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Abstract

This paper analyses a Chebyshev pseudospectral collo-
cation semidiscrete (continuous in time) discretization of
a variable coefficient parabolic problem. Optimal stabil-
ity and convergence estimates are given. The analysis is
based on an approximation property concerning the Gauss-
Lobatto-Chebyshev interpolation operator.
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1 Introduction

Spectral approximations to the Dirichlet problem for linear
parabolic equations with constant coefficients have been
extensively investigated. Early references are [12], where
Galerkin type discretizations are studied and [11], for pseu-
dospectral approximations. A variational treatment for
both Galerkin and collocations methods may be seen in
[5]. Pseudospectral approximations for two dimensional
problems are treated, among others, in [3].

However, less analysis has been done for the variable
coefficient case. The paper [10] is one of the very few
examples in the literature.
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R. Muhoz-Solat

This paper analyses a Chebyshev pseudospectral ap-
proximation to a parabolic problem with nonconstant coef-
ficients. More precisely, let us consider the parabolic prob-
lem

1) w-(a@)u), = fnt), zeAt>0,
u(=1,t) =u(l,t) = 0, t >0,
u(z,0) = wo(z), z €A,

where A = (—1,1), a is smooth function satisfying the
classical assumption 0 < @ < a(z) < @ in A, which ensure
the parabolicity of the problem.

We follow the treatment given in [6] for a stationary
advection-diffusion equation and discretize the equation by
direct collocation at the Chebyshev-Gauss-Lobatto points.
The leading term in our discretization is the derivative of
the interpolating polynomial of a(x)u,. Written in this
form, the discretized equations have additional difficulties.
In [10] the leading term was written as a(r)u,, and treated
pseudospectrally by means of a special norm involving the
function a. The approach we follow here has the advan-
tage that the extension to advection-diffusion equations
with nonconstant coefficient in both advective and diffu-
sive terms is quite straightforward. Also, extensions to
some problems in two dimensions, not reported in this pa-
per, are possible along the lines presented here. Further-
more, our formulation is of interest from a practical point
of view. The solution of the discrete equations obtained by
spectral collocation needs of an appropriate time-stepping.
Explicit time-integrators suffer from very severe stability
time-step restrictions and implicit ones need the solution of
linear systems of equations. The use of iterative solvers for
such systems has become popular. As noted in [4], there
is no effective preconditioning available for problems with
large first derivative. So, one is impeled to reformulate non
constant coefficient problems in the form of equation (1).

The next section is devoted to introduce the basic nota-
tions. The properties of problem (1) are stated in Section
3. Section 4 is devoted to the analysis of the collocation
equations. The error estimates are presented in Section
5. In the last section we add some final remarks concern-
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ing the extension of the analysis to the advection-diffusion
equation and to fully discrete schemes.

2 Preliminaries and notation

Let w be the Chebyshev weight. All the functional
spaces related to the spatial variable are defined over A.
We use the notations, L2 = {v| f, v’wdz < oo} and
H)o={veLl|v, €L2,v(l)=v(-1) =0} respectively
endowed with the norms ||.|lo. and ||.]Jl1.. The inner
product in L2 is represented by (-,-)o .. Sobolev spaces
of higher order with respect the Chebyshev weight are
denoted by HY, v > 0 (see, for example,[1], [2, Chap-
ter 1], for a definition). Let H;' be the dual space of
HY,. The norm in H;! is denoted by ||.[[_1.. We
shall identify the space L? with its dual, so we have
H!,c L} = (L2)* C HJ*, each space being dense in the
next. We recall that, with this identification, for g € L2,
we have {|g||-1.. = sup{f, guwdz/||v|o | v € H. o}
The space of polynomials of degree N satisfving the
boundary conditions will be denoted by P). Let w ; and
zj, 0 < j £ N, be the weights and nodes of the Gauss-
Lobatto-Chebyshev quadrature in A. We denote by Iy
the corresponding interpolation operator. We use the dis-

1/2
crete norm ||V ||y = {Zj'v:o vN(xj)ij} defined over

PY and denote by (-,-)n the corresponding inner product.

