sequence {ma + Y} ez is dense in R/Z, therefore we have that
p(n) =n+1.

In our dynamical formulation, the fact that w is repetitive is equivalent
to the statement that, for any n € N and for any 1 <7 <n 41,

sup {min{j eEN:Ti(z)eI™}:z e IZ-(")} < 00.

In other words, it is equivalent to the statement that the orbit under 7" of
every point in Ii(n), returns to IZ-(n) in a (uniformly) finite amount of time.
This is quite easy to verify, and we leave it as an exercise. O

The next result shows that all repetitive Sturmian words can be realized
using the construction from the previous theorem. This is quite remarkable,
considering that they were introduced as seemingly combinatorial objects.
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Theorem 2.3.3. Any repetitive Sturmian word is given by a bi-infinite
sequence of one of the forms in (2.3.2), for some o,y € R with a ¢ Q.

Proof. Assume w is a repetitive Sturmian word. Then for all n € N there is
a unique word u™ € L£(w) which has |u(™| = n and for which both words
1u™ and 0u™ are in L(w). It follows that for all m < n, the word u(™
is a prefix of u(™, and so all of the words u™ are prefixes of the one-sided
infinite word u(®) defined by u = ujus ..., with u; = ugz)

Let us assume, with little loss of generality, that ugl) = 0. Then, since
w is repetitive, there is a smallest integer m; € N with the property that
Um,+1 = 1. In other words, if we write By for the prefix of u of length

my + 1, then we have that
mi

—~

For the sake of what is to come, let us also write By = 0 (which is clearly
the prefix of u(>) of length 1). Now we claim that, anywhere in u(>) where
By occurs as a subword, it must be immediately followed either by another
occurrence of By, or by the word ByB;. To see why this is true, consider
the following sequence of observations:

(i) Any occurrence of the letter 1 must be followed immediately by a 0,
otherwise both 11 and 01 would belong to L£(w), contradicting the
definition of u(*) and the fact that it begins with By = 0.

(ii) If a block of m consecutive zeros immediately follows a B; block, then
it must be the case that m < m; + 1. If this were not true then the

word
mi1+1

—~
v=20...0

would have the property that Ov and 1v are both in £(w). However
this would contradict that fact that B; is the unique word of length
my + 1 with this property.

(iii) If a block of m consecutive zeros immediately follows a B; block, and
then is immediately followed by a 1, then it must be the case that
m > my. Again, if this were not the case then the word

—~ =
0...01



2.3. DYNAMICAL CHARACTERIZATION OF STURMIAN WORDS33

would be a suffix of two distinct words of length m + 2 in L£(w), but
this would contradict the fact that
m+1

—~ =
0...0
is the unique word with this property.

This sequence of observations clearly establishes our claim. This means
that we can rewrite the word u(°) as an infinite concatenation of B; and
By blocks.

Again using repetitivity, there is an integer ms € N with the property
that the word

—
By =B ---B1 By
is a prefix of u(®). Then, by essentially the same argument as before, we
can show that any occurrence of the word B, in () must be immediately
followed either by the word By or by the word B;B,. Continuing in this
way, there is a sequence of integers my € N, with k£ > 1, and a sequence of
words By, defined recursively by

my
———
By =DBy_1-+ Bp_1 B for k>2,

with the property that each By is a prefix of u(*).

Now this is where it pays to have done the exercises. Let « € R\ Q be
defined by
a=1[0;m;+1,mg,...]. (2.3.4)

Then it follows from Exercise 1.2.3, together with basic properties of the
Ostrowski expansion, that

Ui = X[1—a,)(t) for i€ N. (2.3.5)
Now, since both w and the word
w = (Xj1-a1) (1) )icz
are repetitive, it follows from Exercise 2.1.6 that these two words are in the

same LI equivalence class. Finally, it follows from Exercise 2.1.7 together
with Theorem 2.1.1 that w € X(w’).

The final statement, that w € X(w’), means that there is a sequence of
words {w™},cx, each of the form

W™ = (Xp—a1)((i +4n)Q))icz  for some i, € Z,
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with the property that w, — w as n — oo, in the topology of S. By the
definition of convergence in this topology, together with the argument used
in the proof of Theorem 2.3.1, there is a real number v with the property
that {i,a} — v asn — co. If v ¢ aZ + Z then both of the words in (2.3.2)
are equal to w. Otherwise only one of them is, depending on whether or not
the point + itself is counted as a 0 or a 1. This final technical detail, which
is only relevant when ~ lies in the orbit of 0 under rotation by a modulo 1,
is determined by whether the numbers 7, mod 1 are eventually all equal
to 7, or whether they approach ~ from the left. O]

Theorems 2.3.1 and 2.3.3 give us a complete classification of the collec-
tion of all repetitive Sturmian words. Every Sturmian word w takes one of
the forms given in 2.3.2. The number « is then referred to as the slope of
w, and v as the intercept.

EXERCISES

Exercise 2.3.1. Prove that there are uncountably many LI classes of Stur-
mian words.

Exercise 2.3.2. Complete the proof that any bi-infinite sequence of one of
the forms in (2.3.2), for a,y € R and a ¢ Q, is repetitive.

Exercise 2.3.3. Verify the statement, in the proof of Theorem 2.3.3, that
(2.3.5) holds, for the number o defined by (2.3.4).

2.4 Calculating the repetitivity function

In this section we prove one more remarkable result about Sturmian words,
which originates from a second paper of Morse and Hedlund [23]. The main
result shows that there is a formula for the repetitivity function R(n) of a
repetitive Sturmian words, which depends on the continued fraction expan-
sion of the slope. Our exposition of the proof closely follows Alessandri and
Berthé’s proof in [2].

Theorem 2.4.1. Suppose that w is a repetitive Sturmian word with slope
a, and let n € N. Then, referring to the continued fraction expansion of «,
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if g < n < qgi1, we have that
R(n) = qry1 +qp +n— 1.

Proof. First we will reformulate the definition of R(n) in terms of the dy-
namics of rotation by & on R/Z. Then the proof will be a simple application
of Diophantine approximation.

Let w be a repetitive Sturmian word with slope a and intercept v and
recall that, for n € N, R(n) is defined to be the smallest integer with the
property that every word of length n in £(w) is a subword of every word of
length R(n) in L(w). Now let

U = WnWm41 - - - WntR(n)—1

be word of length R(n) in £(w). The subwords of u of length n are

W Wm! 41 -+ » W/ 4n—1,

for m < m’ < m+ R(n)—n. Using the notation and proof of Theorem 2.3.1,
each of these subwords is uniquely determined by which of the intervals I i(n),
with 1 <4 <n+1, the point {m’a+~} lies in. Working modulo 1 we have
that

{m'a+vy:m<m <m+R(n)—1} = {ma}+{ia+~:0<i< R(n)—1}.

For R(n) to be the value of the repetitivity function, it must be the smallest
integer with the property that, for any choice of m € Z, the collection of
points above intersects every interval [Z-(n) with 1 <4 < n 4 1. Since m
is arbitrary and ma is dense modulo 1, we deduce that R(n) must be the
smallest integer with the property that the longest among the intervals
Ii(R(n)_"), with 1 < i < R(n) —n+ 1, is at least as short as the shortest

among the intervals [Z-(n), with 1 <i<n+1.

Now by Exercise 1.2.4, the shortest length of an interval of the form Ii(")
is ||gra|| and, by the same exercise again, we must have that R(n) —n =

Qi1+ qr — 1. O

A final word about the repetitivity function. An important class of
Sturmian words is the collection of words whose repetitivity function is
bounded above by a linear function. Accordingly, we say that a repetitive
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bi-infinite word is linearly repetitive if there exists a constant C' > 0 with
the property that R(n) < Cn for all n. In light of what we know about
continued fractions and Diophantine approximation, we immediately obtain
the following corollary to the previous theorem.

Corollary 2.4.2. A repetitive Sturmian word is linearly repetitive if and
only if its slope is a badly approximable real number.

The ideas used in the proofs in this chapter will return later, in our
discussion of complexity and repetitivity for cut and project sets.



Chapter 3

Point sets in Euclidean space

Following Baake and Grimm [5], we call any countable subset of R* a point
set in R¥. In this chapter we will introduce several collections of point sets,
which will be the primary objects of study in later chapters.

3.1 Delone set, lattices, and
crystallographic point sets

A set Y C R* is uniformly discrete if there is a constant r > 0 with the
property that, for every y € Y,

B,(y)NY = {y}.

It is clear that any uniformly discrete set must be a point set. If YV is
uniformly discrete then the supremum of the set of all constants r which
satisfy the above condition is called the packing radius of Y.

We say that a set Y C RF is relatively dense if there is a constant R > 0
with the property that, for any x € R¥,

Br(z) Y # 0.

If Y is relatively dense then the infimum of the set of all constants R which
satisfy the above condition is called the covering radius of Y.

A set Y C R¥ which is both uniformly discrete and relatively dense is
called a Delone set. For any pair of positive constants (r, R), we let Dy(r, R)

37
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denote the collection of all Delone sets in R¥ with packing radius at most r
and covering radius at least R.

Among the simplest examples of Delone sets are lattices. A lattice in
R¥ is a discrete subgroup A < R¥ with the property that the quotient space
R*/A has finite co-volume (i.e. it has a Lebesgue measurable fundamental
domain with finite volume). Of course, this is equivalent to asking that
A be discrete and co-compact (i.e. so that RF/A is compact). It is an
easy exercise to check that a discrete subgroup of R* will be a lattice if
and only if it has rank k. Lattices themselves are completely periodic and
well structured objects. However, they will also be a key ingredient in our
constructions of examples of ordered point sets which are not periodic.

If Y C R¥ is a point set, then a point € R* with the property that
Y +x =Y is called a period of Y. The collection of all periods of Y
forms a group, called its group of periods. We say that Y is nonperiodic
if its group of periods is {0}. On the other extreme, we say that YV is a
crystallographic point set if its group of periods is a lattice in R*¥. The
following result, which follows from [5, Proposition 3.1], gives an important
alternative characterization of crystallographic point sets.

Lemma 3.1.1. A uniformly discrete point set Y C R¥ is a crystallographic
point set if and only if there exists a lattice A C R* and a finite set F' C RF
with the property that, for any y € Y, there are unique elements A € A and
f € F such that

y=A+f.

3.2 Cut and project sets

Cut and project sets are point sets which are obtained by projecting the col-
lection of lattice points in a strip in some total space, to a lower-dimensional
subspace. Generally speaking, these sets have a great amount of structure,
imposed by the fact that they are constructed from lattices, but they are
also typically aperiodic. Furthermore, many problems in mathematics in-
volve manifestations of aperiodic order which can be described using cut
and project sets. A prototypical example of this, which may already con-
vince the reader of the fundamental importance of these sets, is that all
Sturmian words can be defined using cut and project sets.

There are other many other examples which illustrate the importance
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of cut and project sets. First of all, they arise naturally in dynamical
systems, as they are the collections of return times, to prescribed regions,
of linear actions on higher dimensional tori. They are also an abundant
source of aperiodic tilings of Euclidean space (which, at this point, we have
not defined), and can be used to construct famous tilings such as the Penrose
and Ammann-Beenker tilings. Finally, cut and project sets are used as a
mathematical model for physical materials known as quasicrystals.

We proceed with more rigorous definitions. First of all, we will say that
subspaces V; and V5 of R* are complementary if Vi NV, = () and if we have
the Minkowski sum decomposition

R* =V + Va.

This implies that dim(V;) + dim(V;) = k and that every point in R* has
a unique representation as the sum of an element of V; with an element of

Va.

Cut and project sets are defined as follows. Let 1 < d < k be integers,
let E be a d-dimensional subspace of R¥, and F, C R* a subspace comple-
mentary to £. The subspaces F and F); are referred to as the physical space
and internal space, respectively, and R¥ is called the total space. Write 7
for the projection onto E with respect to the decomposition R¥ = E + F,.
Choose a set W, C F, and define S = W, + E. The set W; is referred to
as the window, and S as the strip. Given this data, for each s € R*/Z* we
define the cut and project set Y, C E by

Y, = 1(SN(Z" + s)). (3.2.1)
In this situation we refer to Y as a k to d cut and project set.

This definition, as it stands, is too general to be able to say anything
meaningful about the collection of all cut and project sets. Therefore, let
us take a moment to explore three phenomena which we will attempt to
justify in excluding from further consideration. To help keep track, the first
of these phenomena is a pathology, the second is more of a degeneracy, and
the third is simply a minor nuisance. Actually, there are two nuisances,
but we will encounter the second one later on. To aid in the discussion, let
us write 7* : R¥ — F for the projection onto Fj, according to the above
decomposition.

First the pathology. For simplicity, consider the case when k£ = 2 and
d = 1. Suppose that F is a line in R? with irrational slope, take s =
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0, and let F, = E+ be the line perpendicular to E, which is clearly a
complementary subspace. It is not difficult to verify in this case that 7 is
injective and that 7(Z?) is a dense subset of E. Now, let Y’ C 7(ZF) be
any subset at all which we would like to obtain as a cut and project set,
and then choose
W =r*(Z*na"(Y")).

Using again the fact that the slope of E is irrational, it is clear from the
definitions that Yy = Y’. In order to remedy this pathology we will as-
sume in all of what follows, unless otherwise specified, that the window is
a relatively compact set and that closure of W is equal to the closure of its
interior.

