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1. Main Results : This paper is a continuation of DAY, 
HERRMANN, WILLE [2 ]. It also wants to give some contri-
bution to the word problem for the free modular lattice 
with four generators by examining free modular lattices 
over partial lattices with four generators. By a partial 
lattice we understand a relative sublattice of any lat-
tice, that is a subset together with the restrictions 
of the operations A and v to this subset (e.g. GRÂT-
ZER [3 ; Definition 5.12]). The principal results proved 
in this paper are the following theorems. 

4 
Theorem 1 : Let J be a partial lattice 
({0,g1 ,g2 ,g3,g4,1 ) ; A , v) with giv1 = 1 and g ^ g ^ O for 
i+j(1<i,j<4). Then every modular lattice which has J^ 
as generating relative sublattice is freely generated 

4 4 by J if and only if J is described by one of the 
following diagrams: 
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M4: J 1 ' 

J 

(an angle of the form means that the join of the 
connected elements is deleted from the lattice M^). 

By FM(J ), we denote the free modular lattice over the 

partial lattice J , 

freely generated by J' 

that is a certain modular lattice 

. In DAY, HERRMANN, WILLE [ 2 ] 

the free modular lattice FM(J^) is extensively examined; 
4 

especially, it is shown that FM(J^) is an infinite, sub-
directly irreducible lattice with one non-trivial congru-
ence relation 0 ( F M ( / 0 = M 4 ) . For the formulation of 
Theorem 2 we still need some notations: 

Z is the set of all integers; 
N is the set of all positive integers ( N Q : = N U { 0 } ) ; 
G is the free abelian group with countably many 

generators ; 
(e^lieZ) and (f^lieN) are some basis of G; 
S^ is the lattice of all subgroups of G . 
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4 4 Theorem 2 : The free modular lattices FMCJ.,), FM(J1 1), 4 4 4 1 1 » 1 

FM(J?), FM(J-) and FM(J.) are isomorphic to subdirect ^ 4 4 

powers of FM(J^) and sublattices of S^; generators of 
the subdirect powers and sublattices, respectively, are 
described by the following list: 

n generators 
in F M ( n 

generators in S^ 

FM(j|) 

1 a 
b 
c 
d 

<e~ . IieZ> 2i 
< e2i + e2i +1 l i £ Z > 

< e2i-1 + e2i l i £ Z > 

< e2i-1 l i E Z > 

F M f J ^ ) 

2 (a,c) 
(d,b) 
(b,d) 
(c,a) 

< e4i' e4i-1 + e4i +1 l i E Z > 

< e4i +2' e4i +1 + e4i +3 l i e Z > 

< e4i +3' e4i-2 + e4i l i ê Z > 

< e4i +1' e4i + e4i +2 l i e Z > 

FM(J^) 

2 (a,b) 
(b,c) 
(c,d) 
(d,a) 

<f2-IieN> 
< £2i + f2i +1 | i E N > 

< f2i-1 + f2i l i E N > 

<f2i.1lieN> 

FM(J^) 

3 (d,a,b) 
(a,b,c) 
(b , c , d) 
(c,d,a) 

<e~- I ieZ> 21 
<e2i + e2i +1' e2j-1 + e2j | i > 0^ > 

<e2i-1+e2i'e2j+e2j + 1 l i > 0 >J > 

<e2i_1li£Z> 

FM(J^) 

4 (a,b,c,d) 
(b , c, d , a) 
(c,d,a,b) 
(d,a,b,c) 

<e2i 'e2j-1 1 i > 0 £j > 
< e2i + e2i +1 | i e Z > 

< e2i-1 + e2i | i e Z > 

<e2i.1(e2j|i>0>j> 
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Theorem 3: The congruence lattice of FM(jj), FM(jj ^ ) , 

FM(J2) , FM(J^) and FM(J^), respectively, is a 2n-element 

Boolean lattice with a new greatest element where n is 

the number of undefined joins in the generating partial 

lattice. 

Proof of Theorem 1 : Let M be a modular lattice freely 
4 4 

generated by J , where J as relative sublattice of M 

is described by one of the listed diagramms. There is a 4 
homomorphism ijj from FM(J ) onto M whose restriction 

4 to J is the identity. By Theorem 3, has to be in-
4 jective (otherwise, there are more joins in ipJ than 

4 4 in J ). Thus, M is freely generated by J . For the 

converse, we recall that every projective plane II over 

a prime field is generated by four points a^, a^, a^, a^ 

no three on a line. Obviously, the elements 0, a^, a^, 
4 

a^, a4 and 1 form a relative sublattice J^ of II in 

which ai v aj n o t defined for i=j= j ( 1 <i , j <4) . Since 

projective planes over different prime fields are not 4 isomorphic, no such plane is freely generated by J^ . 
This argument can simiarly be applied to the remaining 

3 1 3 1 partial lattices J^ ' (3 undefined joins), Ĵ '-j (4 un-
4 ' defined joins) and J^ (5 undefined joins). First, we 

take a line g in II which does not contain a^ , a^ 
3 1 

and a^. Then, the relative sublattice J^' consisting 

of the elements 0, a^, a2 , a^, g and 1 generates n , 
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because a^, a^, (a^va^)Ag and (a2
va3)Ag are four points 

no three on a line. represented in IIpXFM(J^) 

by ((0,0),(a1,d),(a2,a),(a3,b),(g,c),(1,1)} , and J^ 
is represented in II xll by 

F P P 7 

{(0,0),(a1,g),(a2,a3),(a3,a2),(g,a1),(1,1)} . By the 
above argument, no of the described subsets freely gene-
rates its generated sublattice. Thus, there are no more 
partial lattices J^ with the desired properties. 

Proof of Theorem 2 : It can be easily seen that the gene-

rators together with the smallest and the greatest element 

of F M ( a n d S G, resp., form a relative sublattice iso-
4 morphic to the corresponding partial lattice J . Thus , by 

Theorem 1, the sublattice generated by the described ele-
4 ments is isomorphic to FM(J ). 

Proof of Theorem 3: This proof will cover the rest of 
4 the paper. In section 2 the assertion is proved for FM(J2) 

4 by solving the word problem for FM(J2). Using these re-
4 

suits, the congruence lattice of FM(J^) is determined in 
section 3. This result immediately gives us the congruence 
lattices of the remaining lattices. 
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4 2. FM(J^): The goal of this section is to solve the word 
4 

problem for FM(J2) in a similar manner as the word problem 
is solved for FM(j'j) in DAY, HERRMANN, WILLE C 2 ]. The 4 
elements of FM(J2) will be represented by quadruples of 

natural numbers and 00 . By Proposition 19, meets and joins 

are described in terms of these quadruples. As consequence 

of Proposition 19 and [2 ; Theorem 4 and Theorem 5], we 

get Theorem 3 for J^ . It should be mentioned that the 

lattice FM(J^) appears first in BIRKHOFF C1 ;p.703 where 

the generators in S^ are described as in Theorem 2. 

As in DAY, HERRMANN, WILLE [ 2 ], the method which makes 

computations practicable is to introduce suitable endo-

morphisms of FM(J"2) . An detailed study of these endo-

morphisms by several lemmata prepares the proof of Pro-

position 19. Since it does not make any confusion, we 
4 choose the same notation for the elements of J 2
 a s f°r 

4 the elements of J1 : 

1 
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Lemma 4 : There are endomorphisms 

such that 

(1) yO = 0 (2) 

y a = b 

yb = aA(bvc) 

yc = dA(bvc) 

y d = c 

y1 = bvc 

y and v of FMCJ^) 

vO = 0 

va = dA(avb) 

vb = cA(avb) 

vc = b 

vd = a 

v1 = avb 

Proof: By modularity, it can be easily seen that (1) and 

(2) define homomorphisms from J^ into FM(J2)• Since 
4 4 

FM(J2) is freely generated by J^ , those homomorphisms 

can be (uniquely) extended to endomorphisms y and v 

of FM(J2) . 

Lemma 5 : yv = vy 

Proof: yva = y(DA(avb))=CA(bV(AA(bvc)))=CA(avb)=vb=vya , 

yvb = y(CA(avb))=(dA(bvc))a(bv(aA(bvc)))=dA(bvc)a(avb) 

= dA(avb)A((CA(avb))vb)=v(aA(bvc))=vyb , 

yvc = vyc (analogous to yva=vya) , 

yvd = ya = b = vc = vyd . 

Lemma 6 : ynx < ymx and vnx<vmx for xeJ^ if n=m (mod 2) and n>m. 

2 
Proof: The assertion is an immediate consequence of y x<x and 

2 V x<x. 
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Lemma 7: Let neN o 

(1) avy2nd = avy 2 n + 1d (2) c w 2 n d = c w 2 n + 1 d 

(3) dvp 2 n
a = d V | J

2 n + 1
a (4) d w 2 n c = d w 2 n + , c 

Proof: (1): avu2nd=av,i2navM
2lVavli2n(avd)=avM

2n(avc)= 
w 2n ,, 2n 2n 2n+1 , „ avy avy c = avy c = avy d; the proofs of (2), (3) and 
(4) are analogous. 

Lemma 8 : Let xeJ^ , and let neN Z ' 0 

(1) . 2n1 XA y 1 = 2n y x (2) XAV2ni = ,2n V X 
(3) aAy 2 n + 11 2n+ 2 = y a (4) CAV2n+11 = V 2 n + 2 

(5) dAy 2 n + l1 2n+2 , = y d (6) dAV 2 n + 11 = V 2 n + 2 

(7) bAy 2 n + 11 2n, = y b (8) bAV 2 n + 11 = v2nb 
(9) 2n+1 1 CAy 1 2n = y c (10) aAv 2 n + 11 II 

Proof: (1): Let x'ej^ with xvx'=1. Then XAP
2n1= xA(y 2 n

xvy 2 n
x')= 

2n f 2n 2n ~ 2n , y xv(Xay x')=y XvO = y x. (2): analogous to (1). 
(3): aAy 2 n + 1l=aAy 2 n + 1(bvd)=aA(y 2 n + 2avy 2 n + 1d)=M 2 n + 2av(aAy 2 n + 1d)= 

y 2 n + 2a; (4), (5), (6): analogous to (3). 

(7): bAy 2 n + l1 =bAy 2 n + 1
(avd)=bA(y 2 nbvy 2 n + 1d)=y 2 nbv( bAy 2 n + 1d)=y 2 nb; 

(8), (9), (10): analogous to (7). 

Lemma 9 : Let neN — o 

(1) vyna = yndAv1 (2) 

(3) vynb = yncAv1 (4) 

(5) vy c - y b A V 1 (6) 

n n, . yv a = v b A y 1 
nu n 1 yv b = v aAyi 
n n -, i yv c = v dAyl 
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(7) vjjnd = ynaAv1 

(9) v jjn 1 = ynlAv1 

(8) y v n d = v n
C A y 1 

(10) yvn1 = vnlAy1 

Proof: (1): The case n=0 is proved by va=dA(avb)=dAVl. 

By induction hypothesis, we get for n>0:vyna=yvyn"^a= 

y(yn ^dAvl)=yndAyv1=yndA(avb)a(bvc)=yndAv1Ay 1=yndAv1. 

The other assertions analogously follow. 

Lemma 10: Let n,i,jeNQ . 

