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Abstract

Multigrid methods are among the fastest solvers for partial
differential equations. Using the tau-extrapolation princi-
ple of Brandt, the multilevel structure can be used addi-
tionally to obtain higher order approximations.

In this paper we examine three different approaches with
special emphasis on nonlinear partial differential equa-
tions. In all cases, higher order is achieved by implicitly
using the extrapolation principle, that is by exploiting the
information between the grids with different discretization
parameters.
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1 Introduction

High accuracy solutions of differential equations can only
be obtained efficiently when the smoothness of the solution
is exploited by high order discretization. High order meth-
ods may provide sufficient accuracy with a much smaller
discrete system. On the other hand, in practical applica-
tions, the discrete systems are often still large, and good
overall efficiency requires fast solvers. For problems in two
or three spatial dimensions multilevel and multigrid tech-
niques are often used. Since these algorithms use a hierar-
chy of successively refined meshes, it is obvious that meth-
ods using such a mesh structure for both constructing a
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fast solver and a high order discretization are particularly
attractive. In this paper we will study three different but
related approaches to such algorithms.

The starting point of our consideration is a hierarchy of
meshes, on each of which the differential equation

(1) Au=f

is discretized by a basic low order discretization. In the
first part of the paper we will consider finite difference tech-
niques; however, as shown later, the basic principle also
applies to finite element discretizations. In the simplest
case, we study just two mesh levels and denote the corre-
sponding discrete systems by Apup = fp, and Agug = fu,
respectively. On uniform meshes, typically H = 2h, and
thus wup, involves about four times as many unknowns as
ug in a 2D example.

A multigrid algorithm uses the H-grid approximation to
accelerate the convergence of iterative methods for the h-
grid problem by using coarse grid corrections to a current
fine grid iterate uj of the form

2) fu = fu+7f (un)

with T,fl(uh) = AHR,}lIuh - R,’?Ahuh
(3) Solve AHUH = fH
(4) Up = UuUp+ P;LI(UH - R,I;[’uh) .

The algorithm (2 — 4) is the core of a so-called multigrid
full approximation scheme (FAS) (see Brandt [2]). The
operators Rff, RE are restrictions from the fine to the
coarse grid and P} is a prolongation (interpolation) from
the coarse to the fine grid. The 7-term can be interpreted
as a correction to the level H equation to make its solution
coincide with the equation on level A.

T-extrapolation now uses this basic algorithm with a
slight modification. In (2), 7 (us) is multiplied by an
extrapolation parameter w to become WT,{{ (un), thus the
name T-extrapolation. In a finite difference setting, this
modification is justified, when 7/ (u,) has a suitable
asymptotic expansion.
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With this assumption and the trivial modification, a
straightforward multigrid algorithm can be shown to con-
verge to a higher order approximation of the solution (see
[4]), provided the components of the algorithm satisfy cer-
tain compatibility conditions. These conditions will be
explained in section 2 of this paper, where a number of
experiments for finite difference discretizations will also be
presented.

In section 3 and 4 we will then study alternative ap-
proaches to T-extrapolation. The method of section 3 is
derived from the formulation of a differential equation as a
minimization problem. The resulting algorithm turns out
to be a special case of the algorithms in section 2; how-
ever, the new derivation allows an extension to more gen-
eral mesh structures, in particular to unstructured finite
element meshes. This is similar to the approach developed
in section 4, where the starting point is the observation
that T-extrapolation can be interpreted as an implicit way
to construct higher order finite element stiffness matrices.
These two interpretations permit an application of the 7-
extrapolation principle to a much wider class of problems;
including those where sufficient smoothness is only present
locally, and where a higher order discretization must be
augmented with adaptive techniques to resolve local sin-
gularities.

In all these cases the 7-extrapolation algorithm main-
tains its structural simplicity. Higher order is obtained
implicitly, without ever constructing complicated differ-
ence stencils or high order finite elements. T-extrapola-
tion is also naturally combined with the multigrid princi-
ple so that it automatically provides a very efficient solver
for the discrete systems. The combination of these fea-
tures potentially makes 7-extrapolation one of the most
efficient approaches to the high accuracy solution of differ-
ential equations.

2 Classical T-extrapolation

In this section we will study the classical T-extrapolation
algorithm introduced by Brandt [2]. Our presentation is
based on the multigrid terminology and assumes a basic
knowledge of multigrid principles. For a more detailed
presentation see [1].

2.1 The basic idea for linear problems

Let Ry be a restriction operator projecting the right-hand
side f of the differential equation (1) into the image space
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of the discretized operator Ay, i.e.
(5) fu=Ruf.

The truncation error of the discrete problem is given by
inserting a projection Rpyu* of the exact solution in the
discrete equation:

(6) 7i(u") = AgRyu* — fu = AgRyu* — Ry Au*.

Operators Ry and Ry may coincide, if preimage and im-
age of A coincide.

The approximation order p of a discrete problem is defined
by the relation

rg(u) = AgRyu — Ry Au = O(HP) for wu e CotP,

where o is the order of the differential operator A.

An approximation of 7z (u*) up to order a > p can be used
to improve the accuracy of the original discrete problem to
order a.

Lemma 2.1 For the right hand side of Apug = fu
let fu = fg +Ta(u*) + O(H®) with a > p
and suppose (5), (6) and ||Ag||~! < M, M = const.,
Then it follows that ||ug — Ryu*|| = O(H®) .

Proof The difference of Aguy = fu
and AgyRpu* = fg + T (u*)
gives A (ug — Ryu*) = O(H®)
e |(ug— Ryu®)|| < M-O(H®) O

A direct application of Lemma2.1. presupposes
\|Reru* — Iyu*|| < O(H®), where Iy is an injection. This
can be fulfilled most easily by Ry = Ix. A correction of
the right hand side fg, which estimates 7y (u*) with an
error of order & > p, improves the accuracy of the solution
of Ayug = fy to the same order.

In the full approximation scheme (FAS, see also (2 — 4))
the coarse grid problems can be written in the form

(7) AHU,H =fH+T,{{(uh), Tf(uh):AHﬁfuh—R,{{Ahuh.

