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ABSTRACT

For a ring R with 1, let &(R) denote the class of lattices
representable in submodule lattices of R-modules. It is shown that
the binary ring predicate &([R) € £(S) is related to the existence
of exact embedding functors R-Mod —S-Mod. The predicate
L(R) € &£(S) can be evaluated in general if it can be evaluated
for rings with the same characteristic. Furthermore, only rings with
zero or prime power characteristic need be considered. Necessary and
sufficient conditions on R are given such that ,f,(R) = of,(S) for
S a unitary subring of the field of rationals or for S the ring

of integers modulo n, n a prime or a product of distinct primes.
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Given a ring R with unit, a lattice L 1is '‘representable by
R-modules' if there exists a unitary left R-module M such that
L is embeddable in the lattice of submodules of M. Of course,
embeddability in the lattice of submodules of M is equivalent to
embeddability in the lattice of congruences of M [1: VII, Thm. 1,

p. 159]. In the following, we consider the general problem:

For which rings with unit R and S is every lattice represent-

able by R-modules also representable by S-modules?

Our attack on this problem uses abelian category methods in
addition to the methods of modular lattice theory. Let us first
introduce some notation. Hereafter, R and S will denote rings
with unit. The lattice of submodules of a left unitary R-module |
M will be denoted TI'(M;R). The class of all lattices representable
by R-modules will be denoted X (R). Hence, our general problem
is the study of the binary ring predicate X(R) C ¥(S) for

various choices of R and S.

Let R-Mod denote the abelian category of all R-modules and
R-linear maps between them. If B8 is a cardinal number, we will
also consider R-Mod(B), the category of all R-modules with
cardinality less than B and all R-linear maps between such modules.
Note that R-Mod(B) 1is an exact subcategory of R-Mod if B is

infinite. Let card(X) denote the cardinality of a set X.
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To digress momentarily, we remark that ®(R) is a "quasivariety"
of lattices, that is, £(R) is the class of all lattices satisfying
some set of universal Horn formulas. (A universal lattice Horn |

formula is of form:

(s Ko wee s Xp) (Lo =g & oon ey, = ep o) ey g = ey,
where €15 €5 -»- , € are lattice polynomials in the variables
X)5 Xp5 o s xm.) This was proved by a model theoretic argument in

general [4: Thm. 6], and was proved by discovery of a constructive
procedure for generating infinite Horn formula axiomatizations of
LR) in the commutative case [6, 7: Main Thm.]. In [4: Thm. 3], a
result is obtained implying that &(R) is not finitely first-order
axiomatizable if R 1is the ring of integers, or if R 1is the field
of rationals, or if R is any ring between the integers and the
rationals (that is, any unitary subring of the rationals). In [10],
another model theory approach yields the following results: (1) If
R 1is a ring defined on a recursive set of natural numbers with‘
recursive ring operations of addition and multiplication, then there
is a primitive recursive set of universal Horn formulas characterizing
L(R). (2) Suppose that a "term" is 0, 1 or a variable Yis Yoo coe s Yo
and an "'equation'' is t1 *t,=t; or tlt2 =t for temms tl’ t2
and t,. For any rings R and S with unit, either LR c LS)

3
or there exists a system of equations that is true in S for some
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assignment of elements of S to Y1s Ygs ++e 5 Yy but which is false

in R for every assignment of elements of R to Yis Yoo ore 5 Yy

Let us now return to consideration of the predicate LR)c F(S).

We begin by stating a conjecture:

For any rings R and S with unit, &£R) < L(S) if and only

if there exists an exact embedding functor R-Mod —-S-Mod.

We will not prove this conjecture as stated, but will prove a ’
slightly weaker version for our first theorem. Specifically, we will

prove RLR) € L(S) equivalent to the following:

For every infinite cardinal B, there exists an exact embedding

functor R-Mod(B) ——S-Mod.

The following propositions lead up to the proof of this result.

Prop. 1. If there exists an exact embedding functor R-Mod-——S-Mod,
then LR)C X(S).

Prop. 2. If there exists a ring homomorphism S——R preserving 1,

then LR) c X(S).