(1) v2n(ylavyjd)=v2n1 A(y1avyjd) (2) y 2 n(v 1c w ^ d ) =y2n1 A (v1cvv 

(3) v 2 n + 1(y lavyjd)=v 2 n + 1lA(y ldvyj a) 
r , -, 2n+1r i j j, 2n+1., r i, i (4) y (v cvvJd)=y 1A(V dvvJc) 

Proof: (1): The case n=0 is trivial. The case n=1 is proved 

by v2(ylavy^d)=v(vy"'"avvy^d)=v((y^dAv1)v(y-'aAv1)) = 

v((yldAv1)vy^a)=v(vlA(yldvy^a))=v2lAvlA(ylavy^d)= 
2 i i v 1 A (y avyJd). By induction hypothesis, we get for n>1: 
2n r i j 2n-2. 21 , i j J U 2n1 2n-21 f i j,. v (y avyJd)=v (v LA(y avyJd))=v 1AV LA(y avyJd)= 

v2n1a(yxavy^d). The other assertions similarly follow. 

Lemma 11: y 2 nxvv 2 mx = x for xejî and n,meN ^ 2 o 

Proof: The cases n=0 or m=0 are immediate consequences of 

Lemma 6. The case n=1, m=1 can be easily checked by Lemma 4. 

By induction hypothesis, we get for n+m>2(w.1.o.g. m>1): 

340 



2n w 2m 2n 2m 2n 2m-2 2n 2m-2r 2 2n . y xvv x=y xvv xvy v x = y xvv (v xvy x) = 
2n 2m-2 y xvv x=x. 

Lemma 12: Let n,meN with m<n . ' o 
f 1 >. 2m w 2n+1 . r 2m 2n.j>. 2m 2n+1 . 2m 2n (1) y avy a=v1A(y avy d) (2) v cvv c=ylA(v cvv d) 

Proof: (1): The case n=m=0 is proved by avya=avb=v1=v1A(avd) 
1 Tl 1 

By induction hypothesis, we get for n>m=0: avy a= 

avy2avy2n+1
a=avy2(avy2n"1a)=avy2(v1A(avy2n_2d))= 

av(y2v1A(y2avy2nd))=av(y21AV1A(y2avy2nd))=v1A(avy2avy2nd)= 

vlA(avy2nd). Furthermore it follows for n>m>0: y 2 mavy 2 n +^a= 
2m, w 2n+1-2m . 2mr w 2n-2m,.s 2m . f 2m y (avy a)=y (vlA(avy d))=y vlA(y avy d)= 
2m. 1 r 2m , ! r 2m 2n,x y 1 av1 a (y avy d)=v1 a(y avy d) . 

Lemma 13: Let neN . o 

(1) dvp 2 n + 1d = dvu2na (2) d w 2 n + 1 d = d w 2 n c 

Proof: (1): The case n=0 is proved by dvyd=dvc=dva. 
9 "n + 1 

By induction hypothesis we get for n>0: dvy d= 

dvy2dvy2n+ld=dvy2(dvy2n"1d)=dvy2(dvy2n~2a)=dvy2dvy2na= 

dvy2na. (2): analogous to (1). 

Lemma 14: Let neN . o 

(1) yna < v1 (2) vnc < y1 

(3) ynb < v1 (4) vnb < y1 
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2n 2n+1 Proof: (1): a>y a and b>y a implies the assertion. 

(2), (3), (4): analogous to (1). 

In the following we write (i,j)~(k,l) for 0<i,j,k,l<°° , 

if m=n (mod 2) for all m,ne{i , j ,k , 1}\{°°} ; furthermore, 
OO 00 A let y x=0=v x for all xeFMt^) . 

Lemma 1 5 : Let 0<i , j ,k , 1 <°°, and let (i , j ) and 
(k,l)~0,°o) . 

(1) (y1avyjd)A(ykavy1d)= 
max{i,k} w max{j,l}i -r f- -N n ^̂  y ' avy LJ» d if (i,j)~(k,1), 

^max{i+1,j + 1,k)av^max{i+1, j + 1 ,l>d 

if (i>j)+(k,l),max{i,j}<max{k,1}, 
^max{i,k+1,1+1>avymax{j,k+1 ,1+1>d 

if (i , j ) + (k , 1) ,max{ i , j }> max{k , 1} ; 

(2) (Vcvv^d) A(vkcvv1d) = 
max{i,k} w max{j,l}j . £ r. .. ... v ' cvv J ) d if (i,j)~(k,l), 

vmax{i+1,j + 1,k>cvvmax{i + 1, j + 1 ,l>d 

if (i,j)+(k,l),max{i,j}<max{k,1}, 
vmax{i,k+1,1+1}cvvmax{j,k+1 ,1+1>d 

if (i,j)"Kk,l) ,max{ i , j } >max{k , 1} . 

Proof: (1): The proof is divided into the following cases: 
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1. (i,j)~(k,l) 2. (i,j)+(k,l),max{i,j}<max{k,l} 

1.1. i <k,j <1 2.1. i < j<k<l 2.7. j<i<k<l 

1.2. i<k,j >1 2.2. i <k< j <1 2.8. j<k<i<l 

1.3. i>k , j <1 2.3. k<i<j <1 2.9. k<j<i<l 

1.4. i>k, j >1 2.4. i<j <l<k 2.10. j<i<l<k 

2.5. i <1<j<k 2.11. j <l<i<k 

2.6. 1<i <j <k 2.12. 1<j <i<k 

By symmetry, the case (i,j)+(k,1),max{i,j}>max{k,1} is 

analogous to 2.. 

1 1 r i w 3 a\> r k w 1 k w 1 , maxii.k) max-H.lK 1 . 1 . : (y avy-,d)A(y avy d)=y avy d=y ' avy J> d 
(Lemma 6); 

1 . 2 . : (y'i"avyJd)A(y^avy1d) = (yiaAy1d)vy^avyJ d=0vykavyJ d= 
max{i,k} w max{i,lK rT .. y ' avy J » d (Lemma 6); 

1.3.: analogous to 1.2.; 

1.4.: analogous to 1.1.. 

2.1.: (y1avyjd)A(yk
avyld)=(ylavyj+1d)A(yk

avy1d)= 

((y^-avy ̂ ^ ) Ayka) vy1d=((y1avyjd) AV1 Ayka) vyXd= 

((ylavyj+1
a)Ayka)vy1d=ykavy1d (Lemma 7,6,14,12); 

2.2. : (y1avy-jd) a (yk
avy1d) = ( (ylavyj + 1 a) Ayka) vyXd= 

i k i +1 1 ï + 1 1 i +1 1 (y aAy a)vyJ avy d=0vyJ avy d=yJ avy d 

(2.1. , Lemma 6); 

2.5.: analogous to 2.2.; 
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2.4 * : analogous to 2.1. ; 

2.5. : (y1avyjd)A(yk
avM

1d) = (y1avyjd)A(yk+1
avyld) = 

((ylavy:jd)Ayld)vyk+1a=((yiavyj + 1d) Ay ld)vy k + 1
a= 

(y 1aAy 1d)vyj + 1dvy k + 1a=Ovy k + 1
avyj + 1d=y kavyj + 1d 

(Lemma 7,6); 

2.6.: analogous to 2.5; 

2.7. : (yXavy^d) A(ykavyld) = (yl+1avyJ'd) A(y k
avy l + 1d) = 

y k a v y ^ d = y k a v y ^ d (Lemma 7,6); 

2.8.: (y^-avy^d) A(yk
avyld) = (yl+1avyjd) A(y k

avy l + 1d) = 

(y kaAy^d)vy l + 1
avy l + 1d=Ovy i + 1avy l + 1d=y i + 1avy ld 

(Lemma 7,6); 

2.9.: analogous to 2.8.; 

2.10.: (y1avy^d)A(yk
avyld)=(yl+1avyjd)A(yk

avy1d)= 

((yl+1avyjd)AyXd)vyk
a=((y1

avyjd)AyXd)vyka= 

((yl+1dvyJd)Ay1d)vyka=ykavy1d (Lemma 7,6,13); 

2.11.: (y1avy^d)A(yk
avyld)=((yl+1dvyjd)AyXd)vyk

a= 

CpjdAy1d)vyl+1dvyka = Ovy l + 1dvy ka = y kavy l + ld (2.10. , 

Lemma 6); 

2.12.: analogous to 2.11.. 

The proof of (2) analogously goes as the proof of (1). 
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Lemma 16: Let 0 <i , j ,k , 1 <°°, and let (i , j ) ~(00 , 00) , (k , 1) 

and {j 

(1) y^avy-'dvy^a vŷ "d = 
ymin{i,k}avymin{j,l}d . £ ( i J ) „ ( k > 1 ) > 

min{i-1, j-1,kv^min{i-1,j-1,l>d 

if (i,j)+(k,1),min{i,j}>min{k,1} , 
^min{ i ,k- 1 ,1-1 }&vijmin{j ,k-1 ,1-1>d 

if (i , j ) <f(k , 1) ,min{i , j } <min{k , 1} ; 

(2) v^cvv' dvv^c vv"̂ d= 
vmin{i,k}cvvmin{j,l}d . £ ( i J ) ^ k > 1 ) > 

vmin{i-1,j-1,k>cvvmin{i-1,j-1,1>d 

if (i,j)+(k,1),min{i,j}>min{k,1} , 
vmin{i,k-1,1-1>cvvmin{j,k-1,1-1>d 

if (i,j)f(k,l),min{i,j}<min{k,l} . 

Proof: (1): The proof is divided into the following cases: 

1. (i , j ) ~(k , 1) 2. (i , j H ( k , 1) ,min{i , j }>min{k,l} 

2.1. k<l<i<j 2.7. k<l<j<i 

2.2. k<i<l< j (li=«>) 2.8. k< j <l<i 

2.3. k<i<j <1 (jf«>) 2.9. k<j <i<l 

2.4. l<k<i<j 2.10. l<k<j <i 

2.5. l<i<k<j 2.11. l<j <k<i 

2.6. l<i<j<k 2.12. l<j<i<k 

By symmetry, the case (i,j)f(k,1),min{i,j}<min{k,1} is 

analogous to 2.. 
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1 • is an immediate consequence of Lemma 6. 

^ a v ^ d v ^ ^ l ^ i - ^ ^ j - ! ^ ^ ^ ^ ^ ^ 

l^avykavpl-ld-. . .-yiavykavyid=lJiaVtikaViJi-1d-

yl"lavy
kavvl

l-1
d=ykaViji-1d(.Lemma 1 3 ) 6 ( 7 ) . 

2 • 5 • : analogous to 2.2.; 

2.4.: analogous to 2.1.; 

l ^ i ^av^dvpkavpld^i^avpJ-ldv.kav^d^i^avpid 
(Lemma 7,6); 

l ^ i l j I a v> j J d v^v M
1d= M

iav ujdv y
k-1 avp 1d= M

iav yjdvp 1d= 

M W ' W d V a v y W ^ a v ^ d (Lemma 7,6); 
2 • 7 - • analogous to 2.1. ; 

^avp jdv yk a V ( Jl d = Mi +1 a v p j d v i j k a v y l d = j j j d v ) j k a v i j l d = 

^ " ^ v y ^ v u ^ - ^ a v ^ - l d (Lemma 7,6); 

2 • 9 • : analogous to 2.8.; 

2 • 10• analogous to 2.1.; 

2.11.: ^avyjdvpkav^d^i^avpidvMkav^d^jdvpkav^d-

y ' avy avy d=y^ 1
avy ld (Lemma 7,6,13); 

2 • 1 2 » : analogous to 2.11.. 

The proof of (2) analogously goes as the proof of (1). 

