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ON FREE MODULAR LATTICES OVER PARTIAL LATTICES WITH

FOUR GENERATORS

by Ginter Sauer, Wolfgang Seibert, and Rudolf Wille

1. Main Results: This paper is a continuation of DAY,

HERRMANN, WILLE [ 2 ]J. It also wants to give some contri-
bution to the word problem for the free modular lattice
with four generators by examining free modular lattices
over partial lattices with four generators. By a partial
lattice we understand a relative sublattice bf any lat-
tice, that is a subset together with the restrictions

of the operations A and v to this subset (e.g. GRAT-
ZER [ 3 ; Definition 5.121). The principal results proved

in this paper are the following theorems.

Theorem 1: Let J4 be a partial lattice

({O,g1,g2,g3,g4j};A,V) with g.v1=1 and giAgj=O for
1+¥j(1<i,j<4). Then every modular lattice which has J4
as generating relative sublattice is freely generated

by J4 if and only 1if J4 is described by one of the

following diagrams:
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(an angle of the form > means that the join of the

connected elements is deleted from the lattice M4).

By FM(J4), we denote the free modular lattice over the
partial lattice J4 , that is a certain modular lattice

4 In DAY, HERRMANN, WILLE [ 2]

freely generated by J
the free modular lattice FM(J?) is extensively examined;
especially, it is shown that FM(J?) is an infinite, sub-
directly irreducible lattice with one non-trivial congru-
ence relation @(FM(J?)/G;M4). For the formulation of
Theorem 2 we still need some notations:

Z 1s the set of all integers;

N is the set of all positive integers (NO:=Nu{O});

G 1s the free abelian group with countably many

generators;

(eilieZ) and (filieN) are some basis of G;

SG is the lattice of all subgroups of G
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Theorem 2: The free modular lattices FM(J ), FM(J 1),
FM(J ), FM(J ) and IM(J ) are isomorphic to subdlrect

powers of FM(J?) and sublattlces of S generators of

G’
the subdirect powers and sublattices, respectively, are

described by the following list:

n generatzri generators in SG
in FM(J1)
11a <e2i|iEZ>
Mg b ©2i*C2541 /1627
1 c eZi_1+eZil1EZ>
d <e2i_1|152>
2| (a,c) Cqi0€45-1%C4541 1L
1’1 (b’d) <e4i+3’e4i-2+e4i‘%ez>
(c,a) “©4i41°%4i* 0142 11527
2 (a,b) <f .]ieN>
27 (c,d) <f - 1+f . |ieN>
(d’a), <f2 ]|1€N>
31 (d,a,b) <eZi|igZ>
FM(JT (a,b,c) ©2i%€2i+17825-1"¢2;17021>
3 (b,c,d) ©2i-1%€21°€2j% 2541 1170>J>
(c,d,a) <e21_1(152>
4 { (a,b,c,d) <€,;,€ 23 - |i>02j>
FM(JA) (bic’d’a) <ezl 21+1I:'l82>
4 (c,d,a,b) <e21_1+e211?82>.
(d,a,b,c) e21_1,e2j|1>0>3>
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Theorem 3: The congruence lattice of FM(J?), FM(J?’1),
FM(Jg), FM(J@) and FM(Jj), respectively, 1s a 2M-element
Boolean lattice with a new greatest element where n 1is
the number of undefined joins in the generating partial

lattice.

Proof of Theorem 1: Let M be a modular lattice freely

generated by J4, where J4 as relative sublattice of M
is described by one of the listed diagramms. There is a

homomorphism ¢ from FM(J4) onto M whose restriction

to J4 is the identity. ﬁy Theorem 3, ¢ has to be in-

jective (otherwise, there are more joins in wJ4 than

4

in J4). Thus, M 1is freely generated by J For the

converse, we recall that every projective plane Hp over
a prime field is generated by four points ay;, a5, 8z, a,
no three on a line. Obviously, the elements O, a;s a,

a, and 1 form a relative sublattice Jg of T in

az» a4y p

which aivaj is not defined for 1#j(1<i,j<4). Since

projective planes over different prime fields are not
isomorphic, no such plane 1is freely generated by Jg

This argument can simiarly be applied to the remaining

partial lattices’ Jg’1 (3 undefined joins), Jg’l (4 un-
?

4

defined joins) and. J5 (5 undefined joins). First, we

take a line g 1in Hp which does not contain a;, a,
3,1
3° 3

of the elements O, a;, 8, az, g and 1 generates I

and a Then, the relative sublattice J consisting

p’
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because dqy a5, (a1va3)Ag and (azvaS)Ag are four points

3,1
3,1

by {(0,0),(a,,d),(a,,a),(as,b),(g,¢),(1,1)} , and J}

no three on a line. J 1s represented in HPXFM(Ji)

] represented in I _XxII b
is P p Ty y

{(0,0),(ay,8),(a,,a5),(az,3,),(g,a4),(1,1)} . By the
above argument, no of the described subsets freely gene-
rates its generated sublattice. Thus, there are no more

partial lattices J4 with the desired properties.

Proof of Theorem 2: It can be easily seen that the gene-

rators together with the smallest and the greatest element
of FM(J?)n and SG’ resp., form a relative sublattice iso-
morphic to the corresponding partial lattice J4. Thus, by
Theorem 1, the sublattice generated by the described ele-

ments 1is isomorphic to FM(J4).

Proof of Theorem 3: This proof will cover the rest of

the paper. In section 2 the assertion is proved for FM(Jg)
by solving the word problem for FM(J%). Using these re-
sults, the congruence lattice of FM(Jj) is determined in
section 3. This result immediately gives us the congruence

lattices of the remaining lattices.
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2. FM(ngi The goal of this section is to solve the word
problem for FM(J%) in a similar manner as the word problem
is solved for FM(J‘;) in DAY, HERRMANN, WILLE [ 2 J. The
elements of FM(J%) will be represented by quadruples of
natural numbers and <« . By Proposition 19, meets and joins
are described in terms of these quadruples. As consequence
of Proposition 19 and (2 ; Theorem 4 and Theorem 51, we

get Theorem 3 for Jg . It should be mentioned that the
lattice FM(J%) appears first in BIRKHOFF [1 ;p.701 where

the generators 1in SG are described as in Theorem 2.

As in DAY, HERRMANN,‘WILLE [ 21, the method which makes
computations practicable is to introduce suitable endo-
morphisms of FM(Jg) . An detailed study of these endo-
morphisms by several lemmata prepares the proof of Pro-
position 19. Since it does not make any confusion, we

choose the same notation for the elements of Jg as for

4

the elements of J1
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Lemma 4: There are endomorphisms u and v of FM(Jg)

such that
(1) uo = 0 (2) vO = 0
pa = b va = da(avb)
ub = aa(bvc) vb = ca(avb)
uc = da(bvce) vec = b
ud = ¢ vd = a
ul = bvc vl = avb

Proof: By modularity, 1t can be easily seen that (1) and

(2) define homomorphisms from J4 into FM(J%). Since

2

FM(Jg) is freely generated by J4

2

can be (uniquely) extended to endomorphisms p and v

, those homomorphisms
4
of FM(JZJ

Lemma 5: uyv = vy

Proof: wuva pu(da(avb))=ca(bv(aa(bvc)))=ca(avb)=vb=vna ,
uvb = p(ca(avb))=(da(bve))a(bv(ar(bve)))=da(bve)a(avb)
= da(avb)a((ca(avb))vb)=v(anr(bvc))=vub ,

wvc = vuc (analogous to pva=vua) ,

uvd = pa = b = vec = vud
Lemma 6: UHstumx and v'x<v™x for erg if nZm (mod 2) and n=zm.

. . . . 2
Proof: The assertion is an immediate consequence of p~“x<x and

2
vTX<X.
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Lemma 8: Let er4

Lemma 7: Let nENO

(1) avu™d = avu?dtly (2) cvv?ld = cvyitly

(3) dvuzna = dvu2n+1a (4) dvvznc dvv2n+1c

2n

2naVu2nd=aVu2n(an)=aVu (ave) =

Proof: (1): aVuznd=aVu
avuznaVuznc=avu2nc=aVu2n+1d; the proofs of (2), (3) and

(4) are analogous.

and let neN0

7
(1) xap?My = 20y (2)  xavPPp o= 20y

(3) aAu2n+11 - “2n+2a (1) C/\\)2n+11 - v2n+2C

(5) cl/\L12n+11 - U2n+2d (6) d/\\)2n+11 - v2n+2d

(7) bAuZn+11 _ Uan (8) b/\\)2n+11 _ van

(9) CAu2n+11 = uznc (10) aAv2n+11 = vzna

Proof: (1): Let x'eJ4 with xvx'=1. Then XAu2n1=XA(u2nxvu2nx')=

2
2nx')=u2nxvo=u2nx. (2): analogous to (1).

2n
T xv(xAp

(3): aAu2n+11=aAu2n+1(de)=aA(u2n+2avUzn+1d)=u2n+zav(aAu2n+1d)=
u2n+2a; (4), (5), (6): analogous to (3).
(7): bAu2n+11=bAu2n+1(an)=bA(uznbvu2n+1d)=u2nbV(bAu2n+1d)=u2nb;

(8), (9), (10): analogous to (7).

