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ABSTRACT. We consider a function U = e~fo H;’:I fja] on a real affine
space, here fo,.., fp are linear functions, oy, ..., ap complex numbers. The
zeros of the functions fy,..., fp form an arrangement of hyperplanes in the
affine space. We study the period matrix of the hypergeometric integrals
associated with the arrangement and the function U and compute its de-
terminant as an alternating product of gamma functions and critical points
of the functions fo,..., fp with respect to the arrangement. In the sim-
plest example, p = 1, fo = f1 = ¢, the determinant formula takes the form
Jo° et t*~ 1 dt = I'(r). We also give a determinant formula for Selberg type
exponential integrals. In this case the arrangements of hyperplanes is spe-
cial and admits a symmetry group, the period matrix is decomposed into
blocks corresponding to different representations of the symmetry group on
the space of the hypergeometric integrals associated with the arrangement.
We compute the determinant of the block corresponding to the trivial rep-
resentation.

1. INTRODUCTION
The Euler beta function is an alternating product of Euler gamma functions,
['(a) T(B)
1 B(a,p) = ——
0 @8) = Tt g
where the Euler gamma and beta functions are defined by

(2) P(Ct) = /Ooo o1 et dt, B(a’ﬁ) — /1 -1 (1 . t)ﬁ_l dt.

0
There is a generalization of formula (1) to the case of an arrangement of hyper-
planes in an affine space, see [V1, V2, DT].
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Example. Consider an arrangement of three points z1, 23, 23 in a line. The
point z; is the zero of the function f; =t — z;. Set

Al = [21,22], Al = [z2,23],
Ua = (t = 21) (t — 22)°2(t — 23),
wp = aandt/(t—zl), wo = OQUadt/(t——Zz),

det(/ wj) _ Flog + 1) T(ae + DT {ag + 1) Hfal
A, Moy +ag+ag+1) i

In this paper we describe a generalization of the first formula in (2) to the case
of an arrangement of hyperplanes in an affine space.

Example. Consider an arrangement of two points z;,2; in a line. Let f; =
t—zj. Set

then

Al = [21,22], Az = [Z2,00],
Ua = (t - Zl)at1 (t - 22)a2’
w1 = a1Uqdt/(t — z1), we = agaUydt/(t — 22).

Let a be a positive number. Then

det(/ e‘“twj) = (g + (g + 1) e a(:1F22) g=(entaz) Hfiai(zj).

A, oy

i#j
The determinant formulas are useful, in particular in applications to the Knizh-
nik-Zamolodchikov type of differential equations when a determinant formula al-
lows one to conclude that a set of solutions to the equation given by suitable
multidimensional hypergeometric integrals forms a basis of solutions, cf. [SV],

[TV], [V3], see also [L], [LS], [V4], [V5].

The paper is organized as follows. Sections 2 — 5 contain definitions of the
main objects: arrangements, critical values, and hypergeometric period matrices.
The main result of the paper is Theorem 6.2. The proofs of all statements are
presented in Section 7. In Sections 8 and 9 we discuss two determinant formulas
for Selberg type integrals. In this case the configuration of hyperplanes is special
and admits a symmetry group. The symmetry group acts on the domains of the
configuration and on the hypergeometric differential forms associated with the
configuration. Therefore the period matrix of the configuration ( f, N w; ) splits
into blocks according to different representations of the symmetry group. We
compute the determinant of the block corresponding to the trivial representation.
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2. ARRANGEMENTS

In this section we review results from [FT] and [V1].

2.1. Let fi,..., fp be linear polynomials on a real affine space V. Let I de-
note {1,...,p} and let A be the arrangement {H,};c;, where H; = ker f; is the
hyperplane defined by f;.

An edge of A is a nonempty intersection of some of its hyperplanes. A vertez
is a 0-dimensional edge. Let L{A) denote the set of all edges.

An arrangement A is said to be essential if it has vertices. Until the end of
this paper we suppose that A is essential.

