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1. INTRODUCTION

In [2], Chern and Tenenblat found a relation between foliations on a surface
of constant curvature and the MKdV equation. They gave a class of such foli-
ations such that the geodesic curvature of the leaves of a foliation in this class
satisfies the MKdV equation, if one chooses a coordinate system on the surface
accordingly. Similar relations between foliations on a surface of constant curva-
ture K # 0 and the sine-Gordon equation, and between foliations on a surface of
constant negative curvature and the KdV equation, were given by Tian in [9].
Naturally, one would like to know if any other (real) nonlinear partial differential
equations, especially any other soliton equations such as the sinh-Gordon equa-
tion, the Calogero-Degasperis-Fokas equation, the Sawada-Kotera equation, and
the Kaup-Kupershmidt equation, are related to classes of foliations on a surface
of constant curvature. If there are more, then one would like to have constructive
procedures to find a class of foliations for a given nonlinear partial differential
equation (PDE).

In this paper, we first observe that in order for a nonlinear PDE to de-
scribe a class of foliations on a surface of constant negative curvature (pseudo-
spherical surface) or a surface of constant positive curvature (spherical surface),
the equation must be the compatibility condition for a special type of sl(2, R)-
or su(2)-linear system. Then, we look for necessary and sufficient conditions
for the existence of a class of foliations on a pseudo-spherical or spherical sur-
face described by a given nonlinear PDE of the form u; = F(u,uy, ..., uy...q) OF
Ugt = F(U, Ug, - ., Ug.ir) OF Uge = F(u, g, u;). Under two technical assumptions
(one of them will be given in §2 and the other in the theorems in §3-5), we show
that the existence of such a linear system for an equation of one of the above forms
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together with some minor restriction(s) on the entrices in the coeflicient matri-
ces of the linear system form necessary and sufficient conditions. Moreover, our
proof in each case gives a general way for computing the class of foliations. These
general ways are unified treatments of the known examples and yield many new
examples. In particular, we obtain four classes of foliations on a pseudo-spherical
surface described by the sinh-Gordon equation, the Calogero-Degasperis-Fokas
equation, the Sawada-Kotera equation, and the Kaup-Kupershmidt equation, re-
spectively.

We note that Pinkall recently gave in [7] a very interesting relation between
evolutions of an affine curve and the KdV equation, and that relations between
soliton equations and classes of surfaces in R® are discussed in [10].

The organization of this paper is as follows. In §2, we review an example
and give a general definition. We treat nonlinear PDE’s of the form u; =
F(u,ug,--.,Uz...q) in §3, while §4 is devoted to nonlinear PDE’s of the form
gt = F(U,Usg, . .., Ug...;). Finally, nonlinear PDE’s of the form ug; = F(u, uy, us)
are discussed in §5.

We are indebted to Josef Dorfmeister for his interest in this work, and would
like to thank Qiming Liu for bringing the references [1], [4] and [6] to our
attention and for suggesting that the Kaup-Kupershmidt equation be included
as a concrete example. We are also grateful to the referee, whose suggestions led
improvements in our presentation. The author was partially supported by NSF
Grant DMS-9205293.

2. AN EXAMPLE AND A GENERAL DEFINITION

In this section, we first review the example of Chern and Tenenblat in [2],
then give the general definition to be used in the sequel, and finally present a
necessary condition for a nonlinear PDE to describe a class of foliations.

Let M be a surface endowed with a Riemannian metric of constant Gaussian
curvature K. Locally, let {e;,e2} be an orthonormal frame field and {w;,ws} its
dual coframe field. The structure equations of M can then be written as

(21) dwl = Wwi2 /\UJQ, dw2 =wi A w12, dwlz = —Kw1 A Wwa,
where wys is the corresponding connection form on M.

Given a foliation of M by curves, suppose that at each point y € M, e is
tangent to the leaf through y of the foliation; namely, the foliation is defined by
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Wwo = 0. Let
(2.2) w12 = pwy + qwa,

then p and ¢ are the local invariants of the foliation (under a fixed local orienta-
tion).
Assume that p and q satisfy

&p

2.3 =L

(23) O1p

then there is a (local) coordinate system (x,t) on M satisfying

] 0 1
24 — = = =3 - Zp2 3 .
(2.4) 52 — et g n°( K+2P)61+77 O1p - ez,
where 77 # 0 is a free (real) parameter and one needs the assumption
(2.5) &1p # 0.
Moreover, u = np is a solution to the MKdV equation
3
(2.6) up = §u2uz + Uggz-