The correction term on the right-hand side can be consid-
ered as an estimate of the approximation error based on
the solution on the finer grid. If

(8) RER, =Ry and RFR, = Ry

one can show that the accuracy of the solution ugy on the
coarse grid is the same as that of up on the fine grid (see
[1]). However, a higher order of accuracy can not be ob-
tained in this way. Taking into consideration Lemma2.1.
we need a correction term which is a better approximation
to 7 (u*). Such an approximation is given by
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Lemma 2.2 Assume (7), H = 2h, and
(A1) i@p = Rp(u* +¢), £€=0(HT), £eCltP)
(A2) 7i(u) = O(HP) for u € C0+P)
(A3) Rfima(v) = 37a(u") + O(HP), B>p.
Then it follows
2 7H(@y) = T (u*)+O(H®) with o = min(p+q, 5).

2P —1

Proof Based on
T,{{(Rhu*) = AHRhHRhu* - RhHAthu*
= (AHRHU* — Ry Au*) — (Rg’Athu* - RthAu*)
=7u(w) — REmh(v*) = 7a(u*) — 357a (u*) + O(HP)

= 22l (u) + O(H?)

we obtain
(@) = 7 (Bu(w +€)) = 7/ (Bpu®) + 7 (Rn)
= 21y (u*) + O(HP) + O(HP9) | o

2r

Lemma2.1. and Lemma2.2. together lead to the following

improved formulation of the problem for the coarse grid
2 g

2r —1

9) Agug = fg +

Equation (9) gives a higher order approximation on the
grid with the discretization parameter H = 2h:

ug = Ryu* + O(H®) with a>p.

Using the usual formulation (7) of the problems for coarser
grids, the improved accuracy can be carried over up to the
coarsest grid.

In the correction step the solution on grid H can be
transfered to grid A in such a way that the order o for the
low-frequency part remains unchanged.

Equation (9) implemented in a multigrid method is the
classical form of T-extrapolation. It can be completed by
a post-smoothing correction, and by a fine grid correction
for the first smoothing step on a new finest grid in the full
approximation scheme.

These corrections, however, are not essential for the higher
convergence order and can be omitted.

Remark For the sake of simplicity, the idea of T-extra-
polation was explained for linear problems only. The very
same algorithm is applicable for nonlinear problems too,
however.
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2.2 Conditions for the grid transfer oper-
ators with respect to T-extrapolation

A successful application of T-extrapolation requires a care-
ful tuning of all multigrid components. Special attention
must be paid to the grid transfer operators in the T-extra-
polation step of the multigrid algorithm.

2.2.1 Prolongation

In the FMG-algorithm a prolongation is needed in two dif-
ferent situations. In the correction step of the multigrid
iteration the correction of a fine grid solution up must be
interpolated from the coarse grid, and the initial guess for
the iteration on a new finest grid must be interpolated with
a possibly different operator (FMG-prolongation). In both
situations it is necessary to preserve the accuracy reached
on the coarser grid and to avoid introducing large high-
frequency errors on the finer grid.

First, we consider the correction step (4). If the restric-
tion operator is not an injection operator ( Rff #1 }f ), i.e.
(RE - If)up = O(H®) the term Rfuj causes an error;
which, after the correction step, can be found in the low-
frequency part of the error of uy. Operator P}} primarily
produces high-frequency errors. These errors depend on
the order of magnitude of the function to be interpolated
and on the interpolation formula. The interpolation error
of a smooth function by an interpolation polynomial of or-
der (n — 1) is of order O(H™) (the proof is given in [20]).
Table 1 summarizes the order of prolongation errors and
conditions for s and n which must be fulfilled.

Multigrid- Low-frequency error of | High-frequency

method Rff up, Restriction by error of
Averaging | Injection | Ph(ug—Run)

(s < ) (s = 00)

without p+s o0 p+n

T-extrapolation

Conditions - - p-

with p+s o0 p+n

T-extrapolation

Conditions szZa—p - nz=o

Parameters: p — approximation order of the discrete operator,
o — order of accuracy of the MG-method with 7-extrapolation
s — order of accuracy of RE | n — order of the error for polyno-
mial prolongation with degree (n—1), o — order of the differential
equation to be solved

Table 1: Order of errors caused by prolongation and con-
ditions for s and n
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The FMG-prolongation }:’h% produces the initial solution

for a MG-cycle on a new grid. The quality of this interpo-
lation has a great influence on the accuracy of the whole
method. An essential difference to the prolongation P}
is that we have to interpolate the solution, i.e. a function
with an order of magnitude O(1), and not a correction to
the solution.
If o0 is the order of the differential operator, the errors
caused by the interpolation of the solution up should be
at least o orders smaller than the defects. This can be ob-
tained by

n—ozp,le. n2p+to

in the case of the FMG-algorithm, with-
out T-extrapolation; and in the case of T-extrapolation,
without fine grid correction

and by n—o2a,ie n2a+o

in the case of T-extrapolation, with post-smoothing- and
fine-grid correction. The conditions do not guarantee
smooth defects after prolongation; but oscillations decrease
with the same order as the defects, if the grids become in-
creasingly finer.

With the usual number of pre-smoothing steps oscillations
in the defects can not be smoothed completely. If the
restriction Apup in (7) is performed with an averaging
operator the remaining wiggles can be tolerated because
RJ Apuy, operates like a filter which removes them. How-
ever, if Rf is an injection operator, the conditions n > p+o
and n 2 a + o can be insufficient. In this case the inter-
polation should be taken one or two orders higher.

2.2.2 Combination of the restriction operators R}
and Rf in the context of r-extrapolation

In the MG-algorithm without 7-extrapolation the two re-
striction operators ﬁf and Rf' can be chosen indepen-
dently. For the restriction of uy, injection Rff = I,fl is
sufficient, because up, is a smooth function. For the restric-
tion of Apun, however, an averaging operator is a better
choice, because the defects are often less smooth.

In the case of T-extrapolation the two restriction operators
have an effect on the estimation of the truncation error (cf.
Lemma 2.2). An inappropriate choice of f%f and R,Il{ may
destroy any effect of T-extrapolation.