Lemma 9: Let neNO

(1) vuna = undAv1 (2) uvna = vnbAu1
(3)  vu™ = pMeavt (4) w = vlaapi
(5) vu'c = u"bavi (6) uvlc = vldaut
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vncAu1

1]
]

(7)  vu™d = pMaavi (8) wvld

(9)  wi™1 = uM1avi (10)  wv™ = v1aul

1]
h

Proof: (1): The case n=0 is proved by va=da(avb)=davl.

n-1
a:

By induction hypothesis, we get for n>0:vula=pvp
p (™ Tdav )y =pPdauvT=p"da(avb) a(bve) =udaviapt=p"dav1.

The other assertions analogously follow.

Lemma 10: Let n,i,jeNo

() v tavid )y =vMaetavidd) (2) 1P vievvIdy =t avievuia

2n+1 Z2n+1

(3) v tavid ay=v?™ A utavid a)

(4) u?

y n+1(vlcvvjd)=u2n+1

1A(vidvvjc)

Proof: (1): The case n=0 1is trivial. The case n=1 is proved
by vi(uravidd)=v(vutavud dy=v((uldavi)vudaaviy)=
v((uidAv1)vuja)=v(v1A(uidvuja))=v21Av1A(uiavujd)=

v21 A(uiavujd). By induction hypothesis, we get for n>1:

2n-2

vzn(ulavujd)sv (v21A(uiavujd))=v2n1Av2n-21A(ulavujd)=

v2n1A(ulavu3d). The other assertions similarly follow.

Lemma 11: uznxvvzmx = x for xed

4 and n,meN
2 o)
Proof: The cases n=0 or m=0 are immediate consequences of

Lemma 6. The case n=1, m=1 can be easily checked by Lemma 4.

By induction hypothesis, we get for n+m>2(w.l.o.g. m>1):
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Xx=nu""xvv 'Z(v vaZ X)=

Lemma 12: Let n,meNO with ms<n

2m 2n+1 m
u

(1) u”av a=v1A(u2 anznd) (2) vzmcvv2n+1c=u1A(vzmcvvznd)

Proof: (1): The case n=m=0 is proved by avpa=avb=vi=via(avd).

By induction hypothesis, we get for n>m=0: avU2n+1a=

2, 2n+1 2n-24 .

avp“avyu a=avuz(avuzn_1
d))=via(avulavuld)=

a)=avU2(v1A(avU

av(uivia(pfavi®may)=av (u®1avia(ulavy?®

v1A(avu2nd). Furthermore it follows for nzm>0: uzmavU2n+1a-

2n+1-2m 2n-2m

WM avy a)=p?M(via(avy d)) =u2™v1a (2 Mavy?Pa) -

u2m1Av1A(uzmavUznd)=v1A(uzmavuznd).

Lemma 13: Let neNO.

(1) dve?™ g = avp?la (2)  dvv?™Tq = davv?lc

Proof: (1): The case n=0 is proved by dvud=dvc=dva.

By induction hypothesis we get for n»>0: qu2n+1d

2n+1 2n-1 2

dvi?dvi ™ T a=avi? (avi?™ Ty =dviu? (avu®™ 2ay=dvuldvu®ta=

dvuzna. (2): analogous to (1).

Lemma 14: Let neN

(1) p'a
(3) u™

IA
IA

vl (2) vic ul

v (4) v <

IA
A
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Z2n+1

Proof: (1): azuzna and bzu a implies the assertion.

(2), (3), (4): analogous to (1).

In the following we write (i,j)~(k,1) for O<i,j,k,1l<e
if mzn (mod 2) for all m,ne{i,j,k,1}\{~}; furthermore,

let umx=O=vmx for all xePM(Jg).

Lemma 15: Let O<i,j,k,l<o, and let (i,j)~(w,») and
(k,1)~(>,=).
(0 ravidayafavitay=

Umax{i,k}avumaX{j’l}d if (i,j)~(k,1),

umax{i+1,j+1,k}a max{i+1,j+1,1}d

Vi

if (i,7)4(k,1),max{i,j}<max{k,1},
Umax{i,k+1,1+1}aVUmax{j,k+1,1+1}d

if (i,j)+(k,1),max{i,j P max{k,1};

(2) (vievvId)avEevula)=

vmax{i,k}c Jymax{j,1}

\

dif (i,j)~(k,1),

vmax{i+1,j+1,k}c max{i+1,j+1,l}d

vy

if (i,j)+(k,1),max{1,jlt<max{k,1},
vmax{i,k+1,1+1}vamax{j,k+1,1+1}d

if (i,3)+(k,1) ,max{i,jt>max{k,1}.

Proof: (1): The proof is divided into the following cases:
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1. (i,
1.1.

1.2,

i)~(k,1) 2. (i,3)+(kx,1),max{i,j}<max{k,1}

i<k,j<1 2.1. 1<j<k<1 2.7. j<ic<ks<1l
1<k, j=1 2.2. 1i<k<j<l 2.8. jsk=ic<l
izk,j<1 2.3. k<isgjs<l 2.9. kgj=<ic<l
izk,j=1 2.4, i<j=<l<k 2.10. j=1<1<k
2.5. 1=1l<j<k 2.11. jsl<ic<k
2.6. 1=<isj<k 2.12. 1<j=i<k

By symmetry, the case (i,j)+(k,1),max{i,jl}t>max{k,1} is

analogous to 2..

max{l,k}a max{j,l}d

(ulaVUJd)A(ukavuld)=ukavuld=u Vi

(Lemma 6);

wlaviddyaXavila) = (ntasula) viavid a=oviXavpd a=

Umax{l,k}avumax{j’l}d (Lemma 6) ;

analogous to 1.2.;

analogous to 1.1..

(ulavUJd)A(ukavwld)=(ulavUj+1d)A(ukavuld)=
((ulavu]+1d)Auka)vu1d=((uiavujd)Av1Auka)vu1d=

((ulavUJ+1a)Auka)vU1d=ukavU1d (Lemma 7,6,14,12);

(wravuddya(ufavitay = Cutavid *ay auka)y v
1 +1

1d=

1

(ulaAuka)vuJ+ avuta=ovid *Tavpla=pI* tavpla

(2.1., Lemma 6);

analogous to 2.2.;
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2.4.: analogous to 2.1.;

+1aVu1d)=

k+1__
a

2.5.: (pravid s ufavelay=utavid aya X

((ulavujd)Auld)Vuk+1a=((ulaVuJ+1d)Auld)Vu

(ulaApld)vu3+1dvuk+1a=0vuk+1avu3+1d=ukavu3+1d

(Lemma 7,6);

2.6.: analogous to 2.5;

2.7.: (wraviddya(pfavetay =t Tavid ay a (ukavid®
ukavU1+1d=ukaled (Lemma 7,6);

1+1

2.8.: (raviddyaefavitay =it avid aya ukavelt gy -

1+1avu1d

(ukaAuJd)vu1+1avul+1d=0vu1+1avul+1d=u

(Lemma 7,6);

2.9.: analogous to 2.8.;

2.10.: (wravpddyapfavitay=(ut Tavid @y s (ukavila) -

ka=((uiavUjd)Au1d)kaa=

k

(ot Tavid @y aptay v

((u1+1dvu3d)Auld)Vuka=u avuld (Lemma 7,6,13);

2.11.: (raviddyafavilay =i Tavid ay apta) viKa-=

k +1 k k

i+
dvyTa=u avu1 1

(wldautay vt TaviKa=ovyt d (2.10.,

Lemma 6);

2.12.: analogous to 2.11..

The proof of (2) analogously goes as the proof of (1).
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Lemma 16: Let O<i,j,k,l<e, and let (i,j)~(>®,*),(k,1)~(x, )
and {j,1}4{=}.

(M) ulavujdvukavuld=
pminle Ky mintsUg e 5y~
umin{i—1,j—1,k}av“mln{1—1,j—1,1}d

if (i,j)+(k,1),min{i,j}>min{k,1} ,
um1n{i,k-1,1—1}avumin{3,k—1,1—1}d

if (1i,j)+4(k,1),min{i,j}<min{k,1} ;

(2) vievvd dvvkevyla=
\)Hlil’l{j-"l )3_1 ’k}c

yomin{i=-1,i-1,13

if (i,j)+4(k,1),min{i,j}t2min{k,1} ,
vmin{i,k—1,1—1}cvvmin{j,k—1,1—1}d

if (i,j)+4(k,1),min{i,j}<min{k,1}

Proof: (1): The proof is divided into the following cases:
1. (i,j)~(k,1) 2. (1,j)+(k,1),min{i,jlemin{k,1}

2.1. kslgi<]j 2.7. k<lgj<a

2.2, k<i<l<j (1%~) 2.8. k<j<l<i

2.3, k<i<j<l (j#=) 2.9. k<j<isl

2.4. 1l<ks<ic<j 2.10. 1<k<j<i
2.5, 1ls<ic<kg<j 2.11. 1<j<k<i
2.6. 1<is<j<k 2.12. 1<j<i<k

By symmetry, the case (i,j)+(k,1),min{i,j}<min{k,1} is

analogous to 2..
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1. is an immediate consequence of Lemma 6.