Proofs of these claims can be found in [1].
Conversely, given a domain D C R? and a solution u : D — R to the MKdV
equation satisfying

(2.7 Uy #0

at each point of D, if we define a Riemannian metric on D by specifying an
orthonormal frame field {e;,e2} via

(2.8) % = neq, % =(-nK + %mﬂ)el + (ndsu)es,
then one can verify that D has constant curvature K, the geodesic curvature p of
the z-lines is equal to u/n, and the foliation of D by the z-lines satisfies (2.3).
Altogether, we see that the class of foliations on M satisfying (2.3) is described
by the MKdV equation.
With the above example in mind, we are ready to give a general definition, in

which we will not write down any obviously necessary assumptions like (2.5) or
(2.7).

Definition 1. The class of foliations on a surface M of constant curvature K
satisfying

(2.9) F(p,q,01p,8op,...,0% - O%q) = 0
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is said to be described by the nonlinear partial differential equation
(2.10) F(u, Ozu, by, ..., 000 u) =0

if there exist (real) smooth functions «, &, 7, 7, 6, 4 and f such that for every
foliation satisfying (2.9) there holds

(2.11) [e(p,q)e1, (P, g, -, 05 - - O¥q)er + 8(p,q, ..., 85 - - - B¥q) ex] = O,

and if we define

el
(2.12) 3 = alp,q) e,

0
(213) & = 7(1’»‘17'"78%”'8’;(1)61+6(p7Q7"',aé"'aicq)e27
(2.14) u = f(p,q,:p,8p,..,0 - 0¥q),

then u satisfies (2.10), and that for every solution u : D C R? — R to (2.10) if we
define a Riemannian metric on D by giving an orthonormal frame field {e,e2}
via
L &(u, Oz u, Byu, ..., 07 07 u)e
61: - yUghy Oty ooy Uy Uy 1,
] -
(2.15) % = H(u, Ozu, Oy, ..., 07 O uyer + 0(u, Ozu, Oy, ..., 07 OF u)ey,
then D has constant Gaussian curvature K, the foliation of D by the z-lines
satisfies (2.9), and u can be expressed in terms of the corresponding p and ¢ by
(2.14).

Remark. We avoid considering foliations consisting of ¢-lines by interchanging the
variables x and ¢ in (2.10) when necessary.

Every nonlinear PDE considered in this paper is assumed to have solutions to
all its smooth initial value problems in a certain range, no matter how small the
range is. This is our first technical assumption mentioned in the introduction.
Moreover, from now on, we only look at the cases K # 0. By rescaling, we can

then assume K = —1 or 1. If K = —1, the structure equations of M form the
compatibility condition for the linear system
(2.16) dv = Qv

on V : M — SL(2,R), where

o aci( )
' 2 \w1 + w2 —wy ’
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if K = 1, the structure equations of M form the compatibility condition for the
linear system

(2.18) dW = ew
on W: M — SU(2), where

/

(2.19) o=1 ( wp et i“’”)

—wy + iwie —iwy

In the soliton theory, this kind of linear systems with a free parameter are called
scattering systems and used intensively. As a consequence of this observation, we
have the following necessary condition for a nonlinear PDE to describe a class of
foliations on a pseudo-spherical or spherical surface.

Proposition 2.1. If a nonlinear partial differential equation describes a class of
foliations on a pseudo-spherical surface, then it is the compatibility condition for
an sl(2, R)-linear system

1/0 o
Ve = 5(7‘ O)V’
(2.20) v, = L
AY 7 2\

if a nonlinear partial differential equation describes a class of foliations on a
spherical surface, then it is the compatibility condition for an su(2)-linear system

1 0 o+ir
We = 5(—0+i7’ 0 >I/V’
1 iA B+iC
(2.21) W = 5<—B+ic —iA )W‘

PROOF. (2.15) can be rewritten as

wr = a&(u,8u,du,...,8707 u) dz + ¥(u, dLu, By, ..., 07 0T ) dt,
(2.22) woy 6(u, Bpu, Dyu, ..., BR™u) dt.