In the literature, the great majority of the articles use in-
jection operators both for Rf and R};I in the T-extrapo-
lation step. Only in [17], [2], and [10] are some hints at
other possibilities given. In the case of staggered grids,
injection for RF and Rf is excluded, for points of the
coarser grid are not collocated with points of the finer
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Case of restriction Conditions for
azp+llazp+2 |az24if p=2
A: (Injection-Injection) qg=2 qz=2
RE=IH RHE =1 r2p+2 r>4
B: (Injection-Averaging) q=2 q=2
RE=IF RE=MF |szp+lir2p+2| r>4
s>p+2]| s>4
q22 q=2
if f&=0: r>p+2 r>4
s=2 s22
C: (Equal averaging) g=2n22{ q22,n2>2
RE=MERE=MH | t>p [r>p+2| r>4
linear Problems: s=2 s>=2
t>p+2 t >4
nonlinear Problems: see case B, upper part
D: (Non-equal averaging) | . 1 B .
- - case a
RF = NIH RF = MF in general as , Upper par

Parameters:

« — approximation order of the multigrid method with 7-ex-
trapolation, ¢ — approximation order of u, before application
of T-extrapolation, p — approximation order of the discrete op-
erator Ap, r — order of the second term of the approximation
error 7 (&) = ¢(z)H? + O(h™), n — order of accuracy of prolon-
gation with a polynomial of degree (n—1), s — order of accuracy
of the restriction operator Ry = My or minimal order if two
different restriction operators are used, t — order of the second
error term of the restriction, (Mg —1Ix)(€) = d(z)H® + O(H")

Table 2: Conditions in coherence with restriction and
T-extrapolation

grid. In this situation it is necessary to work with aver-
aging operators. Such operators can also be favorable for
non-staggered grids because they have a stabilizing effect
on the T-extrapolation.

Table2 contains four combinations for the two restric-
tion operators. The given conditions result from a careful
analysis of assumption (A3) of Lemma 2.2, see [1].

The first choice for the restriction operators (case A) can
be used for both linear and nonlinear problems without
essential restraints. If the possible order of accuracy for
the solution is not reached, the cause may be non-smooth
defects in the 7-extrapolation step. A higher order of the
FMG-prolongation, or a higher number of smoothing steps,
will give better results in this situation.

Because of the averaging M in the restriction of Apus,
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Type || R is averaging operator R,{i is injection operator
Multigrid algorithm of PH linear | PH cubic | PH linear | P cubic
Cycle (n=o0) (n=o0)
MG-algorithm V(,1)|| p=0.31 p=0.10 p=0.30 p=0.10
without 7-extrapolation | V(2,2) | p=0.11 p=0.04 p=0.11 p=0.04
FMG-algorithm V(1,1) || 0.56E—-09 | 0.41E—11 | 0.58E£—09 | 0.28E£—10
with T-extrapolation V(2,2) || 0.73E—11 | 0.59E-11 | 0.16E—11 | 0.37TE—-11
F(1,1) | 0.36E—11| 0.34E—11 | 0.27TE—-10 | 0.27TE-10
F(2,2) | 0.59E—-11 | 0.59F—-11 | 0.16E—11 | 0.32E-11

Table 3: Convergence rates and accuracy in dependence on restriction and prolongation

T-extrapolation combined with the second choice of restric-
tion operators (caseB) is less sensible to the quality of
smoothing and FMG-prolongation.

The increased order of accuracy of the restriction Rf
(s 2p+1ors > p+2) in the case f) £ 0 leads to
some additional work.

Restriction operators, according to caseC for linear
problems, give the advantage of case B without an in-
creased accuracy of the restriction operators RY and RY.
For nonlinear problems, higher order restriction operators
are needed.

Case D is the most obvious generalization of case A. The
restriction operators are chosen independently as averaging
operators with high accuracy (close to injection operators).

2.3 One-dimensional test calculations

Many properties of the multigrid method are independent
of the dimension of the problem to be solved. Therefore,
one-dimensional test problems are a useful tool to check
theoretical results about multigrid algorithms; even though
multigrid is usually used for higher dimensional problems.
In 1] many tests are documented. At this place only a
small selection can be given.

We consider the linear boundary value problem
(10) —u" = f(x) = n%cos(mz), wu(-1)=u(l)=0

with the solution wu(z) = cosz

and the nonlinear Burger’s equation
(11) wug —vug; =0, u(-1) :tanh(%), u(l)=-— tanh(ziu)

with the solution u(z) = — tanh(z%) for v = 0.1, 0.005.

The two problems are discretized by standard central dif-
ferences of second order. We use a sequence of non-
staggered, equally spaced grids.

Test 1 Influence of restriction and prolongation

Table 3 refers to the linear problem with 1025 points on
the finest grid. It shows convergence rates p for the nor-
mal MG-algorithm with eight grids and the largest errors
for the FMG-method. In the notation T(¢, ) for the type

of the cycle we have T = {V’ V-cycle i,7 are the

F, F-cycle ’
numbers of pre- and post-smoothing iterations. To avoid
any negative influence on the FMG-results, quintic FMG-
prolongation was used.

Remark: For the FMG-algorithm the headline “R¥ is in-
jection operator” in Table 3 is meant for the current finest
grid only. On coarser grids the defects were restricted,
as usual, by an averaging operator. To perform the 7-
extrapolation, the restriction operator R on the current
finest level was chosen in agreement with Rf (see Table2,
cases A and C). On coarser grids, and in the MG-algorithm
without 7-extrapolation, RF = I was used.

The numbers in Table 3 can be explained in the following

way:

1. Taking into account that the discretization error of
the original second order scheme on the finest grid is
0.31E—-05 all results with T-extrapolation in the table
are much better than second order. Indeed, it can be
shown that most of them are equal or close to fourth
order.

2. Table3 shows that the condition n > o (see Table1)
for the minimal accuracy of prolongation is correct. In
fact, linear prolongation in the case o = 2 is possible;
but in some situations the potential of the numerical
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algorithms is not treated fully in this way. The con-
vergence rates of the MG-algorithm with cubic prolon-
gation are better. In the case of T-extrapolation for
the V(1,1)-cycle the fourth order of accuracy occurs
only on the first grids; on finer grids the order reduces
to a value between two and three. However, this ef-
fect can easily be removed by increasing the number
of smoothing steps.

