UH - Math 4377/6308 - Dr. Heier - Spring 2010
Midterm Exam

Thursday, March 11, 2010
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Solve all of the five problems. Please show all work to support your solu-
tions. Our policy is that if you show no supporting work, you will receive
no credit. This is a closed book test. Please close your textbook, notebook,
cell phone. No calculators are allowed in this test. Please do not start
working before you are told to do so. The time allowed will be announced
by the proctor.

Problem 1 /20 points
Problem 2 /20 points
Problem 3 /20 points
Problem 4 /20 points
Problem 5 /20 points

Total /100 points




la. (10 points) Let z,y € R. Let z ~ y if and only if there exists an

integer 7T such that y = 2"z. Prove that ~ is an equivalence relation.
(Hint: 2°=1.)
1b.

(i) (5 points) Solve 22—-92142=0inC (i.e., the field of complex numbers).

(i) (5 points) For an arbitrary non-zero complex number of the form z =
a + bi, give the multiplicative inverse z=! in the form ¢ + di. Justify
your answer carefully.
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2a. Determine if the following subsets of the vector space of 2 x 2 matrices
with real entries are subspaces. You may assume as true that the set of
2 x 2 matrices with real entries forms a vector space with the usual addition

and scalar multiplication. Justify your answer carefully.

. . a; a\
(i) (7 points) {(03 Uﬁ) 1 Q1,09,03 € R}

2
- . ay; ag
hoints Say,a0,a3 € R
(i) (7Tp ){(ag ag) 1,02, 03 }

2b. (6 points) Assume as given that the n x n matrices with real entries
form a vector space. Is the subset of invertible matrices a linear subspace
of this vector space? Justify your answer carefully.
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3a. (10 points) Find a basis for the following subspace W of R®:
W = {(a1, a2, a3,a4,05) € R® : a1+as+az+as+as = 0,a; = ay+3as, aj+aq = 0},
3b. (10 points) Find nullity and rank of

R 3
T 3 R L R ; (a’l) CLQ.’ a’3} Ay, 0’5) = (CLl‘l‘CI,Q‘f"CLg, _a1+2a2+a4+a5, 3a2+a3+a4+a5).
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4a. Let G = {(-1,0,-1),(3,2,1),(1,2,1)}. Let L = {(1,1,0),(2,1,1}.

(i) (7 points) Show that G spans R®. (Since it has 3 elements, G is then
automatically a basis, but we are only interested in the spanning prop-
erty.)

(ii) (7 points) Find a vector v € G such that {v} UL spans R®. Prove the
spanning property with an explicit computation.

4b. (6 points) Let T : R? — R? T(ar,a3) = (63 + g, 6y — as). Let

f=1{(1.1),(-2,1)} and v = {(1,0), (1,-1)}. Compute (T3
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5a. (10 points) Let V' be a vector space over the real numbers. Let {v1, v}
o ]
be a basis for V. Is {v; + vy, v9} also a basis for V? Prove your answer.

5b. (10 points) Let V be a finite-dimensional vector space over the real

numbers. Let T : V' — V be a linear transformation. Prove that if T is onto

then T carries linearly independent subsets of V onto linearly independent

subsets of V.

g/q_ {U“l-bl)}_ ! Uzﬂ Cm?lm'& 72: Odw\ \/ ’btc‘({orr

—

a(viiv, )+ v, = 5
=2 av; +(atl]v, =0

’U;;_'J& é\_\wdr @ =0 ool q4{:0 -;)__5.:__:_-___9__:_‘_4-_

S'é Swme T o %1/0, m(fﬁ'zfj: Oz“‘w Vs W{(T/:O
=2 T & |-
Jor vy, w2l & W,-o@(p s fe

QnT(UJ) SR T(%) =0
L% { (o\,u,+_-_+0<zglfgjla

5

=) OVt .+ apup O

6