346 



Lemma 1 7 : Let 0 <i , j , k , 1<;°°, and let N,Me2NQ with 

N>max{i,j},M>max{k,1}. 
, i j J r k M . i j n N . k I,, (y avy JdjA(v cvv d)=v (y avy Jd)vy (v cvv d) 

Proof: (y^avy^d) A (V^C vv^d) = (Y^avy^ d) AFV^cvv^d) A(Y^1 w ^ l ) 
r r i r r k I,, N-x M r i j jv N, k ((y avyJd)Av 1)v((v cvv d) Ay 1)=v (y avyJd)vy (v cvv d) 

(Lemma 11,7,6,10). 

Lemma 18: y 2 n x A v 2 m x = y 2 n v 2 mx for xeJ^ and n,meN ^ 2 ' o 

Proof: The cases n=0 or m=0 are immediate consequences of 

Lemma 6. The case n=1, m=1 can be easily checked by Lemma 4 

and Lemma 9. By induction hypothesis, we get for n+m>2 
c -] « i ̂  2n 2m 2n 2 2m 2n 2 2m (w. 1 .o. g.m>1 ) : y X A V x=y X A V X A V x=y v X A V X = 

2f 2n 2m-2 . 2 2n 2m-2 2n 2m v (y X A V x)=v y y x=y v x . 

We define that a quadrupel (i,j,k,l) satisfies (*) if one 

of the following conditions hold for (i,j,k,l): 

( 1 ) i , j , k , l e N o , ( i , j ) - ( « , oo) , ( k , l ) - ( « , » ) ; 

(2) i = °o, j e2No,k=oo,le2No; 

(3) i = °o, j £2No+1 ,ke2N o , l = «»; 

( 4 ) i e 2 N Q , j = o o , k = o o , i e 2 N o + 1 ; 

(5) ie2N +1 J=«,ke2N +1 = 

(6) i = j=k = l = °°. 

In FM(J2) we define f(i,j,k,1):=(y1avy^d)A(vkcvv1d) for 

0<i,j ,k, 1<°° . 
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Proposition 19: FM(J*)={f(i,j,k,l)|(i,j,k,l) satisfies (*)} 
and 

(1) f(i,j,k,l)Af(i',j',k',l') = 

f (max {i , i'},max {j , j'} ,max {k ,k'} , max {1,1'}) if ( i , j ) ~ ( i1, j') , 

(k,l)~(k',l'), 

f (max {i ,i'},max {j ,j'},max{k+1 ,1+1 ,k'},max{k+1 ,1+1 ,1'}) 

if (i , j ) ~ (i1, j1) » (k , 1) + (k1, l1) ,max (k , 1 l^max (k1, l1} , 

f (max {i ,i'},max {j , j'},max {k ,k'+1 ,1'+ 1},max (1 ,k*+1 , l'+ll) 

if (i , j ) ~ (i1, j') , (k,l) + (k',r) ,max(k,l }>max(k',r}, 

f (max {i+ 1 ,j + 1 ,i'},max{i+1 ,j + 1 , j1} ,max {k ,k'} ,max {1, l1}) 

if (i , j ) i(i', j') ,(k,1) ~ (k1,1') ,max (i , j }<max {i1, j'}, 

f (max{i ,i'+1 , j'+1 },max{j ,i'+1 , j'+1 },max {k ,k'},max {1,1'}) 

if (i,j) + (i',jO , (k,l)~(k',î) ,max {i , j }>max {i1, j1}, 

f (max{i+1 , j + 1 ,i'},max{i+1 , j + 1 , j'},max{k+1 ,1+1 ,k'},max{k+1 ,1+1 ,1'}) 

if (i , j ) + (!', j'),(k,l) + (k',l') ,max(i ,j}<max(i', j'} ,max (k , lkmax (k', l1} , 

f (max{i+1 ,j + 1 , i'},max {i+ 1 , j + 1 , j'} ,max {k ,k'+1 ,1'+1},max {1 ,k'+1 ,1'+1 }) 

if (i,j) + (i,,j') (k,l) + (k',l') ,max {i , j}<max {i1, j '} ,max {k , l]>max {k1, l1} , 

f (max{i,i'+1 , j'+1},max{j , i'+1 , j'+1},max {k+1 ,1+1 ,k'},max{k+1 ,1+1,1'}) 

if (i , j) + (i', j1) (k,l) + (k',r) , max {i , j>max {i1, j'} ,max {k , J-^max {k1,1'} , 

f (max {i , i'+1 ,j'+1},max{j ,i'+1 , j'+ 1},max {k ,k'+1 ,1'+1},max {1 ,k'+1 ,1'+1}) 

if (i,j) + (i',j') (k,l) + (k',ll) ,max {i , j}>max{i', j1} ,max {k , !}>max {k1,1'} , 

and 
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(2) f(i,j,k,l)vf(i',j',k',l») = 

£(min{i , i'} ,min{j , j'} ,min{k ,k'} ,min(l, 1'}) 

if (i,j)~(i,,j'),(k,l)~(k',l') 

£(min{i , i1} ,min{ j , j1} ,min{k-1 ,1-1 ,k'} ,min{k -1 ,1-1 ,1'}) 

if (i, j)~(i',j1) , (k,l)t(k',l') ,min{k,l}>min{k,,r} , 

f (min{i,i'},min{j , j'} ,min{k ,k'-1 ,1'-1},min{ 1 ,k'-1 ,1'-1 }) 

if (i,j)~(i',j') ,(k,lH(k',l') ,min{k , 1}<min{k', 1'} 

f(min{i-1 ,j-1 ,i'},min{i-1 ,j-1 , j'} ,min{k ,k'} ,min{ 1,1'}) 

if (i , j ) i (i1, j1) , (k , 1) ~(k', 1') ,min{i,j }>min{i', j 1 }, 

f (min{i ,i'-1 , j'-1},min{j ,i'-1 , j'-1},min{k ,k'} ,min{l ,1'} 

if (i > j ) + (i'» j ) > (k , 1) ~ (k1, l1) ,min {i , j }<min{i', j'} , 

f(min{i-1 , j-1 ,i'},min{i-1 ,j-1 ,j'},min{k-1 ,1-1 ,k'},min{k-1 ,1-1 ,1'}) 

if (i , j ) "Ki', j'),(k , 1) + (k1,1') ,min{i , j}>min{i',j,},min{k,]}>min{k,,r} , 

f (min{i-1 , j-1 ,i'},min{i-1 , j-1 , j'} ,min {k ,k'-1 ,1'-1},min (1 ,kL 1 ,1'-1 }) 

if (i, j)t(i', jl),(k,l) + (k',l») ,min { i , j)>min {i1, j'} ,min {k , 2}<min {k', 1'} , 

f (min {i , i1-1 ,j'-1},min{j ,i'-1 , j'- 1},min {k ,k'-1 , l1-1},min {1 ,k'-1 ,1'-1 }) 

if (i , j ) + (i1, , 1) + (k1, l1) ,min {i , j]<min {i1, j'} ,min {k , l}<min{k1,1'}. 

f (min{ i , i1- 1 , j1- 1 } ,min{ j , i'- 1 , j1-1 } ,min{k- 1 ,1-1 ,k'} ,min{k - 1,L-1,1'} ) 

if (i, j)-f(i', j,),(k,l)f(k,,l') ,min{i , j } <min{i', j'} ,min{k, l}>min{k', 1«} 

Proof: (1) and (2) imply that {f(i,j,k,1)| (i,j ,k,1) satis-

fies (*)} is a sublattice of FM(J2) and, because of 

a = f (0 j 00 , 00 , 1 ) , b = f (1 1 , c=f (°°, 1 ,0 ,00 ) and d=f O,0,°°,0) , 

that it is equal to FMp^) . Thus, what actually has to be 

proved is (1) and (2). 
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(1): Because of ((y1avy^d)A(vkcvv1d))A((y1
avy^d)A(vkcvv1d)= 

((yiavy^d)A(y1avy^d))A((vkcvv1d)A(vkcvv1d)), the assertion 

is an immediate consequence of Lemma 15. 

(2): The proof is divided into cases s.t. (1<s,t<6), where 

the case s.t. means that (i,j,k,l) satisfies condition (s) 

in (*) and (i ' , j ' ,k ' , 1 ' ) satisfies condition (t) in (*). 

By commutativity of v , it is sufficient to handle the 

cases s.t. with s<t. Furthermore, because of f ( w, ̂ , , =o , 

all the cases s.6 are trivial. 

1.1.: Let Me2NQ with M>max{i,j,k,1,i1,j',k',1' } . 

C(y1avyjd)A(vkcvv1d))v((y1'avyj'd)A(vk'cvv1' d) = 

vM(y1avy^d)vyM(vkcvv1d)vvM(y1'avyj'd)vyM(vk'cvv1'd)= 
M i i i 1 i ' M k 1 k ' 1' v (y avy Jdvy x avyJ d)vy (v CVV dvv cvv d)= 

vM(ymin{i,i'}aVymin{j,j'}d)vyM(vmin{k,k»}cvvmin{l,l«}d)= 

(umin{i,i'}avymin{j,j'}d)A(vmin{k,k'}cvvmin{l,l«}d) 

(Lemma 17,16). 

1.2.: Let Me2N with M>max{i,j,k,1,j',1'}. Because of 
]vj_ i i M-1f 

j',lfe2No, we have d=y J dvv d by Lemma 11. Together 

with Lemma 17 and 18 it follows 

((y1avyJd)A(vkcvv1d))v(y^'ôav1'd)= 

vM(y1avyj d)vyM(vkcvv1d)vyj'v1'd= M, i w jj>w Mr k l-,. M l ' M i ' v (y avyJ d)v y (v cvv d)vy v dvv yJ d= 
M i i i 1 M k 1 1' v (y avyJdvyJ d)vy (v cvv dvv d). From this we get the 
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assertion by Lemma 16 and 17. 

1.3.: By Lemma 18, jf£2NQ+1 and k'e2No imply yj'dAvk'c= 
i ' -1 k ' i 1 -1 k ' 

Y CAV c=yJ v c. Then, the proof is analogous to 

1 .2. . 

1.4.: analogous to 1.3.. 

1.5.: By Lemma 18, i*£2No+1 and k'e2No+1 imply y1'aAvk' 
i i k ' -1 i ' -1 kf-1 y bAv b=y v b. Then, the proof is analogous 

to 1.2 . . 

2.2.: If j<y and 1>1T , we get the assertion from 
( y ^ d A v 1 d ) v ( ^ ? d A v 1 ' d ) = y ^ v 1 d v y j ' v 1 ' d = y ^ v 1 ' (y J ' " ^ v v 1 " 1 ^ ) 

y ^ v 1 d = y J " d A v 1 d = (y^ d v y j ' d ) A ( v ^ v v 1 ' d ) by Lemma 16. The 
other cases are analogous. 

2.3.: Let Me2NQ with M>max{j,1,j',k'}. Using Lemma 6 
11,18,13 and 17, we get (yJ* d^v1d) v ( yj ' dAV

k ' c) = 
i l i 1 -1 k ' (dAyJdAv d)v(CAY J C A V c)= 

( ( y M d v V M d ) AyJ d A V 1 d ) V ( ( y M C V V M c ) AyJ ' " 1
 C A V

k ' C ) = 

( (V^dAV1^ V (yJ d A V M d ) ) V ( ( y M
C A v k ' C) V (yj ' " 1 C A V

M c ) ) = 
M A j M , M k' j ' -1 M y v d v y J v d v y v c v y J V c = 

vM(y:i" d v y j 'd) v y M ( v k ' c v v 1 d ) = (y ; jdvy :' ? d ) A ( v k ' c v v 1 d ) . 