3. For the accuracy of the FMG-algorithm with 7-
extrapolation, Table3 shows the following behavior:
If the amount for smoothing is small, restriction with
averaging operators gives the better results. In the
case of more smoothing iterations, restriction by injec-
tion leads to more accurate solutions. An explanation
of the observed effect can be given by the accuracy of
the error estimation and by the low-frequency error,
which is proceeded from a restriction with s =a —p
(see Table1).

Test 2 T-extrapolation for nonlinear problems

Apart from the fact that a combination of restriction op-
erators according to caseC is not favorable, the FMG-
algorithm with T-extrapolation works in the nonlinear case
too. The only problem is to find out the optimal structure
of the multigrid cycle.

For our test problem we have to pay attention to some spe-
cialties: With v > 1 the transition from the left boundary
value u(—1) = 1 to the right boundary value u(1) ~ —1
takes place in a very narrow region. This excludes grids,
which do not have enough grid-points in this region. As
an orientation we can take the stability constraint for the
difference scheme Re, = “—V}—’ < 2. For the number of grid-
points this means n > v=! ie. np, = 17 for v = 0.1
and nmin = 257 for v = 0.005.

Results for v = 0.1 The numbers in Table 4 are the quo-
tients of consecutive maximal errors. A V(1,1)-cycle in the
case of 6 grids (from 33 to 1025 points) has fourth order of
convergence. If a Tth grid with 17 points is added, the or-
der of convergence is not much larger than two. Even with
a V(3, 3)-cycle the order of convergence is below three. A
F(1,1)-cycle is clearly superior for nonlinear problems. In
the case of seven grids, it gives fourth order of convergence
beginning with the third grid (65 points). If eight grids
are used (the coarsest has 9 points only), fourth order is
reached on the last four grids.

Results for v = 0.005 Table 5 presents results for some
variants of the FMG-algorithm. Even in the case of the
V' (3, 3)-cycle some additional MG-cycles on the finest grid
reduced the error to a value of about 0.5E-5. However,
the nonlinearity of a problem should be treated already on
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Number Type of MG-algorithm
of grid- || V(1,1) | V(1,1) | V(3,3) | F(1,1) | F(1,1)
points || 6 grids | 7 grids | 7 grids | 7 grids | 8 grids
9 —
17 — — - 1.5
33 - 5.2 7.6 5.1 6.7
65 19.8 4.8 6.0 26.4 7.3
129 16.1 5.1 7.0 333.5 14.8
257 20.5 5.0 6.8 5.1 22.6
513 15.1 5.1 7.0 16.2 37.0
1025 19.3 5.1 7.0 49.6 52.0
Error [0.74E—8[0.40E-5(0.62E-6(0.37E-9]0.79E -8

Table 4: Convergence of the FMG-method for different
cycles

coarser grids. This can be tried by using the F-cycle and
by the modification described in remark 2 below, as the
last two calculations show.

Remarks on Table 5:

1. Taking into consideration the structure of the solu-
tion, three pre- and post-smoothing iterations were
performed only in the small range, where the solution
actually changes. Outside of this region, one iteration
was sufficient. A better investigated variant of such a
strategy can be found in [9)].

2. If nonlinearity and/or the use of relative coarse grids

cause a noticeable change of the solution from one grid
to the next, then it is advantageous to perform v > 1
MGe-cycles on each grid level of the FMG-method. On
the last two grids, however, it was possible to work
with v = 1 without loss of accuracy.
Moreover, it is possible to perform the first MG-cycle
on a new grid without 7-extrapolation (see [19]). Ob-
viously in the second MG-cycle the error can be es-
timated more precisely than immediately after FMG-
prolongation and pre-smoothing. During the two last
calculations on grid 2 and grid 3, the r-extrapolation
was done only in the second F-cycle.

2.4 Solution of Navier-Stokes equations
with 7-extrapolation

The change from one-dimensional test problems to the case
of the two-dimensional Navier-Stokes equations includes
the increase of the space dimension and the change from
one equation to a system of equations.
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Maximal error on
FMG-method grid 1 grid 2 grid 3 grid 4 grid 5, 2049 points
F(3,3)-cycle
without 0.62E+0 | 0.67TE-1  (9,2) | 0.37TE-1 (1.8) | 0.49E-2 (7.6) | 0.14E-2 (3.5)

T-extrapolation

V(3,3)-cycle | 0.62E+0]0.24E+0 (2.5) | 0.18E-1 (13.6) [ 0.17E-2 (10.7) | 0.28E-3 (5.9)

F(3,3)-cycle | 0.62E+0[0.24E+0 (2.5) [0.43E-1 (5.7) | 0.17TE-2 (25.2) | 0.33E4 (51.6)
F(3,3)-cycle, v > 1 MG-cycles on grids2 — 4

v=2in FMG: || 0.62E+0|0.22E+0 (2.7) | 0.12E-1 (19.2) | 0.16E-3 (74.4) | 0.63E-5 (24.6)
v =3 in FMG: | 0.62E+0 | 0.53E-1 (11.5) | 0.54E-2 (9.8) | 0.13E-3 (42.0) [ 0.22E-5 (58.2)
~ =2 in FMG,

see remark2: || 0.62E+0 | 0.11E+0 (5.5) | 0.35E-2 (31.7) | 0.22E-3 (16.5) [0.16E-5  (132.1)

Table 5: Convergence of the FMG-method for Burgers equation with v = 0.005

Examples of the use of T-extrapolation for scalar equations
on multidimensional domains can be found in [18] for the
Poisson equation over the unit square; or in [22] for the
same equation on a three-dimensional domain, which is
defined by three overlapping cylindrical grids.

Besides the use for scalar equations (Poisson equation, non-
linear potential equation — with special respect to Neu-
mann boundary conditions) in [19], T-extrapolation is ap-
plied to the solution of the shell problem for the calculation
of stresses and deformations in weakly curved thin elastic
shells. This problem leads to a system of four Poisson-like
equations with nonlinear coupling.

In most cases it was possible to improve the convergence
order from two to four, or to a value close to four, by im-
plementing the T-extrapolation. For smooth solutions this
should be attainable for the Navier-Stokes equations too.