So, the corresponding linear system (2.16) or (2.18) has the form (2.20) or (2.21)
after these substitutions. g

Remark. Some existing sl(2, R)-linear systems not of the form (2.20) or (2.21) are
equivalent to ones of the form (2.20) or (2.21). For example, the sl(2, R)-linear
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system

(2.23) Vi =

0 ¢-9
(¢+w 0 )K

L
2
_1{ Q+R 2P-Q+R
(2.24) Ve = 4(2P+Q—R ~Q-R )V

is equivalent to

Ve =

via the transformation

(2.25) V= G _11> 7,

In this way, one obtains sl(2, R)-linear systems of the form (2.20) for the MKdV
equation and the sine-Gordon equation from their usual scattering systems (see
Example 3 of §3 Example 7 of §4). A similar transformation (involving a free
parameter) works for the KdV equation.

Remark. In general, the existence of this kind of linear systems for a given nonlin-
ear PDE can be discussed via the method effectively used by Chern and Tenenblat
in [3]. For example, detailed calculations along their lines yield, among others,
the sl(2, R)-linear system

1 0 V2ncosu
Ve = 2 (—3? sinu 0 ) v,

1 —Ug B(Uauzaumz)
2.26 Vi = = V,
(2.26) K 2 (C’(u, Uz, Uzg) Uy ’
where

1
B(u, ug, Ugz) = 17( —V2sin®u + V2sinu + ﬁcosuui - \/ﬁsinuum),
1 1

(2.27) C(u,uz,Ugz) = E(\/ECOSIS u—V2cosu — 7 sinuu2 — ﬁcosuum),

for the Calogero-Degasperis-Fokas equation [1] & [4]

3 . 1
(2.28) u =3 sin(2u) uy + Euz + Uzgz,
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for which an explicit Backlund transformation is given in [11].

In the next three sections, we want to give some necessary and sufficient con-
ditions that yield classes of foliations described by nonlinear PDE’s from such
linear systems for these equations.

3. SOME EQUATIONS u; = F(u, Uy, ..., Ug....) DESCRIBING FOLIATIONS
Consider a nonlinear PDE
(3.1) U = F (U, thgy oo, Ug...z)-

By Proposition 2.1, we can assume that it is the compatibility condition for an
sl(2, R)-linear system of the form (2.20) or an su(2)-linear system of the form
(2.21). First, for the case of an sl(2, R)-linear system, we have the following
result.

Theorem 3.1. A nonlinear partial differential equation uy = Flu, uy, ..., Ug...z)
describes a class of foliations on a pseudo-spherical surface via an sl(2,R)-linear
system

L0 Bu

Vo = ¢ V'7
2 (7(u) 0
1 (A(u,ug, oy tgeg)  Bu, g, ooy Ugz)
‘2 V — _ y ) b ) * V

(3.2) t 2 (C(u,uz, vy Ugeg ) — AU Ugy ooy Ugeongr)
for it if and only if
(3.3) —Bw) +v(w) # constant.

Blu) +(u)

Note that here we only consider an sl(2, R)-linear system whose first equation
coefficient matrix involves v only. This is our second technical assumption men-
tioned in the introduction. In each of the other theorems of this paper, there will
be a similar assumption.

PRrROOF. Assume that the nonlinear PDE in question is the compatibility condi-
tion of an sl(2, R)-linear system (3.2) satisfying (3.3). For a general solution wu,
define a metric on its domain by giving an orthonormal frame field {e;,e2} via

9 _ B+,
Oz 2 L
(3.4)2 _ B(u, 0zu,...,00u) + C(u, Oz u, ...,Qvu)e1 + Aw, By, .., P w)e,

ot 2
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then the corresponding orthonormal coframe field {w;,ws} is given by

B + () 5 Bl Oty ., 03u) + Clu, By ., )

Wi 2 2 dt,
(3.5) we = A(u,du,...,00u)dt
The corresponding connection form of the metric is w2 = pw; + qws with
—B+ —vB + pC
3.6 p=— and g= —————,
(36) B B+ A
and the Gaussian curvature is —1, i.e.,
(3.7) Bp=019+p" +¢* - L.

By the first equation in (3.6), our assumption (3.3), and the Inverse Function
Theorem, there exists a smooth function f such that

(38) v = f(p).

