Essential Extract: Vector Calculus

++ For videos see Advanced Math Cafe on YouTube =

Line integrals (three kinds) grad, div, and curl
f:R*>R, F:R*">V, grad(f) = Vf = fu, fy, )
r(t) = (), 22(t), (), a < <D div(F) = V-F = P, +Q, + R.
T(t) = r'(t) curl(F) = VxF = (R,—Q., P,—R,, Q.—P,)
v’ (2)]
Conservativity, independence of path
@ J fds= J f(r ()] dt F:D — Vs, DCR?simply connected,
first partials of F continuous:
@ L,f dx; L Fe(®)i(t) dt F=Vf forsome f:D—R

b .
@ J F-dr = J F-Tds = J F(r(t))-r'(t) dt < J F - dr independent of path
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Surface integrals (two kinds)
f:RR>R, F:RP->1V,
S:or(u,v) = o(u,v), y(u,v), 2(u,v)), (u,v)e D R?

o)< B
® ﬂf as - H Flr(u, o)) x 1] dA
@” - dS = ”F n ds = ” r(u,v)) - (ry, x r,) dA

FTC for line integrals : L*(Vf) ~dr = f(r(b)) — f(r(a))

Green’s theorem : § P(z,y) de + Q(z,y) dy = fj(@x — P,) dA
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Stokes’s theorem : ng -dr = #curl F-dS
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Divergence theorem : #F -dS = JJJ div F dV
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