2.4., 2.5., 5.4.: similar to 2.3.. 

i k i1 k1 
3.5.: Because of ( y J d A v c)v(y JdAv c) = 

_ i i ' -1 k' (yJ CAV C)V (y CAV c) , the proof is analogous to 2. 

4.4., 5.5.: similar to 5.3.. 
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3.5.: Let Me2NQ with M>max{j,k,i',k1}. Using Lemma 6,11, 

18,12,10 and 17, we get in the case k<kf that 

( V d A v k c ) v(p1' aAv k'c) = (cAp:'"1cAvkc) v(bAy l f " 1bAv k' ~ 1b) = 

((y MCVV Mc)AyJ" 1
CAV kc)v((y Mbvv Mb)Ay 1'" 1bAV k'" 1b)= 

( ( y M C A V k
C ) V ( y j - 1

C A V M C ) ) v ( ( y M b A V
k ' " 1 b ) v ( y i , - 1 b A v M b ) ) = 

M k j-1 M M k ' -1, , i'-1 Mu M, j , , i ' M, k k ' y v cvyJ V cvy V bvy V b = v (yJdvy a)vy (v CVV c) = 

vM(y:jdvy1'a) vyM(y1 A(vkcvvk' "1d)) = 

y O ^ y ^ d v y 1 ' ' ^ ) vyM(vkdvvk' ~1c)) = 

yCCy^'^vy1' "1a) A(vkdvvk' '1c)) = (y:jdvyl,a) AY1 A(vkcvvk' "1d) = 
i ' i k k ' -1 (y avyJd)A(v cvv d). The case k'<k analogously follows 

4.5.: analogous to 3.5.. 

Proposition 20: An isomorphism from FM(J2) onto a subdirect 
4 

power of FM(J.j) is given by f(i,j,k,l)i (e (i , j ) , e (k , 1) ) 

(the elements e(i,j) of FM(jj) are defined in DAY, HERRMANN, 

WILLE C 2 ] ) . 

Proof: The assertion is a straightforward consequence of Pro 

position 19 and of Theorem 4 and 5 in [2 ]. 

Proposition 21 : Let (i,j,k,l) and (i? ,j' ,k1 ,1') satisfy (*) 

Then f(i,j,k,1)=f(i1,j1,k1,1') if and only if 

(i,j,k,l)=(i',j',k',l'). 
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Proof: The assertion immediately follows from Proposi-

tion 20 and Theorem 5 in [ 2 ]. 

Proposition 2 2: The congruence lattice of FMCJ^) is 
described by the following diagram : 

Proof: By Proposition 20, the intersection of the congru-

ence relations 0(avb,1) and 0(bvc,1) is the identity; 

furthermore, by the Homomorphism Theorem and Corollary 8 

in [ 2 ], there is only one non-trivial congruence relation 

greater than 0(avb,1) and 0(bvc,1), respectively, namely 

0(avb,bvc). Therefore, the distributivity of the congru-

ence lattice gives us the assertion. 
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4 
3. FM(J^): In this section we show the existence of epi-
morphisms a and 3 from FM(J^) onto FMCJ^) (Lemma 23), 
which separate FM(J^) ; that is, ker an ker 3 = 
aj: = { (X,X) |XeFM(J^) } (Proposition 49). To establish the 
proof, we define monomorphisms a and § from FMtJ^) into 
FM(J^) (Lemma 26) and meet-morphisms a and 3 from FMtJ^) 4 _ into FM(J^) (Lemma 43), such that ax<ax and §x<Bx for all 

4 - -
xeFMC^). We prove that the intervals [ax,ax] and [§x,$x] 
are the congruence classes of ker a and ker 3, respecti-
vely (Lemma 48). Thereby, we get FM(J^) as a subdirect 4 
power of FMt^). Both Proposition 22 and Proposition 49 
give us the proof of Theorem 3. Furthermore, the word 4 problem can be solved for FM(J^). 

For the preparation of the main-assertions, several lemma-

ta have to be proved and are listed in the beginning of 

part 3. For simplification in the following we choose 

lower case letters for the generators of J^ and upper case 
4 letters for the generators of J^. 

Lemma 23: There are epimorphisms a and 3 of FM(J^) onto 

FM(J^) such that 

(1) aO = 0 (2) 

aA = c 

aB = d 

30 = 0 

3A = a 

3B = b 
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aC = 
AD = 

a1 = 

a 

b 

1 

3C = c 
3D = d 
31 = 1 

4 4 
Proof: Since FM(J4) and FM(J2) are lattices freely gene-

4 4 rated by J 4 and J 2 , respectively, the homomorphisms from 
4 4 4 J^ into J^ can be extended to epimorphisms from FM(J^) 

onto FM(J2). 

Lemma 24: There are endomorphisms <f> and \p of FM(J^) 

such that 

(1) cf>0 = 0 (2) ipo = 0 

CJ)A = D A ( A V B ) IPA = B A ( A V D ) 

(pB = C A ( A V B ) I^B = A A ( B V C ) 

(j)C = B A ( C V D ) I/JC = D A ( B V C ) 

<|>D = A A ( C V D ) T^D = C A ( A V D ) 

(p1 = ( A V B ) A ( C V D ) ip1 = ( A V D ) A ( B V C ) 

Proof: It can be easily seen by modularity that (1) and 

(2) define homomorphisms from J^ into FM(J^). Thus, the 
4 freeness of FM(J^) gives as the assertion. 

lemma 25 : Let y and v the endomorphisms of FM(J2) de' 

fined in Lemma 4. 

(1) cpip = ip(p (2) aip = ya (3) 3<f> = v3 
(4) a<p = va (5) 3^ = y3 
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Proof : ( 1 ) : <WA=<|> (BA (AVD) ) = (C A (BVD) ) A ( (DA (AVB) ) v (AA (C VD) ) ) 

= C A ( A V B ) A ( A V ( D A ( A V B ) ) ) A ( C V D ) = C A ( A V B ) A ( A V D ) A ( A V B ) A ( C V D ) 

= C A ( A V B ) A ( A V D ) A ( B V C ) = ( C A ( A V D ) ) A ( A V ( B A ( A V D ) ) ) A ( B V C ) 

= (CA(AVD)) A((AA(BVC)) V(BA(AVD)))=IKDA(BVA) ) = M A ; 

= (p\pC=ip(pC, <J>ipD=\p(pD (analogous to <p\pA=\p(pA) . 

(2) aM=a(BA (AvD) ) =dA (cvb) =yc = iiaA , 

a\|iB=a (AA (BvC) ) = CA (dva) =c=yd=yaB , 

aijjC=a (DA (BVC) ) =BA(dva) =b=YA=yaC , 

ai|;D=a(CA (AvD) ) =AA (cvb) =yb = yaD . 

The other assertions analogously follow. 

By Lemma 25, the following diagram commutes: 
FM(J*) 

a 
t FM(J^) 

B 
<f> ip y v 

a 

B 
î: FM(jp 

Lemma 26: There are monomorphisms a and 3 from FM(J2) 
4 into FM(J/|) such that 

(1) aO = 0 ( 2 ) 30 = 0 

aa = CA(AVB) 

ab = DA(AVB)A(BVC) 

ac = AA(BVC) §c = Ca(AVD) 

3d = D 

§1 = (AVD)a(CVD) 

3b = BA(AVD)A(CVD) 

Ba = AA(CVD) 

ad = B 

A1 = (AVB)A(BVC) 
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4 4 Proof: (1) Since FMC^) is freely generated by J^, it is 

enough to proof the following statements: 

gavac = (CA(AVB))V(AA(BVC))=(CV(AA(BVC)))A(AVB) 

=(CvA)a(BvC)a(AvB)=(BvC)a(AvB)= a1 

gavgd = (CA(AVB))VB=(BVC)A(AvB)=a1 

gbvgd = (DA(AVB)A(BVC))vB=(BvD)A(AVB)A(BVC)=(AVB)A(BvC)=g1 

gcvgd = (AA(BVC))vB=(AvB)A(BvC)=a1 

aaAab = aaAac=aaAad=abAac=abAad=acAad=0=a0. 

(2): analogous to (1). 

(2) aB=3g=yv 

(4) av=cf>a 

(6) 3v=<J)B 

Proof: (1): aa a=a(C A(A VB))=aA(Cvd)=a=3(AA(CVD))=gga, 

aab=A(DA(AvB)A(BVC))=bA(cvd) A(a vd)=b= 

3=(bA(cvd)A(avd))=33b, 

AA C=A (AA (BvC) ) = C A (avd)=c=3 (CA (AVD) ) =3&c, 

aa d=a B=d=3 D=33d . 

(2) : «3 a=a (AA (CVD) ) =CA (avb) =vb=vya=yva=cA (avb) 

=3 (CA (AVB))=3ga, 

C T B B = A (BA (AVD) A (CVD) ) =dA (cvb) A (avb) = Y (cA(avb)) 

=yvb=B(DA(AVB)A(BvC)=3ab, 
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(1) ^.=BB=id F M ( J4 ) 

(3) ay =^a 

(5) 3y=^3 



a§c = a(C a(AvD))=Aa(cVB)=yb=yvc=3(Aa(CvB)) = 3ac, 

a3d=aD=b=ya=yvd=3B=3ad . 

(3) aya=ab=DA(AvB)A(BVC)=DA(BVC)A(AvB)A(AVD)A(BVC) 

=Da(BVC)A(AV(BA(AVD)))A(BVC)= 

=DA(BVC) A((BA(AVD)) v(AA(BvC)))=^(CA(AvB))=I|;aa, 

ayb=a(aA(bvc))=CA(AvB)a((Da(AVB)a(BVC))V(Aa(BVC))) 

=CA(AVB)A((AA(BVC))V(DA(BVC)))A(AVB)= 

=CA(AvB)A(DV(AV(BvC)))A(AVD) 

=CA(AVD)A(AVB)A(BVC)A(AVD)A((DV(AA(BVC)))A(BVC)) 

= 4/(DA(AVB) A(BvC))=I^AB, 

ayc = t|jac (analogous to ay a=ijjaa) , 

ayd=ac=AA(BvC)=^B=^ad. 

(4), (5), (6): analogous to (3). 

Lemma 28: (1): c|)TnX<̂ T1X and i|;mX<ijjnX for XeJ^ if mEn(mod 2) 

and m>n. 

(2): <f>m1 <4>n1 and i|;m1< n̂1 if m>n. 

2 2 

Proof: The assertions are consequences of <J> X<X, ip X<X 

and 4> 1 < 1 , respectively. 

Lemma 29: (1) <pmXA(pnY=0 for X,YeJ4\{1} if (i) : X+Y and 

mEn (mod 2) or (ii) : Xe{0,A,D} and Ye{0,B,C} or 

(iii) : X=Y and m^n(mod 2). 
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(2) ipmXA^nY=0 for X, {1 } if (i) : X+Y and mEn(mod 2) 

or (ii) : Xe{0,A,B} and Ye{0,C,D} or (iii): X=Y and 

m^n(mod 2). 

Proof: X A Y = 0 for X , Y E J 4 \ { 1 } and X+Y implies the asser-

tions . 

Lemma 30 : Let neN . 