2.4.1 Implementation of the r-extrapolation
The Navier-Stokes equations are considered in the form

V-uu-vAu+Vp = f in
V-u = 0 in O
(12) u = ur on 00

over a rectangular domain . In these equations u stands
for the velocity with components u and v, p denotes the
pressure, v is the kinematic viscosity and f is an exter-
nal force with components f; and f,. Equation (12) is
discretized by a second order difference approximation on
staggered grids.

A detailed presentation of the MG-method, which was

used for the Navier-Stokes equations is not intended at
this place. Only components, which are related to the 7-
extrapolation are discussed in the following. At first we
consider the calculation of the T-extrapolation terms. The
system of discretized equations can be written in the form

Ap(up)u, + GRADrp, = £
DIVyuy, = gn

where the first equation is a vector equation with two com-
ponents. Right hand sides g, # 0 are introduced by the
MG-method. On the finest grid we have g, = 0. Using
T—extrapolation the problem on a coarser grid is

Ap(ug)uy + GRADypy = Rty + 27/ (un, pr)

DIVgum = Rign+ 30f (un)
with
H(un, pn) = Ag(RFup)RFu, +GRADEREp,
—R Ap(up)un—REGRADy, ph
of(up) = DIVgRHu, —REDIV,u, .

2.4.2 Remarks on restriction and prolongation

Outside the T-extrapolation step, linear restriction opera-
tors can be used. In connection with the 7-extrapolation
the situation is more complicated: Because of the stag-
gered grids for the velocity components only choices C and
D from Table 2 are possible.
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FMG - method with tauextrapolation without tau-
Grid F(1,1)-cycle - two times — three times extrapolation
8%8 0.28E-02 0.28E-02 0.28E-02 0.28E-02
16 % 16 0.81E-02 0.34 || 0.83E-03 3.35 || 0.97E-03 2.68 || 0.97E-03 | 2.68
32 %32 0.17E-03 | 48.06 || 0.19E-04 | 44.36 || 0.74E-05 | 131.29 || 0.27E-03 | 3.62
64 % 64 0.15E-04 | 11.35 || 0.11E-05 | 16.69 || 0.84E-06 8.79 || 0.68E-04 | 3.96
128 x 128 0.40E-05 3.70 || 0.33E-06 3.43 (| 0.51E-07 | 16.42 || 0.17TE-04 | 3.99
256 x 256 0.41E-06 9.68 || 0.13E-07 | 24.68 || 0.19E-08 | 26.48 || 0.42E-05 | 4.00
additional 0.12E-06 | 33.71 || 0.46E-08 | 70.72 || 0.18E-08 | 28.31
single cycles || 0.28E-07 | 143.33 || 0.15E-08 | 216.93

Table 6: Convergence for different FMG-cycles for the Navier-Stokes equations

The restriction of us and Apuy for the momentum equa-
tion can be performed by the same averaging operator
Rf = RI! with fourth order accuracy.

For the pressure, again a fourth order restriction opera-
tor (that means a bicubic interpolation) is needed; because
the two restriction operators R¥ and R¥ are not defined
on the same grid.

In the case of the continuity equation, linear restriction

for DIVj,uy, is possible (operator R), independently from
the cubic restriction of u. Taking into account the re-
striction of the right hand side of the discrete continuity
equation it must be warned of any “better” interpolation
for DIVu. The components of g, have to fulfill a solvabil-
ity condition (their sum must be zero) and this relation
must be conserved by the restriction. This is done by lin-
ear restriction, because the values from the finer grid are
summed up in groups only.
As in case B this linear restriction causes no errors, because
the right hand side of the original problem vanishes. The
cubic restriction for u leads to a fourth order error, if we
compare it with injection. This has no influence on the
T-extrapolation.

The errors of prolongation in the MG-algorithm should
be no larger than that of second order for the velocity
components (n 2 o, 0 = 2), and that of first order for the
pressure (o = 1). With linear prolongation for u and p
these conditions are fulfilled.

In the case of FMG-prolongation according to 2.2.1 (con-
dition n = p + o), fourth order for the velocity (p = 2,0 =
2) and third order for pressure (p = 2,0 = 1) is needed.
This means cubic FMG-prolongation for u and quadratic
or cubic prolongation for the pressure too.

Unsymmetrical interpolation formulae at the boundaries
cause larger interpolation errors than symmetrical formu-
lae of the same order in the interior. For this reason, near
the boundary, interpolation of an order higher than three
was used.

2.4.3 Test calculations
We consider a rotating flow
u(z,y) = sinwz cosmy, v(z,y) = —coswxsin Ty

in the square [0, 1] x [0,1] with » = 0.01.
Setting this solution in (12) we get the right hand side

fz(z,y) = wsinwz (cos tx + 27w cos Ty)
fy(z,y) = wsinmy (cos Ty — 27w cos wx)

At the boundary the normal components of the velocity
are zero, while the tangential components are functions of
T or y.

Results On a sequence of grids with 8 * 8 to 256 * 256
meshes on each grid, one to three F-cycles with one pre-
and one post-smoothing iteration were performed. On the
current finest level, one additional pre-smoothing iteration
was done; on the finest grid the post-smoothing step was
suppressed. Table6 shows the maximal error for the v-
component of the solution. The first use of T-extrapola-
tion was done on the third grid, which caused a remarkable
decrease of the error. A single F-cycle, however, can not
exploit the possible increase of accuracy. To do this by
additional cycles on the finest grid is inefficient; the better
way is to use a larger number of F-cycles on the coarser
grids. The solution on the 64 * 64-grid, in this case, is
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more accurate than a solution without 7-extrapolation on
a 256 * 256-grid.

2.5 Experience with classical T-extrapola-
tion

The authors experience with classical r-extrapolation can
be summarized as follows:

1. The most reliable way to implement the 7-extrapola-
tion algorithm is to make use of injective restriction
operators in the 7-extrapolation step combined with
an increased number of smoothing steps and a high
order FMG-prolongation.

2. The application of T-extrapolation combined with re-
striction operators (which are averaging operators) is
more complicated. This is caused by the fact that
not all combinations of restriction operators are ap-
plicable. However, with averaging operators the im-
proved accuracy can be obtained with lower compu-
tational work because no special requirements for the
MG-algorithm must be fulfilled.

3. In the case of nonlinear problems it is important to
solve the problem on the coarsest grid with sufficient
accuracy. The coarsest grid must not be too coarse.