Hence, the first equation in (3.4) becomes

(3.9) ;—x = &(p) ey,
where

(3.10) a(p) = B(f(p)) ;v(f(p)),

Thus, by the second equation in (3.6), (3.8) and (3.9), the foliation consisting of
the z-lines satisfies

(3.11)

—(f(P)B(f(p), -, (&(p)01)" £ (p)) + BU (PNC(f(P), -, (a(p)81)" £ ()
(BUf(0)) + (£ () A(£(P), -, (8(p)01)" £ (P)) '

Using (3.11), one can rewrite (3.7) as

q:

! dq(p, 01p, ..., OFp) j+1 2 2 n
(3.12) dop = ‘ A" p+p*+q°(p,01p,....0'p) — 1.
jzz:o 9(01p) ' '

By (3.8) and (3.9), the second equation in (3.4) becomes

(3.13) 82 =%(p,81p, ..., 07p) €1 + 8(p, B1p, ..., O7D) €2,

where
. n _ B(f(D), - (@(p)01)" f(p)) + C(f(p), -, (&(p)01)" f (P))
(P, ..., 01p) =

2 b
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(3.14) 8(p, -, 87P) = A(f(p), ... (&(p)O1)" £ (p))-
In view of (3.9) and (3.13), [Z, 2] =0 implies

&(%galp ot G O ) A& Bip — §& Byp — pab,
(3.15) Blp-i- -+ a( Tt T p = ¢é.

Also by (3.8) and (3.9), the values of p, 81p, e B?Hp at a point can be treated
as independent variables since the values of u, d,u, ..., 8% 'y at a point are
independent from each other. So, substituting (3.11) and (3.12) into (3.15) yields
four partial differential equations

~ 85
(3.16) QTBZT) o6& —E)‘fT) 0,
(317) &Z—_O 8(3] a]+ p- ’-Ya,alp
——5&'(27}_—5 %?Baﬁlp—(- P’ +q°— 1) = p&d,
85 _

(3.18) aarpy = 05

n-l 9§ qj+1__ %
(3.19) 2io 6(6{;;)81 p=qé
satisfied by the functions g, &, 4, and & of p, O1p, ..., O7p in general. Therefore,

(3.15) is a consequence of (3.11) and (3.12).
We now prove the converse. Given a foliation on a pseudo-spherical surface
satisfying (3.11), there hold (3.12) and, hence, (3.15). By (3.15),

(3.20) [5‘(17)61, 4(p, O1p, .., 07'p) €1 + S(P, op, ..., 0r'D) 6’2] =0,
i.e., there is a coordinate system (z,t) satisfying (3.9) and (3.13). Define u by
(3.8), then (3.5) and (3.6) hold. Therefore, u is a solution to the nonlinear PDE
in question—-the compatibility condition of (3.2).

Hence, (3.11) is a class of foliations on a pseudo-spherical surface described by
the given nonlinear PDE.

Next, assume that the nonlinear PDE describes a class of foliations on a pseudo-
spherical surface via an sl(2, R)-linear system (3.2). There hold (3.4)—(3.7). We
want to prove that (3.2) satisfies (3.3). If not, i.e.,

—B(u) +~(w)
Bu) +v(u)
then by the first equation of (3.6), p is constant, and hence, by (3.7),

(3.22) Og=1-p?—¢%

(3.21) = constant,
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By the first equation of (3.4) and (3.22),

B(w) +(u)
(3.23) 4 = )—2-(1 -p’=¢%).
The invariant ¢ can not be constant: otherwise, the u’s obtained from the foli-
ations are only constants. Thus, substituting the second equation of (3.6) into
(3.23) yields a nontrivial restriction on the u’s obtained. This contradicts Defini-
tion 1. Hence, (3.2) must satisfy (3.3). a

Remark. 1t is very lengthy and requires a lot of details about (3.2) to verify
directly (3.15) or the fact that u is a solution. Therefore, the second half of the
proof of the sufficiency in Theorem 3.1 is of interest itself.

Ezample 1. Each equation in the KdV hierarchy is the compatibility condition for
an sl(2, R)-linear system (3.2) satisfying (3.3), so it describes a class of foliations
on a pseudo-spherical surface. For example, the KdV equation

3
(3.24) up = Uty + Uprg

is the compatibility condition for

Ll n+lu
3.25 V= - ( 27 2 > V,
(3.25) =i\t ) - Lu,

where 1 # 0 is a free parameter, and hence describes the class

_0Oip _30ip
oip p-1

(3.26)

of foliations on a pseudo-spherical surface with

+1
u=p—+n

(3.27) o

As mentioned in the introduction, this example was first given by Tian in [9].