Next, to see what we call the degeneracy, consider first the case when
k=2 and d = 1, and when E is a subspace with rational slope. In this case
ENZ? contains a rank 1 subgroup of Z2. Depending on how the window is
chosen, there are two possibilities. Either S N (Z? + s) = (0, in which case
Y, =0, or SN (Z*+ s) # 0, in which case Y, has a nontrivial group of
periods. Neither of these outcomes produces an interesting point set which
we don’t already understand so, since k = 2, we could choose to eliminate
both of them by requiring that E always have irrational slope. However,
in higher dimensions the situation is slightly more complicated, as we now
describe.

For k£ > 2 and d > 1, to avoid situations where our cut and project
set may be empty, we require that E + Z* be dense in R*. There are
various ways of describing subspaces of R¥ with this property. We choose
to say that such a subspace F acts minimally on the k-dimensional torus
Tk = R*/Z*, and we describe the corresponding sets Y, as minimal cut
and project sets. This simply expresses the fact that the natural linear R?
action on T* defined by E (i.e. translation by elements of E, modulo Z*)
is a minimal dynamical system (i.e. all orbits under this action are dense
in T*). Some authors refer to subspaces E which act minimally on R¥ as
totally irrational subspaces. This terminology is justified by the fact that
a totally irrational subspace is one which is not contained in any proper
rational subspace of R* (see Exercise 3.2.4). However, the confusion which
often arises is that there are totally irrational subspaces, in dimensions
greater than 2, which contain rational points.

Now, continuing our discussion of what we termed the degenerate be-
haviors, we may solve the problem of having empty cut and project sets by
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requiring that our subspace E act minimally on R*¥. However, in light of the
final comment of the previous paragraph, this does not in general guarantee
that the resulting cut and project set will have a trivial group of periods.
Therefore, in what follows we will also sometimes impose as an additional
condition that Y, be aperiodic, which means that its group of periods is
{0}. Note that in this case the notions of aperiodic and nonperiodic, which
we usually distinguish from one another, coincide.

Finally, it would become a minor technical nuisance in many of our argu-
ments below if restriction of the map 7 to Z* were many to one. Therefore
we adopt the conventional assumption that it is injective. This is the same
as assuming that the internal space F) does not contain a rational point.
It is possible to relax this assumption, if necessary, but we will not do so.

In the last few paragraphs we have narrowed down the collection of what
we consider to be nondegenerate cut and project sets which are not too
badly behaved. Now there is some satisfaction in presenting the following
the lemma.

Lemma 3.2.2. If E acts minimally on R* and if W is a relatively compact

set with non-empty interior, then the cut and project set Yy is a Delone set
n E.

If we think of the physical space F as being identified with R¢, which
we often do, then for point sets in R? we have the hierarchy

{lattices} C {uniformly discrete crystallographic point sets}

. Lem3.2.2
C {cut and project sets} C  {Delone sets},

where the last inclusion is only valid under the hypotheses of Lemma 3.2.2.
The proof of the second inclusion is Exercise 3.2.1 below.

Moving on, for the problems we are going to study, the s in the definition
of Y, plays only a minor role. Points s for which Z*+ s does (resp. does not)
intersect the boundary of S are called singular (resp. nonsingular) points,
and the corresponding sets Y; are called singular (resp. nonsingular) cut and
project sets. We have already seen the issues that arise when dealing with
singular points, at the end of the proof of Theorem 2.3.3 about Sturmian
words. For all practical purposes which we will encounter, there is little
difference between singular and nonsingular cut and project sets. However,
we can avoid special technical cases by only working with nonsingular s,
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and this is what we often choose to do. Furthermore, if £ acts minimally
then, since £ 4 Z* is dense in R¥, the value of s is usually not important.
For this reason in much of what follows we will suppress the dependence on
s and write Y instead of Y.

EXERCISES

Exercise 3.2.1. Prove that every uniformly discrete crystallographic point
set can be obtained as a cut and project set.

Exercise 3.2.2. Give an example of a subspace E which acts minimally,
and a cut and project set formed from E which is a Delone set and which
has a nontrivial group of periods.

Exercise 3.2.3. Give an exzample of an aperiodic cut and project set formed
from a subspace E which does not act minimally on RF.

Exercise 3.2.4. Suppose that E is a subspace of RF which does not act
minimally. Prove that E is contained in a proper subspace R of RF with the
property that ZF N R is a lattice in R.

Exercise 3.2.5. Suppose that Y s a cul and project set formed from a
physical space which acts minimally, and using a bounded window with non-
empty interior. Prove that' Y — Y is also a cut and project set, and that it
15 a Delone set.

3.3 Parameterizations and special windows

Let E be a d-dimensional subspace of R¥, and let us assume that E can be
written as

E = {(z,L(z)) : z € RY}, (3.3.1)

where L : R — R*~? ig a linear function. This can always be achieved by a
relabelling of the standard basis vectors, so for simplicity we will only work
with subspaces E which can be written this way. For each 1 <7 < k —d,
we define the linear form L; : R — R by

Li(z) = L(z); = Zaijxj, (3.3.2)
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and we use the points {a;;} € RU*~9 to parametrize the choice of E.

As a reference point, when allowing E to vary, we also make use of the
fixed (k — d)-dimensional subspace F, of R* defined by

F,={(0,...,0,y) : y € R}, (3.3.3)

and we let p : R* — F and p* : R* — F, be the projections onto E and
F, with respect to the decomposition R¥ = F + F, (note that £ and F,
are complementary subspaces of R¥). Our notational use of = and p is
intended to be suggestive of the fact that F} is the subspace which gives
the projection defining Y (hence the letter 7), while F), is the subspace with
which we reference E (hence the letter p). We write W = S N F),, and
for convenience we also refer to this set, in addition to W,, as the window
defining Y. This slight ambiguity should not cause any confusion in the
arguments below.

In our investigations of patterns in cut and project sets, we will focus on
two special types of windows W. The first is what we will call the cubical
window, which we define as

k

i=d+1

The second is what is called the canonical window, which is given by

k
=1

As we will see, the cubical window is a natural choice if we want to use
Diophantine approximation properties of F to say something about the
corresponding cut and project sets Y. The canonical window is also impor-
tant as it arises in many well known constructions, such as the Penrose and
Ammann-Beenker tilings.

Finally, bringing together all of our disclaimers and simplifying assump-
tions under one label, we say that Y is a cubical (resp. canonical) cut and
project set if it is nonsingular, minimal, and aperiodic, and if W is a cubical
(resp. canonical) window.
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EXERCISES

Exercise 3.3.1. Let w be a repetitive Sturmian word with slope o and
intercept v ¢ aZ + 7. Explain how w can be constructed using a cubical cut
and project set. Conversely, explain why every such set corresponds to such
a Sturmian word. Finally, what happens if v € aZ + 7.7

3.4 Patches in cut and project sets

In analogy with the definition of ‘subword of length n’ for a bi-infinite word,
we now consider ‘patches of size r’ in a cut and project set Y. It turns out
that there is more than one reasonable choice for how to define patches
of size r in Y. We will work with two definitions, moving back and forth
between them.

Assume that we are given a bounded convex set 2 C E which contains
a neighborhood of 0 in E. For y € Y and r > 0 define Py(y,r), the type 1
patch of size r at y, by

Pi(y,r)={y €Yy —yerQ}

Writing ¢ for the point in S N (ZF + s) with 7(7) = y, we define Py(y,7),
the type 2 patch of size r at y, by

Py(y,r):={y €Y : p(y — ) € rQ}.

Note that the point g is uniquely determined by y because of our standing
assumption that 7|z is injective.

To rephrase the definitions, a type 1 patch consists of all points of Y
in a certain neighborhood of y in E, while a type 2 patch consists of the
projections of all points of S N Z* whose first d coordinates are in a certain
neighborhood of the first d coordinates of 3. Type 1 patches are more
natural from the point of view of working within E, but the behavior of
type 2 patches is more closely tied to the Diophantine properties of L.

Since the window WV is assumed to be relatively compact, it follows
that type 1 and 2 patches of size r at y differ at most within a constant
neighborhood of the boundary of y + r€). However, it turns out to be
substantially easier from a technical point of view to work with type 2
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patches, so our strategy will be to prove results for type 2 patches and then
estimate the error when converting to type 1 patches.

For i = 1 or 2 and y;,y2 € Y, we say that P;(y1,7) and P;(ye,r) are
equivalent if

P(y1,7) = Pi(y2,7) + 11 — yo.

This defines an equivalence relation on the collection of type i patches of
size r, and we denote the equivalence class of P;(y,r) by P;(y, ).

In analogy with our study of bi-infinite words, for any cut and project
set Y, and for i = 1 or 2, we define the complezity function p; : [0,00) —
N U {oco} of Y by setting p;(r) to be the number of equivalence classes of
type ¢ patches of size r in Y. It is not difficult to show that, if WV satisfies
the assumption from Lemma 3.2.2; then p;(r) is always finite. If in addition
E acts minimally, then for any » > 0 and ¢ € {1, 2}, the value of p;(r) will
be the same for any nonsingular cut and project set Y formed from F.

Next, we say that a cut and project set Y is repetitive if, for every patch
Pi(y,r) of size r in Y, there exists a constant R > 0 with the property that
every ball of radius R in E contains a point ¢’ € Y with the property that

Pi(y/7 ’I") € Pl(yv T)'

The property of being repetitive does not depend on whether we are con-
sidering © = 1 or 2 and, not surprisingly, all nonsingular cut and project
sets with windows satisfying the hypotheses of Lemma 3.2.2 are repet-
itive. Therefore, it is natural to speak about the repetitivity function
R; : [0,00) — [0,00) of a cut and project set. This is defined, for ¢ = 1 or
2, by setting R;(r) to be the smallest real number with the property that,
for every type ¢ equivalence class P of patches of size r in Y, every ball of
radius R(r) in Y contains a point ' € Y with the property that

Pi(y',r) € P.

Of special significance is the case when R;(r) is bounded from above by
a linear function, for large enough values of r. Therefore, we say that a
repetitive cut and project set Y is linearly repetitive, which we abbreviate
as LR, if there exists a C' > 0 with the property that, for all » > 1, we have
that R;(r) < Cr.
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EXERCISES

Exercise 3.4.1. Prove that the property of being LR does not depend on
whether we are considering type 1 or type 2 patches.

Exercise 3.4.2. Prove that the property of being LR does not depend on
what convex patch shape ) we use.

3.5 Cut and project sets with rotational
symmetry

In this section we discuss the problem of constructing cut and project sets
with prescribed rotational symmetry. In keeping with convention, identify
the group of rotations of R¥ with the special orthogonal group SO.(R), the
group of k x k orthogonal matrices with determinant 1, which acts on R*
by left multiplication. We say that a point set Y € R* has n-fold symmetry
if there is an element A € SOg(R) of order n which stabilizes Y (i.e. with
the property that AY = Y). Furthermore, we will say that a rotation
A € SOk(R) is an irreducible rotation of order n if A™ =1 and if, for any
1 < m < n the only element of R¥ which is fixed by A™ is {0}. If a point
set Y C R¥ is stabilized by an irreducible rotation of R* of order n then we
say that Y has has irreducible n-fold symmetry.

For the purposes of orientation, suppose first that A is a lattice in R¥,
and that there is an irreducible rotation A € SOg(R) of order n, which
maps A into itself. Since A is a bijective, area preserving transformation of
R¥ to itself, it is not difficult to see that AA = A. By choosing a basis for
A we may write it as BZ*, where B € GLi(R). Then we have that

A(BZF) = BZ* = (B'AB)ZF =7F,

from which it follows that B~'AB € GLi(Z). Since similar matrices share
the same characteristic polynomial, this shows that the characteristic poly-
nomial of A is an element of Z[z].

Furthermore, since A is irreducible, all of its eigenvalues must be prim-
itive nth roots of unity. If (, is any primitive nth root of unity, then all
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primitive nth roots of unity are roots of the nth cyclotomic polynomial

bu(x) = [ @-¢,
(a1
which is an irreducible polynomial with integer coefficients. Since Z[z] is
a unique factorization domain, the characteristic polynomial of the matrix
A must be a power of ®,(z). This implies in particular that & must be
divisible by ¢(n), where ¢(n) is the Euler phi function. Using a slight

variant of this argument, we deduce the following classical version of the
crystallographic restriction theorem.

Theorem 3.5.1. A lattice in 2 or 3 dimensional FEuclidean space can have
n-fold symmetry only if n =1,2,3,4, or 6.

Proof. For irreducible rotations, the statement of the theorem follows from
the observations of the previous paragraph, together with the following
basic properties of the Euler phi function:

(i) The function ¢ is multiplicative. In other words, for any m,n € N
with (m,n) = 1, we have that p(mn) = p(m)p(n).

(ii) For any prime p and a € N, we have that ¢(p®) = p*~'(p — 1).

A simple calculation now shows that the only values of n for which ¢(n) < 3
aren = 1,2, 3,4, or 6 and, furthermore, that ¢(n) = 2 for all of these values.
Therefore if A is an irreducible rotation of order n which fixes a lattice in
R? or R?, then it must be the case that n takes one of these values.

For the general case, suppose that A is a lattice in R?, that A € SO3(R)
satisfies AN = A, and that A" = I (note that the two-dimensional case
also follows from this level of generality). The matrix A is a root of the
polynomial f(z) = 2™ — 1, which implies that the minimal polynomial of A
over Z[z] must divide f(x). Writing e(z) = exp(2mix), we have that

flz) = H (x —e (%)) = Hfbm(x)

a=1 mln
The right hand side of this equation is the factorization of f into irreducible

elements over Z[z].