An arrangement A is said to be in general position if, for all subarrangements
{Hi,, -+ ,H; } of A, we have codim(H;; N---NH,; )=k ifl <k <dimV and
H.Nn---NH;, =0ifk>dimV.

Let

(3) M(A) =V — UierH;.

The topological space M(A) has finitely many connected components, which
are called domains. Domains are open polyhedra, not necessary bounded. Their
faces are precisely the domains of the arrangements induced by A on the edges
of A. More generally, in any subspace U C V' the arrangement A cuts out a new
arrangement Ay consisting of the hyperplanes {H; NU |H; € A, U ¢ H;}. Ay
is called a section of the arrangement. For every edge F of A the domains of the
section Ap are called the faces of the arrangement A.

Let F be an edge of A and I(F) the set of all indices ¢ for which F' € H;. The
arrangement AF in V consisting of the hyperplanes {H;|H; € A, i € I(F)}, is
called the localization of the arrangement at the edge F'.

Every edge F of codimension [ is associated to an arrangement in an
(I — 1)-dimensional projective space. Namely, let L be a normal subspace to F'
of the complementary dimension. Consider the localization at this edge and its
section by the normal subspace. All of the hyperplanes of the resulting arrange-
ment (AF); pass through the point v = F N L. We consider the arrangement
which (AF)r induces in the tangent space T, L. It determines an arrangement
in the projectivization of the tangent space, which is called the projective normal
arrangement and denoted PAF. The arrangements corresponding to different
normal subspaces are naturally isomorphic.

A face of an arrangement is said to be bounded relative to a hyperplane if the
closure of the face does not intersect the hyperplane. It is known [V1, Theorem
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1.5) that if A = {H,},cs is an arrangement in a real projective space, then the
number of domains bounded with respect to H; does not depend on ¢. This
number is called the discrete length of the arrangement. The discrete length of
the empty arrangement is set to be equal to 1.

Let F be an edge of an arrangement A in a projective space. The discrete
length of the edge is defined as the discrete length of the arrangement Ap; the
discrete width of the edge is the discrete length of the arrangement PAF; and
the discrete volume of the edge is the product of its discrete length and discrete
width. These numbers are denoted I(F'), s(F), and vol(F}, respectively.

If F is a k—dimensional edge of an arrangement A in an affine space, then its
discrete length is the number of bounded k-dimensional faces of the arrangement
Ap. Its discrete width is the discrete length of the arrangement PAF, and its
discrete volume is the product of its discrete length and discrete width.

Another more invariant definition of the above quantities could be given as
follows (see [OT]). Consider the complexification and then the projectivization
of the affine space V. Denote it PV. Let H; = {f; = 0};¢; be hyperplanes in
PV, H, the infinite hyperplane and A the arrangement in PV defined by all
these hyperplanes. Let x(A) denote the Euler characteristic of PV — U, 7H;,
where I = 1,... ,p,00. If F' is an edge of A, then

UF) =Ix(Ap)l, s(F)=Ix(PAT)|, wvol(F)=I(F)s(F).

2.2. The beta-function of an arrangement. An arrangement is called weight-
ed if a complex number is assigned to every hyperplane of the arrangement. The
complex numbers are called weights. The weight of a hyperplane H; is denoted
;.

The weight of an edge F of a weighted arrangement is the sum, a(F), of the
weights of the hyperplanes which contain F.

Let A be a weighted arrangement in an affine space V. Make V into a projective
space by adding the hyperplane H,, at infinity: V = V U Hy. Foralli € I
denote H; the projective closure of H; in V. Let A = {H,}icr U{Ho} be the
corresponding projective arrangement in V. The arrangement A is called the
projectivization of A. Set an, = —(a1 + -+ + @,). Let L_ denote the set of all
edges at infinity of the arrangement A and L, the set consisting of all the other
edges.