Let Tj be the k-th Chebyshev polynomial in A. Each
polynomial in PP)" has a (unique) representation in terms
of the derivatives of the T, k=1,...,N - 1

N-1

(2) vV(z) =D k(1 - 2%)Ti ().

k=1
Throughout, we use the
1/2
|l = {fA [(vw)m]zw'lda:} . Tt is well known that ||| - |||

is a norm over H! , equivalent to || - ||1.,. Furthermore, a
calculation shows that, for polynomials vV € P},

norm

N-1
N2 - T 40 12

(3) o™ =5 3 &4 oxf?,

k=1
where U, denotes the k-th coefficient in the representation
(2) of vV,
3 The continuous problem
The problem (1) can be written in variational form as

(4) (ut, 9)ow + alu, p) = (f),@)ow, Vo€ Hc.lz,Or
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where a(u,v) is the bilinear form over H} ; defined by
(5)  aly,v)= / a(z)ug(vw) dz, Vu,v e HL,,
A

supplemented with the initial condition u(-,0) = up(-).

In this section we analyze the continuous problem (4).
We start the analysis by stating a coercivity inequality for
the bilinear form a(u, v) in (5). More precisely we have the
following

Theorem 3.1 Let a(z) be a function with continuous first
order derivative in A. There exists a positive constant pg
such that of p > po

(6) a(u, U) + ,U(u~u)0.w > A/MHUH%.L‘:

forallu € HY . Here~, > 0 1s a suitable positive constant
depending on .

Proof Following the techniques in [4, Theorem 11.1], we
first obtain the auxiliary result

(7)) alu,u) > l/ a(a:)uiwdx-{-l/amugwmda:,
4 A 4 A

and, as a consequence, the inequality

a(x)uiwdr - i/ [ra;]” w’w’dr,
4 Ja

® awwxg [

A

where [za,]” denotes the negative part of the function za,.
Let M be an upper bound of [ra,;]”; the second term in
(8) is bounded by

(9) / ' lra] wedd <

1

1/2 1/2
]VI{/ u2w5dx} {/ wrw d;c} ,
A A

and, using a Hardy inequality [2, Lemma 2.3] and the well-
known fact that ab < ea® + (1/4€)b* we have

a(uu) > & [a— Me [lug|Z, -

(19) > 1

2
—||ullg .-
16¢ 0w
Taking ¢ = /M and pg = M/16¢y we have that, for
M > Ho,
a(u, u) + N(uv U)O,u b 'Yu”uz”&w

M2):M[¢_1} o

i =1, _ M°
with Tu = 4(g 164 64 | po nwl’
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The coercivity of A(u,v) = a(u,v) + p(u,v)o, en-
sures that, for data uo € L2 and f € L2([0,T); H;1),
0 < T < oo, the problem (4) has a unique solu-
tion v € L*([0,T]; H} ) NC([0,T]; L2) such that u; €
L?([0,T); H;') (see [8, Cap. XVIII, §3, Ths. 1-2]). Fur-
thermore, it is now straightforward to show that the prob-
lem is well-posed.

Theorem 3.2 In the above conditions, the solution of (4)
satisfies the stability estimate

0 fu@lo.+ [ ||u<s)||%,wds)% <
Cler [uuolo.u # ([ 156012000 j ,

where C'(v) is a constant depending on v = ~,,.

4 The collocation approximation

Problem (1) is discretized, in a standard way, by colloca-
tion at the Gauss-Lobatto points. Following [6], the collo-
cation equations are written in variational form as

(12) (uy (t),v M), o) = (In(£).vV)w,

for all vV € P(J)V , where the discrete bilinear form ay is
defined, for polynomials ", %" in P}, by

)1’\/ + aN(

(13)  an(pV,0V) = / In (@)oY )@V w)edz
A

Formula (12) is supplemented with the initial condition

(14) u™N (0) = In(uo).

In order to prove the stability of the semidiscrete approx-
imation (12)—(14), we first establish a coercivity property
similar to (6). The proof is based on a approximation prop-
erty for the interpolation operator Iy that we next state
as a lemma.

