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Abstract

Error estimates for some spectral projection operators in
weighted Sobolev spaces of Jacobi type are derived in terms
of a new family of weighted spaces, improving standard es-
timates. Our results are used to improve error estimates
for the Jacobi spectral solution of a model problem in a
square by taking into account the decomposition of the
solution near the corners. This generalizes to the Jacobi
framework some results known in the unweighted case.
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1 Introduction

The analysis of the convergence rate of high order dis-
cretizations of elliptic problems over polygonal domains
requires us to take into account the structure of the so-
lutions near the corners. An early reference, concerning
the p-version of the finite element method (F.E.M.) is [1].
It has been noted therein that the approximation results
for the singular part of the solution, as obtained from esti-
mates involving the usual unweighted Sobolev spaces H®,
are not optimal for the p-version. An approximation the-
ory for the p-version in the framework of certain weighted
Sobolev spaces is given in [9]. In that paper, estimates
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for the distance, measured in standard Sobolev norms, be-
tween a function u and its high-order polynomial approx-
imation u, are given in terms of the norm of u in some
weighted spaces. This theory has been applied in [10] to
the analysis of the p-version of the F.E.M. over polygonal
and polyhedral domains. It enables us to recover optimal
convergence rates by analyzing separately the singular and
the regular part of the solution.

The results for the Legendre spectral discretizations are
very close to those for the p-version since in both cases
standard Sobolev norms of the error u — u, are concerned.
But for the numerical analysis of Chebyshev spectral meth-
ods this error must be measured in terms of weighted
Sobolev norms based upon the Chebyshev weight. More-
over, the analysis may require results related to other
weights, for instance to the inverse of the Chebyshev weight
as in [3]. So, it is useful to consider a wide range of weights,
namely the Jacobi weights, as in [4]. The approximation
theory for these spaces as developed therein involves high
order weighted Sobolev spaces HS. For a = 0 these spaces
reduce to the usual unweighted ones. So, it can be ex-
pected that the application of this theory to the H} ap-
proximation of the singular part of the solutions will not
yield optimal estimates.

The aim of this paper is to improve the results in [4] for
the Jacobi spectral approximation by using a new family
of weighted spaces and the decomposition of the solution
into a regular and a singular part. So, our results extend
some results of [9] and [10] to the Jacobi framework .

Although in this paper we present the analysis of a sim-
ple model problem as an application , the techniques and
results can be useful in the general context of elliptic prob-
lems.

The next section is devoted to introducing the basic no-
tations. In section 3, we define the new family of weighted
spaces and state our basic approximation results. Section 4
is devoted to obtaining a characterization of the new spaces
in terms of an intrinsic norm. In section 5, we study the
approximation of some singular functions related to the
solution of some elliptic problems. In section 6, we ob-
tain improved convergence estimates for a simple model
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problem. Finally, we resume our conclusions in section 7.

For the sake of brevity some proofs have been omitted
or only sketched but the detailed version of this work will
appear in Fdez-Manin [11].

2 Preliminaries and notations

Let A= (-1,1) and a > —1 . We denote
LyA)={v:4=C/[lv]oaa=

( /A o(z)2pa(z)dz)} < o).

For any s > 0 and a € (—1,1) we denote HJ(A) the
weighted Sobolev space of order s associated to the weight
function (1 —z2)* . Its norm will be denoted by || - ||s,a.4 -
Let Py(A) be the space of polynomials with degree < N
in A. Moreover, we shall note:

e II% the orthogonal projection operator from L% (A)
onto Py (A) .

e {72} the family of Jacobi polynomials associated to
the weight (1 — 22)* normalized in the following way:
the degree of 7> is n and it satisfies

. Fn+a+1)
1 U (£1) =
M) Ji(ED) T(n+1)T(a+1)
where T' stands for the classical Euler’s gamma function.
Their norm is given by
(2) 1T 600 =
22¢+1(n + a + 1))?

(x1)"

2n+2a+1)I(n+1)T(n+2a+1)
(3)
We also use the integral relation
(1) JEACEE
1 n+2a+1 n+a .,
2n+2a+1 (n+a+1 w1 (@) = n+2aj" 1= >)
when [ J72(t)dt is such that

/ " 7o ()paltdt = 0

A survey on the properties of the J can be found in [4]
and [12] .