Now, by the Cayley-Hamilton Theorem, the minimal polynomial of A
divides the characteristic polynomial of A, which has degree 3. All the
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roots of the characteristic polynomial must be nth roots of unity, although
not necessarily primitive. Therefore its only possible divisors are ®,,(x),
where m = 1,2,3,4, or 6, since in all other cases p(m) > 3. By degree
considerations there are now finitely many possibilities and, in all cases,
the order of the resulting matrix A must be a divisor of 4 or 6, which
completes the proof. O

It is an easy exercise to check that all of the symmetries permitted in
the statement of this theorem are actually possible to realize, for lattices in
R2.

The problem of determining which rotations of order n can stabilize
lattices, in Euclidean spaces of varying dimensions, can be reduced to the
analogous problem for irreducible rotations. We have seen that, if there
exists a lattice A € R¥ with irreducible n-fold symmetry, then it is necessary
that ¢(n)|k. By using basic results from algebraic number theory we can
also show, in a completely constructive manner, that this is a sufficient
condition for the existence of such a lattice.

Theorem 3.5.2. Choose n € N and suppose that ¢(n)|k. Then there is a
lattice in R* with irreducible n-fold symmetry.

Proof. Tt is sufficient to verify the statement of the theorem when k = ¢(n).
Then, for k = k'p(n), we can always write

RF = R#( 4 ... 4 R?(™ (K/-times),

and embed our solution for R¥(™ into each of the components of this decom-
position. For readers who are familiar with algebraic number theory, the
entire proof can be summarized in the single observation that, for n > 2,
the Minkowski embedding of the ring of integers of Q((,) into C*(™/2 is a
lattice, with irreducible n-fold symmetry given as (the image of) multipli-
cation by (,. For those who are less familiar with these ideas, or want to
see the details of the calculation, we now explain further.

Let k = ¢(n) and, without loss of generality, assume that n > 2. Let
¢, be a root of the polynomial ®,,(x) from above and let K = Q((,,) be the
cyclotomic field of nth roots of unity. Then we have that

[K : Q] = deg(®,,) = ¢(n).
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Note that in our construction so far we have treated (,, as a purely algebraic
object, the root of a polynomial with coefficients in some field, without
talking about an algebraic completion or specifying which element of C
the number ¢, actually is. Now, it turns out that there are exactly ¢(n)
different ways of embedding the field K into C, which preserve the algebraic
structure. The embeddings are determined by their values at (,,, which must
be other roots of ®,(x). Therefore, they are the p(n) homomorphisms from
K to C determined, for each 1 < a < n with (a,n) = 1, by the requirement

that
ooe(®)

These maps are all non-real complex embeddings, and the map determined
by an integer a is the complex conjugate of the one determined by n — a.
Therefore we can choose a collection of distinct, non-pairwise conjugate
embeddings {o1,...,0,}, with r = ¢(n)/2.

The collection of algebraic integers which lie in K form a subring of K,
which, in this instance, happens to be the ring Z[(,] (this is not obvious, but
in our application we actually only need to know that this is a finite index
subring of the ring of integers). Now consider the map o : Z[¢,] — C#(™)/2
defined by

ola) = (o1(a),...,o(a)). (3.5.3)
The map o is a homomorphism with trivial kernel, and it follows that
its image is a rank k subgroup of C#(/2 Furthermore, we leave it as

an exercise to check that the image of ¢ is a discrete subgroup, therefore
(identifying C#(™/2 with R¥) it is a lattice in R*.

Finally, write A = o(Z[(,]) and consider the action of the cyclic group
Cp=(r:m"=1)
on A defined by

7(0(a)) = o(Gra).

This action is an invertible linear transformation of A to itself. For each
1 < i < r, choose an integer a; such that 0;(¢,) = ¢%. Then, again
identifying C#"/? with R*, we find that the action of 7 on R¥ is realized
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as left multiplication by the block diagonal matrix

Ay

Ay
A= . € GLk(R)7

A,

with

_ (Re(¢¥) —Im(¢¥) .
Ai = <Im(C,‘3j') Re(¢%) ) , Isisr

Since each of the matrices A; is an orthogonal matrix with determinant 1,
we have that A € SO, (R). Finally, for each 4, the eigenvalues of A; are (%

and (&, so the characteristic polynomial of A is the irreducible polynomial
®, (z) € Z[z]. It follows that A is an irreducible rotation of order n. O

The lattices from the previous proof can also be used to construct cut
and project sets with rotational symmetry. Strictly speaking, a cut and
project set Y lives in a d-dimensional subspace E of the total space R*.
From the point of view of working in F, the definition of rotational sym-
metry depends on our choice of basis for £. To see what we mean, suppose
that we have two different R-bases for E, say {b1,...,b4}, and {b},...,0,}.
Let B € GL4(R) be the change of basis matrix which takes coordinates
in the first basis to coordinates in the second. Suppose that Y is a point
set in FE, expressed with coordinates in the first basis, and let Y’ = BY
be the same point set, expressed with coordinates in the second basis. If
A € SO4(R) stabilizes Y then we have that

ABY)=B'Y' = (BAB Y)Y =Y

Now the matrix BAB™! still has determinant 1, but it may no longer be
orthogonal. However, this at least shows that the property of being stabi-
lized by an element in the conjugacy class of SO4(R) is not dependent on
the choice of basis we are using. For clarity, it may be useful to keep this
in mind during the following discussion.

Now, with the caveat of the previous paragraph, we are prepared to
speak about cut and project sets with rotational symmetry. Actually, the
example we have already seen in the proof of Theorem 3.5.2 is essentially
all we need to complete our exposition. Choose n > 2, let the map o be
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defined as in the proof, and suppose that o; is the map determined by
01(Cn) = G- Let T = 0(Z[¢,]) C R¥, with k = ¢(n). As already mentioned,
I is a lattice in R* which we may identify, after a linear change of variables,
with the standard integer lattice. We will not actually make this change of
variables because, although it would be straightforward to do so, it would
only complicate notation. We take the physical space to be the space

E ={(2,0,...,0): 2 € C} ¥ R?

and the internal space F} to be the space orthogonal to . Then we take
the window to be the set

Wr ={(0,29,...,2) : 2z € C,|2]| <1},

which of course we identify with a subset of F, = R¥~2. With 7 and 7*
having the usual meanings, we define a cut and project set Y C E by

Y=n{yeTl:n"(y) € Ws}).

The set w(Z[(,]) is dense in E. Therefore, since W, is bounded and has
non-empty interior, it is not difficult to show that Y is a Delone set in E.
Suppose that y € Y is given by o4(«), for some « € Z[(,] with

(o(a)) € Wh.
Then it follows from the construction W, that
T (0(Crex)) € W,
allowing us to conclude that
01(Gnr) = Gy € Y.

Therefore Y has n-fold rotational symmetry.

EXERCISES

Exercise 3.5.1. Give an ezample of a lattice A C RS with 15-fold rotational
symmetry.
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Exercise 3.5.2. Let Y C R* be a crystallographic point set with group of
periods A. Prove that if A is a rotation of R¥ which maps Y into itself,
then it must satisfy AN = A.

Exercise 3.5.3. Verify the claim that the image of the map o from (3.5.3)
is a lattice in RF = C#(M/2

Exercise 3.5.4. Verify the claim in the construction at the end of this
section, that w(Z[(,]) is dense in E.



Chapter 4

Complexity and repetitivity
for cut and project sets

4.1 Dynamical coding of patches

In the proof of Theorem 2.3.1, we saw how every word of length n in the
language of a Sturmian word corresponds naturally to a subinterval of the
circle R/Z (which we identify with the half open unit interval). If the slope
of the Sturmian word is «, then this subinterval is a component interval
of the partition of R/Z obtained by removing the first n + 1 points in the
orbit of 0 under rotation by «. Whether or not a subword wy, ... W,1n_1
of w will be equal to the word we have selected, is determined by whether
or not {ma + ~} falls into the distinguished interval. Now we will see how
this carries over, at least in principle, to cut and project sets in higher
dimensions.

Recalling the conventions set out in the previous chapter, £ C R is
the physical space and F; is the internal space, E' is parametrized by linear
forms as in (3.3.1) and (3.3.2), and the F), is the reference subspace given by
(3.3.3). We make the standard assumption that the window is a relatively
compact subset of F; whose closure is the closure of its interior, and we
identify the window with its image W C F}, under the map p*, and we also
assume that 7| is injective. Furthermore, for any y € Y, we let §j € Z* be
the (unique) point given by
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There is a natural action of Z¥ on F », given by
nw = p*(n) +w=w+ (0,n2 — L(ny)),

for n = (ny,ng) € Z¥ = 2% x Z*~% and w € F,. For each r > 0 we define
the r-singular points of type 1 by

sing (r) .= WnN (=71 (rQ) N ZF).oW) ,
and, similarly, the r-singular points of type 2 by
sing, (r) == WnN ((—p~ ' (rQ) NZF).oW) .
Then, for ¢ = 1 or 2 we define the r-nonsingular points of type i by
nsing, (1) == W \ sing;(r).

Guided by our study of Sturmian words, we might expect that there should
be a connection between equivalence classes of patches and connected com-
ponents of the collections of nonsingular points. In this direction, we begin
with the following observation, which is motivated by work of Antoine Julien

19].

Lemma 4.1.1. Let i = 1 or 2, suppose that E acts minimally on T*,
and suppose that' Y =Y, is nonsingular. Suppose that U is any connected
component of nsing,(r). Then for any points y,y' € Y,

if p*(),p (y) €U then Pi(y,r) =Pi(y,r). (4.1.2)

Proof. For each y € Y, let y* = p*(§) € W. The point y* determines the
pattern around y, as follows. Each point 3/ € Y lifts to a point §' = ¢ + n.
But such a point is in S if and only if 7%(¢') = n.y* lies in W. As we vary
y*, the pattern around y can only change when some n.y* passes through
OW, that is when y* passes from one connected component of nsing,(r) to
another. The only difference between i = 1 and ¢ = 2 is the set of n’s
being considered. In both cases, each connected component of nsing;(r)
corresponds to a single equivalence class of patches. O]

A word of caution, the converse of Lemma 4.1.1 is not true, in general. In
other words, although each connected component determines an equivalence
class of patches via (4.1.2), it is possible that two or more components could
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correspond to the same patch. For convex windows the converse of Lemma
4.1.1 is true when k—d = 1 (which is the reason why this issue did not arise
when dealing with Sturmian words), but it is still not true in general when
k —d > 1. However if W is a parallelotope generated by integer vectors
then, for type 2 patches, things are much simpler.

Lemma 4.1.3. Suppose that E acts minimally on T*, that Y is non-
singular, and that W is a parallelotope generated by integer vectors. Then
for every equivalence class Py = Po(y,r) of type 2 patches, there is a unique
connected component U of nsing,(r) with the property that, for anyy' €Y,

Po(y',r) = Pa(y,r) if and only if p*(y') € U.

Proof. We follow the proof of Lemma 4.1.1. Suppose that y; and y, € Y,
and that Py(y;,7) is equivalent to Py (ys, 7). Imagine varying y* in a straight
line from ¥} to ¥3. In moving y* from one connected component to another,
the patch P(y,r) gains and/or loses points whenever y* crosses from one
component to another. We will show that none of the points of Py(y1,7)
may be removed in going from y;j to y;, and that no points may be added
without removing other points. Combining these observations, no points
can be added or removed, so y; and y5; must lie in the same component.

To see that no points may be removed, note that ¥V is convex. Thus,
for each n for which 7(g; +n) is in Pa(y;,r), the set of points y* satisfying
n.y* € W is convex. Since n.y; and n.y; are in W, all points on the line
segment connecting them must also be in WW. Thus all points y* on the line
segment correspond to patches that contain a translate of Py (y;, 7).

Next notice that, since W is a parallelotope generated by integer vectors,
after possibly modifying a subset of its boundary it is a (strict) fundamental
domain for a sublattice of Z* N F, = Z*F~?  of some index I. This implies
that for each n; € Z¢, and each ¢, there are exactly I points n, € Z*~¢
such that §+ (n1,m2) € S. In other words, as we cross a boundary between
connected components, a point is removed from Ps(y,r) for each point
added. We have already shown that no points can be removed, so no points
can be added. O]

The first part of the proof of Lemma 4.1.3 applies equally well to the
more geometric type 1 patches. If the patches associated to y; and y3 are
equivalent, then any patch associated to ty; + (1 —t)y; must contain all the
points of P;(y;,r). However, the final part of the argument does not work.
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Since 7(y + (n1,n2)) depends on both ny and ng, some points associated
with n; might have images in 724y, while others might not. As we change
the (fixed number) of points associated with ny, points can jump in and
out of a patch, so in going from yj to 3, we could gain a point, then have
it leave, leading to the same patch that we started with.

In general, even for parallelotope windows, we do not know how to
guarantee that there is only a bounded number of connected components
corresponding to each equivalence class of type 1 patch. However, if we
impose additional Diophantine approximation hypotheses on the subspace
FE, then we can limit this bad behavior. This is our next topic of discussion.

Let us suppose that W C F), is a parallelotope generated by & — d lin-
early independent vectors wy, ..., w_q € F, N ZF. Define an integer linear
transformation B : F, — F, such that W is the image under B of the unit
hypercube in F, (i.e. the cubical window). Applying the linear transfor-
mation B! converts the window to the unit hypercube in F,, converts the
integer lattice Z* to Z% x A, where A is a finite-index extension of Z*~¢, and
converts F to the graph of the linear transformation L' = B~'L. Let {f;;}
be the matrix elements of L’ and for each 1 <i <k —dlet L, : R? — R be
the linear form defined by

d
Li(z) = Bija;.
j=1

We emphasize that 5 depends on both W (i.e. on B) and on a.