Prop. 3. If there exists a bimodule M (left S-module, right R-module)
which is faithfully flat as an R-module, then LR} C &(S). (M is

"faithful” if M@, M, = 0 implies My =0 for all M, in R-Mod.)

0
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To prove EX(R) © ¥(S), it suffices to show that T'(M;R) is in
*L(S) for each M in R-Mod. Suppose F:R-Mod———S-Mod is an
exact embedding functor. Then F induces a lattice embedding

FO:I‘(M;R)——W(F(M);S) defined by F

il

f] [F£f] for [f] a sub-

ol
object of M. (See [5: p. 183] for relevant information. Note also
that we have identified the lattice of submodules of M with the

lattice of subobjects of M in R-Mod, and similarly for FM) in

S-Mod.) This proves Prop. 1.

If there exists a ring homomorphism h:S——R preserving 1,
it is well-known (and easily verified) that the '‘change of rings"
operation [2: p. 28ff] M—--»M(-h) induces an exact embedding

R-Mod ——S-Mod. So, Prop. 2 follows from Prop. 1.

The hypotheses of Prop. 3, interpreted, assert that M@, - is
an exact functor that reflects zero objects (that is, every inverse
image of a zero object is zero). But then M@R- is an exact
embedding functor [11: II, 7.2, p. 57]. Therefore, Prop. v3 also

follows from Prop. 1.

To prove that &(R) C £(S) implies existence of an exact
embedding functor R-Mod(B8) ——S-Mod, we make use of the '"abelian"
lattice concept of [5]. By [5: Main Thm.], a functor A can be
constructed, taking an abelian lattice L into a small abelian

category AL’ and taking a lattice homomorphism b:L—M of
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abelian lattices into an exact functor Ab: AL-——-—»AM. If b is a
lattice embedding, then Ab reflects zero objects by [5: 3.16, p. 1721,

and so Ab is an embedding functor by [11: II, 7.2, p. 57].

Definition. Let B8 be an infinite cardinal number, regarded as the

set of smaller ordinals. Let RB be the free R-module with g

generators, with free generating set ({ X" § € 8 }. A submodule M

of RB has '"bounded support' if there exists a subset A of B8

such that card(A) <8 and M is contained in the submodule of RB
generated by {x,: 8 e A}. Let Pb(RB;R) denote the set of submodules
of RB with bounded support.

Prop. 4. If B 1is an infinite cardinal, then Ty (RB;R) is an ideal

of F(RB;R), and is an abelian lattice.

Proof: Modify the proof of [5: 4.2]. We will only outline the
proof that any M in I‘b(RB;R) can be "'tripled'. Choose ACB
such that card(A) < B and M is contained in the submodule generated
by {x;:38¢eA }. Since card(B = A) = B8, we can choose BCg —~ A
and a bijection 6:A——B. Now each m in M ‘can be expressed
uniquely as a sum I T.X where all but finitely many of the

’
SeA 878

coefficients r, equal zero. Then define:

8

={ I rx L rX. eMl,
1 SeA §78(8) seA S8

=
i

={ I r.(x,6-x ): r rXx,.eMIl.
2 SeA §+°8 8(s) SeA &8
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It is easily shown that M, and M, are in I‘b(RB;R) and that M,

1 2

Ml and M2 generate the five-element modular lattice of length two.

Prop. 5. If M is in R-Mod and B > RO + card(M), then there

exists a lattice embedding T (M;R) — T, (RB;R).

Proof: Assume the hypotheses. lLet vy = card(M), and extend a
bijection fO:y——>M to an R-linear epimorphism f:RY-——->M by
the free module property. Then T(M;R) is isomorphic to the interval
sublattice [ker f, RY] of Ry. Since RY can be regarded as a
bounded submodule of RB’ there exists an embedding
TAGR) ——T (R ;R) ——T (Rg35R).

Prop. 6. If M 1is an R-module with generating set G, then
cardM) = RO + card(R) + card(G).