Ezample 2. For any smooth function ¢ = o(u, uy, ..., Uz...;), the equation

1
(3.28) U = SUs0 +uoy + Oprg
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is the compatibility condition for the sl(2, R)-linear system

1/0 1
Ve = 5(-—u O>V’

1 —ig is
3.2 i = = 27w 2 .
(3.29) ¢ 2 (—%uo — Oz %Uz> v
Thus, by Theorem 3.1, the equation (3.28) describes the class
1- T
(3.30) q= (1= p)0ax
Oz

of foliations on a pseudo-spherical surface, where

p+1 0 1
= p—: and —('ﬂ = E
The equation (3.28) has appeared in [6] and some special cases of it follow. First
of all, as shown above, the equations in the KdV hierarchy are examples of (3.28).
Secondly, if we take o(u, Uy, Uzy) = u®/8+uz, in (3.28), then we get the Sawada-
Kotera equation [ 8]

(331) €1.

5 5
(332) Uy = Euzuz + Zuzuzm + Zuuxzz + Ugzrzxs
a soliton equation closely related to the fifth order KdV equation
15 10 5
(333) Uy = §u2uz + TUzuzz + Euummz + Ugzzza

obtained from (3.28) with o = 3u?/4 + u,,. Hence, (3.30) with ¢ = u*/8 + Uy
is a class of foliations on a pseudo-spherical surface described by the Sawada-
Kotera equation. Thirdly, setting o(u, g, Uzz)} = 2u? + Uy, in (3.28) yields the
Kaup-Kupershmidt equation [5]

25
(334) Uy = 511,211@ + —Q“Uzuzz + SUlUggq + Usgzzs,

another soliton equation similar to the fifth order KdV equation. Thus, (3.30)
with o = 2u? + uy, is a class of foliations on a pseudo-spherical surface described
by the Kaup-Kupershmidt equation. Moreover, by taking o(u,u;) = f(u) + us
in (3.28) one gets the class

wo= (GF) +uf ) + 5l + ()l
(3.35) +(u + 3f" (W) ue) sz + f'(u)Uzwa + Uorax

of nonlinear PDE’s, where f is any smooth function. So, each of these equations
describes a class of foliations on a pseudo-spherical surface. Since there are few
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soliton equations of order 4, it is interesting to find out if (3.35) can be a soliton
equation for some choice of f.

Ezample 3. Each equation in the MKdV hierarchy is the compatibility condition
for an si(2, R)-linear system (3.2) satisfying (3.3), so it describes a class of foli-
ations on a pseudo-spherical surface. For example, the MKdV equation (2.6) is
the compatibility condition for

1 0 n—u
Vz_2(7}+u 0 )V’
(3.36)

V. = 1 Nug 7]3 - 77271' + %ﬂuz - %u3 — Ugg %
t=51. 3 2 1,2 4 1.3 - ’
2\’ +n%u+ gnut + Ut + Uy Ny

where 11 # 0 is a free parameter, and the class of foliations on a pseudo-spherical
surface yielded by Theorem 3.1 for the MKdV equation via (3.36) is (2.3).

Ezample 4. For any (real) constant ¢ and any smooth function ¢ = o(u, u,, ...,
Uy...z), the equation
(3.37)

3
U = ClUy — (2ul. — 3u2ux - ZUMI)U - (u —u° - E)U.,m)oE + AUy Oy + UO e

is the compatibility condition for the sl(2, R)-linear system

1 0 l1—u
= = V,
Ve 2 (1 +u 0 ) ’
1 (2u,0 +uo, B
(3-38) o= 2 ( C —2uz0 — uaz) v
where
B = c¢c-cu+ (u2 —ud = 2uu)a — 3Uy0, — UO 4y,
(3.39) C = c+cu+ (u2 +ud + ZUM)U + 3ug,05 + uo,y,

and hence describes the class
2Upr0 + U0, + UO L,
2U,0 + uo,

(3.40) q=

of foliations on a pseudo-spherical surface, where

0

(3.41) u=p  and e

e].
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The equations in the MKdV hierarchy are examples of (3.37). And by choosing
other o’s in (3.37), one gets many more nonlinear PDE’s describing classes of
foliations on a pseudo-spherical surface.

Ezample 5. The class of foliations on a pseudo-spherical surface described by the
Calogero-Degasperis-Fokas equation (2.28) via the sl(2, R)-linear system (2.26)
withnp=11is

(3.42) 4= sinu B(u, ug, Uyy) + cosu Cu, ug, uyz)

(sinu — cos u)ugy ’

where B and C are defined by (2.27),

1
u = arctan P )
p—1
g 1 1 1
(3.43) — = — (cos arctan ptl_ sinarc tan Pt )el.
Oz V2 p-1 p—1

Next, for the case of an su(2)-linear system, we have the following result similar
to Theorem 3.1.