Now we demonstrate how assumptions on the Diophantine approxima-
tion properties of the numbers § can be used to control the complexity of
the sets nsing, (). At this point the reader may want to review some of the
definitions from Section 1.4.

Lemma 4.1.4. With notation as above, suppose that (@j)?:l € By for
each 1 < i < k — d. Then there exist constants cy,co > 0 such that, for
all m > 0, every element connected component of nsing,(r) is a union of at
most ¢; connected components of nsing,y(r + ¢a).

Proof. First, from the definitions of type 1 and type 2 patches (as well as
the convexity of €2) we can choose ¢; > 0 so that, for all y € Y and all
sufficiently large r,

Py(y,r —c2) € Pi(y,7) C Pa(y,r + c2). (4.1.5)
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Actually this is not completely obvious, but it follows from standard facts
about Hausdorff distance and dilations of convex sets.

Therefore, each connected component of nsing, () is contained in a sin-
gle connected component of nsing,(r — ¢), and it is a union of connected
components of nsing,(r + ¢;). We will show that, under our Diophantine
hypotheses, we can choose ¢; so that each component of nsing,(r — ¢g) is
the union of at most ¢; components of nsing,(r + ¢2).

Let €' be the projection of Q2 on R? along F,. That is, ' is the set of
first d coordinates of the points in €. Let R; and Ry be closed hypercubes
in RY, each containing a neighborhood of 0, and satisfying R; C Q' C R..
Also, for 1 < ¢ < k —d, let H; be the hyperplane in F), orthogonal to eg;.
Let

singl(r) ;= B 'sing,(r) and mnsing)(r) := B 'nsing,(r).

The set sing)(r) is composed of the intersection of the unit hypercube with
translates of the faces of the hypercube by points of the form (—n;, —\) €
Z% x A with ny € 7€, The action of {0} x Z* ¢ maps the faces of the unit
hypercube into the set

UH: + Zears),

so, for the purposes of studying sing(r), we can restrict our attention to
the action of Z¢ x (A/ZF~%).

For any r > 0, the set sing/,(r) is therefore given by
2

k—d
0,19 N ( U UH+Ln) +A)> .

nerQ/Nzd i=1

When considering translates of H;, all that matters is the (d + ¢)th coordi-
nate of the offset. The (d + i)th coordinates of A form a group of the form
m; 7, for some m; € Z, so we have that

H; +L'(n)+ A= H;+ (L(n) + m; ' Z)eg;.
The assumption that (ﬁij)?zl € B, implies that (mzﬂij)?:l € By for each
1, and it follows from Theorem 1.4.2 that there is a constant c¢3 > 0 such

that, for each 1 < i < k — d, the set

{Li(n) mod m;* :n € rRy NZ%



o8 CHAPTER 4. COMPLEXITY AND REPETITIVITY

is c3/r?-dense in R/m; ' Z. From this we conclude that if U is any connected
component of nsing,(r) then U is a rectangle of the form

{tEWI€i<ti<7’i},

with

C3
r; — EZ <
— d
m;Tr

foreach 1 <i <k —d.

Now observe that the number of connected components of nsing,(r + 2¢5)
which intersect U is equal to

k—d
H (L4 #{n € ((r+2c) \rY)NZ*: Li(n) € (¢;,r;) mod m; '}).

i=1
This is bounded above by

k—d
H (1 + #{TL € (’I" + 202)R2 N Zd : L;(n) c (gi/'"i) mod ml—l}) :

=1

and, again using our hypotheses on 3, we see that the final quantity is
bounded above by a constant ¢; > 0. We have shown that every connected
component of nsing)(r) is a union of at most ¢; connected components of
nsing, (r + 2¢). After applying the linear map B this, together with the
observations in the first paragraph, completes the proof of the lemma. [J

EXERCISES

Exercise 4.1.1. Give an example to show that the statement of Lemma
4.1.3 1s not true, in general, for type 1 patches.

Exercise 4.1.2 (Open problem). Give an example of a cut and project
set satisfying the hypotheses of Lemma 4.1.3, but for which there is no
uniform bound on the number of connected components corresponding to
each equivalence class of type 1 patches.

Exercise 4.1.3. Verify that there is a constant ca > 0 for which (4.1.5)
holds.
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4.2 Linear repetitivity, cubical case

In this section we focus on cubical cut and project sets. Recall that these
sets are defined to be nonsingular, minimal, and aperiodic, and they are
formed using the cubical window

k
W—{Ztieizogti<1}. (4.2.1)

i=d+1

Since we are discussing repetitivity, the role of the parameter s in the def-
inition of the cut and project set is irrelevant. Therefore we will suppress
the notational dependence on s as much as possible. The main theorem we
would like to present, which is an extension of our results about Sturmian
words (see Corollary 2.4.2), is the following classification of the collection
of LR cubical cut and project sets.

Theorem 4.2.2. A k to d cubical cut and project set defined by linear forms
{LY = is LR if and only if

(LR1) The sum of the ranks of the kernels of the maps L; : Z¢ — R/7Z
defined by

Li(n) = L;(n) mod 1
is equal to d(k —d — 1), and

(LR2) Each L; is relatively badly approzimable.

In the statement of the theorem, condition (LR1) is necessary and suf-
ficient for Y to have minimal patch complexity. Condition (LR2) is clearly
a Diophantine approximation condition, which places a restriction on how
well the subspace defining Y can be approximated by rationals. Note that
in the special case when k — d = 1, condition (LR1) is automatically satis-
fied, and condition (LR2) requires the linear form defining ¥ to be badly
approximable in the usual sense. This immediately implies the following
corollary, which is a direct extension of Corollary 2.4.2 for Sturmian words.

Corollary 4.2.3. A k to k—1 cubical cut and project set defined by a linear
form L is LR if and only if L is badly approximable.
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Before we begin the proof of Theorem 4.2.2, let us tidy up a few more
technical points. First of all, if Y is LR with respect to one convex patch
shape €2, then it is LR with respect to all convex patch shapes (see Exercise
3.4.2). The precise shape Q which we will use will be specified later in the
proof, but until then everything we say will apply to any fixed choice of
such a shape. Secondly, by Exercise 3.4.1, it does not matter in our proof
whether we consider type 1 or type 2 patches. Therefore, since we have
Lemma 4.1.3 at our disposal, we will be in a much better position if we
choose to work with type 2 patches. Of course, this is what we do and, for
convenience of notation, we suppress the corresponding subscript 2’s which
are attached to all related objects.

Proof of Theorem 4.2.2. 1f Y is LR then there must exist a constant C' > 0
with the property that p(r) is bounded above by Cr¢, for all r > 0. For the
first part of the proof of Theorem 4.2.2 we will show that condition (LR1)
is necessary and sufficient for a bound of this type to hold.

For each 1 < i < k—d, let S; < Z? denote the kernel of the map £;, and
let r; be the rank of S;. Furthermore, for each subset I C {1,..., k—d} let

Sr=1{5

i€l

and let 7; be the rank of S;. For convenience, set Sy = Z¢ and 1y = d. For
any pair I,J C {1,...,k—d}, the sum set S;+.S; is a subgroup of Z%, and
it therefore has rank at most d. On the other hand we have that

rk(S; + Sy) = rk(Sy) + rk(Sy) — rk(S; N Sy),
which gives the inequality
rr+ry<d+rmny. (4.2.4)
As one application of this inequality we see immediately that

T1+7’2+"'+7’k,d§d+7’12+7”3+"'+7“k,d
<2d+ 17193+ TrsF o+ Ty

<dk—d—1)4 2. (k—a
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=d(k —d—1). (4.2.5)

The last equality here uses the assumption that Y is aperiodic.

From Lemma 4.1.3, we know that p(r) is equal to the number of con-
nected components of nsing(r). Let the map C : Z¥* =9 — W be defined
by

CnW,....n*=) = ({Li(n™)}, ... {Lk—a(n™)}),
for n(W, ... ,n*=9 ¢ 74 Identify Z? with the set Z = ZF N (ey, ..., eq)r,
and for each r > 0 let Z, C Z¢ be defined by

Z,=—p 1 (rQ)NZ.

Since our window W is a fundamental domain for the integer lattice in F),,
there is a one to one correspondence between points of Y and elements of
Z. This correspondence is given explicitly by mapping a point y € Y to
the vector in Z given by the first d coordinates of . Also, notice that if
n € ZF and —n.0 € W, then it follows that

—n.0=({Li(n1,....na)}, ..., {Li—a(n1,...,n4)}).

These observations together imply that the collection of all vertices of con-
nected components of nsing(r) is precisely the set C(Z*~?), which in turn
implies that

p(r) = #C(2!79).

The values of the function C define a natural Z**~9 action on WW. There-
fore we may regard the set C(Z%*~%) as a group, isomorphic to

79D fker(C) 2 74/S @ - B 74/ Sk

If (LR1) holds then we have that

and from this it follows that

#e(2h1) <
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On the other hand, if (LR1) does not hold then by (4.2.5) we have that
rk(C(Z4*=D)) > d,

which implies that

#C(ZE1) > it
We conclude that p(r) < r? if and only if condition (LR1) holds, so (LR1)
is a necessary condition for linear repetitivity.

Next we assume that (LR1) holds and we prove that, under this as-
sumption, condition (LR2) is necessary and sufficient in order for Y to be
LR. First of all, suppose that I and J were disjoint, nonempty subsets of
{1,...,k — d} for which

T[+Tj<d+7’juj.

Then, by the same argument used in (4.2.5), we would have that

k—d
Y or < d(k—d=3)+rqune+rr+ry < dk—d—1).

i=1

This clearly contradicts (LR1). Therefore if (LR1) holds then, by (4.2.4),
we have that

rr+ry=d+rmy,
whenever I and J are disjoint and nonempty.

For each 1 <i < k—d, define J; = {1,...,k—d}\{i}, and let A; = S},.
Write m; = rj, for the rank of A;. Then, by what was established in the
previous paragraph, we have that

mz—i-m:d

If n is any nonzero vector in A;, then n is in S; for all j # ¢. Since Y is
aperiodic, this means that n € S;, which gives that

I‘k(Az + Sz) =m; +7r; — l"k(Az N Sl) =d.
Furthermore, for any j # 4, the fact that A; C S; implies that A;,NA; = {0},

SO
k—d k—d
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For each i, let F; C Z% be a complete set of coset representatives for Z4/(A;+
S;). Also, write A = Ay + -+ + Ap_q, and let F' C Z< be a complete set
of representatives for Z¢/A. What we have shown so far implies that all of
the sets Fi,..., Fy_4, and F' are finite.

Again thinking of Z¢ as being identified with the set Z, let

Zoa=2Z.0A, Zoa=2Z0A, and Z.5 =205

For each i, choose a basis {U](i)}?:il for A;, and define

Q) = {Zti%@ L—1/2<t; < 1/2},
j=1

and
Q,:Q/1+"'+Q§g—d7

so that ' is a fundamental domain for R?/A. We now specify §2 to be the
subset of points in E' whose first d coordinates lie in £2'. In other words,

Q=Enp Q).

Notice that every n € A has a unique representation of the form

n = Z Zaijvj(i), Q;j € 7.

i=1 j=1
Using this representation, we have that
L(n) = C((nW)),

where, for each i, the vector n(¥ € Z¢ is given by

m;

n(z) = Zaijv](z).

j=1

This gives a one to one correspondence between elements of £(A) and ele-
ments of the set

C(Al X X Akfd) = £1(A1) X X Ekfd(Akfd)-
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We will combine this observation with the facts that
E(Zd) =LA+ F)

and
C(Z=D) = C((Ar + Fy) % -+ X (Ag—a + Fra)),
in order to study the spacings between points of the sets £(Z,) and C(ZF~4).
First of all, it is clear that

L(Z,) D Li(Zrp,) XX Li—a(Zrn,_y)s (4.2.6)

and that
C(ZFY D Li(Zoa) X X Li—alZry y)- (4.2.7)
Since all of the sets F},..., Fy_4, and F are finite, there is a constant

k > 0 with the property that, for all sufficiently large r,

Zr - Zr-‘,—m,/\ + Fa and
Zr C ZT+H,A7; + Zr+n,Si + Ea

for each 1 < i < k — d. For the second inclusion here we are using the
definition of 2 and the fact that A; C S; for all j # ¢. These inclusions
imply that

‘C(ZT) 'C(Zr-i-n,A) + ‘C(F)

-
g El (ZT—H{,Al + F) X oo X ﬁk—d(Zr—&-n,Ak,d + F)7 (428>
and that

C<qu«€_d) g C ((Z’r-l-n,Al + Fl) X X (Zr+n,Ak_d + Fk—d))
= £1(2T+,€7A1 + Fl) X oo X ‘Ckfd(ZrJrn,Ak,d -+ Fk,d). (429)

Now we are positioned to make our final arguments.