Proof: Let X be the set U (Rn x Gn), and define the function
n=1
m from X onte M given by:

n

m((rl, Thy ven s rn), (gl, gyr +vv s gn)) = E

jop (18

If v = R + card(R) + card(G), then:

0

©

card(M) < card(X) < = (yn)z = v,
N T n=1

In the next two propositions, we will use the definitions and

notations of [5] without reference.
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Prop. 7. Let L be an ideal of some T(M;R), and HomR denote Hom
in R-Mod. If A, B:2 ——L are r-disjoint, then there is a one-one

correspondence v:S(A, B) —-—-»HomR(Al/AO, Bl/BO) given by:
0, _ - 1

vif) x+A)=@x+f)NB,
for £:T ——1 in S(A, B) and x ¢ Al, and

Vi = x-yrxeal, ye B, hex + A% =y + B0y,

1,,0 1,0 .

for h:A”/A"——B/B" in R-Mod. Furthermore,

ker v(£) = K(£)/A and im v(f) = 1¢6)/8°.

If A, B, C:2——L is a mixed sequence, f ¢ S(A, B) and g ¢ S(B, C),
then v(gof) = v(g)v(f). Also, f is isorepresentative if and only if

v(f) is an isomorphism, and V(f-l) = \)(f)-1 in that case.

Proof: Assume the hypotheses. Using the known relations between

Al, AO, Bl, B and f, we can show that (x + £) N Bl is a coset

in Bl/BO for x e Al, and v(f) so defined is R-linear. Straight-

forward computations prove that \)_l(h)' is in L, Ay BOCv_l(h)'C

Alyv 81, By vim) = alv Bl and B'A vImy = 8% so,

v'l(h) :T—L in S(A, B) can be defined as above. We also omit

Tth) = h, ker v(f) = k(£)/A°

the computations proving that \)'1\) (£f) = £, wv
and im v(f) = 1(£)/8".
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Let k= vi((@v()) in S, C). By definition k < ALy cl.

Suppose X = z ¢ k , with x e Al, Z € C1 and v(g)v(f)(x + AO) =
z + CO. Choose vy ¢ B1 with v(f)(x + AO) =y + BO, and observe

that x-yef and y=-zeg, so x=z¢f vg and
- e - 1. .1
k C(gof) =(f vg)A A v C).

So, k = gof by [5: 3.4], proving v(gof) = v(g)v(f). Using the
fornulas for ker v(f) and im v(f) and [5: 3.21], f is iso-
representative if and only if v(f) is an isomorphism. If
h:Al/AO ——>B1/B0 is an isomorphism, then v'l(h)- , \)-1(}1-1)_ by

direct computation. Then, v(f _1) = v(f) 1 fo110ws.

Prop. 8. Let Bb be an infinite nondenumerable cardinal, 8 > card(R),
and let L = Fb (RB;R) . Then there exists a full exact embedding
equivalence functor F: AL——-*R—Mod(B) , given by F(A) = Al/A0 and

F(IE,, £,1) = v(Ev(E)).

Proof: Assume the hypotheses. If AOC A1

in L, then card(Al/AO) < B
by Prop. 6, and Al/A0 is in R-Mod(8). There is no problem in verifying
that F is well-defined and is a full exact embedding functor, by Prop. 7
and [5: 3.13, 3.15, 3.17, 3.19, 3.25]. To prove that F is an '
equivalence‘ functor, it suffices to show that every M in R-Mod(g)

is isomorphic to F(A) for some A in AL [9: IV.4, Thm. 1, p. 91].

Let card(M) = vy < 8, and choose an R-linear epimorphism f:RY-——->M
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as in the proof of Prop. 5. Now RY can be regarded as a bounded sub-

module of RB’ so F(A) is isomorphic to M for J fCRY = Al

in L.

We can now prove:

Theorem 1. Let R and S be rings with unit. Then &ER) € £(S) if
and only if there exists an exact embedding functor R-Mod(R) ——S-Mod

for every infinite cardinal 8.

Corollary. X(R) C X(S) if and only if there exists an exact embedding

functor C——S-Mod for every small exact subcategory C of R-Mod.

Proof: By a slight modification of the proof of Prop. 1, we can
show that X (R) C X(S) if there exists an exact embedding functor

R-Mod(B) ——S-Mod for every infinite B.