4. To exhaust the full potential of the T-extrapolation
algorithm, it can be necessary to perform v > 1 MG-
cycles on each grid level. Before setting v to a value
of two or three, all other possibilities for a failure of
the T-extrapolation should be excluded. Even in cases
where v > 1 is convenient for the coarser grids, on the
finer grids one MG-cycle can be sufficient.

5. Besides a study of the behavior of the solution, an ex-
perimental analysis of the 7-extrapolation algorithm
should include a study of the defects. Only a look at
the behavior of the defects permits a deeper under-
standing of some properties of the method.

6. Staggered grids do not exclude the application of 7-
extrapolation. However, they make it’s application
more complicated and require the use of the most ex-
pensive variant for the restriction operators in the 7-
extrapolation step.

3 Energy extrapolation

In the previous section, T-extrapolation for finite differ-
ence approximations has been discussed. The theory there
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is based on a one term asymptotic expansion of the trun-
cation error (7-term) of the form (A3) in Lemma 2.2.

In this section we will study a different approach to ex-
trapolation methods, which is based on the formulation
of (symmetric) equations as minimization problems of the
form

(13)

E(u) = min!
() =ip

To focus ideas, we will explain the basic principle for
one dimensional boundary value problems. Consider the

simplest test case (10). This problem can be written in the
form (13) with

B(u) =/ (4 (2))? - 2/ (z)u(z)) da for u € V,

-1

where V = H}(—1,1) denotes the Sobolev space of order 1
on the interval (—1,1) satisfying homogeneous boundary
conditions. We introduce an equidistant grid ; = —1+1th,
i=0,1,2,..., N, with mesh width » = 2/N. The function
u is represented by the N + 1 discrete values of the vector
up = (o, u1,uz,...,un)T. The energy (13) can now be
discretized directly by combining numerical differentiation
and integration rules. For example, an approximation to
E(u) may be chosen as

N 2
Ep(un) = hz ((uz —h'ui-1) _ fius + f2-;_1u1-_1) .
i=1

Note that here the first term involves central differences to
approximate the derivatives of u on a shifted grid. These
derivatives are then integrated by a midpoint quadrature
rule. The second term is directly integrated by a trape-
zoidal rule applied to the product u(z)f(z).

When the normal equations for the quadratic minimiza-
tion problem

1 .
Ep(up) = =ul Apup, — f,?uh = min !
2 up€Vh
are constructed, where V}, is the finite dimensional vector
space of grid functions, we recover the conventional dis-
cretization of u” = f by central differences

Ui—1 — 2u; + Uit

5 =f; fori=1,2,...,N-1.

The numerical approximation of the energy Fj(uy) can
now be expressed in an asymptotic expansion of the form

(14) En(up) = E(u) + h%ey + hles+ ...,
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where the coefficient functions es, ey, ... are independent
of h. For expansion (14) to be valid, we, of course; need
sufficient regularity for u. However, the expansion does
not depend on the uniformity of the mesh, and it can be
generalized to higher dimensions. For the one-dimensional
case the reader is referred to a classical paper by Lyness
[8]. Two dimensional results for triangles first appeared in
Riide [12], and the general two-dimensional case is treated
in Lyness and Ride [13].

Expansion (14) is the basis to consider extrapolated func-
tionals, like

Eh(uh) = 4/3Eh(uh) - 1/3EH('U.h).

Note that here Ey is applied to up, which means that
only every second value of uy, is considered. Clearly, Ej,
also defines a quadratic functional, and a further analysis
shows that the corresponding normal equations take the

form y
(15) (4/3A4n = 1/3(IT AT yun = fn

where [ ,fl is the injection operator, and fh is constructed
by the analogous extrapolation using f and fg.

In principle it is possible to compute the system ma-
trix in (15) explicitly, however; to construct more efficient
solvers, we note that by introducing the 7-term 77 (us) of
(7). this equation can be written in the defect correction
form (9). Therefore (15) can be solved iteratively by the
the multigrid 7-extrapolation algorithm, and our deriva-
tion has led to a special case of the algorithms considered
in the previous section.

However, we have not only recovered a special case of
T-extrapolation, but have also found a method to derive
T-extrapolation algorithms on unstructured and possibly
adaptively generated meshes. This has been discussed in
Riide [9] and several more variants of this method are ex-
plored in Riide [11].

In the further analysis of the energy extrapolation
method (see [12]) the above analysis is applied in a finite
element framework. In this context the above expansion
is applied to u, being a finite element function which is
smooth in construction. In consequence, the expansion
and extrapolation technique can be used even when the
original problem lacks sufficient regularity. Of course the
final success of T-extrapolation is still dependent on how
well higher order finite element functions can approximate
the given problem, however; the analysis of the extrapola-
tion method remains independent of regularity constraints
from the differential equation.

In the remainder of this section, we will study the appli-
cation to a nonlinear problem. Since the approach is based
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on the formulation as a minimization problem, it cannot
be applied directly to equations with convection terms; like
the Burger’s equation (11). (However, generalizations in
this direction are presently under study and results will be
published elsewhere). Here we will consider another prob-
lem, a stationary reaction-diffusion equation in one spatial
dimension

(16) 2% + (u¥ —u) =01in (-1,1),

with boundary conditions as in eq. (11)

u(—1) = — tanh(1/2v),u(1) = tanh(1/2v).

The solution is u(z) = tanh(z/2v), just as for (11). Writ-
ten as a minimization problem (16) becomes

E(u) = /11 2% (W' () = (“; -uZ) de.

Figure 1: —u*/2 + u? and trajectory u(z)

visualizes an optimal u(z) trajectory on this surface. If v is
small, the transition develops to an interior layer, the con-
ditioning of the boundary value problem becomes worse,
and higher order methods become increasingly important
in locating the transition region correctly.

In Fig. 2 we plot the Ls-error of three extrapolation
schemes (with respect to the correct solution) versus the
number of grid points in a log-log scale. The different
graphs correspond to the original discretization with cen-
tral differences; one extrapolation step according to (15),
and the method obtained by applying two extrapolation
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Figure 2: Error for energy extrapolation with order 2,4,6

steps to the energy, respectively. The latter approach cor-
responds to solving

/64 20 1
min (BEh(Uh) - EE‘zh(uh) + EE‘lh(uh)) :

Each methods needs a minimal number of mesh points,
before the transition is correctly resolved. From then on,
the asymptotic behavior of the method develops and can be
read off the slope of the error graph. Clearly, the higher or-
der methods provide superior accuracy for the same num-
ber of nodes.