2.1.: ulavujdvukavu1d=u1_1avu3_1dvukavu1d=ukavu1d (Lemma 7,6);

2.2.: ulavujdvukaVu1d=ulavuJ_1avukavu1d=ulaVukaled=
1-1

d=...=ulaVukaVuld=u1avukaVul_1d=
-1

UlaVUkaVU

i-1 k

u T lavptavp? d=ukavu1"1d(Lemma 13,6,7);

2.3.: analogous to 2.2.;

2.4.: analogous to 2.1.;

2.5.: ulavujdvukavu1d=u1_1avuj_1dvukavuld=ul—1avuld

(Lemma 7,6);

2.6.: ulaVuJdkaaVuld=ulaVquka—1aVu1d=ulaVquvu1d=
1 1 -1

ulavuJ+ dvpld=u1avu d=u1 avuld (Lemma 7,6);

2.7.: analogous to 2.1.;

2.8.: ulaVuJdvukavU1d=ul+1avUjqukavU1d=uJqukaVu1d=

k k

u3_1qu aVu1d=u avpt g (Lemma 7,6);

2.9.: analogous to 2.8.;

2.10.: analogous to 2.1.;

2.11.: ulaVUJdvukaVu1d=ul+1aVUJdvukavuld=quVukavuld=

1

uJ_1akaaVuld=uJ— avula (Lemma 7,6,13);

2.12.:. analogous to 2.11..

The proof of (2) analogously goes as the proof of (1).
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Lemma 17: Let O<i,j,k,1l<o, and let N,MeZNO with
Ne>max{i,j},M>max{k,1}.

(uiavujd)A(vkcvvld)=vM(uiavujd)qu(vkcvvld)

. . . X \
Proof: (ulavpjd)A(vkcvvld)=(u1avpjd)A(vkcvvld)A(uN1vv11)=
((ulavujd)AvM1)v((vkcvvld)ApN1)=VM(uiavujd)qu(vkcvvld)

(Lemma 11,7,6,10).

Lemma 18: UZHXszmx=u2nv2mx for erg and n,meNO

Proof: The cases n=0 or m=0 are immediate consequences of
Lemma 6. The case n=1, m=1 can be easily checked by Lemma 4
and Lemma 9. By induction hypothesis, we get for n+m>2

(w.l.0.g.m>1): UanszmX=uanAvZXszmx=UznvZXszmx=

2, 2n Zm-2_._ 2 2n 2m-2
v X)=v u u X

v (u"TxA vaZmX

We define that a quadrupel (i,j,k,1) satisfies (x) if one
of the following conditions hold for (i,j,k,1):

(1) 1,3,k 1eN_, (1,3) ~(2,), (k,1)~(=,);

(2) i=w,j52NO,k=w,le2No;

(3) i=W,jeZNo+1,keZNo,1=w;

(4) ieZNO,j=w,k=w,162No+1;

(5) ieZNO+1,j=w,k52No+1,1=m;

(6) i=j=k=l=w.

In FM(J3) we define £(i,j,k,1):=(utavpld)a(v evuld) for
0<i,j,k,l<o .
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Proposition 19: FM(J3)={f(i,j,k,l)l(i,j,k,l) satisfies ()}

and

) £01,5,k,D)Af(1",5",k",1") =

f(max{i,i},max{j,j},max{k,k'},max{1,1'}) if (i,j)~(i,i",
(k,1)~(k',1),
f(max{i,1'},max{j,j'},max{k+1,1+1,k'},max{k+1,1+1,1'})

if (i,3)~0,3 - (k,1) (K, 1) ,max{k,1}<max {k,1'} ,
f (max{i,i'},max{j,j'},max{k,k*+1,1+1,max{1,k%1,1+1H

if (i,3)~(1,3Y, (k,1)+(k,1) ,max{k,1 }>max{k',1'},
f(max{i+1,j+1,i'}t,max{i+1,j+1,j'},max{k,k'},max{1,1I'}

if (i,j)*(, ), (k,1)~(K,1) ,max{i,j }smax{i',j'},
f(max{i,i+1,j%1},max{j,i+1,j+1},max{k,k'},max{1,1'})

if (i,j)+(,39, (k,1)~(k,1),max{i,j }»max{i',j'},
f(max{i+1,j+1,1'},max{i+1,j+1,5'},max{k+1,1+1,k'},max{k+1,1+1,1'})
if (i,3)%F(1,30,(k,1)+(k,1) ,max{i,jl<max{i',j'},max {k,D<max{k,1'} ,
f(max {i+1,j+1,i'},max {i+1,3+1,3'},max {k,k* 1,1+ 1}, max {1,k+1,1+1})
if (i,j)+(1,3) (k,1)+(k,1) ,max{i,jmax{i',j"},max{k,Pmax{k’,1'},
f(max {i,i+1,j+B,max{j,i*+1,j*1max {k+1,1+1,k'},max{k+1,1+1,1'})
if (1,j)+(1%3) (k, 1) +(k, 1) ,max{i,jPmax{i’,j'},max {k,F<max{k',1'},
f(max {i,i+1,j+,max (j,i'+1,j+* B, max{k,k* 1,1+ %, max{1,k+1,1'+1})

if (1,3)+(1,3) &k, DK, 1) ,max{i,jPmax{i',j'},max{k,Pmax{k,1'},

and
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(2) f£(i,3,k,1)vE(i",j",k",1") =

f(min{i,i},min{j,j'},min{k,k't,min{1,1})

if (1,j)~(1,1, k,1)~(X,1)
f(min{i,i'},min{j,j'},min{k-1,1-1,k},min{k-1,1-1,1})

if (i,3)~(i,3), (k, 1)+, 1) ,min{k,1}zmin{k, 1} ,
f(min{i,i},min{j,j'},min{k,k~1,1-1}min{1,k-1,1-1})

if (i,3)~(i,3),(k,1)+(K,1) ,min{k,1}<min{Kk', 1}
f(min{i-1,j-1,i},min{i-1,3j-1,3},min{k,k,min{1,1'})

if (1,j)+(@%39, (k,1)~(k, 1) ,min{i,j}tzmin{i',j'},
f(min{i,i-1,j-1min{j,i-1,j- %, min{k,k'},min{1,1}

if (i,3)+(i,3), (k,1)~(K,1),min{i,j }<min{i',j'} ,
f(min{i-1,j-1,i'},min{i-1,j-1,j'},min{k-1,1-1,k't ,min{k-1,1-1,1})
if (i,3)+(i,39,(k,1)4(k, 1) ,min{i,jemin{i',j'},min{k, Temin (K, 1} ,
f(min{i-1,j-1,1'},min{i-1,j-1,j'%,min{k,k=1,1-,min{1,k-1,1-1})
if (i,j)+0(1,3),(k,1)+(k, 1) ,min { 1i,jkmin{i',j'},min{k,xmin{k',1'},
f(min {i,i-1,j-14min{j,i-1, -, min{k,k-1,I-1},min{1,k-1,1-1})

if (i,j)+(f,fh(k,1)+(kgr),min{i,jkmin{iﬁj?,min{k,lkmin{kgr};
f(min{i,i-1,j-1},min{j,i~1,j~1},min{k-1,1-1,k'} ,min{k-1,1-11'})
if (1,304, 39),(k,1)+(k,1) ,min{i,j}<min{i,j},min{k, Demin{k’, 1}

Proof: (1) and (2) imply that {f(i,j,k,1)|(i,j,k,1) satis-
fies (%)} is a sublattice of FM(J%) and, because of

a=f(0,o,»,1), b=f(1,,1,»), c=f(»,1,0,») and d=f(«,0,~,0),
that it is equal to FM(J%). Thus, what actually has to be

proved is (1) and (2).

349



(1): Because of ((ulavUjd)A(vkcvvld))A((uiavujd)A(vkcvvld)=
Ctavid dyaulavid d)yacooXevuldya(vEevold)), the assertion

is an immediate consequence of Lemma 15.

(2): The proof is divided into cases s.t. (1<s,t<6), where
the case s.t. means that (i,j,k,1) satisfies condition (s)
in (*) and (i',j',k',1') satisfies condition (t) in (x).
By commutativity of v , it 1is sufficient to handle the
cases S.t. with sst. PFurthermors, because of f{o,x,0 o)=0,

all the cases s.6 are trivial.

1.1.: Let MeZN_ with Mzmax{i,j,k,1,i',j"',k',1'}.

(utavid ) ao¥evvlayy vt lavid "aya (o8 evol Ty =

1

e o ,
WMatavd gy vit okevulay vt avpd "y v (o T eval Ty =

1dvvk'cvvlld)=

min{j,j'}d)VUM(Vmin{k,k'}vamin{l,l'}d)=

. . . .

vM(ulavU]dle aVuJ d)VuM(vkcvv
- 3 1 1

M umln{l,l }aVu

(umin{i,i'}avain{j,j'}d)A(vmin{k,k'}vamin{l,l'}d)
(Lemma 17,16).

1.2.: Let Me 2N J with Mzmax{i,j,k,1,j',1'}. Because of
M-1"

j',l'eZNo, we have d=uM_J'dvv d by Lemma 11. Together

with Lemma 17 and 18 it follows
((utraviddyavRevolayyvind "aavt'ay=

. . Sy o1
vM(ulaVqu)VUM(vkcvvld)VuJ vl d=

. . . .
\)M(ulavUJd)vuM(\)kcvvld)vuM\)1 dvauJ'd=

3 3 3t
vM(ulaVquvuJ d)vuM(vkcvvldvvl'd). From this we get the
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assertion by Lemma 16 and 17.

1.3.: By Lemma 18, j'€2N0+1 and k'gZNO imply uj'dAvk'c=
I Tk ca 3 -1 K

c. Then, the proof is analogous to

H =

1.2..

1.4.: analogous to 1.3..

1.5.: By Lemma 18, i'€2N0+1 and k'€2N0+1 imply ut aAvk c=

- ) - T -
ut 1bA\)k 1b=u1 1vk' 1b. Then, the proof is analogous
to 1.2..
2.2.: If j<j' and 1>1' , we get the assertion from
(UJdA\)ld)V(]JJ 'd/\\)l'd):UJ\)ldvuj '\)l'd=uj\)1'(uj '—jdv\)l_l'd)=

wvl'a=pdaavt a=david "ayavlavel'd) by Lemma 16. The

other cases are analogous.