Assume X(R) C R(S). To prove the theorem, it suffices to show
that there exists an exact embedding functor R-Mod(8) ——S-Mod
whenever g > 'RO + card(R). (If § <y, then R-Mod(8) is an exact
subcategory of R-Mod(y).) So, assume B8 > RO + card(R), and choose

Yy > RO + card(S) such that there exist lattice embeddings:
.R) L . .
Ty Ry sR) ——T (M;5) —E—r, (5, 35),

using L(R) € X(S) to obtain f and Prop. 5 to obtain g. Let L(R)
denote rb(RB;R) and L(S) denote Ty (Sy;S), and construct an exact

embedding R-Mod(B) ——S-Mod by composing:
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Fl F, Fg Fy
R-Mod (8) ——A | o) —2— A () —35-Mod () — 5 -Mod.

Here, F, is an exact inclusion functor, and F. and F, are exact

1 3

embeddings obtained from the equivalences of Prop. 8. The functor F,
equals Agf: AL(R)__’ AL(S)’ which is an exact embedding by the

discussion following Prop. 3. This proves Thm. 1.

Half of the corollary is proved by adapting the proof of Prop. 1.
Since every small exact subcategory of R-Mod is an exact subcategory
of R-Mod(B) for sufficiently large B8, the other half of the

corollary follows from the theorem.

There is a foundational point worth mentioning. The construction
of the reciprocal functor to the equivalence functor F:/\L-———+R—Mbd(s)
in Prop. 8 using [9: IV.4, Thm. 1, p. 91] seems to require the strong
axiom of choice (there exists a choice function for the class of all
nonempty sets). However, the corollary of Thm. 1 can be proved using
a slightly modified version of Prop. 8 requiring only the ordinary
axiom of choice. Furthermore, most of the consequences of Thm. 1 here-

after can also be proved using the corollary.

In the remainder of the text, we will sometimes treat integers as
members of an arbitrary ring R with unit. In each case, the integer
n is identified with the additive multiple n.1 of the ring unit

(2=1+11in R, etc. ). Note that an integer n is a central
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element of R, so nR is a two-sided principal ideal of R. If p
is a prime number and j > 0, we will say that p is "j-invertible"
in R if pj (pr-1) =0 for some r in R. If p is O-invertible
in R, then p 1is invertible as a ring element of R. If p 1is
j-invertible in R, then it is k-invertible for k > j. Also, p is

k-invertible in R if <char(R) = pkm for relatively prime p and m.

The next theorem gives some simple tests for proving that E([R) C £(S)

is false in various cases.

Theorem 2. Let FR)C £(S), and let a and b be integers such
that b divides a. If ax +b =0 for some x in S, then

ax + b=0 for some x in R. Therefore, char(R) divides char(S).
Also, for any prime p and j > 0, p is j-invertible in R if p

is j-invertible in S.

Proof: Assume the hypotheses. Using Thm. 1, choose an exact
embedding functor F:R-Mod(B)——S-Mod for B > RO + card(R).
For any S-module M, iJan-].M) o im(a-le because b divides a.
Conversely, ime-lM) c im(a-lM) because ax + b =0 for some x
in S. In particular, iJan-lF(R)) = im(a-lF(R)). Since F is an
exact embedding, J'Jn(b-lR) = J'm(a-lR) [3: pp. 65-66]. So,

b e im(a-lR), and therefore ax + b =0 for some x in R.

Letting a =0 and b = char(S), we see that char(S) = 0 in
R, and so char(R) divides - char(S). (By convention, 0 divides
0.)
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If p 1is j-invertible in S, then ax + b = 0 has a solution in
j*l

S, hence in R, for a=p and b=-pJ. Therefore, p is

j-invertible in R. This proves Thm. 2.

More information on ring characteristics is given by:

Theorem 3. Let R and S have characteristics m and n, respec-
tively. Then & (R) < L(S) if and only if LR) € L(S/mS), and

m divides n and char(S/mS) = m in this case.