Lemma 4.1 Let b(z) be a function in C7 = C™Y, m +
v=o0,0<0 <1, the class of functions whose m-th deriva-
twe is Hélder continuous in A with exponent v. The in-
terpolation operator Iy based on the Gauss-Lobatto points

satisfies, for each polynomial v¥ € P},
”I b(z)vN (z) B b(z)vN () |
M1 =R 1-22 llow

< CNTF [log N2 ||o™ ||, .
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Proof Using (2), (3) and the equivalence between the

norms || - }1,. and ||| - |||, we arrive at
bz)vN(z)] _ bz)v
(16) ”I [ —z? 1- xz ”04;
N-1 1/2
< ClvM 1w {Z k™4 In[6TF) - bTI::”(Z),w} :
k=1

In order to estimate the terms || Iy [bT}] — b7} |0, let us in-
troduce 3, the best maximum-norm approximation poly-
nomial of degree r of b{(z) over A. A classical result [13,
Theorem 1.5], states

(17) o= Brllw = irﬁ 16~ qlloc < Cor™7|bllco
qeEL

where ||b]|c- denotes the norm in C°

™) (2) — b ()]

k) r)| + sup
() EErT

;t.yEA

sup  |b¢
T€EAN,0<k<m

[bllce =

Then, we have that
I In[bT}] — 0T} ]lo.w
< N[BT - By+1-kTillow + [(BNt1-k — )T |0

Using that ||T}|lo.w = v7k*? in the second term in the
right-hand side, the equivalence between the norms || - ||o...
and ||| ; in the first and (17), we obtain, for 1 < k < N-—1,

(18) 113 [bT%] = bTllo. <

2V/TC, ||bllce (N + 1 — k)~ k*/2.
Even though the above inequality can be used for all pos-
sible values of k, it only provides a useful estimate for k
bounded away from N. On the other hand, we also have,
forl<k<N-1,
(19) v 6T} = bTillo < 2V/7[[bllcak®/%,
So, our purpose is to use (19) for the first values of k, and

(19) for the rest. With this in mind, we take v, 0 < v < 1,
and write (|-] denotes integer part),

N-1
S=3" kT INBT;] - bTHIE . =
k=1
lvN] N-1
ST kTN Ty = TN L+ > kT N [bTY] - BTG, -
k=1 k=|vN|

Using (19) and (19) in order to handle the first and second
terms respectively, we get

lvN| N-1
S<CY KUN+1-k) ¥ +C > &k~
k=1 lvN|+1
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where C is a constant depending only on b. Using now
that N+1—-k> (1 —-v)N for k < |[vN], we get

S<

AT
c ((1 — V)72 N™?7(1+1log N) +log v~ + log o NJ)
Now we restrict v to be in [3,1]. Using the boundedness
of the function log v/(1 — v) on that interval, we obtain

S<C((1-v)™ N7 (1+logN)+(1-v)+N71)

for all v € [3,1] and for all N > 4 with a constant C
independent of both N and v. In order to make the bound
optimal we choose v = v(N) = 1 — N~29/(1+29) (which
indeed belongs to [4,1] for N large enough) and get the
final bound o

S < CNTz7 log N.

O
Theorem 4.1 Let us suppose that the function a has con-

tinuous first order derivatives in A. There exist positive
constants 1 and No such that, if 4 > p1, and N > Ny,

(20)  an(@V, o)+ u@N oMy 2 vl

for all v € P} . Here v, is a positive constant depending
on u but not on N.

Proof We denote by C' a uniform positive constant not
necessarily the same at each occurrence. Let vV € Py.
Our aim is to prove the inequality

(21) an(@V,0N) >
i/,\h [avN vl wdm+i/AaI(UN)med:r—EN[UN],
with
ExVN] =
N N N
i/\ (2@5 + %) (IN [111(1112] - lxa_,va) wdz.

Using a Hardy inequality to handle the term Ey, we get
zavV H
1- .1'2 O,u).

N
Bxle¥)] < ClloY | Iy [f 2|

The conclusion is then reached by applying (16) and argu-
ing as in Theorem 3.1. In order to get (21), we start by
writing ay in the form
(22)an (0™, 0"V) = / InjavY N w de
A'\
1

N2 1
——/ (v‘\)oarwldm— —/ (vN)zawIIdx+E§\,1)[vN],
2 Ja 2Ja
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wdzx.

N "N
E(l) N Z/”N I rav™ . rav
N [U ] AU.E A'\[l_ 2] 1 22

xT

We next observe that

N Ia‘UN

(23) aN(vN,vN)ﬁ-/[;v; T2
z2a(vV)*
+/ 1)
N l‘aUN

N
(2)r.,.N _ v i rav _ ’
Ep] /Al—:l:2 [IN[I—IQ} 1—-zx2

Integrating by parts the second term in (23) and using
Wep — 2w?/w = w?, it is easy to obtain

1 .2
(24) 3 /Awsa('vh) dr < aN(vN,‘vN)

—;/sz az(v™)dz + EON] + E@ [N,

wdzx

wdz + EM[wN] + E@[N] >0,
where

wdzx.

