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For a partial universal algebra, the projection of a closed subalgebra of 

th th its n direct power onto its k diredt power (1 < k < n) is not always a closed 

subalgebra. Partial universal algebras for which this projection of a closed sub-

algebra is always a closed subalgebra are called here (n, k) correct. A similar 

notion of (2, 1) correctness was introduced in [2]. Given any set A, the sub-

algebra systems of (A ;F) n for any set F of partial operations on A was 

described in [4]. In this note we describe the subalgebra systems for (n, k) 

correct partial universal algebras. Some of the results were announced in [3]. 

By algebras we shall mean partial universal algebras. By a subalgebra 

will always be meant a closed subalgebra. 

Let k, n be integers such that l < k < n . An algebra A = <(A;F^ is said 

to be (n, k) correct if for any f e F, a . . . . . . a s An such that f(a... . . . , a .) v ' ' J ' r ' m v li' ' mi' 

is defined for all 1 < i < k (a . is the i ^ component of a ), there is an m-place si s 

polynomial p in F such that p(a^ , . . . , a ) is defined, and P(a^5 . . . » a m j ) 

= , . . . , a .) for all 1 < i < k. An algebra will be called n-correct if it is x li mi — — 

(n, k) correct for all 1 < k < n. 

It is clear that full algebras are n-correct for all n. Every full [1] homo-

morphic image of an (n, k) correct algebra is also (n, k) correct. The same is 

true for all quotient algebras. Given an (n, k) correct algebra <(A;F), if p is 
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an r-place polynomial in F and a^, . . . , a^ s A such that p(a . . . , a .) is 

defined for all l < i < . k , then there is an r-place polynomial q in F such that 

q (a r . . . , a^) is defined, and moreover qfa^, . . . , a^.) = pfa^, . . . , a^.) for all 

1 £ i < k. An algebra is (n, k) correct iff the projection of any subalgebra of its 

n'*1 direct power is again a subalgebra; it is also sufficient to consider only 

finitely generated subalgebras. It is also evident that any subalgebra of an (n, k) 

correct algebra is also (n, k) correct. An (n, k) correct algebra is also (n, m) 

correct for all k < m < n. 

If 1 < k < m < n, then every (n, m) correct algebra is (n, k) correct. 

In fact if B is a subalgebra of <Â;F,) n and C is the projection of B onto A^ 

k+1 (first k components) and D is the projection of B onto A (first k + 1 

components), then A X C is the projection of A X D X A ( n " k - 2 ) onto A k + 1 ; 

k+1 k A X C is a subalgebra of A iff C is a subalgebra of A . 

For every k > 0 there is an algebra which is (n, k) correct for all n > k 

and not (n, k+1) correct for any n > k + 1. 

Let A be the set of all positive integers. Set F = {f , g^, g^ where 

all elements of F are unary and all g ^ , . . . , gĵ  ^ a r e anc* domain of defini-

tion is { 1 , . . . , k+1) = K. 

f ( j ) = j if l < j < k 

f (k + 1) = k + 2. 

Denote by K. the complement of { i } in K, 
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g^m) = 
f(m) if m e K. 

1 < i < k + 1. 
ffminK.) if m L. x i i 

It is obvious that ^AjF^ is (n, k) correct for all n > k. If A were 

(k+2, k+1) correct then there would exist a polynomial p = h • • » h (h . . , h s F) 
-1- S X s 

with p((l, 2 , . . . , k, k+1, k+2)) = (1, 2 , . . . , k, k+2, x), (since f((l, 2 , . . . , k, k+1)) is 

defined). Since f is not defined at k + 2 then h = g. for some i. So S 1 

( l , 2 , . . . , k , k + 2 , x ) = h 1 (h 2 ( . . .h s _ 1 (g i ( ( l , 2 , . . . ,k ,k+ l ,k+2) ) ) ) . . . ) ) . But g. identi-

fies two of the first k + 1 components of the tuple and the application of 

h , . . . , h will leave these two components equal. Yet 1, . . . , k, k+2 are all S —• -L X 

distinct. So there is no such p and A is not (k+2, k+1) correct. 

To say that (A;F^> is (n, k) correct is the same as to say that 

is (2n, 2k) correct. Hence direct products of (n, k) correct algebras are not 

always (n, k) correct. 
k n A can be injected into A (for n > k) in such a way that the image of 

k n A is always a subalgebra of A (e. g., . . . , a ^ — (a . . . , a^ . . . , a^) 

k 

is such an injection). Under such an injection every subalgebra of A appears 

as a subalgebra of An . Thus in an (n, k) correct algebra the injection of the 

projection (onto Ak) of a subalgebra of An is again a subalgebra of An . Such 

a condition turns out to be sufficient. This is more precisely made in the following 

definition and lemma. 

If a is a nonvoid subset of { 1 , . . . , n} and i = min a define [4] : 

n n 
Ba= {a : a e A , a j = b j i f 3 4 a, a = b. if j £ a, for some b e B} B ̂  A . 
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If C<E A denote by [C] the subalgebra of <^A;F} generated by C. 