Proof: Assume the hypotheses, and that m # 0 (the case m = 0
is trivial). Since X(S/mS)C X(S) by Prop. 2, JIR) € L(S/mS)
implies XMR) < X(S). Assume L(R) < L(S), and suppose M is
an R-module. By Thm. 1, let F:R-Mod(B) ~—S-Mod be an exact
embedding for some 8 > RO + card(R) + card(M). Then F induces an
embedding homomorphism I (M;R)—T(F(M);S), as usual. Since
char(R) =m and F is additive, m'lF(M) = F(m-lM) = F(0) = 0. There-
fore, SgX = 0 if Sg € mS and x ¢ F(M). But then we can make F(M)
into a S/mS-module M,, retaining the additive structure of F(M)
and defining (s +mS)x = sx for s e¢ S and X ¢ M(J = F(M).

Clearly I‘(MO;S/mS) is isomorphic to T(F(M);S), and so T(M;R) is
in £(S/mS). This proves L(R) < L(S/mS).

If d = char(S/mS), clearly d divides m. If E®) c L(S/mS),
then m divides d by Thm. 2, and so m = d. By Thm. 2, m divides
n if LR c £S).
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Using Thm. 3, we can evaluate the ring predicate X([R) C L(S) in
general 1f we can evaluate it for rings with the same characteristic.
After some preparation, we will prove that only rings with zero or

prime power characteristic need be considered.

Prop. 9. Let char(R) = char(S) = ab, where a and b are relatively
prime positive integers. Then F(R) C X(S) if and only if
L®/aR) € LS) and LXE®DBR)C L(9).

Proof: Assume the hypotheses. Suppose F(R)C X(S). Then
L®/aR) c L(S) and X(R/DR) C L(S) by Prop. 2.

Now assume that LR/aR) C L(S) and XE®/MDBR)C £(S). Let M

be an R-module. Make M/aM into an R/aR-module by defining:
(r+aR)(m+aM) =m+aM for reR and me M,

and make M/bM into an R/bR-module similarly. Let L = r(M;R), and
let L. and Lb denote the interval sublattices [aM, M] and [bM, M]
of L, respectively. We can verify that La and Lb are isomorphic
to T (M/aM;R/aR) and TI'(M/bM;R/bR), respectively. Therefore, there
exist lattice embeddings £ :La———-*r(Ml;S) and g:Lb—-rl" (MZ;S) for
some S-modules M1 and MZ‘ Then f x g:Lax L.b-—+I‘CMl;S) X P(MZ;S)
is a lattice embedding. Also, i:I‘(Ml;S) X I‘(MZ;S)-—-—-»I‘(M1 x MZ;S)

given by i(Nl, NZ) = N1 X N2 is a lattice embedding.
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Let au + bv =1 for some integers u and v, since a and b
are relatively prime. For any me M, aum e aM and bvm ¢ bM, so

m= (au + bv)m ¢ aM v bM, proving M = aM v bM. Furthermore, if

it

meaM A bM, then m am1=bm2 for some m

1
Therefore, am = abm2 =0 = bam1 = bm, since char(R) = ab. But

and m2 in M.

then m = uam + vbm = 0, proving aM A bM = 0. Finally, suppose

M'e L. Then M'=M'A (aM vbM) = (M' A aM) v (M' A bM), since
m=aun +bvme M A aM) v M' A BM if m e M'. Therefore, aM,
bM and M' generate a distributive sublattice of L [1: Thm. 12,

p. 37]. Now define functions as follows:

h:L——rLa X Lb given by h(M') = M' vy aM, M' v bM).

* *
h :Lax Lb-——-rL given by h (M', M) = M' A M".

*
Then h h(M') = M'v aM) A M'v bM) =M' v (aM A BM) = M' for all
M' ¢ L. Also, if M'DaM and M'D bM, then:

BRI, MY = ((M'A MY v aM, (M'A M7)y BM) = (M', M),

since aM v (M'"A M') (aM v M) A M' = M' by modularity and
aMvM'DaM v bM=M, and similarly (M'A M) vy bM = M". Since
h and h* preserve order, they are reciprocal lattice isomorphisms
between L and L X L . We have proved that L is in L(S) by

the embedding:
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Ll x Lb_f_’i-g—»rml;S) X T(M,;8)—— (M) M,3S).

So, &LR) < L(S), completing the proof.

Prop. 10. Let p be a prime, t >0 and j = min A for:
A= {t} U {k: p is k-invertible in R}.

Then char(R/p'R) = p). If char(R) # 0 and n divides char(R),
then char(R/nR) = n.