Finally, using (22) and (24) and following once more the
techniques in [4, Theorem 11.1], we obtain the desired in-
equality (21) a

5 Error estimates

In order to get the optimal error estimates. we need to
state the stability of the discrete problem for a slightly
more general class of discrete right-hand sides. Namely,
we consider the following generalization of (12)

(25) (u (), v™)n +an (™ (1), vY)

for all vV € P), where Iy € L?(0,7:(P))*). Here
< -,- > stands for the duality between (P})* and P7.
For g € (P))* we write ||g||—1,~5 = sup{< g,v > /||v[[1w |
v € PY}. As (25) is a finite dimension problem, it has
a unique solution u™(t) € P for data v} € P) and
Iy € L*(0,T;(P))*), T > 0. Further, the uniform co-
ercivity of the bilinear forms ay (™, ¥Y) + u(e™, v™)N
ensures that we have the discrete analogue of Theorem 3.2:

=< In(t), N >

Theorem 5.1 In the above conditions, the solution of
(25) satisfies, for N > Ny, the following uniform stabil-

ity estimate:
¢ 3
@6) ¥ O+ ([ Ia¥@)Euts) <

Cl)ert [nuo o + ( / i (s) 2 d)

194
| —
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where C'(v) is a constant depending on the constant v = v,
m Theorem 4.1 but not on N.

For the error between the exact solution u and its colloca-
tion approximation u"V, we have the following result.

Theorem 5.2 Assume the function a(z) isin C?, 0 > 1,
and f € L*([0,T),H3) , T > %. Let us suppose further that
u € C([0,T],H™) and u; € L*([0,T], H™=?), m > 3 (not
necessarily an integer). Then we have, for all0 <t < T
and N large enough, the error estimate:

(27) ult) - ¥ (O) o + ( JAZCE uN(s)ngwds) g

t
Cet! I:N_mHuOHm,u + N (/ IU(S)Hi,wdS)
0

t
N4l + NI ( / ||uﬁ<s)||il_2.wds)

o= ([ ds) 8 ([t ) ]

where C' is a constant depending on the function a(z) but
not on N.

o=

o=

W=

Proof Let 7% : H. , — P) be the projection operator

defined by:

1
/ v (¢ = mhp)w), dr =0, VoV e Py
-1

From [1, Theorem 4.3] we have the estimate
(28) le = mnellrw S ON"llells.w

for 0 < r <1 < s. Indeed, the duality argument used
therein to prove the estimate for r = 0 also works when
r=—1. Lete™(t) = 7r u(t V(t). From (4) and (12),

we conclude that e (t) satlsﬁes
(e (t), vV n+an(eN (t),vN) =< 1L (1) +Z () +
e Py

Y@, 0N >
, Where

(] \'Jut(t) )N = (we(t), v )ow
an(mfy ut), o) - alu(t),o™)
(f(t)va)O.w - (f(t)st)N

From (28) with r = —1 and s = m — 2, we get

for all vV

<15 (), 0N
Z),0Y > =
()7v =

(29) 15 -1v < ONTlugflm -2,
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To handle (%, we write the decomposition

; oy
< l?v(t),’vN >= ((a oy )IW’L‘;Ju(t)pvr\] + m) N

. N . vy
+ (QL%J) - a)ITrL%_vJu(t)m,'vr +— o

1—x=

N
* N hd
" (“(" g uBa)e s + T :ﬁ)w |

where Iy stands for the best maximum norm approxi-

mation polynomial of degree L%J of the function a(z) over
A. So, recalling (17) and using (28) with r = s = 1, we
obtain

113 ll-1.5 < CN"lalloellu(t) 1.0

(30) FONT"[u®)llm .-

Using the estimate for the interpolation operator

If = Infllow S CNTT|fllrw

(see [7]) and standard arguments, we obtain the bound:

(31) 1 l-1,8 SCNTTI £l

The desired error estimate follows usmg (29) 31) in the
bound obtained by replacing in (26) eV by u™ and I} +

1% + 13, by Iy together with (28) applied to u, first with
r=0and s = m and then withr =1and s =m—-2. O

6 Final remarks and conclusions

Once the coercivity of the discrete bilinear form ax has
been proved, the analysis can be easily extended to cover
a number of other situations. For reason of brevity we only
point out one of such extensions: the case of the advection-
diffusion equation in one dimension, with nonconstant co-
efficients in both the advective and diffusive terms. Our
analysis may also be extended to some other cases in di-
mension two that we do not report here. The last subsec-
tion is devoted to remarking how the fully discrete case
can be analyzed along the preceding lines.