While the fourth order behavior is clearly visible in these
results, the method constructed with extrapolation to sixth
order does not show the expected accuracy fully, though
it is clearly converging much faster than the fourth or-
der method. This is caused by stability problems. While
the consistency order of the discrete system is raised to
sixth order, the solution tends to have small oscillations,
which start to pollute the solution for very high accuracy
computations. This can be compensated by introducing
stabilizing terms as introduced in [3] or [11].

In general, the energy extrapolation approach is an inter-
esting alternative derivation of T-extrapolation algorithms,
because it naturally defines the different algorithmic com-
ponents in a compatible form. Furthermore, it permits
generalization to nonuniform meshes and adaptive tech-
niques, and it shows how to generalize T-extrapolation to
a still higher order.
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4 Finite element methods and ex-
trapolation

4.1 Finite element discretizations bf the
boundary value problem

In this section, we consider two-dimensional second order
elliptic boundary value problems of the form

(17) Find u€Vj such that a(u,v)=(F,v) for all veV}

holds, where Vo, C H(Q),

(18) alu,v) =/Q(K(2:)qu,vzv) dz .
and
(19) (F,v)z/nfvda:-i—/r —ggvds.

K(z) is a symmetric, positive definite (2 x 2)-matrix,

T
v,= (2 2.
8131 axg

as well as (., .) denotes the Euclidean scalar product in the
space R?.

(20)

Let us first describe some finite element discretizations of
problem (17). The starting point of our investigations are
two triangular finite element meshes Ty and 7, where we
get the mesh 7; by dividing all triangles of the mesh 7y
into four congruent sub-triangles. Later we will suppose
that the mesh 7y is the finest mesh of a sequence of nested
triangular meshes.

Corresponding to the triangulations 7y and 7, we define
the finite element subspaces

(21) VIl{:span{p(f? :1=1,2,...,Ng} C Vo,
and ,
(22) Vi= span{pgf), i=12,...,N,} C Vg,

where the trial functions ps) , k = H, h, are piecewise lin-

ear functions p,(;) which are linear in all triangles of 7,

continuous, and satisfy the relations psci) (mgj ), xgj ) ) =1 for
i=j,p(@P, 20 = 0fori#4,4,5=1,2,...,N,. Here
(zgj ),acgj )) denotes the coordinates of the node P() and
Ny is the number of nodes belonging to QUT n, where I' x
is the part of the boundary 99 on which natural boundary
conditions are given. The functions pg) st =1,2,..., Ng
are called the nodal basis of piecewise linear functions.
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Furthermore, we introduce piecewise quadratic func-

tions q( ). These functions are polynomials of degree 2
in all trlangles of Ty, continuous and satisfy the relations

qg)(:c(1 ,:cg])) =1 for i = j, qH (;1:1 ,:cgj ) =0 for i # j,
i,j = 1,2,...,N,. Using these functions we define the

finite element subspace

(23) Vi =span{g¥,i=1,2,...,N,}.

with the quadratic nodal basis.

By means of the finite element subspaces (21), (22), and
(23) we get the finite element schemes:

Find uy € V}, such that

(24) a(ug,vi) = (F,vg) for all v € Vg,

where V}, stands for V}{, V,f, or V,f, respectively.

The determination of the unknown function uy is equiv-
alent to the solution of the systems of the algebraic finite
element equations

(25) AHUZH—fH~ Ah h—f}ln and AZui=f5a

respectively.

The stiffness matrices Aﬁz and AZ have a block structure

Ah.m: Ah,vm
Ah,mv Ah,mm ’
where Aj . corresponds to the nodes of the triangulation

Tu, An.mm corresponds to the new nodes in the triangu-
lation 7, and Ap ey, A um are the coupling blocks.

Next we formulate an interesting relation between the
matrices AZH, Al and A}, which is useful for the investiga-
tion of the convergence properties of a multigrid algorithm
with extrapolation.

Lemma 4.1 Let AL, AL, and Aj be defined by the bilin-
ear form (18) using the finite element subspaces V}I, V,f,
and V,!, respectively. We suppose that the entries of the
matriz K(z) in the bilinear form (18) are constant in each

triangle 65;) € Ty. Then the relation
(26) A

. l
holds, where Ay = ( Ay 0 )

4 1-
= gAil* 34

0 0
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In Lemma 4.2 we formulate the corresponding property
for the right-hand side.

Lemma 4.2 Let fi;, ft, and f} be defined by the relation
(19) using the finite element subspaces VI{I’ V,ﬁ, and V}!,
respectively. We suppose that f is a piecewise constant
function, i.e. constant over all triangles 6}? €7T,, and go
a piecewise constant function, i.e. constant over 86;;) nos.
Then the following relation holds

- ~ {
(27) =335 fH=(f§)-

A consequence of Lemma 4.1 and Lemma 4.2 is the fol-
lowing Theorem.

Theorem 4.1 Under the assumptions of Lemma 4.1 and
Lemma 4.2 the FE systems of algebraic equations

4 1 4 1;
(28) (gAz - §AH) = (gf;i - ng)
and
(29) Afuy = fi

have the same solution.

The proofs of Lemma 4.1, Lemma 4.2, and Theorem 4.1
are given in [6].

In [6] an analogous theorem is proved for finite element
systems based on a two-level h-hierarchical and a two-level
p-hierarchical basis.

4.2 Multigrid algorithm with extrapola-
tion

In the following, we discuss a multigrid algorithm using
FE discretizations with piecewise linear functions and an
implicit extrapolation step. The iterates of this algorithm
converge to the solution which we get by a FE discretiza-
tion of problem (17) with piecewise quadratic functions.

The smoothing procedures in our multigrid algorithm
are defined in the following way:

¢ pre-smoothing GV(uh VAL Y

Let the initial guess uﬁl) (ugl, uﬁl Zn)T be given.