Proof: Assume the hypotheses. Since pt € ptR, char(R/ptR) = pd
for some d, 0 <d<t. If 0<k<d, then pk isn't in ptR. But
then pk(pr -~ 1) = 0 is false for all r ¢ R, since otherwise
ptrt-k = pk. So, d<minA. If d=t, then min A < d, so assume
d < t. Then ptr = pd for some r in R, so pd(pro -1) =0 for
t—d—lr.

Ty =P So, p is d-invertible in R, and min A < d. This

proves that d = min A 1in all cases.

Now suppose m = char(R) # 0 and n divides m. Let d = char(R/nR),
so d divides n. To prove char(R/nR) = n, it suffices to show that
pk divides n implies pk divides d, for any prime p and k > 0.
Assuming that pk divides n and using n divides m, let m = xpk.
Now char(R/ka) = pj for some j, 0 <j<k. If j <k, then there
exists Tt in R such that pj+1r = pj by the above. But then
Jo oK

xp Xp rk"J =mr-J =0 in R, contradicting m = char(R). Therefore,
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char(R/ka) = pk. Since nRC ka because pk divides n, there is
a ring homomorphism R/nR —,-—*R/ka preserving 1, and so

I(R/ka) c X(R/nR) by Prop. 2. Therefore, pk divides d by
Thm. 2, proving that char (R/nR) = n.

We now prove that the predicate X(R)C X(S) can be evaluated for
rings with the same nonzero characteristic if it can be evaluated for

rings with the same prime power characteristic.

k1 k2 kt
Theorem 4. Let char(R) = char(S) =n # 0, and n = Py Py ... Dy

for distinct primes P1> Pgs «- » D¢ and any positive integers

k. -
ky> kys oo ko Then LM®C X(S) if and only if KR®/p;,'R)C

1’ 2’ t"
k

k. k. . k.
i(S/piIS) and char(R/pilR) = char(S/pils) = pi1 for all i < t.

A

Proof: Assume the hypotheses. Suppose EL(R) C X(S), and let

P =p; and k = k, for some i, i g t. Then char(R/ka) = pk

by Prop. 10, and x(R/ka)C LR c X(S) by Prop. 2. Therefore,

I(R/ka) C I(S/ka) and char(S/ka) = pk by Thm. 3.
K k_ K
Now assume that - I(R/ka) c £(S/pS) for p = p; s all i< t.
k
To prove XR)C I(S), use inductionon t. If t=1, n= pll
k
and the result is trivial. Assume t > 1, and let a = pl1 and
k2 kt
b = n/a = pP,” ... Py - If R' =R/R and S' = S/bS, then
k.
LR C Lsp'S) implies LR/PRIC L(s'/p¥S) for pf =L,
i=2,3, ..., t. Since char(R') = char(S') =b by Prop. 10, and b

has t —1 prime factors, £(R/BR) = LRI C L(S") = L(S/bS) C &(S),
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by the induction hypothesis and Prop. 2. Since X(R/aR)C X(S) by

Prop. 2, X(R) € X(S) by Prop. 9. This completes the proof.

We turn now to consideration of some particulér rings. Two types
of ring are especially important: the homomorphic images Zn = Z/nZ
of the ring Z of integers, and the unitary subrings of the field

Q of rationals.

Let P denote the set of prime numbers, and let P, denote the

R
subset of P of primes invertible in R:

P, = {p e P: p—1 exists in R},

Given any subset PO of P, let Q(PO) denote the unitary subring
of Q generated by {p-lz p ¢ Py}. It is easily proved that the
unitary subrings of ( are in one-one correspondence with the sub-

sets of P via the reciprocal bijections:

R —P P, —+ Q(P

R Po 0o

(That is, P if P,C P, and R=Q(PR) if ZCRC Q.

0~ Pary 0
In the next theorem, we give the basic lattice representability

relationships between rings of these types, and some other relation-

ships between lattice representability by these special rings and
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lattice representability for arbitrary rings satisfying certain tests.

A proposition preparing for the use of Prop. 3 is inserted first.

Prop. 11. Let M be a flat right R-module, and let kM denote
im(k-1,) for k> 0. If R=Z_ ~ for some n > 2, then M is
faithfully flat if dM # M for every proper divisor d of n.