2.5.: Let Me2N_~ with M2max{j,1,j',k'}. Using Lemma 6,

j 1 T gavK oy 2
11,18,13 and 17, we get (u dav-d)v(p’ dav: ¢)=

(dawd daviayvieand T Teavk ' ¢y=
CMavoMay apd davtdy v cMeviMey apd Tl eavk o=
caMaaviayvd aamMayy v (Meav® oy vd T TeavMeyy =
k' -1 M

C VvV C=

qulquJdevUMv Vi

VM(ujdej'd)VuM(vk'cvvld)=(quij'd)A(vk'cvvld).

2.,4., 2.5., 3.4.: similar to 2.3..

. ., ,
3.3.: Because of (quAvkc)v(quAvk c)=

(uJ—1CAvkc)V(uJ'-1cAvk'c), the proof is analogous to 2.2..

4.4., 5.5.: similar to 3.3..
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3.5.: Let MeZN0 with M2>max{j,k,i',k'}. Using Lemma 6,11,

18,12,10 and 17, we get in the case k<k' that

1 k'-1

(il davieyv et anvk ey = ceapd TTeavke) v baut T Thavk " Thy -
(M evoMey md T Teavkeyv ( (Mbvotty apd T~ Tpapk' =1y
CMeavEeyv ol TTeanMey ) v Mo avk “Toy vt ToavM) ) =
WKy 37 T My MUK =Ty 2T My MG 30 Mk K
vM(ujdvui'a)vuM(u1A(vkcvvk'—1d))=

wM I Tavet Ty M okavok 1y -

(T Tavit Ty aRaveR ey = udavit T ay apta Revok Ty -

-1

. .
(ul aVqu)A(vkcvvk d). The case k'<k analogously follows.

4,5.: analogous to 3.5..

Proposition 20: An isomorphism from FM(Jg) onto a subdirect

power of FM(J?) is given by f(i,j,k,1)r—>(e(i,j),e(k,1))
(the elements e(i,j) of FM(J?) are defined in DAY, HERRMANN,

WILLE [2 1).

Proof: The assertion is a straightforward consequence of Pro-

position 19 and of Theorem 4 and 5 in [2 1.

Proposition 21: Let (i,j,k,1) and (i',j',k',1") satisfy (=*).

Then f(i,j,k,1)=€f(i',j',k',1') if and only if

(i,j,k’l)=(i' ,j' ’k' )1‘)'
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Proof: The assertion immediately follows from Proposi-

tion 20 and Theorem 5 in [ 2 ].

Proposition 22: The congruence lattice of FM(J%) is

described by the following diagram:

Proof: By Proposition 20, the intersection of the congru-
ence relations O(avb,1) and O(bvc,1) is the identity;
furthermore, by the Homomorphism Theorem and Corollary 8
in [ 21, there is only one non-trivial congruence relation
greater than ©(avb,1) and ©(bvc,1), respectively, namely
0(avb,bvc). Therefore, the distributivity of the congru-

ence lattice gives us the assertion.
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3. FM(lei In this section we show the existence of epi-
morphisms o and B from FM(Jj) onto FM(Jg) (Lemma 23),
which separate FM(Jj); that is, ker an ker B =
w:={(X,X)|X€FM(J3)} (Proposition 49). To establish the
proof, we define monomorphisms a and B from FM(Jg) into
FM(Ji] (Lemma 26) and meet-morphisms o and B from FM(J%)
into FM(Jj) (Lemma 43), such that ax<ax and Bxs<Bx for all
xeFM(Jg). We prove that the intervals [gx,&x] and [Bx,Bx]
are the congruence classes of ker « and ker B, respecti-
vely (Lemma 48). Thereby, we get FM(Ji) as a subdirect
power of PM(Jg). Both Proposition 22 and Proposition 49
give us the proof of Theorem 3. Furthermore, the word

problem can be solved for FM(Ji).

For the preparation of the main-assertions, several lemma-
ta have to be proved and are listed in the beginning of
part 3. For simplification in the following we choose

lower case letters for the generators of Jg and upper case

4

letters for the generators of J4.

Lemma 23: There are epimorphisms o and B of FM(JZ) onto

FM(J%) such that

(1) a0 =0 (2) BO = O
oA = ¢ BA = a
aB = d BB = b
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aC = a BC = ¢
oD = b RD = d
al = 1 B1 =1

Proof: Since FM(Ji) and FM(J%) are lattices freely gene-

rated by JZ and Jg ,
4

J4 into Jg can be extended to epimorphisms from FM(JZ)

onto FM(Jg).

respectively, the homomorphisms from

Lemma 24: There are endomorphisms ¢ and ¢ of FM(Jj)

such that
(1) ¢0 =0 (z2) 0 =0
dA = DA(AVB)F YA = Ba(AvD)
B = CA(AVB) B = Aa(Bv(C)
6C = BA(CVD) PC = Da (Bv()
D = Aa (CVD) YD = Ca (AvD)
$1 = (AvB)a (CvD) y1 = (AvD)a (BvC)

Proof: It can be easily seen by modularity that (1) and
(2) define homomorphisms from JZ into FM(Ji). Thus, the

freeness of FM(Jg) gives as the assertion.

[emma 25: Let u and v the endomorphisms of FM(Jg) de-
fined in Lemma 4.
(1) ov = vo  (2) oy = ua  (3) B¢d = VB

(4) ad = va  (5) BY = up
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Proof: (1): oYA=¢(BA(AVD))=(CA(BvD))A((DA(AVB))V(AA(CYD)))
=CA(AVB) A(AV(DA(AVB))) A(CvD)=CA(AVB) A (AVD) A(AVB)A(CVD)
=CA (AVBYA(AVD) A(BVC)=(CA(AVD))A(AV(BA(AVD)))A(BVC)
=(CA(AVD) ) A(C(AA(BVC)) v (BA(AVD)) )=y (DA(BVA))=UdA;
oUB=y¢B, oyC=yoC, ¢yD=y¢D (analogous to ¢PA=yY¢A).
(2) ayA=a(BAa(AvD))=dA(cvb)=uc=ucA ,
aPpB=a (Ar(BvC))=ca(dva)=c=pd=naB ,
ayC=a(DA(BvC))=ba(dva)=b=pa=uaC ,

ayD=a(Ca(AvD))=aa(cvb)=pub=nuaD .

The other assertions analogously follow.

By Lemma 25, the following diagram commutes:

¢

FM(Jj) > FM(J‘;)
8

o] |0 | |
Q

FM(J}) —= FM(J)

Lemma 26: There are monomorphisms o and B8 from FM(Jg)

into FM(Jj) such that

(1) o0 =20 (2) g0 =0
aa = CA(AvVB) Ba = AA(CvD)
ab = DA(AvB)A(Bv(C) Bb = BA(AvD)A(CvD)
ac = AA(Bv(C) Bc = CA(AvD)
ad = B gd = D

Q
1

(AvB) A(BV(C)

(Jon]
—
i}

(AvD) A (CvD)
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Proof: (1) Since FM(J%) is freely generated by Jg, it 1is

enough to proof the following statements:

gavac = (Ca(AVB))V(Aa(BvC))=(Cv(AA(BvC)))A(AVE)
=(CvA) A (BVC)A(AVB)=(BVvC) A(AVB) =al
aavad = (CA(AVB))vB=(BvC)A(AvB)=qal
abvad = (DA(AVB)A(Bvc))vB=(BvD)A(AvB)A(Bvc)=(AvB)A(Bvc);g1
acvad = (AA(BVC))VB=(AVB)A(BvC)=al
éaAgb = garoc=garad=gbrac=abrad=acaad=0=a0.

(2): analogous to (1).

Lemma 27:

(1) aq=8@=idFM(Jg) (2) aB=Rg=uv
(3) au=da (4) av=¢a
(5) Bu=y8 (6) Bv=68

Proof: (1): coa=a(CA(AVB))=aa(cvd)=a=g(Ar(CyD))=gga,
aab=a (DA (AvB)A (BvC))=ba (cvd)a(ayd)=b=
B=(ba(cvd)a(avd))=ggb,
aac=a (AA (BvC))=ca (avd)=c=B (Ca (AvD))=gc,
acd=0 B=d=BD=RBd .
(2): aBa=0 (Ar (CvD))=ca (avb)=vb=vua=pva=c, (avb)
=B (Cr (AvB))=Baa,
aBb=a (BA(AVD) A (CvD))=da(cvb)a(avb) =y (ca(avb))
=pvb=B (DA (AvB)a (BvC)=ggb,
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aBc=a(CAa(AvD))=aAr(cvb)=ub=pvc=R(AA(CVvB))=Bac,

apfd=aD=b=pa=uvd=gB=gad .

(3) apwa=oab=DA(AvB)A(BvC)=DA(BvC)A(AvB)A(AvD)A(BVvC)
=DA(BvC)A(AV(BA(AVD))) A(BvC)=
=DA(BVC) A((BA(AVD) ) v(AA(BVC)) )=y (CA(AVB))=yaa,

aub=a (aA (bvc))=Ca(AVB) A((DA(AVB) A(BVC))v(AA(BVC)))
=CA(AVB)A((AA(BVC)) v(DA(BVC)))A(AVB) =

=CA (AvB) A(DV (Av (BVC)))A(AVD)

=CA (AVD) A (AVB) A (BVC) A (AVD) A((DV (A (BVC))) A(BvC))

=y (DA (AVB) A(BVC)) =yab,
apc=yac (analogous to aua=yaa),
aud=ac=AA (BvC)=yB=yad.