Set ugf’ jl) = uffl and compute an approximate solution

Z), ., of the system

(]+1

Ah ol ()

(30) Ah mm*, = f}lzm Ah mmUnh m
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by means of an iterative method, starting with the zero-
vector.

(J+1) _ (

Set Uy - u(j+1) )

ho 2 Uhm T Zhm
We suppose that the error transmission operator of the
method is of the type

)T

-1 I
Bh,mmAh,mm)'

Mh,m = (Ih,m -

¢ post-smoothing G,Iy(ugj), AL fh):

We use the same algorithm, however; we suppose that
the error transmission operator of the iterative method
for solving the system (30) is of the type M), ., = (I} ,,—
BT AL ), so that the overall multigrid iteration
operator becomes symmetric.

The step
v k.1
diy’ = B (£, ~ Ahui"V),

i.e., the computation of the defect in a usual multigrid, we
replace with the following extrapolation step

d(k)

4 k,
W= SRE(L - A

1 k1
L (= A T).

Here, the operator Rf denotes the restriction operator
(which is the transposed to the operator of the linear in-
terpolation), and I” stands for the injection operator.

The coarse grid system

(31) Auly) = diy’

we solve by means of p iterations steps of a usual multi-
grid algorithm without extrapolation, which starts with
the zero-vector (see, e.g. [4]).

Because of the equivalence of the matrices and right-
hand sides in the systems of algebraic equations (28) and
(29) as well as of the definition of the smoothing procedures
we can interpret the multigrid algorithm with an extrapo-
lation step as a multigrid algorithm without extrapolation
for solving the system (29). Using a convergence theorem
of Schieweck [14] for such a multigrid algorithm we get the
following convergence theorem for our multigrid algorithm
with extrapolation.

Theorem 4.2 Let the smoothing procedures, the restric-
tion, and the interpolation operators be defined as they are
at the beginning of this Section and let the assumptions of
Lemma 4.1 and Lemma 4.2 be fulfilled. Then
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(i) The iterates of the multigrid algorithm with an ez-
trapolation step converge to the solution which we get
by a FE discretization of problem (17) with piecewise
quadratic functions.

(ii) The convergence estimate

(k,0)

k41,0
gt — |l < llul

= up ]l
holds, where ||.||2 = (24} —1A4,).,.) and u, is the
solution of the system of algebraic FE equations

4 , 1. 4, 1;:
(gAh - §AH) up = (gfh —3fu) -
The convergence rate n depends on the number of
iteration steps for solving the systems (30), on the
convergence rate of the multigrid algorithm used for

solving the coarse-grid system (31), and on the con-
stant in the strengthened Cauchy inequality

la(un, wa)| < Vlvall lwrll

for all vy, € Ty, = span{q? ,i = Ny +1,...,Ns},
for all wy € V.

The proof of this theorem is given in [6]

4.3 Numerical results

Now we want to demonstrate the iterates of the multigrid
algorithm with extrapolation converge to the FE solution
which we would obtain by a discretization of problem (17)
with piecewise quadratic functions.

Let us consider the problem:

Find u € H}(Q) such that

(32) /Q(szu,vzv) d:vzfﬁf'udz

for all v € H}(Q) holds,

where @ = (0,1) x (0,1), K = ( i : ), and f =
72(9sinmzsinmy — 8cos Tz cos wy). The exact solution of
this problem is u = sin 7z sin 7y.

We compare the discretization errors ||z — u}||; and
|lu — ul||; in the H'-norm. Here u} denotes the FE so-
lution obtained by means of the multigrid algorithm with
extrapolation, and u} the FE solution by a discretization
with piecewise quadratic functions. We remark that in our
example the right-hand side f is not constant on triangles
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6};), which we had assumed in Theorem 4.1. Therefore, in
our example the right-hand sides (% f,ll - % f H) and f7 are

not identical. But the discretization errors are almost the
same.

Level £ | lu— whll | Ilu— ugll
3 0.1306 0.1426
4 0.3347-01 | 0.3481-01
5 0.8426-02 | 0.8539-02
6 0.2110-02 | 0.2118-02
7 0.5278-03 | 0.5283-03

Table 7: Comparison of the discretization errors

Table 7 shows that the solution u}, has a discretization
error of the order O(h?) in H'(), which is typical for
finite element solutions resulting from a discretization with
piecewise quadratic functions.

5 Conclusions

Multigrid and multilevel techniques are generally consid-
ered as fast solvers for a given discretization of a differen-
tial equation. In this paper we have presented another as-
pect of the multilevel principle. Using extrapolation in the
natural hierarchical mesh structure of a multigrid solver,
higher order approximations can be obtained simply and
efficiently by 7-extrapolation.

In contrast to classical extrapolation for differential
equations, this approach is implicit. Extrapolation is not
applied to different approximations of the solution but to
quantities like the truncation error, the energy, or the stiff-
ness matriz in finite element computations. The higher or-
der approximation is then obtained by an iteration similar
to defect correction, which is integrated with the multilevel
iteration. This algorithm avoids the explicit construction
of higher order operators and can be derived easily from
basic (low order) multilevel algorithms. Computationally,
the modification from basic to higher order is simply a mul-
tiplication of the 7-correction by a suitable extrapolation
factor.

The method also avoids one of the main disadvantages
of conventional extrapolation methods. The mathematical
foundation is not the existence of global error expansions
which depend on the global regularity of the solution. The
implicit nature of the algorithm permits a local analysis
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and, therefore; justifies the local application of T-extrapo-
lation - and even the combination of T-extrapolation with
adaptive mesh structures.

For all our algorithms, the basic multilevel structure au-
tomatically provides an iterative solver with the typical
multigrid convergence rates. Therefore, the higher order
solution can be computed at a cost which is equivalent to a
few relaxation sweeps for the basic low order discretization
on the finest mesh. As is typical for multigrid, this relation
is independent of the size of the problem.

The paper has presented three different approaches to
T-extrapolation like algorithms, giving some theoretical
background and numerical examples for each of them. Any
of these three different interpretations of the T-extrapola-
tion principle may be useful in a particular application and
together they provide a deeper understanding of the algo-
rithm and its features.

Our results clearly show the potential of r-extrapola-
tion for many practical computations, including nonlinear
ones, whenever the efficient treatment of the problem re-
quires both a high order discretization and a fast algebraic
solver.
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