If R= Q(PO) for some P, C P, then M is faithfully flat if

0
M # M for every prime p not in PO’
Proof: Assume the hypotheses. To prove M is faithful, it
suffices to show that M @R R/u # 0 for every proper left ideal
u of R. (If M0 is nonzero, there is an R-linear monomorphism
R/u -—-»MO for some proper or trivial u. Since M is flat,
M ®R R/u—M @ M, is a monomorphism. Since M ®R RxeM#0,
M GR R/u # 0 for all proper u implies M ®R Mo # 0 whenever
MO #0.) If R= Zrl or R = Q(PO), then every proper left
ideal of R equals kR for some k > 1. But:

M@ RIREM B, R®, Z )~ MO N®, Z, ~ Wk,

using well-known properties of tensor products. So, it suffices to
show that kM # M if kR 1is a proper ideal of R. If R = zZ_,
every proper ideal of R equals dR for some proper divisor d of

n. So, M is faithful if dM # M for such d. If R = Q(PO),
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then kR 1is a proper ideal if there exists a prime p not in P0 such

that p divides k. But then M C pM, so M is faithful if

pM # M for every prime p not in PO' This proves Prop. 11.

Theorem 5. Suppose n, m > 2 and P1 and P, are subsets of P,
Then:

) Lz C.I(Zm) iff n divides m.
2) X(z) © L(QP) iff mno prime in p, divides n.

(3) 2(QP)) © L(Z,) is always false.

4 X(QE)) c L(QE,)) iff P, D P,.

(5) If char(R) = n, then ¥(R) C J:(Zn).

(6) If char(R)
primes, then L(R) = :C(Zn).

n and n is a prime or a product of distinct

(7) If char(R) =0, then X(R) C X(Q(FR).
(8) If R is torsion-free, then L(R) =X(QPR)).

(9) If char(R) = 0, then X(R) = I(Q(PR)) iff every prime p
which is j-invertible in R for some j > 1 is invertible in

R.

(10) If some unitary subring of R is a field, then <R) = L(Q)
if char(R) = 0, and X(R) = i(Zp) if char(R) = p, p prime.
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Proof: Assume the hypotheses. If char(R) = n, then R has a
unitary subring isomorphic to Zn' If char(R) = 0, then R
has a unitary subring isomorphic to Q(PR) , Since integers are
central elements of R. Using Prop. 2 and Thm. 2, we can then verify
parts (1), (3), (4), (3 and (1. If L(Z) < L(Q(P)), then
each p in P, is invertible in Zn by Thm. 2, and so p doesn't
divide n. This proves half of (2); the converse follows from
Prop. 2 and the observation that Q(Pl) /n Q(Pl) is isomorphic to

Z_ if no prime in P; divides n.

Suppose char(R) = n, where n is prime or a product of
distinct primes, and let M denote R considered as a bimodule
(left R-module, right Zn—module). Now Zn is a semisimple
ring [12: p. 71], hence it is a regular ring [12: Thm. 4.11, p. 78].
Therefore, M is flat as a right Zn-module [12: Thm. 4.24, p. 86].
Given a proper divisor d of n, d is not invertible in R and
so dM #M. So, M is faithfully flat by Prop. 11. Therefore,

i(Zn) c L(R) by Prop. 3, and then part (6) follows from part (5).

Suppose R is torsion-free, and let M denote R considered as
a bimodule (left R-module, right Q(PR) -module). Now Q(PR) is a
principal ideal domain, and so is a Priufer ring [12: p. 73]. There-

fore, M is flat as a right Q(P,)-module [12: Thm. 4.23, p. 85].

R
Given p prime not in PR’ p is not invertible in R and so pM # M.

Therefore, M is faithfully flat by Prop. 11,
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and ;C_(Q(PR)) c L£(R) by Prop. 3. Then part (8) follows from part (7).