Suppose first of all that (LR2) holds. Let U be any connected component
of nsing(r). Then U is a (k — d)-dimensional box, with faces parallel to the
coordinate hyperplanes, and with vertices in the set C(Z¥~?). Therefore we
can write U in the form

U= {SC eEW: 51 <r; < Ti}, (4210)
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where for each ¢, the values of ¢; and r; are elements of the set £;(Z,). By
equation (4.2.9), together with Lemma 1.4.4, there is a constant ¢; > 0 such

that, for every 1,
C1

7"1—€Z>

rmi

Next we will show that there is a constant ¢, > 0 such that, for all
sufficiently large r, the orbit of every point in F,/Z* % under the action
of Z.,, intersects every connected component of nsing(r). Then Lemma
4.1.3 will imply that Y is LR. To show that there is such a constant ¢y, we
use (4.2.6) and Theorem 1.4.2. Each one of the linear forms L; is a badly
approximable linear form in m; variables, when restricted to A;. Therefore,
by (T2) of Theorem 1.4.2; there is a constant > 0 with the property that,
for all sufficiently large  and for each i, the collection of points £;(Z,, ;)
is n/(cor™i)-dense in R/Z. Choosing ¢y > 3c¢1/n completes the proof of this
part of the theorem, verifying that (LR1) and (LR2) together imply linear
repetitivity.

For the final part, suppose that (LR1) holds and (LR2) does not. Then
one of the linear forms L; is not relatively badly approximable, and we
assume without loss of generality that it is L;. Let ¢y be any positive
constant, and consider the collection of points £(Z.,,). By (4.2.8), the first
coordinates of these points are a subset of

‘CI(ZCW—I—H,IM + F)

There are at most cydr™ — 1 points in the latter set, for some constant §
depending on A;. Therefore, thinking of the points as being arranged in
increasing order in [0, 1), there must be two consecutive points which are at
least 1/(codr™) apart. On the other hand, by (4.2.7) and our hypothesis
on L1, we can choose r large enough so that there is a connected component
U of nsing(r), given as in (4.2.10), with

1

ry— 0 < .
Cco0r™

From these two observations it is clear that there is some point in F),/ZF~¢
whose orbit under Z.,, does not intersect U. Since co > 0 was arbitrary,
this means that Y is not LR. Therefore, (LR1) and (LR2) are necessary
conditions for linear repetitivity, and the proof of Theorem 4.2.2 is complete.

O
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4.3 Linear repetitivity, canonical case

Now we explore the same questions as in the previous section, but for
canonical cut and project sets. Recall that canonical cut and project sets
are defined to be nonsingular, minimal, and aperiodic, and they are formed
using the canonical window

k
i=1

As in the previous section, we ignore the dependence of our cut and project
sets on s, and we work only with type 2 patches, suppressing the notational
dependence on the subscript 2.

To begin our discussion, we will show below that if a canonical cut and
project set is LR, then so are the associated cubical cut and project sets.
For the converse direction, in many specific examples and cases which are
commonly cited in the literature (e.g. the case when k& — d=1), the proofs
we have given in the previous section do apply. However, it turns out that
there are examples of LR cubical cut and project sets which are no longer
LR when their windows are replaced by canonical ones.

As we will see, there are at least two seemingly different sources for this
type of behavior. The first is geometric, and arises in the situation when at
least two of the linear forms defining the physical space have co-kernels with
different ranks (we will explain what this means in an example below). The
second (which can occur even in the absence of the geometric situation just
described) is Diophantine, and is related to the fact that any number can
be written as a product of two badly approximable numbers (this follows
from continued fraction Cantor set arguments, see [15]). We summarize
what has just been mentioned so far the following theorem.

Theorem 4.3.1. If Y is a cubical cut and project set which is not LR,
then the cut and project set formed from the same data as 'Y, but with the
canonical window in place of the cubical one, is also not LR. However, the
converse of this statement is not true, in general.

It should be pointed out that many canonical cut and project sets of spe-
cific interest in the literature arise from subspaces defined by linear forms
with coefficients in a fixed algebraic number field. In such a case the Dio-
phantine behavior alluded to at the end of the paragraph before Theorem
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4.3.1 cannot occur. To illustrate this point, we will explain in a later section
how to prove that Penrose and Ammann-Beenker tilings are LR. This in
itself is not a new result, and in fact it is fairly obvious from descriptions
of these tilings using substitution rules. What is new is that our proof uses
only their descriptions as cut and project sets.

In order to gain a broader perspective on our results, we introduce
the notion of local derivability, which originated in a paper of Baake,
Schlottmann, and Jarvis [3]. Suppose that Y; and Y, are two cut and
project sets formed from a common physical space E, and suppose (with-
out loss of generality for the purposes of all of our results) that Y; and Y5
are both Delone sets. We say that Y] s locally derivable from Y, if there
exists a constant ¢ > 0 with the property that, for all z € E and for all
sufficiently large 7, the equivalence class of the patch of size r centered at x
in Y5 uniquely determines the patch of size r — ¢ centered at x in Y;. There
is a minor technical issue here, that z may not belong to Y; or Y,. However,
since Y; and Y; are relatively dense, this can be rectified by requiring that
x be moved, when necessary in the definition above, to a nearby point of
the relevant cut and project set. Finally, we say that Y; and Y, are mutu-
ally locally derivable, which we abbreviate as (MLD), if each set is locally
derivable from the other.

The argument in [3, Appendix]| (see also [4] and [5, Remark 7.6]) provides
us with the following characterization of MLD cut and project sets Y; and
Y5 as above.

Lemma 4.3.2. Let Y] and Yy be nonsingular, minimal, aperiodic k to d
cut and project sets, constructed with the same physical and internal spaces
and with windows Wy and Ws, respectively. Then Yy s locally derivable
from Ys if and only if Wi is a finite union of sets each of which is a finite
intersection of translates of Wy (or of its complement), with translations
taken from p*(ZF).

From this lemma we immediately deduce the following result relating
cubical and canonical cut and project sets.

Corollary 4.3.3. Let Yy be a cubical cut and project set, and let Yo be the
cut and project set formed from the same data as Yy, but with the canonical
window. Then Y7 is locally derivable from Ys. Furthermore, Y is locally
derivable from Yy if and only if, for each 1 < i < d, the point p*(e;) lies on
a line of the form Re;, for some d+1 < j <k.
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This corollary, together with Exercise 4.3.1, implies the first part of
Theorem 4.3.1, that if a cubical cut and project set is not LR, then neither
is the corresponding canonical cut and project set. Furthermore, it also
implies the following result, as a corollary of Theorem 4.2.2.

Corollary 4.3.4. A k to k — 1 canonical cut and project set defined by a
linear form L is LR if and only if L is badly approximable.

The second part of Theorem 4.3.1 is not quite as obvious. To understand
the issue, note that it is easy, using Theorem 4.2.2 and Corollary 4.3.3,
to come up with cut and project sets Y; and Y3, as in the statement of
Corollary 4.3.3, for which Y; is LR but Y5 is not locally derivable from Y.
For example, the subspace used to define the Ammann-Beenker tiling in
Section 4.4.2 provides us with such sets. On the other hand, as can be seen
in the Ammann-Beenker example, in general this does not imply that Y5 is
not LR.

We will demonstrate two different constructions for producing cubical
cut and project sets which are LR, but for which their canonical coun-
terparts are not. Our first construction is based on elementary geometric
considerations.

Lemma 4.3.5. Suppose that oy, s, and 3 are positive real numbers with
(aq,a2) € Boy and B € By, and let E be the three dimensional subspace of
R5 defined by

E = {(z,—a12, — aazy — 23, —fB13) : ¥ € R*}.

Then every cubical cut and project set defined using E is LR, but no canon-
itcal cut and project sets defined using E are LR.

Proof. Observe, as is implicit in the statement of the lemma, that E acts
minimally on T*, and that any cubical or canonical cut and project set
defined using F is aperiodic. In the notation of the proof of Theorem 4.2.2,
the kernels of the linear forms £; and £5 have ranks r{ = 1 and ry = 2.
Therefore Theorem 4.2.2 allows us to conclude that any cubical cut and
project set formed using F is LR.

Let W be the canonical window in F,. The window is a hexagon with
vertices at

es, ea+ (14 Bes, (24 a1 + az)es + (1 + f)es,
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(24 ag + asg)eq + Pes, (14 a1 + ag)ey, and 0.

For r > 0, let us consider the orbit of the line segment from es to e4 + (1 +
f)es, under the action of the collection of integers

—p(rQ) N Z* (4.3.6)

used to define sing(r). By our Diophantine hypotheses on the subspace F
(using the transference principles in the same way as we have in the proof
of Theorem 4.2.2), there is a constant C' > 0 with the property that, for all
sufficiently large 7, there is an integer point n in the set (4.3.6) satisfying

n.es = (Y1,92),

with
1

92—§

Provided r is large enough, the line segment from n.es to n.(es+ (1+ f)es),
together with the lines n.e; + Rey and e4 + Res, bound a triangle 7, with

C

C
l—— <y <1 and < —. (4.3.7)
r r

1
T <5 - (4.3.8)

Now we claim that if y and y" are two points in the canonical cut and
project set formed using W, and if p*(9) € 7, but p*(y/') ¢ T,, then P(y,r)
and P(y’,r) are not in the same equivalence class of patches of size r. Note
that we cannot appeal directly to Lemma 4.1.3 in this case, since the window
we are using does not satisfy its hypotheses. In this case we argue directly
as follows. Write y* = p*(9) and y* = p*(y/), suppose that y* € 7, and
y™* & T, and write £, for the line segment from n.es to n.(eqs + (1 + f)es).
Consider the following three cases:

Case 1: If y* lies in the half-plane above the line containing £, then the
point § — n lies in S, while ¥’ — n does not. Therefore y — w(n) € P(y,r)
but y' —m(n) ¢ P(y',r).

Case 2: If y* lies in the half-plane below the line n.e5 + Re4 then the point
y —n — es lies in S, while ¥/ — n — e5 does not. As in the previous case,
y—m(n+es) € Ply,r)but y —w(n+es5) & Py, r).

Case 3: If neither Case 1 nor Case 2 applies, then y™* lies to the right of the
line ey + Res, in the cone below the line containing ¢, and above the line
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n.es + Rey. It is clear that g — ey ¢ S, and if y' — ey € S then the argument
is the same as before. Otherwise, if y’ —e4 ¢ S, then we would have to have
that y™* ¢ W + e4. Since we have arranged in (4.3.7) for y, to be close to
1/2, this would imply that |y* —3*| > 1. As long as r is sufficiently large,
we could then conclude, by the same types of arguments used in Cases 1
and 2, that P(y,r) contains a point which does not appear in P(y',r).

Since these cases cover all possibilities, we have verified our claim above,
that the connected component 7, corresponds to a unique equivalence class
of patches of size r. This, together with (4.3.8) and a simple application
of the Birkhoff Ergodic Theorem, shows that for all sufficiently large r,
there are equivalence classes of patches of size r which occur with frequency
< r~*. Since d = 3, we conclude that canonical cut and project sets formed
using F cannot be LR. [

Although we do not attempt to generalize Lemma 4.3.5, we remark that
a similar construction would likely work whenever d > k — d > 1, to show
that some canonical cut and project sets are not LR (and even with the
extra requirement that their cubical counterparts are LR). We posit that the
analogous conditions necessary to draw this conclusion from the argument
just given should be, in the notation of the proof of Theorem 4.2.2, that
there are integers 1 < j < 7' < k — d satisfying

(i) rj # rj, and

(ii) there exists an integer 1 < i < d such that the orthogonal projection
(with respect to the standard basis vectors) of the vector p*(e;) € F),,
onto the plane in F}, spanned by e; and e;, does not lie on either of
the lines Re; or Re;.

Condition (i) is simply the requirement that the kernels of two of the linear
forms defining F, considered modulo 1, have different ranks. The second
condition is that there is a ‘slant’ in the window, when projected orthogo-
nally to the e;ej-plane.

Interestingly, there is a different type of behavior which can cause canon-
ical cut and project sets to fail to be LR. This behavior is related to Dio-
phantine approximation, and occurs because of the fact that two subspaces
defined by relatively badly approximable linear forms can still intersect in a
subspace which is not definable using relatively badly approximable forms.
A one dimensional realization of this fact is the famous theorem of Marshall
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Hall [15, Theorem 3.2], which implies that every nonzero real number can
be written as a product of two badly approximable numbers. This provides
the basis for the following example with & = 4 and d = 2, the smallest
possible choices of k£ and d for which ‘cubical LR but canonical not’ can
occur.

Lemma 4.3.9. Suppose that o and (8 are positive badly approximable real
numbers with the property that

inf n- {#n} = 0. (4.3.10)

neN
If E is the two dimensional subspace of R* defined by
E = {(z,—(2/5)x1 — azy, —B(z1 + (5/2)x2)) : € R?},

then every cubical cut and project set defined using E is LR, but no canonical
cut and project sets defined using E are LR.

Proof. First of all we remark that, by a general version of Khintchine’s
Theorem (see [27, Theorem 1]), almost every real number v has the property
that

%Iellfwn{RV} = 0.

For such a ~, it follows from Hall’s Theorem that there are badly approx-
imable a and § satisfying 5af/2 = v, and therefore (assuming v > 0) the
hypotheses of the lemma.

It is easy to see that F acts minimally on T* and that cubical and
canonical cut and project sets formed using £ will be aperiodic. By Theo-
rem 4.2.2; cubical cut and project sets formed using F will be LR.