We shall also consider the function spaces defined over
Q=AxA. Forany -1 <a<1lands>0, H3(Q) wil
stand for the Sobolev space of order s related to the weight
(1 — 2%)%(1 — y?)™ (see [4] for a precise definition). The
norm in this space will be denoted || - ||5.o.0. We shall note
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e Py () the space of polynomials with degree < N with
respect to each variable.

. Hj‘(, the orthogonal projection operator from L2 ()
onto Pn(Q) .
It is standard to note that Ha Iy (@)

3 Approximation properties of
the Z5(A) spaces

For each integer m > 0 , we define
(5) Zo(A) = {ve Li(A )/— € L3 (M), 1<) <m}

equipped with the norm

m

(6) v flze = Z

div?
dai

ol

)

20,00

and for s > 0 non integer, s = m+ o ., with0 <o <1,

we define ZZ(A) by

Z3(8) =

where [.].2 stands for the K-interpolation method (see [2]).

The next three lemmas show the behavior of the deriva-
tion and integration operators over Z2(A) and a property
which will be useful in the following section.

(230 (8), 27 (Mo

Lemma 3.1 For a > —1 and u € L2 (A) we define
(Pu) by (Pu)(z) = [, u(t)dt . Then, for all m > 1 in-
teger, the mappmg P™ is contmuous from L2, (A) into
Z7(4)) -

Lemma 3.2 For a > -1, 0 < 8 < 1
m > 1, it holds:

and any integer

(7) [Z3(A), 20 (W2 =

{ve zr @/ € 1280, 2L (W2

Lemma 3.3 For each non negative integer m and for

Zunj

n=0
sponding Fourier coefficients , we have:

u € Z7(A) , being 1, the corre-

du . PIT .
(8) —.:Zun Tui in Liﬂ(A) 1<j<m

n=j)
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The next lemma gives a characterization of the space
Z%(A) together with an equivalent norm in this space

(2}

which is useful in proving the approximation result in norm

”‘|()Ar}..’\'
For w € L2(A),

Lemma 3.4 Let be s > 0.
x

u= Z Un Ty (z) we define

n=0

(9) }jhw|<r+n>sujanoaAﬁ

then
Zo(A) = {ue LL(A)/ [ w |75 (a)< o0}

and the norm || . ||%., A) is a norm in Z3(A) equivalent

to || . lzma) -

Proof When s is an integer, the result easily follows by
using lemmas (3.1), (3.3) and properties of the polynomials
J>. For the non-integer case we use a standard interpola-
tion argument. O

Theorem 3.1 If ue Zi(A) for0<s <.

ing estimation is satisfied

the follow-

lu=T%ullzg ()< C N [ ullzga) -
Proof The result follows from (9) using the classical tech-
niques for these kinds of estimations. O

Theorem 3.2 Let be 0 < s <s and u € Z5(A) . If

YN €IV, Juy € Py(A)/ | u llz5m< AN
with A = A(u) independent of N, Then u € Z5~¢(A) Ve =
0 . Moreover

lu— uNHzg—E(A) <C(s,8,a,€) [” u ”Z;’(A) +A]

In order to obtain the approximation theorem in norm
H! we prove a technical result that gives the expression
of the Fourier coefficients of u” with respect to {J,%} in
terms of those of u with respect to the same basis. This
result generalizes well-known expressions for the case a =
0 and a = —1/2. Inthe next step we obtain that II¢ (v')—
(1% u) belongs to a bidimensional subspace of polynormals
and finally we conclude the approximation theorem.

95

i Ty and

n=0

Theorem 3.3 For u € C¥(A), u =

=3, 11,(,11).7,? , then

(1 2k +2a+1)T(k+2a+1
(10) ui)z ( )T( )
F(k+a+1)
n+a+1) 4
T(n+2a+1) Un
n=k+1
n+k odd
{ in the exceptional case k =0 and o = —1/2 we set

(2k + 2% + )I(k +2a +1) = T(2a +2) )

Proof Firstly by using (4) we obtain the equality

N (n+2a A(l)
) i = o B 20— 1)
(n+a+1) (1)

(n+2a+1)(2n +2a +3) !

secondly we solve the homogeneous difference equation

(n+ 2a) P
n+a)2n+2a-1) """
(n+a+1)
1 Xy =
(12) (n+2a+1)2n+2a+3) " 0
X, =Xy =1

to obtain the general term for £ > 1

(2k+2a+1)T(k+2a+1) I'(a—1+3)
20 -20+3) Tlk+a+1) T'2a—-1+3)

X =

with 1=0 if k even, 1=1 if k odd. For & > 1 let ¢ A(l) be

defined by
al” = a0y .