Suppose X(R) = I.(Q(PR)) and p 1is a j-invertible prime in

R for some j > 1. Then pj (pr = 1) = 0 for some r in Q(PR)

by Thm. 2, and so p is invertible in Q(PR) since pr - 1 must
equal 0. Therefore, p is invertible in R. Now suppose char(R) =0
and every j-invertible prime of R is invertible. Let t denote

the two-sided ideal of all torsion elements of R (re t if

nr = 0 for some positive integer n ), and let S = R/t. Then S

R c PS. If

pePg, then px=1+z forsome x in R and z in t. So,

is a nontrivial torsion-free ring, and clearly P
k(px = 1) = 0 for some k > 0. Let k =pm, where p and m
are relatively prime. So, pu +mv = 1 for certain integers u and

mvx + u in R. Then pj(pr—1)=pj(pmvx+pu-pu-nw)=

v. lLet r

vk(px - 1) = 0. So, p is j-invertible in R, and therefore p ¢ P

R

by hypothesis. That is, P, = P But then

R S’
2(QEy) = LQCPY) = £(S) © LR C LQE),

by parts (7) and (8) and Prop. 2. This proves part (9).

Part (10) follows immediately from parts (6) and (8). (If R
contains a unitary subring which is a field of characteristic zero,

then R is torsion-free and Q(PR) = Q.) This proves Thm. 5.
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For arbitrary n > 2, the author has been unable to establish a
necessary and sufficient condition on R so that X (R) = o'C(Zn).

However, the final result sheds some light on this problem.

Prop. 12. Let char(R) pu for prime p and u > 1. If there

exist T and r, in R and integers i, j and k such that

1<1i, j, k§u~i, i+j+k<2u, r1r2=p1, pjrl=0
and p'r, =0, then L® # L£(Z ).
P

Proof: Assume the hypotheses, and suppose &(R) = J(Z we
b

By Thm. 1, there exists an exact embedding F:Z u-Mod(R 0) —R-Mod.
P
Let M denote Z y @s an object of Z u-Mod(& 0). Since
p P
u-k k . . u-k k
(p -lM, P -lM) is exact, so is (p 1F(M)’ p °1F(M))' Let v

be in FM). Then pkr2v= 0, since pkr2 =0 in R. So,

u_kvo = r,v for some v, in F(M). But then pu‘lv = pu_lglplv =

u-1-i u-1-i_ _u-k 2u-i-j-k-1_j .
P T T,V =D P V=P J erlvo 0, wusing the

n

u-1 _ .u-l - u-1
hypotheses. Therefore, F(p -lM) =p lP(M) 0. But p Ly # 0,
contradicting the embedding property for F. This proves Prop. 12.

Given PO C P and P0 # P, one can easily construct a ring R

with characteristic zero such that Pp = P, but LR # x,(Q(PO)).

For example, choose a prime p not in P0 and j >1, and let R
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denote the quotient of the polynomial ring Q(PO) [yl divided by the
principal ideal generated by pj (py = 1). Then char(R) = 0,
Pp = PO and p 1is j-invertible but not invertible in R. So,

L® # X(Q(Py) by Tm. 5(9),

Another family of counterexamples is related to Prop. 12. Suppose
n>2 and n is not square-free, that is, n = pzm for some prime
p and integer m. Let R be the quotient ring of the polynomial

ring Z n[y] divided by the ideal generated by the polynomials py

and yz - pm. We omit the proof that R is a commutative ring with
characteristic n and pn elements; each element of R is
representable by a polynomial uy + v with 0 <cu<p and 0 <v<nmn.
Assume L(R) = I;(Zn) , and construct an exact embedding
F:Zn—Mod(RO) —R-Mod. Let M equal Zn as an object of

Zn—Mod(Ro), and note that (pm'lF(M)’ p'lF(M)) is exact because

(pm-]M, p-lM) is exact. Suppose v ¢ FM): since pyv = 0 there
exists v, in FM) such that pmv, = yv. But then pmv = yzv =
ypmv, = 0, since pm = y2 and py =0 in R. Then F(pm-lM) =

pm-1g o " 0 and pm-]M;é 0 leads to contradiction. So, R is a
ring with characteristic n but F£(R) # L£(Z n). We remark that
this R is also a counterexample for the converse of Thm. 2. That
is, the equation ax + b = 0 for integers a and b has a solution

in R if and only if it has a solution in Z., but LR) # I,(Zn).
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