The canonical window in F), is an octagon which includes, on its bound-
ary, the line segment from e, to (2/5)es + (1 + B)es. Each integer n € Z*
acts on this line segment, moving it to a line segment which we denote by
l,,. The initial point of /,, is the point

((2/5)n1 + ang + n3, fny + (56/2)ng + 1 + ny)

in the ezeys-plane. For any choice of no, ng, and ny, there is a unique choice
of ny with the property that ¢, intersects the line e3 + Rey, and it is clear
that |n;| is bounded above by a constant (depending at most on « and
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f) times the maximum of |ns|, |ns|, and |n4|. The intersection point just
described is e3 + yey, where y = y(ng, n3, ny) is given by

_ —b5af
)

5
Y n2+1+n4+§(1+n2—n3).

Since (4.3.10) is satisfied, for any € > 0 there is a number > 1 and integers
ny and ny with |ns|, [nyg| < r, such that

5a3 €
—mng — (1 1| < -.
B Mo ( —i—n4)—|— ,

For such a choice of ny, and n4, and with n; selected as above, we take
nz = 1+ ny. Then the line segment ¢,,, together with the lines e4 + Res and
es3 + Rey, bound a triangle of area < er~2. Since € can be taken arbitrarily
small, the remainder of the proof follows from the same type of argument
as the one used at the end of the proof of Lemma 4.3.5. n

To bring us to our concluding remarks for this section, we first of all
mention that the proof we have just given is somewhat biased towards one
particular point of view. In fact, there is a conceptually easier proof (which
is instructive in a different way), which we now explain. If we reparame-
terize the subspace F in the statement of the lemma, with respect to the
‘reference’ subspace generated by e3 and ey, then it is easy to see that condi-
tion (LR1) from Theorem 4.2.2 is not satisfied, so the corresponding cubical
cut and project sets are not LR. Therefore canonical cut and project sets
obtained using F (which of course do not depend on the choice of reference
subspace) are also not LR. This simple consideration leads naturally to an
open question, which we pose as Exercise 4.3.2 below. At the moment we
do not know the answer to this question. However, if the answer is yes, it
means that Theorem 4.2.2 gives a complete characterization of all canonical
as well as cubical cut and project sets.

EXERCISES

Exercise 4.3.1. Prove that if a Delone set Y s locally derivable from Y5,
and if Yo is LR, then Y, is also LR.
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Exercise 4.3.2 (Open problem). Is it true that a canonical cut and project
set will be LR if and only if all of the cubical cut and project sets obtained
from taking different parameterizations of E, with respect to different or-
derings of the standard basis vectors, are also LR?

4.4 Examples of linearly repetitive cut and
project sets

Our proof of Theorem 4.2.2 gave an explicit correspondence between the
collection of k to d LR cubical cut and project sets, and the Cartesian
product of the following two sets:

(S1) The set of all (k — d)-tuples (L1, ..., Lg_q), where each L; is a badly
approximable linear form in m; > 1 variables, with the integers m;
satisfying m; + - -+ +my_q = d, and

(S2) The set of all d x d integer matrices with nonzero determinant.

The fact that the set (S1) is empty when d < k/2 implies that, for this
range of k and d values, there are no LR cubical (or canonical) cut and
project sets. On the other hand, for d > k/2, there are uncountably many,
as implied by the following corollary to our main result.

Corollary 4.4.1. Ford < k/2, there are no LR cubical cut and project sets.
For d > k/2, the collection of {c;;} € R =D which define LR cubical cut
and project sets is a set with Lebesque measure 0 and Hausdorff dimension
d. Furthermore, these statements also apply to canonical cut and project
sets.

Proof. The proof of Theorem 4.2.2 demonstrates how, to each LR cubical
cut and project set, we may associate a subgroup A < Z? of finite index,
with decomposition

A=A+ + Ny,

so that each L; is badly approximable, when viewed as a linear form in m;
variables, restricted to A;. The first part of Corollary 4.4.1 clearly follows
from the fact that the integers m; > 1 have sum equal to d.

In the other direction, suppose that d > k — d. If we start with k — d
positive integers m;, with sum equal to d, and a collection of badly approx-
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imable linear forms L; : R™ — R then, thinking of
RY = R™ 4 ... 4 R™—4,
any cubical cut and project set arising from the subspace
E={(z,Li(x),..., Li_q(z)) : z € R%}

is LR, by the proof of Theorem 4.2.2. It follows that the collection of
{a;;} € R~ which define LR cubical cut and project sets is a countable
union (over all allowable choices of A; above) of sets of Lebesgue measure
0 and Hausdorff dimension at most

dimBml,l + -+ dimBmkfd,l =M1+ F+Mi_qg= d.

Since the cubical cut and project sets corresponding to A; = Z™ are all
LR, the Hausdorff dimension of this set is equal to d.

The part of Corollary 4.4.1 about canonical cut and project sets follows
from the same arguments just given, together with Corollary 4.3.3. O

Now we explain how to explicitly construct examples of LR cut and
project sets, and we also give some numerical examples to show how the
machinery we have developed in this chapter can be used to verify that
vertex sets of Penrose and Ammann-Beenker tilings are LR.

4.4.1 Explicit examples for all d > k£ — d

For d > k/2 it is easy to construct examples of subspaces F satisfying the
hypotheses of Theorem 4.2.2. Write d = mq + - -+ + my_g, with positive
integers m;, and for each i let K; be an algebraic number field, of degree
m; + 1 over Q. Suppose that the numbers 1, a1, ..., ajy,, form a Q-basis
for K;, and define L; : R™ — R to be the linear form with coefficients
Qil, -+, Qim,. Then, using the decomposition R = R™ + ... + R™—d et

E={(z,Li(2),..., Ly_q(x)) : € R}
The collection of points

{(Li(n), ..., Li_q(n)) : n € Z}
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is dense in R¥~4/Zk=4 and it follows that the subspace E acts minimally on
T*. The intersection of the kernels of the corresponding maps £; is {0}, so
any cubical cut and project set formed from E will be aperiodic. Condition
(LR1) of Theorem 4.2.2 is clearly satisfied. Furthermore, by a result of
Perron [24], each of the linear forms L; is badly approximable. Therefore
(LR2) is also satisfied, and any cubical cut and project set formed from E
is LR. Furthermore, the hypotheses in the second part of Corollary 4.3.3
are also satisfied, so any canonical cut and project set formed using F is
also LR.

4.4.2 Ammann-Beenker tilings

Collections of vertices of Ammann-Beenker tilings can be obtained as canon-
ical cut and project sets, using the two dimensional subspace E of R* defined
by

E ={(z,Li(x), Ly(z)) : v € R?},
with

V2 V2

Li(x) = 7(% +x9) and Ls(x) = 7@1 — Xa).

Although we cannot directly appeal to either Theorem 4.2.2 or Corollary
4.3.3, we will explain how the machinery we have developed can be used to
easily show that these sets are LR.

The canonical window W in F), is the regular octagon with vertices at

<1+\/§i1+\/§ i}) - <1+\/§i1 1i1+\/§>‘

1
2 2 279 2 T 927927 2

By Lemma 4.1.1, every patch of size r corresponds to a finite collection
of connected components of nsing(r). Therefore to demonstrate that a
canonical cut and project set formed using E is LR, it is enough to show
that the there is a constant C' > 0 with the property that, for all sufficiently
large r, the orbit of any nonsingular point w € F},, under the action of the
collection of integers

pH(CrY) NZF,

intersects every connected component of nsing(r).
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We claim that every connected component of nsing(r) contains a square
with side length > r~!. This follows from elementary considerations, by
writing down the equations of the line segments that form the boundary of
W, considering the action of

—p H(rQ) N ZF

on these line segments, and then computing all possible intersection points.
Since all of our algebraic operations take place in the field Q(ﬁ), it is not
difficult to show that every connected component of nsing(r) must contain
a right isosceles triangle of side length > r~!. The claim about squares
follows immediately.

Finally, the linear forms L; and L, are relatively badly approximable,
and the sum of the ranks of £, and L is equal to 2. Therefore our study of
the orbits of points towards the end of the proof of Theorem 4.2.2 applies as
before, allowing us to conclude that the C'r-orbit of any nonsingular point
in F), intersects every connected component of nsing(r).

EXERCISES

Exercise 4.4.1. Rigorously verify the claim above, that every connected
component of nsing(r) contains a square with side length > r=1.

4.4.3 Penrose tilings

This example is similar to the previous one, but it also gives an indication
of how to apply our techniques in cases when the physical space does not
act minimally on T*. Let ¢ = exp(2mi/5) and let Y be a canonical cut and
project set defined using the two dimensional subspace E of R® generated
by the vectors

(1,Re(¢), Re(¢?), Re(¢?), Re(¢"))
and
(0, Tm(¢), Tm(¢?), Tm(¢?), Tm(¢*)).

Well known results of de Bruijn [10] and Robinson [25] show that the set
Y is the image under a linear transformation of the collection of vertices
of a Penrose tiling, and in fact that all Penrose tilings can be obtained in
a similar way from cut and project sets. The fact that Y is LR can be
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deduced directly from the definition of the Penrose tiling as a primitive
substitution. However, as in the previous example, we will show how to
prove this starting from the definition of Y as a cut and project set.

The subspace F is contained in the rational subspace orthogonal to
(1,1,1,1,1). In this case Theorem 4.2.2 does not apply directly, but our
proof is still robust enough to allow us to draw the desired conclusions. Set

ay = cos(2m/5), ag = cos(4m/b), B1 = sin(27/5), and [y = sin(4n/5),
so that

E = {(z,za1 + yb, x0q + yfa, vy — yBo,xay —yPr) 1 x,y € R}.

After making the change of variables 1 = x and z9 = xay + yf1, we can
write E as

E = {(x, Li(x), Lo(x), L3(z)) : © = (21, 22) € R*}.

The functions L; are linear forms which (using the fact that 402 +2a; —1 =
0) are given by

Ll(l') = —x + 20[1%2,
Ly(z) = —20q21 — 20429, and

L3(l’) = 2(1/11‘1 — T9.

Write £; : Z? — R/Z for the restriction of L; to Z*, modulo 1, and notice
that £, 4 Lo+ L3 = 0. This means that the orbit of 0 under the natural Z?*-
action of E on F,/Z? is contained in the two dimensional rational subtorus
with equation z + y + z = 0. The kernels of the forms £; are all rank 1
subgroups of Z?, and it follows that the number of connected components

of nsing(r) which intersect the rational subtorus is = r2.

Since the forms are linearly dependent, we can understand the orbit of a
point in F},/Z? under the Z*-action by considering only the values of £; and
L3. In other words, we can consider the projection of the problem onto the
ejes-plane. Consider the intersection of a connected component of nsing(r)
with the subspace x4y + 2z = 0. This is a two dimensional region, bounded
by the intersections of the subspace with translates (by the Z° action) of
the hyperplanes forming the boundary of the canonical window. Computing
the vertices of the region is an operation which takes place in Q(v/5). As in
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the previous example, this leads to the conclusion that the intersection of
any connected component of nsing(r) with the subspace z+y+z = 0, when
projected to the e;es-plane, contains a square of side length > r~!. The
remainder of the proof follows exactly as before, allowing us to conclude
that Y is LR.



Chapter 5

Diffraction

In this chapter we give a brief account of part of the mathematical theory of
diffraction. The goal of the chapter is to prove that Dirac combs supported
on cut and project sets (satisfying our usual assumptions) have pure point
diffraction, thus reinforcing their potential usefulness as models for physical
crystals and quasicrystals. The contents of this chapter are included mostly
for completeness, and are not intended to be a complete treatise on the
theory of diffraction, either from a physical or a mathematical point of
view. Most of what we will cover, together with many more examples and
insights, can be found in the introductory book by Baake and Grimm on
aperiodic order [5, Chapters 8,9]. Having been influenced very much by
those authors and their collaborators, we follow closely their notation and
adopt much of their point of view in our exposition.

5.1 Physical diffraction

In physics the term diffraction refers to the pattern created by wave in-
terference. This is an extremely well studied phenomenon in optics and,
given a function which describes the shape of an aperture through which
waves or particles pass, the wave equation (a differential equation which
describes the propagation of waves) can be used, at least theoretically, to
predict the exact pattern and intensities which will be measured on the
other side of the aperture. Without some simplifying assumptions it is not
always possible to deduce an exact analytic solution for the wave equation.
However there are several approximations which are accurate for different
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practical purposes. One of these is Fraunhofer’s far field limit, under which
the diffraction image is predicted to be the Fourier transform of the indica-
tor function of the aperture. In this model, the intensities of peaks in the
diffraction spectrum are computed as the modulus squared of the Fourier
transform. As curious as it may seem at first, the validity of this solution
is easily substantiated by experiments which are simple enough to perform
at home (assuming access to a strong concentrated light source).

One of the uses of diffraction is to try to form an image which tells
us about the arrangement of atoms in physical materials. If the molecular
structure is disordered then x-ray diffraction will appear as noise. However
if there is a strong tendency towards order then in the diffraction we expect
this to show up as regularly arranged sharp peaks. This is referred to, in
physics, as pure point diffraction.

Before the 1980’s it was widely assumed that the presence of pure point
diffraction implied that the molecular arrangement of a material was com-
pletely periodic. If this were the case then, by the Crystallographic Restric-
tion Theorem in the form of Theorem 3.5.1, we would never see diffraction
with rotational symmetries of orders other than 1,2,3,4, or 6. This view
was challenged in the early 1980’s by Dan Shechtman, who created a metal
alloy with diffraction showing 10-fold symmetry. Although these results
were opposed for many years by well known scientists, in the end they were
proved to be correct and, in 2011, Shechtman received the Nobel Prize for
this discovery.