Then, equation (11) leads to

(1) (1) . (n + 05)(2?1 + 2a — 1) 1
Up-1 = VUnt1 = "+ 2 Xn—lun

using that u € C*(A) we deduce that hm v(l) =0 .
Therefore

o= 3

n=k+1
n+kodd

(n+a)2n+2a-1) 1 i
n + 2a Xn_1 "

and we conclude the result for £ > 1. The identity ( 11)

with n = 1 solves the case u( ).

a
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Lemma 3.5 Foru € HL(A) andu'= Z ) 7 we have
n=0

the following property:

X(N)PY + AX(N +1)¢Y  for N even
N(u)—(Tju)=

AN + )oY + X*(N)¢Y  for N odd
(13)

where

(2n+2a+1)T(n+2a+1)

N
% = ; n+a+1) In
N
N 2n+2a+1)I(n+2a+1) _,
or = Z; I(n+a+1) In
n odd
Aa(m) — F(Tn/ + (8% + 1) ,\g)‘

(2m + 20+ 1)I(m+2a+1)

The previous lemma allows us to state the following the-
orem.

Theorem 3.4 For
we have

(14) [ TR () = (

We now focus on the two-dimensional case.
s > 0 we define the space Z5(Q2) by

(15)

Using the standard tensorization argument and theorem
3.1 we obtain the following result concerning the approxi-
mation in the || |jg.q.A nOrm.

s>1—aandu € Z5(A)NHLA)

) llo.aa< C N7 Jlu iz -
First, for

Z3(Q) = L2(A: Z3(N) [) Z5(A; L (M)

Theorem 3.5 For s >0 and u € Z3(2) we have:
| u=TI%u [o.00< € N7 w250
For the approximation in || ||1,,A, ROW we state:

Theorem 3.6 For allt > 0,s >1—a and u € Z3(Q)

u Ou € Z7(Q) we have:

such that e 3y

| u=II%u 100 C[N?* | ulzs (o) +

N (1B lazer + 1 52 Nzzo) |

(16)
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Proof We use the following decomposition

8u 8 a (y) 8u
o (%( vu)) = [ Iy 3t
ay) (0% _ a(x)OU
My (3.’1,‘ My 81) *
o) (@ 9 @,

and we apply the monodimensional result to the first and
second terms. The third term is handled by using theorem

3.3
O

4 Intrinsic norms of the spaces
s
Za(A)
In this section we use the notations appearing in the works

Bernardi-Dauge-Maday [7] and Triebel [13], as well as some
results therein.

For m non negative integer we denote the space

Vari(a) ={v e D'(A)/ || v llyp2< o0}

with the norm defined by

div]?
dzi

m
| v Hva’"-zz Z

=0

(17)

0.a+2(j—m).A

For any number s > 0 non integer we put s = m + 6
with 0 < 6 < 1 and m integer, and denote

Vi2(A)={ve D)/ |v yee< oo}
with the norm
div|®
(18) [ lf?.= d—’; +
e =0 18T llo.a+2(j—s).A
™) (2) — ™) (y )|2
v v )
/AAa |."I)— 11+29 (l—x)ad:rdy

where for all a > 1 the domain Ap 4 is defined by:

(6,n) EAXA/E<O and 1EE <1+n<a(l+€)
Aprge =
or £ >0 and ¥<1-7)<a(1—§)

The space denoted by W22(A) in [7] coincides with H}(A).
We characterize the space Z$(A) by the following theorem.
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Theorem 4.1 Let s be a positive real number which is
not an integer, s=m+0 with 0<8<1 and s#1+a
when « € (—1,0). Then, a norm in Z5(A) which defines
the space is:

(19) fwll= [l Zpm +
—u™(y)]?

