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Problem 1
(a)

Proof. We prove (a) by proving TU (S\T) C SUT.and SUT CTU(S\T).
For arbitrary € TU (S\T),x € Torx € S\T. lf z € T, then z € TU S;
If ¢ T, then x € S\ T, then z € S. So we conclude that x € SUT. So
TU(S\T)C SUT.

IfzeSUT,thenx € SorxeT. If x ¢ T, then z € S\ T follows from the
definition of S\ T. So x € TU(S\T). Hence SUT C TU(S\T). O

(b)Similar.

Problem 2
(a)

Proof. First we prove LHSCRHS. For every x € AN (BUC), x € A and
x € BUC. This impliesx € Borx € C. If x € B, thenx € ANB. If x € C,
then z € ANC. Soisin AN B or ANC, which means z € (ANB)U(ANC).

Then we prove the other direction RHSCLHS, if € (ANB)U(ANC), then
r€ANBorx € ANC. Ifx € ANB,thenx € Aand z € B. If x € ANC then
re€AandzeC. Thenz e Aandex € Borz € C. Sox € Aand z € (BUA).
Soxe AN(BUCO). O

(b) Omitted.

Problem 3
Can use induction.

Problem 4

Proof. We use induction. When n = 4, clearly 2% = 16 < 4! = 24.
Assume the statement is true for an integer n > 4, i.e. 2" < nl. Then

n+1>4+1>
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So
n—+1

n!(

) >nl>2"

Then
nln+1)=(n+1)! >2.2" =2"*L

So we the statement is true for n + 1. From the principle of mathematical
induction we know the statement is true for all integers n > 4. O

Problem 5

A binary operation on a set S can be viewed as a map from S x S to
S. A commutative binary operation on a set S can be viewed as a map from
S xS/ ~— S, where ~ is a equivalence relation defined by (a,b) ~ (¢, d) if and
only if (e =dand b =¢) or (a = ¢ and b = d)). By counting the number of
functions from finite sets A to B are (#B)#4. #S =n, #(S x S) = n? so the

number of binary operations on S is n™ . H#H(E xS/ ~)=Con+n= w,
where Cy ,, means the number of choices to pick 2 elements from n elements.

. . . n(nt1)
So the number of commutative binary operations are n™ 2