Of course, the existence of quasicrystals does not contradict the Crys-
tallographic Restriction Theorem. The ‘forbidden symmetries’ are possible
because the arrangement in the molecular structure of those materials is a
patch which, if extended to infinity, would form an aperiodic tiling of Eu-
clidean space. From this point of view, and from what we have learned so
far about rotational symmetries, cut and project sets are natural candidates
to model the molecular arrangements found in quasicrystals. Furthermore,
as we will show in this chapter, such arrangements do in fact produce pure
point diffraction patterns.

Now we return to our discussion of the mathematics of diffraction. In
order to deal with obstacles which are given as continuous distributions
in space, it is natural from a mathematical point of view to replace the
indicator function of the aperture in our description above by a measure in
Euclidean space. This point of view is also attractive for the reason that it
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is also flexible enough to model the situation where our obstacle is given as
an array of particles, by using a measure which is a Dirac comb (this will
be defined below) supported on a Delone set.

At the outset, we immediately encounter two difficulties in formulating
a measure theoretic approach to diffraction. The first is that, while the
Fourier transform of a measure can easily be defined for finite measures,
the usual definition does not always make sense for infinite measures, which
are some of the most natural examples we will want to study. Secondly, in
order to connect our analysis in a physically meaningful way with the above
description we must try to find a reasonable way of understanding how we
should interpret the ‘modulus squared’ of a measure.

In order to overcome the first of these difficulties, we work simultane-
ously with the space of measures and with the space of tempered distri-
butions (the latter being the natural setting in which to define the Fourier
transform). This is a necessary technical tool, and care must be taken in
passing back and forth between the two spaces. To overcome the second
difficulty mentioned above, we introduce the notion of an autocorrelation
measure and work with the Fourier transform of the autocorrelation. The
fact that the intensities of the diffraction are accurately described by the
resulting object is an analogue of the well known result that the Fourier
transform of a convolution of two functions is the product of the Fourier
transforms.

5.2 Background from Fourier analysis

In what follows we let C.(RY) denote the linear space of complex valued
continuous functions on R? with compact support, endowed with the metric
topology inherited from the sup-norm || - [|oo. We also let S(R?) denote
the Schwartz space on RY, which is the collection of complex-valued C'*
functions on R? whose higher order multiple derivatives all tend to zero as
|z| — oo faster than |z|™", for any » > 1. We use the usual topology on
S(R?), with which it is a complete normed linear space. We do not define
this topology fully, except to say that a sequence of functions {f,}nen C
S(RY) converges, as n — oo, to f if and only if

Jim (| fn = flla,s = 0,
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for all multi-indices o and 3, where the semi-norms || - ||,,3 are defined, for
g € S(R), by

9llas = sup [220%g(x)].
zeR4

The Fourier transform of a function ¢ € L'(R?) is defined by

Fo)) = [ owpe(-a-1)

where e(z) = exp(2miz). Similarly, the inverse Fourier transform of a func-
tion v € L*(RY) is defined by

(F ') (x) = 9 b(t)e(t - ) dt.

The Fourier inversion formula says that if ¢ is a continuous function in
LY(R?) and if F(¢) € LY(R?), then

FH(F¢) =o.

We note that the Fourier transform is a linear map, which provides a bijec-
tion from S(RY) to itself, with F~! being the inverse map. From here on
we use the abbreviation ¢ for F¢, and ¢ for F~1¢.

For functions ¢ € S(R?) which are periodic modulo Z¢ (i.e. so that
d(z +n) = () for all z € R? and n € Z¢) we also have the Fourier series
expansion

o(z) = Y cslm)e(m - x),

mezZk
where

co(m) = (x)e(—m - z) dx.
[0,1)¢

This leads immediately to the following well known result.

Theorem 5.2.1 (Poisson Summation Formula). For any ¢ € S(R?) we

have that R
Y o)=Y én).

nezd nezd
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Proof. Since ¢ € S(R?) it follows that the sums on both sides of the above
equation converge absolutely, and that the function ® : R? — C defined by

()= 3 o(n+a)

is an element of S(R?). By construction, ® is periodic modulo Z?, so it has
the Fourier series expansion

o) = Y ca(mle(m ),

meZd

with
cp(m) = d(x)e(—m - z) dx
m) = [ #@e(m-n
— Z ¢(n+ x)e(—m - 1) dx

nezk [0.1)9
= [ o(x)e(—m-z) dz
Rd

= ¢(m).
It is clear that all sums and integrals in this calculation are absolutely
convergent. Finally, we have that

> éln) = (0) = (n),

nezd nczd

as required. O

Finally, if 1 and ¢ are two elements of L*(R?) then their convolution is
the function ¢ x ¢ € L'(R?) defined by

@x0)a) = [ olowla—0) d
It is not difficult to check that
Oxp=1x*o

and that L
¢ x1h = . (5.2.2)
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EXERCISES

Exercise 5.2.1. For o > 0, let X, € S(RY) be the d-dimensional Gaussian
density defined by

1 —|=f?
NU(.T) = W - exp 20-2d . (523)
Prove that if f € LY(R?) is continuous at x = 0 then

f(0) = lim f(2)R,(z) dx.

=0t JRd

Exercise 5.2.2. With X, as above, prove that for every x € R?, the se-
quence {Xy /() bnen is increasing and converges to 1.

Exercise 5.2.3. Let A be a lattice in R?, let and let A* denote the dual
lattice to A, which is defined by

A ={\€R*: (A\-X) €Z for all X € A}.

Prove that, for any ¢ € S(R?),

D6 = [eovol(A)[F D7 (A,

AEA A*EA*

where covol(A), called the covolume of A, is the volume of any measurable
fundamental domain for R?/A.

5.3 Measures and distributions

We assume that the reader has some experience working with positive reg-
ular Borel measures on RY, and take this as the starting point for our
discussion. A positive regular Borel measure x on R? defines a linear func-
tional on C,(R?), the space of continuous functions on R? with compact
support, by the rule that

n(g) = /Rd g() du(z),
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for g € C.(R?).

If 4 and v are two such measures then we say that p is absolutely contin-
uous with respect to v if there is a continuous function f with the property
that

/K (@) dv(z) < oo

for all compact measurable sets K, and such that

p(g) = v(fg) for all g € Co(R?).

In this case the function f is called the Radon-Nikodym derivative of p with
respect to v. By the well known Radon-Nikodym Theorem, p is absolutely
continuous with respect to v if and only if ;(A) = 0 whenever v(A) = 0 for
a measurable set A. At the extreme opposite from absolute continuity, we
say that p is singular with respect to v if there is a measurable set A for

which p(A) = v(R4\ A) = 0.

We can write any regular Borel measure p as a sum

W= Uac + Hsing,

where . is absolutely continuous with respect to Lebesgue measure, and
Ising 1s singular with respect to Lebesgue measure. We can decompose the
singular part of p further by defining the collection of pure points of u to
be

P, ={z e R*: u({z}) > 0}.

Then we define a measure p,, by the rule that, for any measurable set A,

Hpp(A) = Z p({z}).

r€EANP,

This measure is clearly singular with respect to Lebesgue measure, so writ-
ing

Hsc = Hsing — Hpp

for the singular continuous part of u, we arrive at the decomposition

= flac + fsc + fpp- (5.3.1)
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If jipp is the only non-zero part of this decomposition then we say that p is
a pure point measure.

In order to begin speaking about Fourier transforms of measures, we
must now introduce complex measures. At the beginning of this section
we remarked that every positive regular Borel measure on R? defines a
linear functional on C.(R?). The Riesz-Markov-Kakutani Representation
Theorem tells us that a partial converse also holds, in the sense that if
F is a positive (real valued) linear functional on C.(R?) which satisfies the
condition that, for every compact set K € R?, there exists a constant cx > 0
such that, for all g € C.(R?) with support contained in K,

[F(9)] < cxllgll,

then I is determined, in the manner mentioned above, by a positive reg-
ular Borel measure. Now we simply broaden the scope and consider the
collection of all complex valued linear functionals F' on C.(R%) satisfying
the condition that for every compact K there exists a cx such that, for all
g € C.(R?) with support in K,

IF(9)] < ckllg]loo-

By an extended form of the Riesz-Markov-Kakutani Representation The-
orem, each such functional is determined, in the way above, by a linear
combination of the form

pt— s it =),

where u, =, vt and v~ are positive regular Borel measures. Such a linear
combination is called a complex measure. Thus in what follows we will think
of complex measures and their corresponding linear functionals as being the
same.

All of the notions that we developed above concerning absolute conti-
nuity, singularity, and pure point measures, as well as the existence of a
decomposition as in (5.3.1) with respect to Lebesgue measure, generalize in
the obvious ways to complex measures.

If 1 is a measure then the conjugate of p is the measure 1w defined by
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for g € C.(R?). A measure yu is real if i = p and it is positive if it is real
and if p(g) > 0 whenever g > 0 (this is clearly consistent with our previous
notion of positivity of measures). For any measure p, the total variation
measure |u| of p is defined to be the smallest positive measure with the
property that

1l (g) = |p(9)]

for all g > 0. A measure p is translation bounded if

sup |l + K) < oo,
zC€R4

for all compact sets K, and it is finite if |u|(RY) < oo.

The collection of all complex regular Borel measures on R?, which we
denote by M(R?), becomes a topological space with the weak-* topology
which it inherits from C.(RY). Explicitly, a sequence of measures {, }nen
converges as n — oo to u if and only if

lim p,(g) = p(g)

n—o0

for every g € C.(R?).

The Fourier transform of a finite measure pu is defined to be the measure
which is absolutely continuous with respect to Lebesgue measure, whose
Radon-Nikodym derivative is given by

At) = / et 1) dul).

As was mentioned, this definition does not generalize well to infinite mea-
sures. In order to move in that direction, we need to take a slightly different
approach.

With a view towards extending the definition of the Fourier transform,
we define the space of tempered distributions to be the space of complex
valued linear functionals on S(R?). We denote this space by &’(R9) and,
similar to the space of measures, we take it to be equipped with its weak-
* topology. To be clear, a sequence {7, },en of tempered distributions
converges to T' € S'(R?) if and only if

lim T,,(¢) = T(¢)
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for every ¢ € S(RY).

An important subspace of S'(R?) is the space of regular distributions,
which are defined, for each continuous function g with at most polynomial
growth, by

1,06) = | o(w)g(z) d.

The space of regular distributions is dense in S’(R¢), but not all tempered
distributions are regular distributions. For example, if x € R¢ then the
Dirac delta distribution 6, € S’(RY), defined by

is not a regular distribution. If 7" is a regular distribution then the Fourier
transform of T' is the tempered distribution 7" defined by

T(¢) = T(¢).

The Fourier transform thus defined extends to a unique continuous function

on all of §'(R?).

Now we consider a couple of examples. For the first, let 2 € R? and
define §, € §'(R?), the Dirac delta distribution at z, by the rule that

for all ¢ € S(RY). This is clearly a tempered distribution, but it is not a
regular distribution. This means that, technically, to compute gx we need
to realize 0, as a limit of regular distributions and then use the continuity
of the Fourier transform. Therefore, for ¢ > 0, let 8, € S(RY) be the
Gaussian density defined in (5.2.3). By the result of Exercise 5.2.1 we have
that, for any ¢ € S(RY),

5.(¢) = lim | dla+ R, (t)dt = lim [ SR, (t — ) dt.

=0t JRpd =0t JRrd

This shows that ¢, is the weak-* limit as 0 — 0 of the sequence of regular
distributions given by the functions R, , defined by

N, (1) = N, (t — x).
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Taking Fourier transforms, and using similar steps as above, we have for
¢ € S(RY) that

~

0.(¢) = lim Ty, (¢) = lim Ty, (9) = o(x).

o—0t o—0t

Since

o) = [ el t)ott) .

this proves that /5\,; is the regular distribution defined by the function e(—z -
t) € S(RY). Although we could have guessed this directly from the definition
of the Fourier transform for regular distributions, we have now verified it
rigorously. As a special case of this result, we observe that dy corresponds
to the distribution which integrates a function over R%. In other words, dy
is Lebesgue measure, viewed as a tempered distribution.

In our applications below we will be considering distributions which are
supported on point sets in RY. Therefore, suppose that Y C R? is such a
point set, and that w : Y — C is a complex valued function defined on Y,
with the property that |w(y)| grows at most polynomially in |y|. Then the
weighted Dirac comb w defined by w is the tempered distribution given by

w= Z w(y)dy.

yey

The growth condition on w guarantees that this is in fact an element of
S’(R%). Of particular importance is the special case when Y = Z? and
w(y) =1 for all y € Y. We leave it as an exercise (see below) to compute
the Fourier transform of the resulting Dirac comb.

Now we return to the problem of defining the Fourier transform of a
measure. It is not the case that every measure is a tempered distribution,
nor is it the case that every tempered distribution is a measure. Therefore,
although these two collections of objects do have a nontrivial intersection,
it will take some justification to pass back and forth between the two. In
our upcoming application to diffraction, the basic strategy that we would
like to employ is to argue that we are working with a measure that is also a
tempered distribution (such a measure is called a tempered measure), then
compute the Fourier transform, then argue that the resulting object is not
only a tempered distribution but also a measure.

Fortunately, in our application things are not too complicated. First of
all, we will be starting with translation bounded measures which, it is easy



90 CHAPTER 5. DIFFRACTION

to see, also define linear functionals on S(R?). Secondly, our measures will
also be positive definite measures, which means that, for any g € C.(R%),

(g *g) >0, (5.3.2)
where g € C.(R?) is defined, here and in what follows, by
§(x) = 9—). (5.3.3)

In this situation we can appeal to a well known result, the Bochner-Schwartz
Theorem, which tells us that if u is any tempered measure which is a positive
definite tempered distribution (which means that (5.3.2) holds for all g €
S(R?)) then 7 is a positive, translation bounded measure.

