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UH - Math 6302 (Modern Algebra) - Dr. Heier - Fall 2013

Midterm Exam

Wednesday, October 23, 2013

Solve all of the 6 problems. Please show all work to support your solutions. Our policy
is that if you show no supporting work, you will receive no credit. This is a closed book
test. Please close your textbook, notebook, cell phone. No calculators are allowed in this
test. Please do not start working before you are told to do so. The time allowed will be
announced by the proctor.
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1. (10 points) Let H and K be subgroups of the group G. Prove that H UK is a subgroup
of Gifand only if H C K or K C H.
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2. (10 points PER ITEM) Determine if the following statements are TRUE or FALSE. In
each case, provide a PROOF for your answer.

(a) There exists a group of order 10 and a set A of cardinality 8 such that G acts transi-
tively on A.

(b) There exists a group of order 10 and a set A of cardinality 5 such that G acts transi-
tively on A.

(c) There exists an abelian group of order 12 which acts faithfully and transitively on a
set A of cardinality 6.
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3. (a) (5 points) Let H and K be finite subgroups of the group G. Assume that the orders
of H and K are relatively prime. Prove that H N K = {e}.

(b) (10 points) Let G be a group. Let H be a sub f i
: group of order 2 in G. P that
NG(H) & CG(H) P rove a

Q,) &i X € Hf\ I( ZQTQMJe;> owé(X)/#H— crn ol
vl (x ) [# K

acca(##,#K)= { 45 Q;rwlfﬁtm_ =% CNJ(K}: /

=) X= &

g) i ‘fvt'vli;@
‘e’ Zd—&e/%_(#)_ Unte Hefe ¢}
(Gar- 3@2",—e‘|
Sttt fave 4o prove BYJP':X.

f wot 4G qe M CH) = g<q'ce
= jX:(j =) %:e, %



4. (15 points) Determine explicitly the set Syl3(S;). Hint: Use Sylow’s theorem and
additional explicit considerations.
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5. (a) (5 points) Are the groups Zgy X Zys X Zyy X Zgs and Zy5 X Zag X Loz X ZoxZyxZy
isomorphic? Justify your answer carefully.
(b) (10 points) Give a complete list of all abelian groups of order 108 = 2. 3%
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6. (15 points) Let H and K be groups. Let ¢ : K — Aut(H) be a homomorphism. Let
o : K = K be an automorphism of K. Let ¢ = @oo. Prove that the semi-direct products
H %, K and H %, K are isomorphic.
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