Definition 1. (i) Let the weights o,...,a, of the hyperplanes be complex
numbers with positive real part. The beta—function of an affine arrangement A
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is defined by
B(4;0) = [] T(aF)+1)""/ [ T(—alF)+ 1),
FelLy FeL_

(i) In addition, let Hy be a hyperplane in V and Hy its closure in V. The

beta-function of an affine arrangement A relative to the hyperplane Hy is defined
by

BlaiasHo) = [] Ta(®)+ 1™/ [ T(-a(F)+1o.
Fely FeL_,FCH,
EXAMPLE. Let n = dim V. For an arrangement A of p hyperplanes in general
position the above formulas take the form

Tlon +1)...T(ap+ 1))(5:21).
T(ag + - +ap+1) ;

Bl4i0) = (

B(A;a; fo) = (Den + 1)... T(ay +1))(i-2)

2.3. Trace of an arrangement at infinity relative to a hyperplane. As-
sume that an additional non-constant linear function fo on V is given. Denote
the hyperplane {fo = 0} by Hp.

Let A be an affine arrangement in the affine space V . Consider the projec-
tivized arrangement A in V and its section Ay . The intersection of A with the
affine space W = Hy, — Ho N Hy, is called the trace of the arrangement A at
infinity relative to the hyperplane Hy and is denoted tr(A)q,-

Lemma 2.1. If the affine arrangement A is given by the linear functions { fi}icr
on V', then the affine arrangement tr(A)n, is given by the linear functions {h; =
211815 € Iy f21 19 # const} on W, where f? denotes the homogeneous part of
fi

3. PROPERTIES OF AN ARRANGEMENT

In this section we examine the properties of the unbounded domains of an
arrangement A on which an additional linear function fy tends to +oo.

Let A be an arrangement in an affine space V. Consider its projectivization
A in the projective space V. Let A be an unbounded face of the arrangement A.
Take the closure A of A in V. Consider the intersection AN Hy,. It is a union of
faces of the arrangement Ag_ . There is a unique one of highest dimension. We
call it the trace of A at infinity and denote tr(A).
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An unbounded face A of A is called a growing face with respect to fo if fo(zx)
tends to 400 whenever x tends to infinity in A. A face at infinity ¥ is called a
bounded face at infinity with respect to fo if ¥ N Hy is empty. In other words,
¥ is a bounded face at infinity if and only if it is a bounded face of the affine
arrangement tr(A) g, .

If ¥ is a face of A, denote F; the unique edge of the smallest dimension which
contains ¥. Define the discrete length, the discrete width and the volume of the
face as the same quantities for the corresponding edge.

Theorem 3.1. The trace map from the unbounded faces of A to the faces of A
in Hoo has the following properties:

(i) The trace of a growing face is a bounded face at infinity.

(i) For any bounded face at infinity, X, there exist ezactly s(X) growing do-
mains with trace ¥, where s(X) denotes the discrete width of this face.

(ii1) The number of growing domains of A is equal to the sum of the volumes
of all edges of A at infinity which do not lie in Hy:

# growing domains = Z vol(F').
FCHo, FZHo

Theorem 3.1 is proved in Section 7.1

4. CRITICAL VALUES

The aim of this section is to define the critical values of the functions
..., fp” on the bounded domains of an arrangement A and the critical values
of the same functions, with respect to an additional linear function f;, on the
bounded and growing domains of A.

Let an arrangement A be given by linear functions {f;}icr and let oo = {; }ies
be a corresponding set of weights.

For every i € I, a face of the arrangement A on which f; is constant is called a
critical face with respect to f; and the value of f; on that face is called a critical
value. In particular, each vertex is a critical face for every function f;.

Assume that a function |f;] is bounded on a face ¥ of A. The subset of ¥ on
which | f;| attains its maximum is a union of critical faces. Among them, there is
a unique one of highest dimension. It is called the ezternal support of the face ¥
with respect to f;.