/ / |u™) (z)
Ara |z — y|1+26

i’roof We consider three cases depending on the values
of s and
First case: o >0,and 0 <s< 1.

Following the notation in Triebel [13] we have:

VVQO(Aa Pas pa)

Val-:1(A) = LVZI (A, Pla+1)s p(a—l))

and with the notation in Bernardi-Dauge-Maday [7] we
can state the inclusions:

1
2z

(1 —z%H)2* edx dy

(20) Zy(A) =

V>IZ(A) cZA) c

a+1 I/Vc]x--EI(A)

By using theorem (1.b. 102 and lemma (1.b.22) in [7] we
have that Val_fl (A) = VV;_,_I(A). Then

Vi) =
Moreover the identifications (20) and (21) lead to:

Z;(A) = [WZO(A’ poupa)’

(21) Z;(A) = W21(A7p(a+1)7 p(a—l))‘

wrzl (Ay Pa+1, Pa—l)]s,?
From the results in section 3.4.2 of [13] we have:

Z; (A) = Wf;(Aa Pla+s)s p(a-—s))-

Finally we apply proposition (1.c.2) and
(1.c.3) in [7] to deduce that for s non
W35 (A, plats) Pla=s)) = V;fs(A) and therefore

remark
integer

Z;(A) = W;(Av Pla+s)s p(a—s)) = Voffs(A)

Using again theorem (1.b.10) of [7] we obtain

Va2 (A)

and conclude the theorem in this case.

Second case: a > —1 , and m > 1.

If follows easily from the first case together with lemma
(3.2).

Third case: —1<a<0 and 0<s<1l

In this case, we prove first an analogous result for the
spaces defined on the interval 7 = (0,1) in a quite sim-
ilar way. This allows us to handle only one singular point

= Wi (A)

97

instead of two. We consider the weight z* and define the
natural spaces L2(Z), W52%(Z), V3*(Z) and Z5(Z). Then,
the mapping

T: Z}MI) — Wii(D)
v —  (t) = v(t?)

is an isomorphism for m=0, 1. Therefore

T:[Z0T), ZL(D)]s — Wiiaa Withals = Wiiha (D)

is also an isomorphism. As we have a characterization of
the norm in Wlsfm(l') we can obtain a norm in Z3(Z).
Finally, the result holds for the domain A from standard
localization techniques . a

5 Approximation of singular func-
tions

We are interested in the approximation by polynomials of
the functions We(z,y) defined by:

We(z,y) =((1-z) +i(1-y))

for € > —1, because they coincide with the singular part of
the solution of the Dirichlet or Neumann problem for the
Laplace operator, and also for the biharmonic operator.

Theorem 5.1 For any real number ¢ > —1 the function
We(z,y) belongs to Z3(Q) for any positive real number s <
2(e+a+1)

Proof The proof must distinguish between two cases, de-
pending on whether s is an integer or not.

If s = m integer, taking into account (15) we only have
to check that W.(z,y) € Z5(A; L2(A)) because the other
case is analogous. Let 0 < j < m, the strongest singu-

larity in the expression of | aé;‘]/ arises near
L2, ;(A.LZ(A))

the point (1,1), so

W,
(22) H B <

Tllez sz a)
W, -
C, + C'z/ / £ —z%)°t(1 = yH)*dr dy

for some positive constants C; and C,. In order to bound
the last term in (21), we consider the change of variables:

l—z=r7rcos¢

l—-y=rsing
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then we obtain the integral
1 r% . . .
(‘23)/ / p2lem)F2a+i+1 00501 ¢ sin® ¢ dr do
o Jo

which is finite because o +j > —1 , a > —1 and 2(e —
j)+2a+j+1>-1 when m < 2(e+a+1).