(4), (5), (6): analogous to (3).

Lemma 28: (1): ¢me¢nX and meswnX fof X€J4

1 if m=n(mod 2)

and m=n.

(2): ¢™<o™ and y™<p™ if mon.

Proof: The assertions are consequences of ¢2X5X, wZXsX

and ¢1<1, ¢Yl1<1, respectively.

Lemma 29: (1) ¢™Xa¢™Y=0 for X,Yer\{1} if (i): X#Y and
m=n (mod 2) or (ii): Xe{O,A,D} and Ye{0,B,C} or

(iii): X=Y and min(mod 2).
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(2) meAwnY=O for X,Yer\{1} if (i): X#Y and m=n(mod 2)
or (ii): Xe{0,A,B} and Ye{O,C,D} or (iii): X=Y and

mfn (mod 2).

Proof: XaY=0 for X,Yer\{1} and X$Y implies the asser-

tions.

Lemma 30: Let neN .

2n-1 Zn-1

(1) ¢%Pa=An(Cve 2™ Ta)=an (Dve 2D~ Tp)
(2) 627 A=DA (Avo2RTZR) DA (Bv ¢ 21 2p)
(3) 6°"B=Ba(Cve2R TA)=Ba(Dve2R Ry
(4) 620 1B=Ca(Avo iR 2R) =CA (B¢ 2R 2p)
(5) ¢°"c=Ca(ave®® oy =Ca(Bve?™ Tp)
(6) ¢2“ Te=Ba(Cve?™ 2Dy =Ba (Dve iR 2()
(7) 62™D=Da(Ave P 1) =DA (Bve 2™ )
(8) ¢“ Tp= AA(Cv¢2“ “D)=An DV 20)
(9) w Mp= AA(CVw A)=AA(va ‘1D)
(10) 2™ T a=Ba (Avy?™ 2Dy =Ba (Dvyp2h=2p)
(11) w2PB=Ba(Avy?P 1) =Ba(Dvy2R 1py
(12) 920 V=an (Bvyp?P 2y =an (Cvyp?P~2p)
(13) ¢*Pc=ca(avp?™ Tey=caovy® 1)
(12) 227 Ve=pa (Bvy ™ 2y =D (Cvip?nT2p)

(15) w2™p=pa(Cvp?™ TA)=Da(Bvy?P~ Ip)

2n-1 Zn-2 2n- 2

(16) v D=CA (Avy D)=Ca(Dvy A).
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(1): The case n=1 is proved by

$%A=9 (DA (AVB) ) =AA (CVD) A ((DA(AVB) )V (CA(AVB)))
=AA(CvD)A(Cv(DA(AVB)))A(AVB)=AA(Cv(DA(AVB)))=AA(CVvdA) and
AA(CVD) A ((DA(AVB))V (CA(AVB)))=An(CVD) A(DV (CAAVE))) A (AVE)
=AA(Dv (CA(AvB)))=Ar(Dv¢B) . By induction hypothesis, we get

2. 2n-2 2n-3
! ")) -

for n>1: ¢2PA=¢2¢ A=¢2 (AA(CVo
202y =4 (DA ((BA(CVD) )V (AN (CVEZRT3A)))
27-37y)))

A)):AA(CVD)A((CA(AVB))V(DA(RV¢2n~2A)))
2n-2 “2720)))

A) and furthermore
2n—2B))
“M738))) A (CVD))

o (DA(AVB) A ((BA(CVD)) Vv
=¢ (DA (BV (Ar(CvpZD3
=9 (DA (Bvo P7*
=AA(CVD) A (CV (DA (BV
Zn-3

A)))A(CvD))=¢ (DA (Bv(Ar(CVe

A)))~(AvB)=AA(Cv(DA(Bvé

2n-1

=Ar(Cve (Ar(Cve A)))=Ar(Cve

%M A=02 (AN (Dv2™ 5B) ) =4 (DA (AVB) A ( (AN (CVD)) v

20=38YY) Y =¢ (DA (AV (BA (D

=9 (DA ((AA(CVD)) v (Ba(DVo
=9 (DA (Av$ 2™ 72B) ) =AA (CVD) A ( (DA (AVE)) v 2D
2n-2

=AA((DA(AVB))v(¢2n'ZCA¢ (AVB)))

=AA(DV (6“7 2CAg M2 (AVB) ) A (AVBY =An (Dv9 2P T2 (CA(AVE)))

1

B)

=AA(DV¢2n— B) (Lemma 28).

All other cases of Lemma 30 can be proved in a similar way.

Lemma 31: Let m,neNO and m<n .

) <b2mAV¢2nC=¢2mAV¢2n— 2n-~1

2n-1

(2) ¢°"Bvo?"D=0""Bv¢
(4) ¢2mDv¢2nB=¢2mDv¢2n_

(6) mevaZnD=w2vaw2n-1D

(3) ¢2va¢2nA=¢2va¢

C
A
(5) meAvancszmAvan— C
A

(7) meCV¢2nA=w2mCV¢2n— (8) meDvanBszmDvan— B .
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¢2mAv¢2n
2(n-m)-1

Proof:

(1):
M(avC)ya(Ave

C)=6“MAve

Zn-1

m(Av¢Z(n_m)C)=¢2m(Av(CA(Av¢

2(n—m)—1c)))

C (Lemma 30).

(2), (3), ..., (8): analogous to (1).

Lemma 32: Let m,neNO m<n .,

(1) ¢2mAv¢2n+1B=¢2mAv¢2n (2) ¢2va¢2n+1A=¢2va¢2nA

(3) ¢2va¢2n+1D=¢2va¢2nD (4) ¢2mDV¢2n+1C=¢2mDV¢2n

(5) meAvw2n+1D=w2mAvw2nD (6) wszvw2n+1A=w2mDvw2nA

(7) meva2n+1C=w2vaw2nC (8) meCVw2n+1B=w2mCVw2n

Proof: (1): b AV¢2H+1 m(Av(bZ(n—m)+1B)=¢2m(Av(CA(AVq)Z(n-m)B)))
m((AvC)A(Av¢2(n‘m)B))=¢2mAv¢2“ (Lemma 30).

(2), (3), ..., (8): analogous to (1).

Lemma 33: Let m,neNO

) ¢2m+1A lp2n+1 =D (2) ¢2m+1Bv 2n+1D=C

(3) ¢2m+1 w2n+1A=B 4) ¢2m+1Dvw2n+1B=A

Proof: The case m=n=0 can be easily checked by Lemma 24.

By induction hypothesis, we get for m>n=0: ¢
2m-1

=™ Tavycvyele=02 (¢

AVCYvIC=¢2DvYC

2m+1

AvyC

= (DA (BV (AA(CVD))) ) v (DA(BVC)) = ((DA(BVC)) VBV (AA(CVD))) AD

=(BvCVv(AA(CvD)))AD=(BvCvD)AD=D (Lemma 24).

Zm+ 1 Zn+1

We get: ¢ Avg C=¢

2m+1 2m+1 2n-1

=¢ Av w (¢ Avy

Av¢2m+1
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2m+1Avw D=¢ 2m+ Av

Now let n>O.

2n+1

¢

Zm+1
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=™ vy (2™ Tavypy =6 2™ Tavyc=D (Lemma 28);

(2), (3), (4): analogous to (1).

Lemma 34: Let m,neNO

(1 ¢2mAvw2n+1B=A (2) ¢2vaw2n+1A=B
(3) ¢Zvaw2n+1D=C (4) ¢2mDvw2n+1C=D
(5) ¢2™ Tavy?ip=p (6) ¢°™ 1gvy?ic=c
(7) ¢2m+1va2nB=B (8) ¢2m+1Dvw2nA=A

Proof: (1): Case m=0 1s a consequence of Lemma 28. For
m>0 we get by Lemma 33:
A= 2P vy 2R+, o 2mp g 20t tp,  2m Ty 2N+ Tp AL The other

assertions similarly follow.

Lemmé 35: Let m,nENO
(1) ¢“Mavp A=A (2) ¢°™Bvip"B=B

(3) ¢)Zm
(5) ¢o™veli=1

cvy?le=c (4) ¢*™pvy2Mp=p

Proof: (1): For m=0 or n=0 the assertion follows by

Lemma 28. If m,n>0 we get

2m-1 -1

A=d Dvan Zm+ 1y, 2n+]

Bz MAvy?Paze vp?M* T 5-A by Lemma 33.
(2), (3), (4): analogous to (1). (5) we get by 1=AvC=BvD

using Lemma 34 and (1), ..., (4).
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In the following let ¢mX=O=me for all XeJi.

Lemma 36: Let neNOu{”}

(1) ov™A=¢ 149" D= (AVB) AP D (2) ¢u"B=¢1ap™C=(AVB)Ay"C
(3) ov™C=01ap"B=(CvD)AY™ B (4) ¢v™D=¢T1ay™A=(CvD) A A
(5) vo"A=y1a¢"B=(AVD)A¢"B  (6) Yo" B=y1a¢"A=(BVC)A9"A
(7) vo"C=p1ag"D=(BvCIA6"D  (8) we"D=p1a¢"C=(AVD)A$"C

Proof: (1): The case n=0 1s trivial. For n>0 we get
by induction hypothesis and Lemma 25: ¢wnA=W((AVB)Awn_1D)
= ((BA(AvD)) v (AA(BVC))) Ay "D=(AVB) A (AVD) A (BVC) AY"D
=(AvB)AwnD=(AVB)A(CVD)AwnD=¢1A¢nD. The other assertions

analogously follow.