Theorem 3.2. A nonlinear partial differential equation uy = F(u, g, ..., Ug...z)
describes a class of foliations on a spherical surface via an su(2)-linear system

1 0 B(u) + iy(u)
W = 5 (Cprnm )W
1 1A(U, Uy, ooy Ugg) (B +i1C)u,tgy ey Ugng)
(344, = 2 <(~B +1C) (u, gy ey Ugz) —iA(u, Ugy ey Ug.z) ) W
for it if and only if
(3.45) ;—((Z—)) # constant.

The proof of Theorem 3.2 is almost the same as that of Theorem 3.1, except
that the basic equations now are

wy = fdz + Bdt, wy = Adt, wyg = vdzx + C dt,
Y _ —yB+8C
Ezample 6. Each equation in the MKdV hierarchy is the compatibility condition

for an su(2)-linear system (3.44) satisfying (3.45), so it describes a class of fo-
liations on a spherical surface. For example, the MKdV equation (2.6) is the
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compatibility condition for

1 0 n+iu
W, ==
* 2(—n+iu 0 )V’

(3.46)

W — 1 inug . -n® —in?u + %17u2 + %u3 + iUy v
T 3 —inu — %nu2 + %u:” + ugg —inu, !

where 7 # 0 is a free parameter, and the class of foliations on a spherical surface
yielded by Theorem 3.2 for the MKdV equation via (3.46) is (2.3).
4. SOME EQUATIONS uy; = F(u,uy, ..., Uy...s) DESCRIBING FOLIATIONS
In this section, we consider a nonlinear PDE
(4.1) Ugt = F(U, Ugy ooy Ugerg )

First, assume that it is the compatibility condition for an sl(2, R)-linear system

Ve = ®(ug)V,
(4.2) Vi = U(u,ug,..., Ug..z)V,
where
1/0 B _1(A B
(4.3) <I>—§<’y 0) and \Il—2<c —A)

with 3, v, A, B and C being smooth functions. Then, we have the following
result.

Theorem 4.1. A nonlinear partial differential equation vz = F(u, ttg, ..., Ug...z)
describes a class of foliations on a pseudo-spherical surface via an sl(2,R)-linear
system (4.2) for it satisfying (4.8) if and only if

—0(uz) +v(uz)

m)— # constant,
0 —(uz)B(U, gy oy Uge.z) + B(Uz)C(0, Uy, .oy Ug.zr)
(44) du (Buz) + 7(uz)) Ay, Uz, ..., Ug...z) 70

The main idea in the proof of Theorem 4.1 is the same as that in the proof of
Theorem 3.1. However, since the general procedures for computing the classes of
foliations produced are different, here we give the corresponding part of the proof
of Theorem 4.1.



FOLIATIONS ON CONSTANT CURVATURE SURFACES 79

PRrOOF. For a general solution u, the relations between the natural frame {%, 58;}
and the orthonormal frame {e;, ez} are

2_ . IB(axu) + V(azu)e

dr 2 L

7, B(u,0,u,...,07 C(u,0,u,...,0"
a5l _ Blwou W+ O 0t 05 4 4y b M ues,

ot 2
and hence

o = B(0:u) —;—'y((%u) dz + B(u, 0y, ..., 0%u) -;- C(u,0.u,..., 00 u)dt,
(48) ws = A(u,0u,..,00u)dt.
The corresponding connection form of the metric is wys = pwi + qw, with
B+~ —yB + 5C

4.7 = — and =
.7 P=Fiq 1= BrnA

By (4.7), our assumptions in (4.4), and the Inverse Function Theorem, there exist
smooth functions f and g such that

(4.8) Owu=f(p),  u=g(q,0u,.., 0 u).
Hence, the first equation in (4.5) becomes

(4.9 o= =dlper

where

(4.10) a(p) = B(f(p)) ;r’v(f(p)),

and the second equation in (4.8) is equivalent to

(4.11) u=g(q, f(p), &(p)01 f(P), ..., (&(p)01)" ' £ (p)) = M{q,p, O1p, ..., 07 " 'p),

where h is a smooth function. Thus, by the first equation in (4.8), (4.9) and
(4.11), the foliation consisting of the z-lines satisfies