(1) (f)2nA=AA(CV(f)2n"1A)=AA(Dv(J)2n"1B) 

(2) c|)2n~1A=DA(Av(f)2n~2B)=DA(Bv(j)2n~2A) 

(3) c|)2nB=BA(CV(j)2n"1A)=BA(Dv(|)2n"1B) 

(4) (f)2n*1B=CA(Av({)2n"2B)=CA(BV(j)2n"2A) 

(5) (J)2nC = CA(Av(f)2n~1C)=CA(BV(j)2n"1D) 

(6) ^2n"1C=BA(Cvcf)2n"2D)=BA(Dv(j)2n*2C) 

(7) <})2nD=UA(Av(i)2n"1C)=DA(Bv(j)2n"1D) 

(8) (j>2n"1D=AA(Cv(f)2n"2D)=AA(Dv(j)2n"2C) 

(9) ip2nA=AA(Cvi/;2n"1A)=AA(Bvi|;2n"1D) 

( 1 0 ) I|;2I1"1A=BA ( A V ^ 2 R " 2 D ) = B A ( D v ^ 2 N " 2 A ) 

(11) i|;2nB = BA(Av^2n~1C)=BA(Dvl|;2n"1B) 

(12) ^ 2 N ' 1 B=AA (Bvi|j2n"2C)=AA(Cv^2n"2B) 

(13) i|;2nC = CA(Avi|;2n"1C)=CA(Dvî|;2n"'IB) 

(14) i|;2n"1C = DA(Bvi|j2n"2C)=DA(Cvi|;2n"2B0 

(15) i|;2nD=DA(Cvi|;2n"1A)=DA(Bvi|j2n"1D) 

(16) ^2n_1D=CA(Avi|J
2n~2D)=CA(Dvi|;2n"2A) . 
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(1): The case n=1 is proved by 

(î)2A=(f) (DA (AvB) ) =AA (CvD) A ( (DA (AvB) ) v (CA (AvB) ) ) 

=AA (CvD) A (Cv (DA (AVB) ) ) A (AVB) =AA (CV (DA (AVB) ) ) =AA (CV<f>A) and 

AA(CVD) A((DA(AVB))V(CA(AVB)))=AA(CVD) A(DV(CA^VB.))) A(AVB) 

=AA (Dv (CA (AvB) ) ) =AA (Dvc})B) . By induction hypothesis, we get 

for n> 1 : c|)2nA=cf)2<}>2n~2A=cj)2 (AA (Cv^2n~3A) ) = 

0 (DA (AvB) A ( (BA (CvD) ) V(F)2N* 2A) =(F) (DA ( (BA (CvD) ) v (AA (Cvcj)2n'3A) ) ) 

= cf> (DA (BV (AA (Cv02n"3A) ) ) A (CVD) ) = <|>(DA (BV (AA (CvcJ)211"'3A) ) ) ) 

= <J) (DA (Bv(J)2n'2A) ) =AA (CvD) A ( (CA (AvB) ) v (DA fBv(|)2n" 2A) ) ) 

=AA(CVD) A(Cv(DA(Bv())2n"2A))) A(AvB)=AA(Cv(DA(Bv(j)2n~2A))) 

=AA(Cv4)(AA(Cvc})2n"3A)))=AA(Cv(|)2n'1A) and furthermore 

CF>2nA=(j>2 (AA (Dvc})2n" 3B) ) =<J)(DA (AVB) A ( (AA (CvD) ) vcj)2n~2B) ) 

= 4)(Da((AA(CVD)) v(BA(Dv(j)2n"3B))))=(j)(DA(Av(BA(Dy{)2n"3B))) A(CVD)) 

= cj) (DA (Av<j)2n"2B) ) =AA (CvD) A ( (DA (AvB) ) V(j)2n" 1 B) 

=AA ( (DA (AVB) ) v (CJ)2n~2CA(f)2n~2 (AvB) ) ) 

=AA(Dv(4>2n"2CA4>2n~2(AvB)) A(AvB)=AA(Dvcj)2n~2(CA(AvB))) 

=AA(Dvcf)2n"1B) (Lemma 28). 

All other cases of Lemma 30 can be proved in a similar way. 

Lemma 31: Let m,neN and m<n . 
— — — _ _ _ _ _ _ _ _ ' r \ 

(1) (j)2mAv c})2nC = 

Q 

o > 2 n W n - 1c (2) 4>2mBV(f)2nD= d>2mBv02n-

(3) c})2mCv4)2nA= c^2mCv4)2n- 1A (4) 0 2 mDv^ 2 nB= 4,2mDv4,2n" 1B 

(5) * 2 n W n c = ^ 2 mAv^ 2 n- 'c (6) i|)2mBvi|;2nD= ,2m~,2n--Bvip 1D 

(7) <p2mCv«j2nA= ip2mCv\{j2n" (8) i|;2mDv^2nB= .2m- .2n- 1B 
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Proof: (1): 4,2mAv 4,2nc=4»2ln (A v <f,2 Cn-ra) c ) =(j> 2m ( A v ( C A (Av<))2 (n-m) -1 c ) } } 

= * 2 m((AvC)A(Av<f 2( n- m)- 1C)=* 2 nW n- 1C (Lemma 30). 

(2), (3), (8): analogous to (1). 

Lemma 32: Let m,neN and m<n . * o 

(1) ^2mAvd)2n+1 B= d)2mAv02nB (2) <J>2mBV(J>2n+1 A= ^2mBvd)2nA 

(3) ^2mCV(j)2n+1 D= 0 2 mCv0 2 nD (4) cf> 2mDv <j)2n+ ^ C = (J) 2mDV(|)2nC 

(5) ,2m.w.2n+1 ip Avip D= ̂ 2 mAv^ 2 nD (6) ip 2mDv\p2n+ ^ A= •<p2mDv,J,2nA 
(7) , 2mDll , 2n+1 ip Bvip C = ip2mBv^2nC (8) ip2mCvip2n+ ^ B = ip2mCvip2nB 

Proof: (1): ( j > 2 m A v ^ 2 n + ( A v + 1 B) =^>2m (Av (CAfAvcj)2̂ -111) B) ) ) 
= (P^m( (AvC) A (Avcj)2 ( n - m ) gj ) =(j)2mAv(j)2nB. (Lemma 30). 

(2), (3), . . . , (8): analogous to (1). 

Lemma 33: Let m,neN 

> o 

(1) <(.2m+1Av^2n+1C=D (2) *2m+1Bv,|)
2n+1D=C 

(3) ^ 2 M + , C V ^ N + 1 A = B (4) * 2 m + W n + 1 B = A 
Proof: The case m=n=0 can be easily checked by Lemma 24. 

9 , 
By induction hypothesis, we get for m>n=0: <J> AvipC 

= 4>2m+lAvl{jCvip(p2C=(p2(())2m~1AvipC) vipC = (pZDviljC 

=(DA(BV(AA(CVD))))V(DA(BVC))=((DA(BVC))VBV(AA(CVD)))AD 

= ( B V C V ( A A ( C V D ) ) ) A D = ( B V C V D ) A D = D (Lemma 2 4 ) . Now let n>0. 
t,t ^ , 2m+1 . , 2n+1 n A2m+1A ,2m+1.2A ,2n+1^ We get: <J> Av<j> C=4> Av<p \p Avip C 
_ 2m+1 A 2 , . 2m+1 A w . 2n-1P. ,2m+1. .2^ ,2m+1A .2m+1IT) ,2n = (p Avip [(p Av\p C)=4> Avip D=(p Av(p ipBvip D 
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= 4>2m+ 1 Av^ (4)2m+ 1 Bv^D) =4)2m+ 1 Avi|;C = D (Lemma 28) ; 

(2), (3), (4): analogous to (1). 

Lemma 34 : Let m,neN 

(1) ,2m.w.2n+1D c() Avjp B =A (2) cD2inBv^2n+1A= B 

(3) ,2m~,2n+1n <p Cvip D = C (4) <})2mDv^2n+1C = D 

(5) ,2m+1.w,2nn <p Avip D =D (6) 0 2 m + 1Bv^ 2 nC= C 

(7) . 2 m + 1 . 2 n n (f> Cvip B = B (8) ^ 2m+ 1
 2nA= A 

Proof: (1): Case m=0 is a consequence of Lemma 28. For 
m>0 we get by Lemma 33: 

A = * 2 r a - 1 D v ^ n + W m A v ^ 2 n + 1 B > 4 2 m + 1 D v ^ 2 n + 1 B = A . The other 

assertions similarly follow. 

Lemma 35: Let m.neN J Q 
(1) <j)2mAvi|,2nA=A (2) (J>2mBv^2nB = B 

(3) (t>2mCv^2nC = C (4) (j)2mDvi|j2nD = D 

(5) (j)m1 v4>n1 = 1 

Proof: (1): For m=0 or n=0 the assertion follows by 
Lemma 28. If m,n>0 we get 
. , 2m-1~ . 2n-1 , 2m. , . 2m+1T.„ , 2n+1T3 . , T -, A= 4> Dvi|j b>4) Avip A>(j) Dvij; B=A by Lemma 33. 
(2), (3), (4): analogous to (1). (5) we get by 1=AvC=BvD 

using Lemma 34 and (1), (4). 
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In the following let 00 
<p x=o= 

00 ••Ip X for all XeJ^ • 

Lemma 36: Let neN u{°°} . 0 

(1) (pipnA=4>1 A0nD= (AvB)A0nD (2) 00nB=0lA0nC= (AvB)A0nC 

(3) (pipnC = (pl A0nB= (CvD) Ai|;nB (4) 00nD=01A0nA= (CvD) A\pnA 

(5) 0J0nA=01 AcpnB = (AvD)/ ̂0nB (6) 00nB=01 A0nA= (BvC)A0nA 

(7) 00nC=0lA0nD= (BvC)/ \cj> D (8) 00nD=0 1 A 0nC = (AvD) Acj)nC 

Proof: (1): The case n=0 is trivial. For n>0 we get 
n n "j by induction hypothesis and Lemma 25: 00 A=0 ( (AvB) A0 D) 

=((BA(AVD))V(AA(BVC)))A^ND=(AvB)A(AVD)A(BVC)A0ND 

=(AvB)A0nD =(AvB)A(CvD)A0nD=01A0nD. The other assertions 

analogously follow. 

Lemma 37: Let m,neN u . 

(1) 0(/1Avij,nC) = 01 A(0mDv0nB) (2) 0(0mAv0nD) = 01 A (0mDv0nA) 

(3) 0(0mBv0nC) = 01 A(0mCV0nB) (4) 0(0mBv0nD) = 01 A (0mCv0nA) 

(5) 0(0mAv0nB) = 01 A(0mBv0nA) (6) 0(0mAv0nC) = 01 A (0mBv0nD) 

(7) 0( 0mBv0nI)) = 01 A (0mAv 0nC) (8) 0(0mCv0nD) = 01 A (0mDv0nC) 

Proof: (1) : 0 (i|jmAv IPNC) - ( (AvB) A0mD) v ( (C vD) A0NB) 

= ( ( (AVB) A0mD) v0NB) A (CvD) = (0mDv0NB) A (AVB) A (CVD) 
k 1 

= 01 A(0 DVIP B) (Lemma 36). All other cases similarly 

follow. 
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Lemma 38: Let k.l.meN u{°°}. » » o 

( 1 ) cf)2mC^kAv^1C) = 0 2 M 1 A C^kAv^1C) 

(2) (J)2m(^kAv^lD)=(j)2m1 a ^ A V ^ D ) 

(3) 4>2mC^kBv^1C) =4)2m1 A(4;kBv^1C) 

(4) (J)2m(^kBv^lD)=cl)2m1 A(^kBvl|;1D) 

(5) i|j2m((î)kAv(f)lB)=i|j2m1 A(cj)kAv(J)1B) 

(6) ip2m(<pkAv<p1C)=(p2mU((pkAv(p1C) 

(7) ^2m((j)kBv(f)lD)=^2m1 A((j)kBv(f,1D) 

(8) ip2m((pkCvcp1I))=(p2wU((pkCv(p1D) 

(9) 1 1 Aip11 

Proof: (1): The case m=0 is trivial. By induction hypo-

thesis we get for m>0: 2m(\jjkAv^1 c) =cf>2 (<j)2m~2 1 A (^Avij^C) ) 

= <p2m1 A<P21 A(pn(ipkAviij1C)=<t)2mU(ipkAvip1C) (Lemma 37 , 28). 