Lemma 37: Let m,neNOu{w}

(1) o AVYRC) =6 1A (W DV B (2) ¢ (¥"AVY D) =0 1A (W DVYTA)
(3) o ("B C)=0Ta (W Cve™B)  (4) ¢(¥™BvY D) =414 (¥ CVY"A)
(5) w(o"Ave"BY=yTAa(¢™Bve™A)  (6) w(oMAveTC)=y1A(¢"Bve"D)
(7) w(o™Bve ™ D) =1a(¢"Ave C)  (8) w(o"Cve™D)=y1a(s™Dve"C)

Proof: (1): ¢ (v"Avp™C)=((AVB) Ap™D) v ((CvD)Ap"B)
=(((AVB) Ay™D) vy™B) A (CvD) = (¥ Dvy"B) A (AVB) A (CVD)
=¢1A(¢va¢lB) (Lemma 36). All other cases similarly

follow.
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Lemma 38: Let k,l,meNOu{w}.

eyavpler=e" M avel o)

(1) ¢
(2) o2 wRavplny=¢?™1a yp¥aveln
(3) omuFBvelc)=e®May¥Bvete)
(4) ¢ ™ (¥ Bvyln)=92™1a (v¥Bvyln)
(5) w2 (o avetBy=uiMia(o¥avels)
(6) v ™(e*avelcr=02M1a sk avelc)
(7) $*™(6*BvelD)=p2™1a (6*BvolD)
(8) w2™ (o cvaln)=62m1a o cvel)
(9) oXplr=e®rapty

Proof: (1): The case m=0 is trivial. By induction hypo-

¢2m k 2m~2

(W avelc)=e? (o
=0 M a1 npn (p¥avple)=0®1a (pRavelc) (Lemma 37, 28).

thesis we get for m>0: 1A(kaVw1C))
(2), (3), ..., (8): analogous to (1). (9) immediately

follows by (1) with k=1=0 and Lemma 37.

Lemma 39: Let 1i,j,k,1eN_, and let M,Ne2N_ with
M>max{k,1}, N>max{i,j}

(1) (wBvployacefavelsy=oMppvecy vuN(¥aveln)
(2) (wraveIpyaefevelny=oMwlavpIny) vNoKeoveln)
(3) (wraveicya(e®

(4) (' vedpyaceRaveloy=eMptavedpy) viN (oXavele)

Bvelpy=oM(ptavpicyveNoXBveln)
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Proof: (1): (v'Bvylcya(sFaveln)

= BvpI Oy a (eRave By a(oMiveN1y
=wNiveMiawtavedcyyyaceRavels)

=M a vl v (Miacekaveley)

=M p vl veN(o¥avelB)) (Lemma 35, 38).

(2), (3), (4): analogous to (1).

Lemma 40;: (¢i¢wijx)A(¢k¢Xv¢1x)g¢w1 for all i,j,k,leNu{e}

and for all XeJi.

Proof: The assertion follows by Lemma 38 and by

0129 (2 Toxved TTx) and ¢120 (68 Tpxvel ]

X).
Lemma 41: Let i,jeNO with iZj(mod 2); Me2N with M>max{i,j!}

and let XaJi.

(1) whoxvyd xzypMp (2) otuxvelxz¢My

Proof: (1): wi¢AijAzwi¢Aij¢D=¢(wiAijD)
=p1A (W DvpIA) 291a (Y A)291ay
2¢1A¢M1=¢wM1 (Lemma 37, 38). The proofs for B,C,D analo-

max{i,j}, max{i,j} max{i,j}+1

Dvi 1

gously go. For O or 1 the assertions are trivial.

(2): analogous to (1).
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Lemma 42: Let i,j,k,1eN ; M,Ne2N with M>max{k,1} and

N>max{i,j} .

(1) (wreavpIaya(ofvavelay =Mt vy ) viN (sKBvelay

k N
(2) (wreBveIBya(oNyBvels)=oMpicved By viN (oKavels)
(3) (wrecvidcyaeRucvelcy =" cuiBvpd oy v (sknvelcy
k N

(4) (wronvedpya(oRppve’ Dy=oMptavedpy veN (o

=~ =~ = =

CveiD)

Proof: (1): (v oAveIA)A(eXpavela)
=(wroaved Ay a (R uaveln) aper

=(wheavp Ay a(eRpavelny apNervetyn)
=(Cwtoavid i o™uny v a1y a ok pavela

= (whoavpI Ay aeMunyv ((eFpavetay apNon)

= (ot Toaved TTay aeM iy ve (oF T Tuavel T Ty apN

=y (CCAvBYap ™ D) vpd TTay aeM ) ve (CCavpy agR T TB) vo Ty authiy

1-1 k=Tpvel = TaAyacavD) apN 1)

=p (wr Toved Ty acavey aeMiyve (o
pvipd Ay Aoty ve ((oX TBvel T Tay apN1y

—y((y
=poM et v d Ty verN (o5 Tevel T Ty

oM utoved Ay vV (05BvelA)  (Lemma 40, 35, 41, 37, 38).

1-1

1-1
(2), (3), (4): analogous to (1).

Before we define meet-morphisms, let us recall that the
elements of FM(J%) have a representation as quadrupels
f(i,j,k,1)=(ulavpjd)A(vkcvvld) with (i,j,k,1)

satisfying condition (%) in section 2 (Proposition 19).
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Furthermore, let us define for ieNO

1 1

BvypliC:=Avylc,

va-1C:=1, and

1

DvptA:=Cvypla, v~
1 1

v Tavepip:=vylp, ¢~
v TovylBi=DvylB, ¢~
¢-1 1

o

1 D:=1, ¥

Avy
Cve'D:=Bve'D,

1

BvorA:=CvorA, ¢
1

AvolB:=Dv¢ B,

1

DvoiC:=Ave B, ¢ TAve TB:=1, ¢ Tcve D=1

Lemma 43: There are meet-morphisms o, B from FM(Jg)
into FM(JZ) such that

(1) af(i,j,k,1)= " "Dvyd " Taya(eX Tpvel™?

(2) Bf(i,j,k,1)=(y

C)

1-1 1 1

Bvpd "oy Aok TBvel 1Ay
Proof: (1): What actually has to be proved is
(i) af(i,j,k,1)=af(i,j,0,0)raf(0,0,k,1)

(ii) o(f(i,j,0,0)Aaf(r,s,0,0))=af(i,j,0,0)raf(r,s,0,0)
(iii) a(f(0,0,k,1)Af(0,0,t,u))=af(0,0,k,1)raf(0,0,t,u)
since by Proposition 19, (i), (ii) and (iii) we get:
o(f(i,j,k,1)af(r,s,t,u))=af(w,x,y,z)=af(w,x,00)raf(0,0,y,z)
=a(f(i,j,0,0)Af(r,s,0,0))ra(£f(0,0,k,1)Af(0,0,t,u))
=af(i,j,0,0)raf(r,s,0,0)raf(0,0,k,1)raf(0,0,t,u)
=0f(i,j,k,1)raf(r,s,t,u), if 0<i,j,k,1,r,s,t,u<e. If some
ne{i,j,k,1,r,s,t,u} equals =, the proof easily can be

checked by definition of «.

(i): Gf(i,j,0,0)ra£(0,0,k,1)=w " Tovpd TTayatata(oX Tovel Ty

= Tovpd Y a o Tove ey =at (i, Lk, 1)
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(i1): The proof is divided into the following cases
((i,j)~(r,s) means that mzn(mod 2) for all m,ne{i,j,r,st\{=}

and i,j,r,seNOu{m}):

1. (1,j)~(r,s) 2. (i,j)+(r,s),max{i,j}<max{r,s}

1.17. i<r, j<s 2.1. 0<i<j<rs<s 2.8. O<r<j<ic<s
1.2. i<r, j=zs 2.2. 0O<isjs<s<r 2.9. O<isr<j<s
1.3. izr, j<s 2.3. 0<j<isrss 2.10. O<r=<ic<js<s
1.4, izr, j=s 2.4. O<j<iss<rt 2.11. O<j<s<isr

2.5. O<1s=s<j<r 2.12. O<s<j<i<r

2.6. O<s<i<gjsr 2.13. 1+j=0 and i+j>0

2.7. O<j<r<iss or r-s=0 and r+s>0

2.14, i=j=0 or r=s=0

By symmetry, the case (i,j)+(r,s), max{i,j}>max{r,s}

is analogous to 2.

1.1. and 1.4. are immediate consequences of part 2, Lemma 6

and Lemma 28.
1.2, a((utaviddyauTavi®dy)=a(uTavid ay=p" Tovpd T A

- (v° T any ’

D=3 tancpt Toved 1Ay vyt D
s-1

i-1 -1

p)vd " Tany
—t Tovpd Ty AT ToveS T Ty s (utavid ayra (uFavi®a)
(Lemma 29,28);

1.3. analogous to 1.2..

368



2.

2

2.2.,2.3,2.4.: analogous to 2.1.(by symmetry of J4

.