When s is not an integer we must verify

(24) | Welz,y) |l zg(aizz an< o©

because the other term is analogous. To do this, we use the
intrinsic norm given by theorem 4.1. Since the mapping

@y) L flzy) =((1-2)+il-y)™

is C> away from (1,1), it clearly suffices to bound the
integral

(25) [Weemm) (2, y) = Wiemm) (@, 9)I*
- [z -z |12
(1-2*)*" (1 - y*)*dzdr dy
where

o={0<zr<1,0<a <1,1—1?T$<y<1—a(1—z)}.
We make the change of variables
l-z=(1-y)t
1-z =(1-y)tz
and we must verify that the integral
I= / (1 = y)Retra-stigora2e,

[t 4+ ) = (b2 4 0)
|Z —_ 1|1+29

(26)

dzdtdy

is finite, where
1 1
p={0<y<l,0<t< ——,-<z<a}
1-y'a

For fixed t, we apply Hardy’s inequality in [1,1] and in
(1. a] to obtain

a e Ne—
[(t4) ™ = (tz +13)™|2
(27) /1 PETIEED dz <

a

a
C/ 2z — 112 (1 + 2% e <
1

Ct(1 + t2h2)s~m-1
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where

e—-m—1<0
e—-m—12>0

- for
h= { for

From ( 26) and ( 27), we obtain that I is bounded by

1
C/ (1 _ y)26+20—s+1
0

e al~

(28)

1

T—
/ v ta+3—29t2(1+t2h2)e—7n-1dt dy
0

Finally, we bound the integral with respect to ¢t and af-
terwards with respect to y to obtain the desired result.
[}

Remark 5.1 For any real number € > —1, we also intro-
duce the function W.(z,y) defined by

We(z,y) = (1 —2) +i(1 - ) log (1 —z) +i(1~y))

By using the same proof, it can be verified that theorem
(5.1) is still valid with W, replaced by W-.

6 Application to elliptic problems

We consider the Dirichlet problem on the square §2

—Au=f in Q

(29) u=0 in OQ.

Let (a;,b;) , 1 < j < 4 denote the vertices of Q. If the
function f belongs to H2(Q) , for p > 0. then a decompo-
sition result of M. Dauge [8], guarantees that the solution
u of (29) can be written as

4
U= u, + Z ajxjﬁfj.
j=1
The function u, belongs to H3 () for all non negative real
number s < min{p + 2,5 + «a}, the x; are C> cut-off
functions and the functions W; 1 < j <4 are

W;(z,y) = Im{((a; — z) +i(b; — y))* log((a; — z) +i(b; — v)}-

Therefore the solution u belongs to H () for all
0 < s <min{p+ 2,3+ a}. We denote uy the discrete so-
lution provided by the Gauss-Lobatto-Jacobi collocation
spectral method, namely:

Un € PN(Q)
(30) —AUp(z) = f(x) e ZN
Un(z) =0 r € 2NN
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where = stands for the set of Gauss-Lobatto-Jacobi nodes.
So, if only standard approximation results (see [4] and [6])
are used, the following convergence estimation is obtained:

(31) Jlu—unlia0 <

Cs{ N7 *||ullg—s,a.2 + N || fllp.c2}

where ¢ = min{3 + o, p + 2}.

However, following the same lines as in section 4 of [5] we
can use the previous results in this paper to approximate
the functions W; in the framework of the Z* spaces, and
use standard results to approximate the regular part wu,.
Finally, to enforce the homogeneous boundary conditions
we use [4, proposition V.1] and we obtain the estimation

(32) |lu—unl1,a0 <

Cs{N'="*|lulls-s.0.0 + N*fllp.aa}

where now ¢ = min{5 + a, 5 + 2¢, p + 2}.
In (29) and (30) 6 can be taken arbitrarily small.

For instance, if o = ~1/2 and f € C>(Q), the standard
results state

|~ un || a0 = O(NT3/2+8)

while the ideas here proposed conclude an improvement in
the estimate to obtain

|u = un|l1a.0 = O(NT3F9)

7 Conclusions

We have improved the classical results for the polynomial
approximation in weighted Sobolev spaces of Jacobi type
by introducing a new family of weighted spaces. We have
shown in a model problem that our results enable us to
improve the error estimates for Jacobi spectral methods
by using the knowledge of the singularities of the solution
near the corners. Our analysis includes, in particular, the
important case of the Chebyshev weight. Although we
have considered the analysis of a simple model problem,
the results and techniques can be used in the general case
of Jacobi spectral discretization of elliptic problems. In the
future we will also apply the patching method with these
techniques in order to state results about spectral Cheby-
shev approximations in more general domains.
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