(2), (3), ..., (8): analogous to (1). (9) immediately 

follows by (1) with k = l=0 and Lemma 37. 

Lemma 39: Let i,i,k,leN , and let M,Ne2N with * J * g ' ' o 
M>max{k,l}, N>max{i,j} . 

(1) (^BvtjPc) A(cj)kAv(})1B) =4)M( 1̂Bv1/j:'C) vl|;N((J)kAv(J)1B) 

(2) (ij/Av^D) A((j)kCV(j)1D)=(})M(̂ 1Avi|j:iD) (<|)kCv<J)1D) 

(3) (^1Av^:jC) A((^kBv({)1D)=(t)M(^1Av^jc) (<f>kB vcj^D) 

(4) (i^Bvi^D) A((J)kAv(j)1C) = (f)M (^B vijP D) vtJ,N (^Avc^C) 
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Proof: (1): (ip1Bvipj C) A (0kAv0XB) 
= ( 01B v 0 J C ) A ( 0 k A v 01B ) A ( 0 M1 v 0 N1 ) 
= (0N1 v(c{)M1 A(0:iBVI/PC))) A((j)kAv({)1B) 

= (0M1 a(0 1Bv0Jc) ) v(0 M1 A(0kAv({,1B)) 
M i i M V 1 =0(0Bv0Jc)v0( (j) Av(j> B) ) (Lemma 35 , 38). 

(2), (3), (4): analogous to (1). 

Lemma 40: (0X0Xv0jX) A (0k0Xv01X) <001 for all i ,j ,k,leNu{«>} 
4 and for all XeJ^. 

Proof: The assertion follows by Lemma 38 and by 
01>0(0l_10Xv0J"1X) and 01>0(0k_10Xv01_1X). 

Lemma 41 : Let i,j eNQ with i = j (mod 2); Me2N with M>max{i , 
and let XcJ^. 

(1) 0l0Xv0-jX>0M01 (2) 0X0Xv0Jx>0M01 

Proof : (1 ) : 010Av0J A>010Av0J 0D=0 (01Av0-) D) 

= 0lA(0 iDv0JA)>0lA(0 m a x { i^* }
Dv0 m a x { i^ }A)>0lA0 m a x { i^ } + 11 

M M 
>01A0 1=00 1 (Lemma 37 , 38) . The proofs for B,C,D analo-
gous ly go. For 0 or 1 the assertions are trivial. 
(2): analogous to (1). 
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Lemma 42: Let i,j,k,leN ; M,Ne2N with M>max{k,l} and 

N >max{i,j} . 

(1 ) A(0k0Av4)1A) ̂ (ij/DvipA) v0N ( c})kB v(j)1A) 

( 2 ) O ^ B V I L P B ) A [(J)KIJ;BV(T)1B) = 4 ) M ( 0 1 C V 0 : J B ) V 0 N ( C F ^ A V ^ B ) 

(3) (if/ĉ CvifPc) A((j)kijjCv4,1C)=4)M(̂ 1Bvi{jJc) v0N(({)kDv(j)1C) 

(4) O^DvtjPD) A((j)k0Dv(j)1D) = (J)M(01Av0jD) v ^ ^ O ^ D ) 

Proof: (1): (01 (pAvijjj A) A ( (J)k0Av01A) 

= (ip1(pAvip̂ A) A((j)kjpAv(p1A) A001 

= ( 0 1 ( J ) A V 0 ^ A ) A ( 0 K 0 A V ( J ) ^ A ) A V 0 M 0 1 ) 

= ( ( A) ACJ)M01 ) v0NCJ)1 ) A (0k0Av(f)1A) 

= ( (01cj)Av0 j A) A0M01 ) v ( O^Avcj^A) A0N({)1 ) 

= I H O 1 " 1 C { ) A V 0 : , ' ~ 1 A ) A 0 M 1 ) v0(((I) K" 1I|;Av0 L" LA) A 0 N 1 ) 

= 0((((AvB) A 0 1 _ 1 D ) V0J"1A) A(J)M1) v0((((AvD)A(|)k"1B) 1~1 A)A0 M1) 

= 0 ( ( 0 l _ 1 D v 0 j " 1 A ) A(AVB) A 0 M 1 ) v(|)(((J)k"1Bv4,L~1A) A(AVD) A 0 N 1 ) 

= ip((ipl~1DvipJ~1A) A(pM1) v4)((cf)k~1Bv(j)l~1A) a0N1) 

= 04)M(0l_1Dvi|;j"1A) v00N((j)k"1Bv(J)l"1A) 

= 0M(01Dv0jA) v0N(4)kBv(j)1A) (Lemma 40, 35 , 41 , 37 , 38). 

(2), (3), (4): analogous to (1). 

Before we define meet-morphisms, let us recall that the 

elements of FMCjfJ) have a representation as quadrupels 

f(i,j,k,l)=(y1avMJd)A(vkcvv1d) with (i,j,k,l) 

satisfying condition (*) in section 2 (Proposition 19). 
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Furthermore, let us define for ieN : ' o 

\j;~1Avi|>lD:=BvijjlD, I|T 1 Dvij^A : = CVI|/a, \|T1 Bv^C : =Avijj1C , 

^~1Cvi|jlB:=Dvi|;lB, î "*1 Avip"1D: = 1 , 1 Bvip" 1 C : = 1 , and 

({)"1Av(f)lB:=Dv(})lB,(t)~1Bv(f)lA:=Cv(j)lA, <J>~ 1 O ^ D : =Bv(|)1D , 

^ Dv(j)1C : =Av(f)1B , <t>~1 AvtjT 1 B : = 1 , <ff 1 Cv<j>~ 1D : = 1 . 

Lemma 43: There are meet-morphisms a, 3 from FÎ^J^) 
4 into FM(J^) such that 

(1) âf (i, j ,k,l) = (^l"1Dvl|;j"1A) A((f)k~1Dv4)l"1C) 

(2) 3f (i, j ,k,l) = Ol-1Bvi|P"1C) A(^k"1Bv4,l~1A) 

Proof: (1): What actually has to be proved is 

(i)"âf(i,j,k,1)=af (i,j,0,0)Aâf (0,0,k,1) 

(ii) â(f(i,j,0,0)AfCr,s,0,0))=âfCi,j,0,0)AafCr,s,0,0) 

Ciii) â(f(0,0,k,l)Af(0,0,t,u))=âf(0,0,k,l)AafC0,0,t,u) 

since by Proposition 19, (i) , (ii) and Ciii) we get: 

a(f(i,j,k,l)Af(r,s,t,u))=af(w,x,y,z)=af (w,x,0,0) AafC0,0,y,z) 

=â(f(i,j,0,0)AfCr,s,0,0))AâCfC0,0,k,l)AfC0,0,t,u)) 

=âf(i,j,0,0)AâfCr,s,0,0)AafC0,0,k,l)Aaf(0,0,t,u) 

=af (i , j ,k , 1) Aaf (r, s , t ,u) , if 0<i , j ,k , 1, r , s , t ,u<°°. If some 

ne{i , j ,k , 1 ,r ,s , t ,u} equals 00, the proof easily can be 

checked by definition of a. 

(i) : âf (i, j ,0,0) Aâf(0,0,k,l) = (i|;l"1Dvi|;^"1A) A1 A1 A(cf)k*1Dv(j)l"1C) 

= C^1" 1 Dvxp j ~ 1 ) A(0 k* 1Dv0 l - 1C)=âf (i , j ,k , 1) 
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(ii): The proof is divided into the following cases 

( (i , j ) ~(r,s) means that m=n(mod 2) for all m,ne{i, j ,r ,s}\{°°} 

and i , j ,r,seNou{oo}) : 

1. (i,j)~(r,s) 2. (i,j) +(r,s),max{i,j}<max{r,s} 

1.1. i <r, j<s 2.1. 0<i<j <r<s 2.8. 0<r<j<i<s 

1.2. i<r, j>s 2.2. 0<i<j<s<r 2.9. 0<i<r<j<s 

1.3. i>r, j<s 2.3. 0<j<i<r<s 2.10. 0 

1.4. i>r, j>s 2.4. 0<j<i<s<r 2.11. 0<j 

2.5. 0<i<s <j <r 2.12. 0<s<j<i<r 

2.6. 0<s <i <j <r 2.13. i•j=0 and i + j>0 

2 7 0<j<r<i<s o r r ' s = 0 anc* r+s>0 

2.14. i = j =0 or r = s=0 

By symmetry, the case (i,j)+(r,s), max{i,j}>max{r,s} 

is analogous to 2. 

1.1. and 1.4. are immediate consequences of part 2, Lemma 6 

and Lemma 28. 

1.2. â((y1avyjd) A(yr
avysd) )=â(yravyjd)=i|ir"1Dv4;j'"1A 

= C^1" 1 DVT|J j ~ 1 A) A(4;r~1Dvi|;S"1A)=Â(ylavyjd) AA(Y ravy sd) 

(Lemma 29 , 2 8) ; 

1.3. analogous to 1.2.. 
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2. a((y1avyJd)a(yr
avysd)) 

= â ( p m a x U + 1 ' i + l
 )r}avymax{i+1,j + 1,s}d) 

=^max{i,j,r-1)Dv^max{i,j,s-1>A 

2.1. aCi/avy^d) Aa(yravy sd) = (ijj1' 1 DvijP "1 A) A (ipr~1 Dvips"1 A) 
Dvif^A) A (ijjr~1Dvips~lA) = ( (ipl~1Dvip:>A) A I | ; R " 1 D ) Vips 

( ( D A I J J J " 1 + 1A)ACA(Dv^ r _ l" 1A))V^ s _ 1A 

((((<!<j ~ l + 1AvD) AI|;r"l"1A) vD) AC) v^s"1A 

( ( ( 0 J " 1 A v D ) A ^ R " 1 _ 1 A ) v D ) A C ) 1 A 

C ( * r _ i _1AVD)AC)v^s"lA=^l~1^r"lDv^s"1A 
s- 1 Dvip A (Lemma 32,28,30); 

2.2. ,2.3,2.4.: analogous to 2.1.(by symmetry of J^ and 

commutativity of A ) ; 

2.5. â ( y 1 a v y : ' D ) A ^ ( y r a v y S D ) = (i|il"1Dv^J"1A) A(^r"1Dvi|;S"1A) 

= 1 Dvi/; j A) A(i|;rDv^s"1A)=i|jrDv(I|jS~'lAA(^l"1Dvi|;jA)) 

= iJ)TDvipJ AA ( \ p S ~ 1 A A i p 1 ~ 1 D ) =ipTDvipjA=ipT~~1 Dvipî A 

(Lemma 32,28,29); 

2.6. ,2.7. ,2.8. : analogous to 2.5.; 

2.9. â(y1avyJd) AÂ ( yravy sd) = 1 Dvijj Î " 1 A) A 1 Dvips~ 1 A) 

= ((ipl"1Dvi|;jA) A^ r _ 1D) v^s"1A=^l_1 ( (i|;:'"l+1AvQAi|;r~lD) 

= I P 1 " 1 (C^" 1AvD) AC) vL|;S"1A=^L"1I|;:'"L + 1DvL|It"1A 

= ijj^Dvipt~1A (2.1., Lemma 30,32); 

2.10.,2.11.,2.12.: analogous to 2.9. 