S ((utavpddya(uavi®a))

max{i+1,j+1,r}a max{i+1,j+1,s}d)

=a(u v

max{i,j,r-1}Dv max{i,j,s—1}A

=y v

1-1

& (ntaviddyaauTaviSay= ol Toved “Tayau T ToveS T4

(v
o1 oAy TP A ACA (Dv
ot eI avpy ay
=om e T avn) apT T Ay vpy acy v ST
T

-1, s-1

=37 Dy

1-1 s-1

A= Tovpd ayapT Ty vpS T
A)) v

A)vD)AC) vy®~
1

pvid Ay a(wT vy

r-1-1 s-1

A

r-i-1 1

A

A

s-1

s~1 1-1 A

T Ty ac) vpS T A=t Ty T iy

A  (Lemma 32,28,30);

4 and

commutativity of A);

2.

5.

s-1

i_1Dij—1A)A(wr_1DVw A)

& (utavpddyaa(uTavu®a)=(y
= v Ay A ove® T TAY = v (05 T TAn (pt T ToveIay)

=0T Dvgdan (S TAnpt Dy =y v d A=y T Tpvygda

(Lemma 32,28,29);

2.6.,2.7.,2.8.: analogous to 2.5.;

2.9. a(pravpddyaa(uTaviSd) = (ot Toved Tty AT Tovy ST

1A)

=t Tpvpd Ay apT Dy vySTT

=t Tl -
t-1

A=w1-1wj-i+1Dth—1A

A (2.1., Lemma 30,32);

AvD) AC) v

:ijvw

2.10.,2.11.,2.12.: analogous to 2.9.

2.

13.

Let O=i<js<r<s. af(0,j,0,0)Aaf(0,0,r,s)

=(cvpd Ty a ™ v T Tay = ccovpd T Ay apT T Ty vpSa

= ((cvpd TTAY aDA (v T 2A) ) viSa= (D (CveT T 2A) ) vita

=wr_1DvaA=wr_1Dva-1A (Lemma 32).
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Corresponding 2.2. until 2.12., all other cases can be

easily proved in a similar way.

2.14.: The assertion is trivial because of af(0,0,00)=1

(iii): By symmetry of definition of ¢ and ¢ , assertion

(iii) analogously as (ii) follows.

Since the proof of (2) is analogous to (1), Lemma 43 is

completely proved.
Lemma 44: au:idFM(Jg)=BB

Proof: 1. Let x=£(i,j,k,1)eFM(J}) with i,j,k,1>0.

k—1DV¢1_1C))

aDvuj—1aA)A(vk_1aval-1u

a&x=u((wi-1Dij_1A)A(¢

i-1

=(u C)

:(“1'1bvu3_1c)A(vk—1bvv1—1a)

-(ulaviddyavkevolay=£(i,j,k,1) (Lemma 25).

2. Let x=£(i,j,k,1)eFM(J}) with some of i,j,k,1
equals O. We have to use the definition for ex-

1 or ¢"1; then the proof is ana-

pressions with ¢
logous to 1..

Bé:idFM(Jg) can analogously be shown.
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Lemma 45: ax<ax and gxs<fx for all xeFM(Jg)

Proof: qf(i,j,k,l)=g((uiavujd)A(vkcvv1d)
=(wieaave))vel By a oK an(Bve) ) vele)

s(wi’1Dva'1A)A(¢k‘1Dv¢l'1CJ=&f(i,j,k,1) (Lemma 37).
Bx<Bx (analogous to ax<ax).

Lemma 46: Let Ia and IB be the set of all intervals
[ax,ax] and [Bx,BxJwith xeFM(Jg), respectively.

N 4 _ 4
(1) UT,=FM(J,) (2) \U1g=FM(J)

Proof: (1): Since every meet-morphism is isotone, we get
ax<a(xvy), ays<a(xvy) and this implies axvays<o(xvy).

Now, let Selax,ox] and Telay,ay].

By a(xvy)=axvay<SvT<axvay<a(xvy) and
a(xAy)=axray<SAT<axaaysa(xay), we get SvTeloa(xvy),a(xvy)]
and SaTela(xAy),o(xay)]. Since Ae[AA(BvC),Al=[ac,ac],
Be[B,Bl=[aD,aD], CelCA(AVB),Cl=[aa,qaal,
De[Da(BYA)A(BVC),DI=[ab,ab] and since FM(J,) is freely

generated by Jj, the assertion follows.

(2): analogous to (1).

Lemma 47: Ia andvI8 are partitions on FM(Jj).
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ax ay Lax,ax]nlay,ayl$@ implies
S axvays<axaay. Using Lemma 27 and
Lemma 44, we get xvys<xay by
ax ay

aa(xvy) <aa(xry). Thus, x=y and the
assertion follows by Lemma 46. The

assertion for IB can be proved by the same arguments.

Lemma 48: Let kera = {XeFM(Jj)[uX:x} and

kerf := {XeFM(J})|BX=x} for xeFM(J}).

(N kerax=[qx,&x] (2) kersx=[§x,éx1

Proof: Lemma 48 is an immediate consequence of Lemma 47

together with Lemma 27 and 44.

Proposition 49: o and B are separating homomorphisms

from FM(Ji) onto FM(Jg).

Proof: By Lemma 48 1t is enough to show that the meet of
two intervals [gx,&x] and [@y,éy] is empty or consists of
only one element. We choose a fixed element x=f(i,j,k,1)
of FM(J%). Our first goal is to determine all elements

yeFM(J;) for which Ixy:= [ax,axIn[By,By1+d.
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ax By Suppose Ixy+® . Then ng§YS&xABy

and Roxvy=BaxvBRy<BaxABBy=BaxAy
(Lemma 27,44). Therefore we get
ax By puvx=Rax<ys<pax (Lemma 27). By Lemma 4
and Proposition 19,
uvx=f(j+1,i+1,1+1,k+1). For determining Rax we have to
distinguish in

1 1-1

= Tpvgd = Taya 6% Tovel = Tey)

(i) i,j,k,1>0: Baf(i,j,k,1)=R((y

11500037 Taay a (vk™ Tapvyl™]

1—1vak-1

BC)
dy=£(j-1,i-1,1-1,k-1)

=(u
~d Tavt Ty A

(Lemma 25).

(ii) 1.j=0 and i+j>0 or k-1=0 and k+1>0: Let w.l.0.g.

O=1<j,k,1.

BRE(0,7,k,1)=8((Ccvd Ay a(e¥ TDvel 1oy |
v1_1 k-1

=tevid Taya v Tavu Ty = i Tavpay a ol - Tewok Tay

=f(j-1,1,1-1,k-1) (Lemma 25).

(iii) i=j=0 or k=1=0: Let w.l.0.g. O=1i=j<k,1.

1 1 k-1

85£(0,0,k,1)=8 (1265 Tovel o) y=1a vt Tevuk 1y
=f(0,0,1-1,k-1) (Lemma 25).
For summarizing these results, we define:
i¥r= §, 3%:= i, k¥i= 1, 1%:= k
‘ m-1 if m>0
and for all me{i,j,k,1}: m:= 1 if m=0 and m*40

0 if m=m”=0
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It follows: Ixy+Q<::>ye[f(j+1,i+1,l+1,k+1),f(j,I,i,
-<::>y£{f(j,i,l,k)eFM(Jg)[me{ﬁ,m,m+1} and $=m<¢:>$*

k)1
=m

with me{i,j,k,1}t} (Proposition 19).

Let us say, y satisfies (xx), if y 1is an element of

the set just mentioned.

In the following we have to prove axABy=axvBy for a
fixed x and all y satisfying condition (x*). The proof
will be divided in several cases, since we have some
possibilities for the choice of y and since the cases
with some of 1i,j,k,1 equals O or equals « have to be
btreated separately. By symmetry of Jj and by commutati;
vity of meet and join, it is enough to prove the follo-
wing cases:

1.1, x=f(i,j,k,1), y=£f(j+1,i+1,1+1,k+1) for O<i,j,k,l<w
1.2.: x=f(1,7,k,1), y=£f(j-1,1+1,1+1,k+1) for 0<i,j,k,l<e
1.3.: x=f(1,j,k,1), y=f(j-1,1-1,1+1,k+1) for O<i,j,k,l<w
1.4.: x=f(i,i,k,1), y=£f(i,i,1+1,k+1) for O0<i,k,l<e
1.5.: x=f(»,2m,»~,2n),y=f(2m+1,o,2n-1,©) for O<m,n<e
2.1.: x=£(0,j,k,1), y=£(j+1,1,1+1,k+1) for O0<j,k,1<=
2.2.: x=f(0,»,o 2n+1),y=£f(>,1,2n,x) for O<n<e

3.1.: x=£(0,0,k,1), y=f(1,1,1+1,k+1) for O<k,l<w
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1. axABy=(y

.2, axABy=(y

L300 axABy=(y

1 1

v T a 65 Tove Ty acudBviic) a (ot Bveka)

=(wIBvptoya(atBvoRa) =M pieveI By viN e Kave ey
k+1DV¢1Bv¢1+1C)

1+1

=¢M(Wicvwi+1DVWjBV¢j+1A)va(¢kAv¢
=(whoBvpIBY A (o uBve BY) v ()T opvy T TDy (o1 T Typv ekt Thy)

=qxvBx (Lemma 39,42).

i-1 1

pvid Ty A (o5 Tovel ey a(wI T ZBvit ey a (o lBagka)

=t Tovpd T Taya (ud "2Bvitc) A (o tBveRay

=wrevpd T2Ba et Tovpd TTAy )y A cetBveRay
= (prevpd TTav (pd 2Bapt T TDY ) A (o BVoRA)

=leved Ty acetveRay =M lcved Tty viN (Xavels)
1+1 k+1D)

pyvpNeeXavelavel* Tove
=C(whoBve  BY a(oXuBvelB) ) v ((wd T epvet T Ty Ao TynveX* Ty

=" wteveBvgd T Tavy

=gxvfx (Lemma 29,39,42).