6.1 Advection-diffusion equation

Let us consider the following advection-diffusion equation

u — (a(2)ug), +b(@)uy +c(x)u = f(zr,t), z€At>0,
(32) u(—=1,t) = u(l,t) =0, t>0,
u(z,0) =up(x), €A
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Let we assume that the functions b and ¢ are bounded in
A. Associated with (32) we have the bilinear form defined
by

(33) A(u,v) = a(u,v) + blu,v) + c(u,v),

where a(u,v) is defined in (5) and b{u,v) and c(u,v)
are respectively defined by b(u,v) = [, b(z)uzvw dz and
c(u,v) = [, c(z)uwvwdr. It is readily shown that

u,v € HL

b
b(u, u)| < bxe”“l”%.w + 4_360”1)”%“;
(34)

where b, and ¢, are the maximum value in A of the func-
tions b(x) and c(x) respectively, and € is a parameter to be
determined later. So, one can consider the terms b(u,v)
and c(u,v) in (33) as perturbations of the coercive form
a(u.v). Using then (6) we get the inequality

le(u, w)| < excllullf o,

b
e
Taking € < 4, /bx, we get a coercivity property for the
perturbed form A(u,v).

The usual collocation discretization of (32) leads to the
problem

(u¥ (1), vM) v + An (@ (1), 0Y) = (In (), vV )y,
(36) vV e PY
with
Ax (™ o) = an (W™, o) + by (W, 0Ny + en (uV, 0V),

for polynomials vV, vV e ]P’év . The discrete bilinear form
ax has been defined in (13) and the perturbations by and
cy are given by,

(35) Alw,u)+ (n+—= +ese)lullf o > (v —bce) |l o

N-1

> blayul (z;)0" (2;)w;.
-

D cla)u () o (z;)w;,

n=1

by (u®, o)

CN (u’Nv UN)

where z;,w;,7 =0,1,..., N, are the nodes and weights of
the Gauss-Lobatto-Chebyshev quadrature formula. It is
readily shown that by and cy satisfy similar estimates as
their continuous counterparts b and c. Then, taking into
account the coercivity of the form ay, one can obtain the
same property for the perturbed form Ay. As a conse-
quence the stability and convergence results of the previ-
ous section also apply to the convection-diffusion case. In
particular, the bilinear form Ay satisfies a uniformly on N
coercivity inequality

(37) AN(UNa 'UN) + H(UNv 'UN) 2 ’YMHUN”?.QN

for suitable constants i and 7,.
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6.2 Fully-discrete schemes

A semidiscrete approximation to a partial differential equa-
tion yields a system of ordinary differential equations that
can be numerically integrated by means of a standard ODE
solver. As it is well known, explicit finite-difference meth-
ods for the time integration of spectral discretization of
second order parabolic equations may have a restriction
on the time step At of the form At < C'/N4, see for exam-
ple [4, Chapter 4]. For the case of a Legendre collocation
spatial discretization of a constant coefficient advection-
diffusion equation, it has been recently proved that, if a
general rational approximation to the exponential is used
for the time integration a O(N~%) time-step restriction
guarantees stability. In order to avoid such a severe re-
striction, A-stable time discretization are often used.

The usual way to analyze a finite-difference time-
discretization is by resorting to the energy method and
therefore following the same lines we have previously pre-
sented. We shall give no details but as an example, let us
consider the backward Euler method for the problem (32),

—up )/ Ot Ny + A (udy,0N) =
(In[frsa], v N,

where fi, = f(kAt) and uf is meant to be an approxima-
tion to the solution of (36) at ¢t = kAt. Taking v = “’)y+1a
using (37) and summing, we get the stability estimate

((U}::Ll
(38)

k41 1/2
fuflly + [ 26) sl | <
Jj=1
o 1/2
C(y)e ¢ | In[u(O)]ly + 2t | > IIn[£illE. :
j=1

for 0 < (k+ 1)At < t. The error estimate for the semidis-
crete approximation together with consistency properties
of the scheme and standard procedures (see, for example,
[14]) allow to derive an O(At + N~™) bound for enough
smooth data and coefficients.
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