Lemma; <(A;F) is (n, k) correct iff [C]cy = [Co;] for all finite nonvoid 
n C e A and for all a { 1, . . . , n} with cardinality n - k + 1. 

If s is a permutation on { 1, . . . , n} define [4] : 

n n B s - { a : a eA , a. = b .. , 1 < i < n for some b e B j . B ^ A . l i -1 . _ _ 
s (i) 

If A is an algebra S (A) is the family of all subalgebras of A. 

Theorem: Let Sçz P(An). S = S (<A;Fj>n) for some (n, k) correct 

algebra <̂ A iff: 

n 
(a) S is an algebraic closure system on A 

(b) if B e S , 1 < i < j < n then B(ij) e S 

(d) [C] { 1, 2 } c [C{ 1, 2}] for all finite nonvoid C c An 
o b 

(e) if (jy e S then <p= f \ { B : B s S, B 4= (p) 

(f) [Cl {1, . n - k + 1 } = [C{ 1, . . . , n-k+1} ] for ail nonvoid finite C ci A*1, D O """ 

where [C] is the intersection of all elements of S containing C. 
D 

n In [4] it was shown that S = S ) for some partial algebra <^A;F) 

n-2 iff S satisfies conditions (a), (b), (c), (d), (e), where (c) is a o X A e S is A ci 
2 

the diagonal in A ). So the necessity of (a), (b), (d), (e) and (f) follows from this 

result and the lemma. The sufficiency will be established once we show 

Claim: Let r be an integer such that 1 < r < n. If S satisfies (a), (b), (d) 

and 
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( f ) [ C ] s { l , . . . , r - } = [ C { l , . . . , r } ] g 

for all finite nonvoid C <= A N, then A * A N 2 8 S. 

By (a) S satisfies (f<) for all C c An . Thus 

[ A 2 x A n " 2 ] s { 2 > 3 , . . . , r } < E [ ^ 2 y An~2){2, . . . , r } ] g = [ A j . x An~ r]g 

But 

[Ar X A " ] s { l , . . . , r } = [<£ r x A " ){ 1 , . . . , r} ] g = x An""r] 

by (f!). Also 

An-r r - i An r , . ,n -r [AR X A ] g { l r } ç A { l , . . . , r } = A R x A . 

Hence 

An-r An-r ,n -2 
A r X A c [Ar x A ] s ç A r x A , 

i . e . , a ^ x A e S. So 

[A2 X A n " 2 ] s { 2 r ) E [Ar X A n ~ r ] s = A r x A n " r . 

n—2 n—2 n—2 From which we deduce [A0 X A ] ç a x A , i. e . , a 0 X A e S. £ D A 2i 

Corollary: Let Sc=P(An). S == S (<^A;F>n) for some n-correct algebra 

<A;F> iff S satisfies (a), (b), (e) and 

[C]c{l, 2} = [C{ 1, 2} ] for all nonvoid finite C c= An . o o — 
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This follows from the theorem since n-correctness is equivalent to (n, n-1) 

correctness and in this case condition (f) implies condition (d). 

2 
There are 2-correct partial algebras <(A;FX for which S (<(A;F^ ) 

2 4 S ( ^A;G) ) for any set of full operations G on A. Thus problem 19 of [1] 

for full universal algebras remains open, 

n 

If S cr P(A ) satisfies (a), (b) and (c);then S satisfies (d) iff S satisfies 

(g) if B e S , B ç a x A n " 2 then A x p r B e S, ' Là LA • • • XI where pr nB is the projection of B onto the last n-1 components. 

In other words,conditions (a), (b), (c), (e) and (g) give another characterization 

for S « A ; F > n ) . 

Let S satisfy (d). By (a), [C] { 1, 2} <= [C{ 1, 2}] for all C c A ® Let S 
n-2 now B&S, B c z a 2 X A 

[(A X pr B)(12)l { l , 2 }c= [((A X pr B)(12)){ 1, 2}] = [B] - B. 

Hence 

A X pr B E [ A * P r 2 . . . n B ] s E A x pr B 

i . e . , 

A X prrt B = [A X pr B] _ e S. 2- • • n L 2- • • n S 

Conversely, let S satisfy (g) and ^ C c An . Then 

[C]g{l, 2}c=A 2 X An 2 eS. 
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Hence 

B - [C{1,2}] c a 0 x An~2 , E = A X pr B & S and G = E ( 1 2 ) e S . o 2 2* * * n 

But C 5 G & S. Hence [C] cz G. Thus o 

[ C ] s { 1 , 2 } C G ( 1 , 2 } = ((Ax p r 2 _ < n [ C { l , 2 } ] s ) ( 1 2 ) ) { l , 2 } = [ C { l , 2 } J s . 

A homomorphism h of a join semilattice L onto a join semilattice L' 

is said to be correct [2] if for any a s L, bT s L', bf < ah, there is b EL 

such that b < a and bh= b\ h is correct iff h maps ideals of X. onto ideals 

of L\ The mapping B — [pr^ ^B] is a complete semilattice homomorphism 

of the join semilattices of all subalgebras of <A;F]>n onto that of If 

A is (n, k) correct this homomorphism is correct; restricted to finitely generated 

subalgebras, this mapping remains correct. 
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