1-1 1

pvyd 1Ay A (65 Tovel Ty a (i T ZBvy T2 onetmea

=t Toved Ty a e tBveRay=eM (wt T Toved TTay v (6Xave )
=M cptevpdBvyd TNyt Ty v (oKavetavet TeveX )

=((w eBvpIBY A (6%uBvelBY) v (W T Tonvit Dy A (e TuDve Xt )
=gxv@x (Lemma 39,42).

. axaBy=(0 T Tovet Ty a5 Tovel T ey a et T TBvel T Tonet v o X 2ny

k_ZAA(¢k—1Dv¢1‘1C)))

k-1

i-1

1-1

=y T ((DVA) A (BVC) ) A (01BV (¢
k—1DV(¢l—1D
Dv¢1B)

:wi
=My vl (o

=¢M(winwtiwiAvwiD)va(¢kAv¢1Bv¢l+

“TpincotBve e 20y =pt1a (6% TDvole)

N, k-1

Tevek~1py

1

= (v oBvptBY A (05uBvelB) ) v ( (v eDveiDy A (o1t TynveX D)

=axvpx (Lemma 29,39,42).
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1 2n

1.5.: axaBy=0 " A2 Teap?MBag 2P 2=y 2Mpag 2P e

Zm+ 1

=BA¢ZH—1CAw2mB=(W Av¢2nB)A¢2n—1CAw2mB

=((w2m+1AA¢2n_1C)V¢2nB)Aw2mB

=((w2m+1AA¢1A¢2n_1

=((w2m+1¢DA¢2n_1¢D)V¢2nB)Aw2mB

= (2 ™BAo 2B v (p2™ T4Da¢ 2™ 1Y) =axvpy (Lemma 34,37).

Cap1) veimB) aypiMp

2.1.: axaBy=(Cved Tty aeX Tovel ey acuIBve) A (o 1BvoKa)

= (W Bve) A (o BveRA) =6 (cvyd BY v (o Kave 1B

1+1 k+1D

=oMevpd By I Tave) viN (o RavetBve  Teve X 1oy

=cvIBY Ao aveB) ) voM (eI P Tavep) viN (1 Teve X Ty

1Cv¢k+1D)

k+1

=((cvpIBY A (s ave By a(Bve) ) v (pI* TavyD) viN (o1
=((CviIBY A ((o*anp 1) velB) ) vl (pI * Tavey viN (ot Teve
=((4BveIB) A (6" uBveBY ) v ( (I ToDveD) A (o 1H TypveX*?
=axvBy (Lemma 39,37,42).

D)

D)

2.2, &xABy=CA¢2nCACA¢2n_1B=¢2nc=¢2n(¢vaD)=¢2n+1BV¢2nwD

2n+1

=(¢Brg B)V(WDA¢ZHWD)=nggy (Lemma 33).

k-1DV 1

3.1.: axABy=1a(6 6171y A (BVE) A (6 1BvoXA)

=(BvC) A (¢ BvoRA) =6M(BvC) vV (oKave 1B)

1+1 k+1,

=M (Bvevpavyp) viN (oXavelBvelt TeveX* Tpy

= ((BvC) A (6XAveB) ) veM (paveD) vpN (s 1 Tovek* !

D)

=((BvC) A (AVB) A (6XAvo1B) a (Bvg) veM (paveD) vpN (o1 Tovek™

k+1

D)
= ((BvC) A (AVBYA((¥AAp 1) v BY ) veM (pavpD) v (o 1+ Teve
= ((4BVB) A (6XyBve1B) ) v ((woDvyD) A (61 TDveX*!
=axvBy (Lemma 39,30,37,42).

D)

D)

This completes the proof of Proposition 49.
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Proposition 50: The congruence lattice of FM(Jj) is

described by the following diagram :

Proof: By Proposition 49, the intersection of the congru-
‘ence relations kera and kerB 1s the identity; furthermore by
the Homomorphism Theorem and Proposition 22, there is only
one coatom greater than kera and kerB, respectively, namely
©(AvB,BvC,CvD,DvA). Therefore, Proposition 22 and Pro-
position 49 together with the distributivity of the con-

gruence lattice gives us the assertion.

Proof of Theorem 3: By the Homomorphism Theorem, the asser-

tions are immediate consequences of Proposition 50.

Another immediate consequence of Proposition 49 is the
following Proposition which (together with Proposition 19
and 21) solves the word problem for FM(JZ). For stating
the Proposition, we define

~n A A A

&f(lyj )kyl)/\éf(:} ’1,1,1()

g(i’j’k,l’j’i’l,k):

for £(i,j,k,1),£(j,i,1,k)eFM(J}).
377



Proposition 51: The elements of FM(Ji) can be uniquely re-

presented as octuples g(i,j,k,1,j,i,1,k) such that (i,j,k,1)

~ ~ ~

satisfies (%) and f(j,i,1 k) satisfies (xx) with respect
to f£(i,j,k,1); furthermore, for o=v and o=A, respectively,
we have

g(i,j,k,1 ;,; i ,k)og(m,n,p,q, ﬁ ﬁ,a,ﬁ) =g(r,s,t,u, g ; G E)
if and only if

f(i,j,k,1)of(m,n,p,q)=f(r,s,t,u) and

AA A A AN A A A A A A

f(J ’i,l,k)Of(n,m’q ,p)=f(S,I‘,U,t)
Now we can solve the word problems for FM(J ) “and FM(J

11)

There exist epimorphisms y and § of FM(J%) such that

(1) y0=0 (2) &0=0
va=da(avb) §a=b
yb=ca(avb) Sb=aa(bvc)
yc=ba(cvd) §c=da(bvc)
yd=aa(cvd) dd=c
yl=(avb)a(cvd) §1=bvc

and endomorphisms p and o of FM(J? 1) such that
)

(1) p0=0 (2) 0¢0=0
pa=da(avb) ca=b
pb=ca(avb) ocb=a
pc=bA(cvd) oc=d
pd=an(cvd) od=c
pi=(avb)a(cvd) o1=1
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These endomorphisms give us representations of FM(J@) and

4
PM(J] )

Proposition 52:

~ ~ ~ ~ ~ AA

FM(JS) ={h(k,1,j,i,1 k)lg(l,] k 1,3 i,1 k)eFM(J )} with

h(k, 1,5,1 1 k) (y k- 1dv 1-1 )A(53 1bv5 )A(Yl ]vak'1a

~ ~ ~ ~

for O<i,j,k,1,k,1< and

Y_1x, s 1x analogously defined as in Lemma 43.

)

Proof: Let 1t the epimorphism from FM(Ji) onto FM(J%)

4 4
40 XEJS'

T¢=yT . Since  i-1<1 and j-1<j it follows

A ~
] . - : A A A

with tX=x for all XeJ We get T1y=81t and

stavela=sl” chJ"bzalcvajb and  tg(i,j,k, 1,j,i,1,k)
—6t Taved )A(vk“ )A(GJ Tove T Ty acy i~ TovykTa
1~-1 k- 1 AR

v % Tavyt Teyaged™ 1bv@ 'yt ovy* ay=n(x,1,3,1,1,%)

Corollary 53: TFor o=v and o=A , respectively, we have
h(k,1,j,1,1,k)oh(p,q,n,m,q,p)=h(t,u,s,r,u,t)
if and only if e(k,1)oe(p,q)=e(t,u) and

~ A~ ~ ~ ~ ~ ~ A ~ ~ ~

f(j,i,k,1)of(n,m,q,p)=£f(s,r,u,t)

(The elements e(i,j) of FM(J?) are defined in DAY, HERRMANN,

WILLE [2], and £(i,j,k,1)eFM(J3)).
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Proposition 54:

A A A

MY D=p(,1,1,6) [g(i,3,k,1,5,1,1,k)eMM(I,)}  with

1-1C)A(pl—1bvpﬁ-1a)

plk,1,1,k):= (p° Tdvp
for Osk,l,ﬁ,isw and p_]x analogously defined as in

Lemma 43.

Proof: Let n the epimorphism from FM(Ji) onto FM(J? 1)
’

with nX=x for all Xer and er? 1
b
We get pn=n¢ and on=ny Since
o Taved " Ta=od " Tovet " e=avd=bve=1 it follows

ng(i,j,k,1,j,i,1,k)

=(01-1dVOJ-1a)A(pk—1de1—1C)A(Oj—]bV01_1C)A(p1—1prk_1a)
k-1, 1-1 1-1, k-1 A

=(p~ dvp" "c)a(p” 'bvp" ‘a)=p(k,1,1,k)

Corollary 55: For o=v and o=a , respectively, we have

p(k,l,1,k)op(m,n,n,m)=p(r,s,S,E) if and only if

¢(k,1)oe(m,n)=e(r,s) and e(1,k)oe(n,m)=e(s,r)

Corollary 56: (1) FM(J?) is a sublattice of FM(J? 1)

(2) FM(J%) 1s a sublattice of FM(Jj)

Proof: (1): There exists a monomorphism X from PM(J?)

into FM(J? 1) such that

A0=0 dc=aa(cvd)
ra=c Ad=d
Ab=ba(cvd) Al=cvd
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(2) is an immediate consequence of Lemma 26.

The diagram of FM(J? 1) 1s shown below.
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