(4.12)
n—1

&(p) (th(q,p, 01, -, 07 ' P)O1g + Y Byi h(a,p, O1p, - 8{”‘1;0)3{“1)) = f(p).
i=0

As in the proof of Theorem 3.1, we can show that (4.12) is a class of foliations
described by the nonlinear PDE in question—the compatibility condition of (4.2).
O
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Ezample 7. The sine-Gordon equation
(4.13) Uy = Sinu

is the compatibility condition for the sl(2, R)-linear system

1 0 4+ Uy
Vo = = V,
v 2(n—uz 0 > ’
1 .
(4.19) v, = _(smu co'su>v’
2n \cosu —sinu

where n # 0 is a free parameter, and describes the class of foliations on a pseudo-
spherical surface defined by

0
(4.15) Oq = P _ p® —q°
p
with
1 1
(4.16) u = —arccot %, pP=—"uyg, q = —ug cot u.

This example first appeared in [9], as mentioned in the introduction.

Ezample 8. Just like the sine-Gordon equation, every other equation in the sine-
Gordon hierarchy is the compatibility condition for an sl(2, R)-linear system (4.2)
satisfying (4.3) and (4.4), so it describes a class of foliations on a pseudo-spherical
surface.

Next, assume that the equation (4.1) is the compatibility condition for an
su(2)-linear system

W, ®(u, )W,
(4.17) W, = U(u,ug, .y Ugq) W

of the form (2.20), i.e.,

1 0 B+ iy 1 iA B +iC
N - \IJ = -
(4.18) @ 2 (—[3 + iy 0 ) and 2 (—B +iC  —iA )’

where 3,7, A, B and C are smooth functions. Similar to Theorem 4.1, we have
the following result.

Theorem 4.2. A nonlinear partial differential equation uze = F(u, Ug, ..., Ugz)
describes a class of foliations on a spherical surface via an su(2)-linear system
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(4.17) for it satisfying (4.18) if and only if

¥ (ta)
Blun) # constant,
0 —y(ug)B(u, g, ..., Ug..g) + B(uz)C(Uy Uy, ooy U i)
@19 5 Bluww) Aty 1) #0.

Ezample 9. The sine-Gordon equation (4.13) is the compatibility condition for
the su(2)-linear system

W, =§< 0 "_iu””>W,

-1 — lug 0
49 W, =1 —isinu —cosu W
(420) ! 2n ( cosu  isinu )’

where 1 # 0 is a free parameter, and the class of foliations on a spherical surface
yielded by Theorem 4.2 for the sine-Gordon equation via (4.20) is (4.15) together
with the relations in (4.16). This example first appeared in [9], as mentioned in
the introduction.

Ezample 10. Just like the sine-Gordon equation, every other equation in the sine-
Gordon hierarchy is the compatibility condition for an su(2)-linear system (4.17)
satisfying (4.18) and (4.19), so it describes a class of foliations on a spherical
surface.

5. SOME EQUATIONS F(u, Uy, Ut, Uyt) = 0 DESCRIBING FOLIATIONS

The sinh-Gordon equation

(5.1) Uz = sinhu
is the compatibility condition for the sl(2, R)-linear system
1 0 et
V. = — V,
‘ 2 <e‘“ 0)
1fu 7
2 Vi = = V.
(5:2) ! 2 (77 —ut)

However, Theorem 4.1 does not apply to the sinh-Gordon equation via (5.2).
(Even though the imaginary solutions of the sinh-Gordon equation correspond to
the real solutions of the sine-Gordon equation, here we are considering real solu-
tions of the sinh-Gordon equation.) For this kind of cases, we have the following
result.
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Theorem 5.1. A nonlinear partial differential equation uzs = F(u,uy,us) de-
scribes a class of foliations on a pseudo-spherical surface via an sl(2,R)-linear

system
_ 100 B
Y2 =3 <7(U) 0 )V’

_ l A(uaut) B(uvut)
(5.3) i = 2 (C(u,ut) ~A(u, ut)) v
for it if and only if
Bu) +~(w)

i —7(U)B(u) ut) + ,B(u)C(u, ut)
Ous  (B(u) +7(u)Alu, ue)

The main idea in the proof of Theorem 5.1 is also the same as that in the proof
of Theorems 3.1. However, since the general procedures for computing the classes

of foliations produced are still quite different, the corresponding part of the proof
of Theorem 4.1.

# constant,

(5.4)

£0.