2.13. Let 0=i<j<r<s. âf(0,j,0,0)Aaf(0,0,r,s) 

= (Cvi|P"1A) A(^r"1Dv^s"1A) = ((Cv^^"1A) AI/,r~1D) vi{jSA 

= ( (CvipJ ~ 1 A) A D A (Cvipr~2A) ) v^sA= (DA (Cvij,r~2A) ) v^SA 

= ̂ r"1Dvi|;SA=^r"1Dvi|;S~1A (Lemma 32). 



Corresponding 2.2. until 2.12., all other cases can be 

easily proved in a similar way. 

2.14.: The assertion is trivial because of âf (0,0,0,0) = 1 . 

(iii) : By symmetry of definition of <J> and 0 , assertion 

(iii) analogously as (ii) follows. 

Since the proof of (2) is analogous to (1), Lemma 43 is 

completely proved. 

Lemma 44: a a = i d p ^ ^ = 3 3 

Proof: 1. Let x=f(i,j,k,l)eFMCJ^) with i,j,k,l>0. 

aax=a( (01 " 1 D ^ " 1 A) A (c})k" 1 Dv01 " 1 C) ) 

= (lil"laDvVij"1aA) A(vk"1aDvvl_1aC) 

= ( y l ' 1 b v y j ' 1
C ) A ( v k " 1 b v v l _ 1 a ) 

=(yxavyjd)A(vkcvv1d)=f(i,j,k,l) (Lemma 25). 

2. Let x=F(i,J,k,l)eFMCJ^) with some of i,j,k,l 

equals 0. We have to use the definition for ex-
-1 -1 

pressions with ip or 0 ; then the proof is ana-

logous to 1 . . 

33 = idCA.r t4 . can analogously be shown. 
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Lemma 45: ax<ax and §x<Î3x for all xeFMtJ^) 

Proof: af (i , j ,k , 1) =a( (]iiavyJ d) A (v^cvv-'^d) 

= ( ^ 1 ( C A ( A V B ) ) V ^ ^ B ) A(cJ)K(AA(BvC)) v^)1B) 

< (ipl"1Dv^j"1A) A((j)k"1Dv(j)l"lC)=af (i, j ,k,l) (Lemma 37). 

§x<3x (analogous to ax<ax). 

Lemma 46: Let and be the set of all intervals 

[ax,ax] and [§x,3x]with xeFMCJ^), respectively. 

(1) U I a = FM(J^) (2) Ul 3-FM(j4) 

Proof: (1): Since every meet-morphism is isotone, we get 

ax<a(xvy), ay<a(xvy) and this implies axvay<a(xvy). 

Now, let Se[ax,ax] and TeCay,ay]. 

By a(xvy)=axvay<SvT<axvay<a(xvy) and 

a(xAy)=axAay<SAl<axAay<a(xAy), we get SvTe[a(xvy) ,a(xvy) ] 

and SATe:[a(xAy) ,a(xAy) ] . Since AE CAA (BVC) ,A ]= [ac ,ac ] , 

Be[B ,B] = [aD,aD], Ce[CA(AvB) ,C]=[aa,aa], 

DeEDA(BvA)A(BVC),D]=[ab,âb] and since FM(J^) is freely 
4 generated by J^, the assertion follows. 

(2): analogous to (1). 

4 Lemma 47: and are partitions on FM(J^). 
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Proof 

otx \ yfi ay Cax,ax]n[ay ,ay]=(=0 implies 

axvay<axAay. Using Lemma 27 and 

Lemma 44, we get xvy<xAy by 
ay 

aa(xvy)<aa(xAy). Thus, x=y and the 

assertion follows by Lemma 46. The 

assertion for Ifi can be proved by the same arguments. 

ax 

Lemma 48 : Let kerax:= (XeFM(J^) |aX=x} and 

kerBx:= (XeFM(J4)|3X=x} for xeFMCJ^) 

(1) kera =[ax,ax] 3C ~~ (2) ker6 =[§x,Bx] . 

Proof: Lemma 48 is an immediate consequence of Lemma 47 

together with Lemma 27 and 44. 

Proposition 49: a and 3 are separating homomorphisms 

from FM(J^) onto FM(J2). 

Proof: By Lemma 48 it is enough to show that the meet of 

two intervals [ax,ax] and [§y,3y] is empty or consists of 

only one element. We choose a fixed element x=f(i,j,k,1) 
4 

of FM(J2). Our first goal is to determine all elements 

yeFMCJ^) for which IXy'= Cax, ax ] n [ 3y , 3y ]=)=0 . 
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ax >> 3y Suppose • Then axv3y<axAf3y 

y^ and 3axvy=3axv33y<3axA33y=3axAy 

(Lemma 27 ,44). Therefore we get 

ax cr 3y yvx=3ax<y<3ax (Lemma 27). By Lemma 4 

and Proposition 19, 

yvx=f(j+1,i+1,1+1,k+1). For determining 3otx we have to 

distinguish in 

(i) i , j ,k , 1 >0 : 3af(i, j ,k,l)=3((^l"1Dvi^j~1A) A(^k~1Dvc()1"1 

3Dvyj"13A)A(vk"13DVV1"13C) 

= (y:j"1avyl"1d) A(vl-1cvvk~1d)=f (j-1 ,i-1 ,1 -1 ,k-1 ) 

(Lemma 25). 

(ii) i*j=0 and i+j>0 or k»l=0 and k+l>0: Let w.l.o.g. 

0=i <j,k, 1. 

gâf (0, j ,k,l)=3((Cv^~1A) A((j)k'1Dv(|)l"1C) 

= (cvyJ-1a)A(vk"1dvvl"1c) = (y:j_1avyd)A(vl"1cvvk"1d) 

=f(j-1,1,1-1,k-1) (Lemma 25). 

(iii) i = j=0 or k=1 = 0: Let w.l.o.g. 0=i = j<k,l. 

3af (0,0,k,l) = 3(1 A(0k"lDvcf)l"1C)) = 1 A(vl"1cvvk_1d) 

=f(0,0,1-1,k-1) (Lemma 25). 

For summarizing these results, we define: 

i* : = j , j*: = i, k*: = 1, 1*:= k 

m-1 if m>0 

and for all me{i,j,k,l}: m := 1 if m=0 and m* + 0 

0 if m=m*=0 
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It follows: I ±0<^>ye[f (j + 1 ,i+1 ,1+1 ,k+1) ,f (j ,i ,l,k) ] xy 
< = > ye{f (j ,i ,1 ,k) eFMC^) |me{m,m,m+1 } and m=m <=> m =m 

with me{i,j,k,l}} (Proposition 19). 

Let us say, y satisfies (**) , if y is an element of 
the set just mentioned. 

In the following we have to prove axAgy=axv3y for a 

fixed x and all y satisfying condition (**). The proof 

will be divided in several cases, since we have some 

possibilities for the choice of y and since the cases 

with some of i,j,k,l equals 0 or equals <» have to be 

treated separately. By symmetry of J^ and by commutati-

vity of meet and join, it is enough to prove the follo-

wing cases : 

1.1. x=f (i > j ,1), y=f(j + 1,i +1 ,1+1 ,k+1) for 0<i,j ,k, 1<» 
1.2. x=f (i J ,1), y=f(j-1,i+1,1+1 ,k+1) for 0<i,j ,k, 1 <°° 

1 .3. x=f (i > j >k ,1), y=f(j-1,i-1,l+1,k+1) for 0<i,j ,k,l<~ 

1.4. x=f (i ,i,k ,1), y=f(i,i,l+1,k+1) for 0<i ,k , 1 <°° 

1.5. x=f (°° ,2m, °°, 2n) ,y=f (2m+1 ,°o,2n-1 for 0<m ,n<°° 

2.1. x=f (0 > j >k ,1) , y=f(j+1,1,1+1,k+1) for 0<j ,k , 1<°° 

2.2. x=f (0 oo oo > i ,2n+1) ,y=f , 1 ,2n,°o) for 0<n<°° 

3.1. x=f (0 ,0,k ,1) , y=f(1,1,l+1,k+1) for 0<k, 1<°° 
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1.1.: âxA3y=(^l_1Dvl|jj"1A) A((f)k"'1Dv(j)l"1C) A(1|;jBvl|;1C) A((|)1Bv(|)kA) 

= C^JBvi/J1C) A(tf)1Bv(()kA)=(|)M(i|j1Cvi|;jB) vipN(<})kAv<f)1B) 

= (f)M(̂ lCvi|;l + 1Dvl|;jBv^j + 1A) vl|jN(4,kAv0k+1Dv(|,lBv(|)l+1C) 

= C C^^^Bv^ j B) A O ^ B v ^ B ) ) v((ipj + %Dv^ l + 1D) a ( cj)1 ~ 1 ̂ Dv^4"1 D) ) 

=axvgx (Lemma 39,42). 

1 .2. : âxA3y=(ipl"1Dvl|j^"1A) A((})k"1Dv4)l""lC) A(i|i:'"2Bvi|i1C) A(c{)1BAc()kA) 

= (ip1" 1 Dv^j " 1 A) A ~2BVI[J1C) A (4)1Bvcj)kA) 

= (i|;1Cv (IPj " 2Ba (ip1' 1 Dvi^ ~ 1 A) ) ) A ( cĵ B v <f)kA) 

= (IP1CVIPJ " 1 Av (IPJ "2BAI|;1~ 1 D) ) A ((J^Bvc^A) 

= ( 1̂Cv1|;j"*1A) A(cf,1Bv(|)kA) =(f)M(i|jlCvi|;j~1A) v^N(4)kAvcf)1B) 

= <{)M(^lCv4jJBvijjJ"'IAv^l+1D) vljjN(<j)kAv(})lBv4)l+1Cv(})k+1D) 
= ( (IP^ <PB V B) A (c})k̂ Bv(j)̂ B) ) v((l|;j"14,Dvi|;l+lD) A(4)l+1lpDv(J)k+1D) 

=axv3x (Lemma 29,39,42). 

1 . 3. : Â X A 3 Y = ( i | j L " 1 D V L | > J " 1 A ) A(c|)k'1DV(j)l~1C) A ( ^ J ~ 2 B V ^ 1 " 2 C ) A ( 0 1 ^ ( J ) K A ) 

= (^X"1Dvi|;J"1A) A ((J)lBv(J)kA)=(|)M( l̂"lDvi|J:'"1A) ((j)kAvcj)1B) 

= (ip1Cvipî Bvipj ~ ̂  vip1'^ D) vipN((pkAv(plBv(pl + 1Cv(pk+1D) 

= ((ip1(pBviph) A((pkipBv(plB))v((ip^~'l(f)Dvjpl'1D) A((pl+1ipDv(pk+1D)) 

=axv§x (Lemma 39,42). 