EXERCISES

Exercise 5.3.1. Let w € S'(RY) be the Dirac comb defined by

Prove that

Exercise 5.3.2. Prove that the collection of positive definite tempered dis-
tributions is a closed subspace of S'(RY).

5.4 Autocorrelation and diffraction

Finally we are in a position to introduce diffraction. Recall that we are
looking for a mathematical definition of diffraction, for measures, which
matches the physical observation that the intensity of the diffraction pattern
is the modulus squared of the Fourier transform. For measures, one way
to arrive at such a definition is to begin by forming an autocorrelation
measure, which is a limit of convolutions of finite measures, and then pass
to the Fourier transform.

First of all, the convolution of two finite measures p and v is the finite
measure j * v defined by

)= [ [ ole+ ) duto) dvto)
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Functionally, convolutions of finite measures satisfy similar properties as
convolutions of functions. For example, the Fourier transform f * v is eas-
ily seen to be the absolutely continuous measure whose Radon-Nikodym
derivative is given by
L.

As will become clearer below, this is one justification for pursuing this line
of thought, in the scope of our discussion of diffraction, in attempting to
make sense of the ‘modulus squared of the Fourier transform’.

Now suppose that ;1 € M(R?) is an arbitrary (possibly infinite) measure
and for each R > 0 let ur € M(R?) be defined by

pr(g) = /B o g(z) dp(z).

Then, writing i for the measure defined by

fi(g) = 1(9),
with ¢ given by (5.3.3), define v,SR) € M(R?) by

L(R) _ HR* AR
a |Br(0)|

where |Br(0)| denotes the volume of the ball of radius R centered at 0 in
R?. If p is a translation bounded measure then it follows that the collection
of measures {vﬁR)} r>0 is bounded in M(R?), in the weak-* topology, and
that any accumulation point of this sequence is also translation bounded
(see [5, Proposition 9.1]). If there is a unique accumulation point of this
sequence, then we call it the autocorrelation measure of p and we denote
it by v,. It is an important fact that, if p is translation bounded and if
Y, exists, then it is a positive definite tempered distribution. This is often
taken for granted but, as a test of understanding up to this point, the reader
is encouraged to try to prove it in Exercise 5.4.1 below.

Now we arrive at the definition which has motivated most of our analysis
in this chapter. Suppose that pu is a translation bounded measure and that
its autocorrelation 7, exists. Then 7, is a translation bounded measure,
hence a tempered distribution, and it is also positive definite as a tempered
distribution. Therefore, by the comments at the end of the previous section,
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the Fourier transform 7, is a positive, translation bounded measure, called
the diffraction measure of pu.

EXERCISES

Exercise 5.4.1. Let y € M(R?) be a translation bounded measure and
suppose that the autocorrelation v, exists. Prove that -y, is a positive definite
tempered distribution.

Exercise 5.4.2. Let Y C R? be a uniformly discrete set and let w € M(R?)
be the Dirac comb defined by

W= Z dy.
Prove that, for R > 0,

WR * Wp = Z c(z, R)d.,

zeY =Y

where

c(z,R) =#{(y.¥) v,y € YN Bg(0), y — ¢ = z}.

5.5 Diffraction from cut and project sets

Now we turn to the problem of computing the diffraction of the Dirac comb
of a cut and project set. Much of what is in this chapter was originally
formulated in a rigorous way by Hof [18], although our presentation more
closely follows that in [4, Chapter 9.

Recall the notation of Section 3.2. Suppose that E is a d-dimensional
subspace of R*¥ which acts minimally on T*. Let F, be a complementary
subspace satisfying our usual hypothesis that 7|z is injective, and suppose
that the window W, C F, is bounded and has non-empty interior. The
choice of s in the definition of our cut and project set makes no difference
in the resulting diffraction measure, therefore let s = 0 and let Y = Y be
defined as in (3.2.1). In what follows set L = 7(Z*) and L* = 7*(Z*). Then
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for any z € L we use 2 to denote the unique point in Z* with the property
that 7(2) = z, and we set z* = 7%(2).
Let w € M(R?) be the Dirac comb defined by
w = Z dy.
yey

It is clear that w is translation bounded, so all of our comments from the
end of the previous section will apply, as soon as we show that the auto-
correlation 7, exists.

By Exercise 5.4.2 we have that
WP =Y n(z R,
z€Y =Y

with

n(e R) = #{(y:y) 9,y €Y N BR(0), y —y' =z}
’ |Br(0)| 2

We have used a subscript E here to indicate that | Bg(0)|g is the d-dimensional

volume of a ball of radius R centered at 0 in E. Now if y,y € Y then we

have that N
y—y =nl-y)€eL,
which shows that the measures %(JR) are supported on L.

Now for any z € L we have that

|Br(0)|z - n(2, R) = #{y,y € Y N Br(0) : y —y' = 2}
=#{y,y € LN Br(0) : y",y" € Wy, y — ¢/ = 2}
=#{y € (LN Br(0) N Br(2)) : y",y" — 2" € Wi}
=#{ye (LN Br(0)N Bgr(2)):y* € W, N (W, + 2))}.

Now since E acts minimally on T*, the action is uniquely ergodic and we
have that

#{y € (LN Br(0) N Br(2)) : y* € Wx N (Wr +27))}
~ |Br(0)|g - Wr N (Wi + 2")|E,, as R — oo,

where |- |, denotes (k — d)-dimensional volume in F,. This shows that, for
any z € L,

1) = Jim (=, B) = [We 0 (s + )], (5.5.1)
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It follows from this formula that the support of the function n : L — [0, c0)
just defined is also a cut and project set, defined using the same data as
Y, but with the window W, — W,. This implies, in particular, that the
support of 7 is a Delone set in E (cf. Exercise 3.2.5).

Finally, it is now straightforward to see that, for any g € C.(R%),

lim {9 (g) = “n(2)9(),

z€L

and so we have that the limiting autocorrelation of w exists and is given by

Y = Z 77('2)52'

zeL

Furthermore, by what we have said previously, 7, is a translation bounded
measure (hence a tempered distribution), and positive definite tempered
distribution. Therefore the diffraction measure 7, is a positive, translation
bounded measure.

The basic strategy for computing the diffraction measure is to lift v, €
S'(E) to a tempered distribution in S’'(R¥) supported on Z*, apply the Pois-
son Summation Formula in the form of Exercise 5.3.1, and then marginalize
the resulting measure in the F component to obtain a measure on M(FE).
In what follows, if g : E — C and h : F; — C then we write g ® h to denote
the function from R* to C defined by

(9 @ h)(x) = g(m(x))h(n" (2)).

First of all, let v € S'(R*) be defined by
V= Z n(m(n))d,.
nezk

For o > 0 write X, € S(F}) for Gaussian density defined in Exercise 5.2.1.
Then we have, for g € S(E), that

o~ N o + o~ —~
v(@OR,) % @) = F.(9), (5.5.2)

where, for the limit, we have used the result of Exercise 5.2.2. Now we
would like to go further in expanding out the left hand side of this equation
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but, before we do so, let us return to the definition of n(z) from (5.5.1) and
notice that it can be rewritten as

n(z) = / o (DX (= 27) = Oows * X, ) (),

where Yy, denotes the indicator function of W. Therefore let £ € L'(F})
be defined by

§(@) = Oows * X ) (@),
so that n(z) = £(2*) and, by (5.2.2), we have that

E(8) = R, () - Xy, (1) = [, (D).
Returning to left hand side of equation (5.5.2), we have that
V(G R,) =Y &(r"(n)) G(r(n)) Ro(m*(n)).
nezk

Now notice that

E(r*(n) Gl (n)) Ro(m*(n) = (9@ (€ - R,))(n),

and apply the Possion Summation Formula to obtain

nczk

= >~ gln(m) - € Ro) (=" (m)).

nezk

Here we have also used the fact that

—
—_—

& Ro(m(n)) = £ x V(7" (n))
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Finally taking the limit as o — 0" and using (5.5.2) and Exercise 5.2.1, we

have that N
To = &) 0. =D 1R, (27 - 0.

zeL zeL

This completes our calculation of the diffraction measure of Y, showing that
it is a pure point measure supported on the Delone set Y — Y.



Bibliography

C. Aistleitner. A note on the duffinschaeffer conjecture with slow di-
vergence. Bull. London Math. Soc., 46(1):164-168, 2014.

Pascal Alessandri and Valérie Berthé. Three distance theorems and
combinatorics on words. Enseign. Math. (2), 44(1-2):103-132, 1998.

M. Baake, M. Schlottmann, and P. D. Jarvis. Quasiperiodic tilings with
tenfold symmetry and equivalence with respect to local derivability. J.

Phys. A, 24(19):4637-4654, 1991.

Michael Baake. Quasicrystals: An Introduction to Structure, Physical
Properties and Applications, chapter A Guide to Mathematical Qua-
sicrystals, pages 17-48. Springer Berlin Heidelberg, Berlin, Heidelberg,
2002.

Michael Baake and Uwe Grimm. Aperiodic order. Vol. 1, volume 149
of Encyclopedia of Mathematics and its Applications. Cambridge Uni-
versity Press, Cambridge, 2013. A mathematical invitation, With a
foreword by Roger Penrose.

V. Beresnevich, G. Harman, A. Haynes, and S. Velani. The Duffin-
Schaeffer conjecture with extra divergence II. Math. Z., 275(1-2):127—
133, 2013.

V. Beresnevich, A. Haynes, and S. Velani. Sums of reciprocals of frac-
tional parts and multiplicative Diophantine approximation. ArXiv e-
prints, November 2015.

Victor Beresnevich, Detta Dickinson, and Sanju Velani. Measure the-
oretic laws for lim sup sets. Mem. Amer. Math. Soc., 179(846):x+91,
2006.

97



98

[9]

[10]

[11]

[12]

[13]

BIBLIOGRAPHY

J. W. S. Cassels. An introduction to Diophantine approximation. Cam-
bridge Tracts in Mathematics and Mathematical Physics, No. 45. Cam-
bridge University Press, New York, 1957.

N. G. de Bruijn. Algebraic theory of Penrose’s nonperiodic tilings of
the plane. I, II. Nederl. Akad. Wetensch. Indag. Math., 43(1):39-52,
53-66, 1981.

Michael Drmota and Robert F. Tichy. Sequences, discrepancies and
applications, volume 1651 of Lecture Notes in Mathematics. Springer-
Verlag, Berlin, 1997.

R. J. Duffin and A. C. Schaeffer. Khintchine’s problem in metric Dio-
phantine approximation. Duke Math. J., 8:243-255, 1941.

G. A. Freiman. The initial point of Hall’s ray. In Number-theoretic
studies in the Markov spectrum and in the structural theory of set ad-
dition (Russian), pages 87120, 121-125. Kalinin. Gos. Univ., Moscow,
1973.

G. A. Freiman. Diofantovy priblizheniya i geometriya chisel (zadacha
Markova). Kalinin. Gosudarstv. Univ., Kalinin, 1975.

Marshall Hall, Jr. On the sum and product of continued fractions.
Ann. of Math. (2), 48:966-993, 1947.

Glyn Harman. Metric number theory, volume 18 of London Mathemat-
ical Society Monographs. New Series. The Clarendon Press, Oxford
University Press, New York, 1998.

A. Haynes, A. Pollington, and S. Velani. The Duffin-Schaeffer conjec-
ture with extra divergence. Math. Ann., 353(2):259-273, 2012.

A. Hof. On diffraction by aperiodic structures. Comm. Math. Phys.,
169(1):25-43, 1995.

A. Julien. Complexity and cohomology for cut-and-projection tilings.
Ergodic Theory Dyn. Syst., 30(2):489-523, 2010.

A. Ya. Khintchine. Continued fractions. Translated by Peter Wynn.
P. Noordhoft, Ltd., Groningen, 1963.



BIBLIOGRAPHY 99

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

L. Kuipers and H. Niederreiter. Uniform distribution of sequences.
Wiley-Interscience [John Wiley & Sons], New York-London-Sydney,
1974. Pure and Applied Mathematics.

Marston Morse and Gustav A. Hedlund. Symbolic Dynamics. Amer.
J. Math., 60(4):815-866, 1938.

Marston Morse and Gustav A. Hedlund. Symbolic dynamics II. Stur-
mian trajectories. Amer. J. Math., 62:1-42, 1940.

Oskar Perron. Uber diophantische Approximationen. Math. Ann.,
83(1-2):77-84, 1921.

E. Arthur Robinson, Jr. The dynamical properties of Penrose tilings.
Trans. Amer. Math. Soc., 348(11):4447-4464, 1996.

Andrew M. Rockett and Peter Sziisz. Continued fractions. World
Scientific Publishing Co., Inc., River Edge, NJ, 1992.

Wolfgang M. Schmidt. Metrical theorems on fractional parts of se-
quences. Trans. Amer. Math. Soc., 110:493-518, 1964.

Wolfgang M. Schmidt. Badly approximable systems of linear forms. J.
Number Theory, 1:139-154, 1969.

Vera T. Sés. On the theory of diophantine approximations. I. Acta
Math. Acad. Sci. Hungar, 8:461-472, 1957.

S. Swierczkowski. On successive settings of an arc on the circumference
of a circle. Fund. Math., 46:187-189, 1959.