ProOF. For a general solution u, define a metric on its domain by specifying an
orthonormal frame field {e1,e2} via

o Blu) +(u) 0  B(u,u) +Clu,u)
(55) a = B e, a = B e + A(U,Ut)ez,

then the corresponding orthonormal coframe field {wy, w2} is given by

_ Bl +(w) 4, B, ur) + C(u, ug)

{5.6) w1 3 5 dt, we = Alu, u)dt.
The corresponding connection form of the metric is wy2 = pw1 + qwo with
B+ —-vB 4+ 8C
5.7 p= and g= ————.
(5:7) B+ B+7)A

By (5.7), our assumptions in (5.4), and the Inverse Function Theorem, there exist
smooth functions f and g such that

(5.8) u=f(p) and  u=g(p,q)
Hence, (5.5) becomes

5.9) i—~()e -‘3——~( Yer+4(p,q)e
( - 81:_ap 1 Bt_’yp’q 1 p,q)€2,
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where

(5.10) ap) = B(f(p))-;v(f(p)),

(5.11) 5(p,q) = B(f(p),g(p,q));C(f(p),g(p,q)),
(5.12) s(p,0) = Alf(p),9(p,))-
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Thus, by (5.8) and the second equation of (5.9), the foliation consisting of the

z-lines satisfies

(5.13) #'(p)(3(p, 9)81p + 8(p, 9)32p) = g(p, q).

As in the proof of Theorem 3.1 again, we can show that (5.13) is a class of

foliations described by the nonlinear PDE in question—the compatibility condition

O

of (5.2).
Ezample 11. By (5.2) and Theorem 5.1, the sinh-Gordon equation (5.1) describes
the class

Oop — g0

pP-1
of foliations on a pseudo-spherical surface with

tanh
(5.15) u = —arctanh p, p = —tanhu, q= i E:Ln u
t

The following result is similar to Theorem 5.1.

Theorem 5.2. A nonlinear partial differential equation wu.y = F(u,ug,us) de-

scribes a class of foliations on a spherical surface via an su(2)-linear system

_ 1 0 B(u) + iy(u)
We = 5 (om0 )W
1 1A(u, uyt) B(u, ut) + iC(u, ut)
(5.16) W = 2 (—B(u, uy) + 1C(u, ug) —iA(u, u) ) w
for it if and only if
M onsta
Bu) # constant,

0 —y(w)B(u,ur) + B(u)C(u, us)

(5:17) B Bu) Alu, ur)

# 0.



84

HONGYOU WU

REFERENCES

[1] F. Calogero & A. Degasperis: Reduction technique for matriz nonlinear evolution equations

solvable by the spectral transform. J. Math. Phys. 22 (1981), 23-31.

[2] S.-S. Chern & K. Tenenblat: Foliations on a surface of constant curvature and the modified

Korteweg-de Vries equations. J. Diff. Geom. 16 (1981), 347-349.

[3] S.-S. Chern & K. Tenenblat: Pseudospherical surfaces and evolution equations. Stud. Appl.

Math. 74 (1986), 55-83.

[4] A. S. Fokas: A symmetry approach to exactly solvable evolution equations. J. Math. Phys.

21 (1980), 1318-1325.

[5] P. Han & S.-Y. Lou: The symmetry algebra of the Kaup- Kupershmidt equation. Acta Phys.

Sinica 43 (1994), 1041-1049.

[6] N. A. Kudryashov: Truncated expansions and nonlinear integrable partial differential equa-

tions. Phys. Lett. A178 (1993}, 99-104.

[7] U. Pinkall: Hamiltonian flows on the space of star-shaped curves. Results in Math. 27

(1995), 328-332.

[8] K. Sawada & T. Kotera: A method for finding N-soliton solutions of the KdV equation

and KdV-like equations. Progr. Theoret. Phys. 51 (1974), 1355-1367.

[9] C. Tian: Foliation on a surface of constant curvature and some nonlinear evolution equa-

(10]

tions. Chinese Ann. Math. 9B (1988), 118-122.

H. Wu: Weingarten surfaces and nonlinear partial differential equations. Ann. Global Anal.
Geom., 11 (1993), 49-64.

{11) H. Wu: On Bicklund transformations for nonlinear partial differential equations. J. Math.

Anal. Appl., 192 (1995), 151-179.
Received August 31, 1996

DEPARTMENT OF MATHEMATICS, NORTHERN ILLINOIS UNIVERSITY, DEKALB, IL 60115, USA
E-mail address: wu@math.niu.edu