1 . 4 . : ÂXA3Y=(^l~1Dvij;l"1A) A((j)k"1Dv(})L"1C) A ( ^ L " 1 B V 4 ; L " 1 C > ^ L B V ( } ) K ' 2 A ) 

= I|J1"1 ( (DvA) A ( B V C ) ) A ( ( F ) L B V ( ( J ) K " 2 A A ( ( ( ) K " 1 D V ( ( ) L " " 1 C ) ) ) 

= A((J)lBv(})K"1DV(0L"1DA(|)k"2A)=i|;L1 A(<J)K"1DV4)lB) 

= <f>%X1 vif;N(>k"1Dv<f>lB) 

= (j)M( 1̂Cvi|;1Bvi|;1Av 1̂D) v N̂((})kAv(})lBv(|)l+1Cv(|)k"1D) 

= ( (^Bvtj/B) A (<j)ki|;Bv<|,1B) ) v ( (iJ^Dv^D) A (<p1+ 1 i|;Dv<j)k~ 1 D) 

=axv§x (Lemma 29,39,42). 



1.5.: âxA3y^2m"1AAcî)2n-1CA^2mBA02n-2B^2mBA^2n-1C 
= BA(f)2n~^ CA^2mB= (4>2m+ ̂  Avc{)2nB) A02n~ ̂  CAip2niB 
= C(^2m+1AA^2n-1C)vc))2nB)A^2mB 

= ( ( ip 2 m + 1 A A 0 1 A 4)2n" 1 c A,]; 1 ) v 4,2nB) A i|;2mB 
f f . 2m+1 , _ . 2n- 1 , w , 2nT3. . 2m.n = ((i|> 4>DA4> I|JD) V<J) B) Aip B 

= (i|;2mBA(j)2nB) v(i|;2m+1(})DA(|,2n"1l|;D)=gxv3y (Lemma 34 ,37). 

2. 1 . : âxA3y=(Cvi|;j"1A) A(0k~1Dv(J)l"1C) a(^^BvC) A(cj)1Bv(J)kA) 

= ( I | P B V C ) A ( C } ) 1 B V ( F ) K A ) = 4 ) M ( C V ^ J B ) (<J>KAV(J) 1 B ) 

= (l>M(Cvlphvip^ + 1AvijjD) vt|;N(4,kAv(|)lBv(|)l+1Cv4)k+1D) 

= ((CVI|PB) A((J)kAv(j)1B)) vcj)M(l|;j + 1Av^D) ((J)1+ 1 Cv<pk+1 D) 

= ((Cvi/PB) A(4)KAV(|)1B) A (BvC)) V 4 ) M ( ^ J + 1Av^D) v^N (4>1+1 Cv<|)k+1 D) 

= ( (Cv^^B) A((4>kAAi|;1) V(})1B)) v4,M(^j + 1Av4;D) vi|;N(4)l+1Cv4)k+1D) 

= ( (4)Bv^jB) A(4)klpBv4)1B)) v( (ifĵ  + 14)Dvi|;D) A(4)l+1l|;Dv4)k+1D) 

=axv3y (Lemma 39,37,42). 

2.2. : âxA3y=CA(()2nCACA4)2n"',B=4)2nC=4)2n(4)Bvl|jD)=4)2n+1Bv4)2n4;D 

= (4)BA4)2n+1B) v(i|;DA4)2n4;D)=gxv3y (Lemma 33). 

3. 1 . : ÂXA3Y=1 A(4,k"lDv(})L"1C) A(BVC) A(4>1BV4)KA) 

= (BvC) A(4)1Bv({)kA)=4)M(BvC) vlpN((j)kAv4)1B) 
= 4>M(BvCV4,AV4,D) v^N(4)kAv4)lBv4)l + 1Cv4)k+1D) 

= ((BvC) A(4)kAv4)1B) ) v / ^ A v ^ D ) v^N(<(,1+ 1 Cvcf)k+ 1 D) 

= ( (BvC) A (AvB) A (4)kAv(|)1B) A (BVQ) V(pM (IJJAV^D) (4)1+ 1 C vcf)k+ 1 D) 

= ((BvC) A(AvB)A((4>kAA4;1) v4>1B)) v4)M(4;Av4;D) vt|,N(4)l+1Cv4)k+1D) 

= ( (4>BvB) A (4)k^Bv4)1B) ) v ( (i|;4)Dv4;D) A (4)1+1 Dv4)k+1 D) 
=axv3y (Lemma 39,30,37,42). 

This completes the proof of Proposition 49. 
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Proposition 50: The congruence lattice of FM(J^) is 

described by the following diagram. : 

Proof: By Proposition 49, the intersection of the congru-

ence relations kera and kerB is the identity; furthermore by 

the Homomorphism Theorem and Proposition 22, there is only 

one coatom greater than kera and ker3, respectively, namely 

0(AvB,BvC,OD,DvA) . Therefore, Proposition 22 and Pro-

position 49 together with the distributivity of the con-

gruence lattice gives us the assertion. 

Proof of Theorem 3: By the Homomorphism Theorem, the asser-

tions are immediate consequences of Proposition 50. 

Another immediate consequence of Proposition 49 is the 

following Proposition which (together with Proposition 19 

and 21) solves the word problem for FM(J^). For stating 

the Proposition, we define 
A A A A _ ^ A A A A 

g(i>j>k,l,j,i,l,k):= af(i,j,k,1)A3f(j,i,1,k) 
for f(i,j,k,l),f(j,i,l,k)eFM(J^). 



Proposition 51 : The elements of FM(J^) can be uniquely re-
/\ 

presented as octuples g(i,j,k,1,j,i , 1 ,k) such that (i,j,k,l) 
S\ 

satisfies (*) and f(j,i,l,k) satisfies (**) with respect 

to f(i,j,k,l); furthermore, for o=v and O=A, respectively, 

we have 
/\ /\ /\ /\ /\ /\ S\ / N ^ S / N / S 

g(i,jj,i,l,k)o g(m,n,p,q,n,m,q,p)=g(r,s,t,u,s,r,u,t) 

if and only if 

f(i,j,k,l)of(m,n,p,q)=f(r,s,t,u) and 
A A A A A A A A A A A A 

f (j ,i,l,k)of(n,m,q,p)=f(s,r,u,t) . 

Now we can solve the word problems for FM(J^) and FM(J"| ^ 

There exist epimorphisms y and 6 of FM(J3) such that 

(1) y0=0 (2) 60=0 

ya=dA(avb) 6a=b 

yb = c A(avb) 

yc=b A(cvd) 

yd=aA(cvd) 

y 1 = (avb)A(cvd) 

ôb=aA(bvc) 

6c=dA(bvc) 

6d=c 

61=bvc 

.4 and endomorphisms p and a of FM(J1 p such that 

(1) p0=0 

pa=dA(avb) 

pb=cA(avb) 

pc=bA(cvd) 

pd=aA(cvd) 

p1=(avb)A(cvd) 

(2) a0=0 

aa=b 

ab = a 

ac=d 

ad=c 

a1 = 1 
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These endomorphisms give us representations of FM(J^) and 

FMCjj^) . 

Proposition 52 : 

FM(J^)={h(k,l,j,i,l,k) |g(i,j,k,l,j ,i,l,k)eFM(J^)} with 
~ ~ ^ k-1 1-1 i-1 i -1 1-1 V- 1 h(k,1,j,i,1 ,k):= (yK 'dvy1 , C ) A ( 6 j 'bvS1 C ) A ( y i V y K 1

 A ) 
/s /s. /s 

for 0<i , j ,k , 1 ,k, 1<°° and 
-1 -1 y x, 6 x analogously defined as in Lemma 43. 

Proof: Let T the epimorphism from FM(J^) onto FM(J^) 
4 4 with T X = X for all XCJ^, xeJ^. We get TI|J = 6T and 

•V /N 

T(})=YT . Since i- 1 <i and j — 1 <j it follows 

ô1dvô^a=ô1"1cvôj*1b>ôlcvô^b and Tg(i,j,k,1,j,i,1,k) 
/\ /S v̂ /S 

= (6l_1dv6:j"1a) A(Yk"1dvyl"1c) AC^J'^vé 1"^) A(y l" lbv Y
k" 1a) 

A. V-1 1-1 i - 1 1-1 1-1 V- 1 /V /V /V 
= (Y d v y 1 1 c) A bv6 c ^ y 1 V y K 1 a) =h (k , 1, j , i , 1 ,k) 

Corollary 53: For o=v and O=A 9 respectively, we have 
A A A A / \ / N / \ / \ /\ S\ S\ /\ 

h(k,l,j,i,l,k)oh(p,q,n,m,q,p)=h(t,u,s,r,u,t) 

if and only if e(k,1)°e(p,q)=e(t,u) and 
A A A A A A A A A A A A 

f(j ,i ,k,l)of(n,m,q,p)=f(s,r,u,t) 

(The elements e(i,j) of FM(jj) are defined in DAY, HERRMANN, 

WILLE C 2 ] , and f (i , j ,k , 1) e F M ^ ) ) . 
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Proposition 54 : 

FMCJ^p^pCk,!,!,^) |g(i,j ,k,l,j ,i,î,k)eFM(J*)} with 

p(k,l,î,k):= (pk"1dvpl"1c)A(pl"1bvp^"1a) 
/S _ -J 

for 0<k, 1 ,k , 1 <°° and p x analogously defined as in 

Lemma 43. 

Proof: Let n the epimorphism from FM(J^) onto FM(jj 
4 4 ' with riX=x for all XeJ^ and xeJ^ ^ . 

We get pn = ri<J) and on = ri0 • Since 

a 1 ^dva*' ^bvg1 ^c=avd=bvc=1 it follows 
A A A A 

ng(i,j,k,l,j,i,l,k) 
f i-1 j j-1 . r k-1 , 1-1 . r j-1, i-1 . r Î-1, k-1 . = (a dvaJ ajA(p dvp C ) A ( o j bva C ) A ( P bvp a) 
k-1 1-1 1-1 1 ^ ~ = (p dvp c)A(p bvp a)=p(k,1,1 ,k) 

Corollary 55: For o=v and O=A , respectively, we have 

p (k , 1,1 ,k) op (m,n ,n ,m) =p (r ,s , s , t) if and only if 

e(k,1)oe(m,n)=e(r,s) and e (1 ,k) oe (n ,m) =e (s ,r) . 

4 4 Corollary 56: (1) FM(J.j) is a sublattice of FM(J^ 

(2) FM(J^) is a sublattice of FM(J^) . 

4 Proof: (1): There exists a monomorphism X from FM(J.j) 
4 

into FM(J^ p such that 

X0=0 Xc=aA(cvd) 

Xa=c Xd=d 

Xb=bA(cvd) X1=cvd 
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(2) is an immediate consequence of Lemma 26. 

The diagram of FM(J* ^ is shown below. 

381 



R e f e r e n c e s 

[1] G. Birkhoff: Lattice theory. Amer.Math.Soc.Colloquium 
Publications, Vol.25, second edition. 1948 

[2] A. Day, C. Herrmann, R. Wille: On modular lattices with 
four generators. Algebra Universalis 
2 (1972) , 31 7-323. 

[3] G. Grâtzer: Lattice theory. First concepts and distri-
butive lattices. Freeman, San Francisco 
1971. 

Technische Hochschule Darmstadt 
Fachbereich Mathematik 
Arbeitsgruppe Allgemeine Algebra 

382 