Denote Ch(A) the set of all bounded domains of A. Let 8(A4) = |Ch(A)|.
Enumerate the bounded domains by numbers 1,... ,3(A). For every ¢ € I and
j € {1,...,B(A)}, choose a branch of the multi-valued function f** on the



THE DETERMINANT OF A HYPERGEOMETRIC PERIOD MATRIX 203

domain A; and denote it g; ;. Let X, ; be the external support of A; with respect
to f;. Define the extremal critical value of the chosen branch g;; on A; as the

number ¢(g;,j, A;) = ¢.;(E; ;). Denote c(4; ) the product of all extremal critical
values of the chosen branches,

B(A)
c(4;0) = [] T1elgis,49)-
j=1iel

Assume that an additional non-constant linear function fy on V is given. Let
A be bounded or growing domain of A. Then fj is bounded from below on A.
The subset of A on which e~fo attains its maximum coincides with the subset
of A where fy attains its minimum. This subset has a unique face of highest
dimension; it is called the support face of fo on A and denoted ¥ A. Define the
extremal critical value of e~/ on A as the number c(e™ /0, A) = e~ fo(Ta),

Denote Ch(A4; fo) the set of all bounded or growing domains of A. Let v(A) =
|Ch(4; fo)|. Enumerate these domains by numbers 1,... ,v(A). For every i € I
and j € {1,...,7(A)}, choose a branch of the multi-valued function f* on the
domain A; and denote it g; ;. Assume that |f;| is bounded on A;. Let X, ;
be the external support of A; with respect to f;. Define the extremal crit-
ical value of the chosen branch g; ; on A; with respect to fy as the number
c(gi;>Aj, fo) = 9i,;(X: ;). Notice that, if A; is a bounded domain of A, then
(9.3, 8;) = &(9i.5> B> fo)-

Now assume that |f;| is unbounded on A;. Thus, A; is a growing domain of
A and tr(A;) is a bounded face of tr(A)g,. Denote M = fo(¥a,). Consider the
rational function l; = fi/(fo — M) on A;. Notice that f;‘tr(Aj) coincides with
the restriction of the linear function h; = f°/fJ to the same set tr(A;). Since
the sign of f; on A; is the same as the sign of f; on A; we can choose a branch of
i on A which has the same argument as g; ; and denote it g; ;. Let ¥; be the
external support of tr(A;) with respect to h; in the affine arrangement tr(A)g,.
Define the the eztremal critical value of the chosen branch g; ; on A; with respect
to fo as the number ¢(g; ;, A, fo) = gi,;(%;)-

Denote c(4; a; fo) the product of all extremal critical values with respect to fo
of the chosen branches,

~v(A)
(A fo) = [] (e‘f‘)(m]’)Hc(gimAjafO))'

j=1 i€l
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5. HYPERGEOMETRIC PERIOD MATRIX

5.1. Onbc-bases. Let A be an essential arrangement in an n—dimensional real
affine space V. Define a linear order < in A putting H; < H; if i < j. A
subset {H;};cs of A is called dependent if N;c 7 H; # § and codim (N;e s H;) < |J).
A subset of A which has nonempty intersection and is not dependent is called
independent. Maximal independent sets are called bases. An intersection of a
basis defines a vertex.

A k-tuple S = (Hy, -, Hy) is called a circuit if (Hy, - - - , Hy) is dependent and
if for each {, 1 <1 < k, the (k — 1)-tuple (Hy,--- ,ﬁl, -+« , Hy) is independent. A
k-tuple S is called a broken circuit if there exists H < min(S) such that {H}US
is a circuit, where min(S) denotes the minimal element of S for <.

The collection of subsets of A having nonempty intersection and containing no
broken circuits is denoted BC. BC consists of independent sets. Maximal (with
respect to inclusion) elements of BC are bases of A called nbc-bases. Recall that
n is the dimension of the affine space.

An nbce-basis B = (H;,,--- , H;,) is called ordered if H;, < H;, < --- < H;,.
The set of all ordered nbe-bases of A is denoted nbe(A)

A basis B is called a Snbc—basis if B is an nbc-basis and if

(4) VH € B3H' < Hsuchthat (B — {H}) U {H'}isabase.

Denote Bnbc(A) the set of all ordered fgnbe-bases. Put the lexicographic order
on fnbc(A)
The definition and basic properties of the fnbc-bases are due to Ziegler [Z].

For a basis B = (H;,, -+, H; ), let F; = ﬂZ:jHHik for 0 < j <n—1and
F,=V. Then £§(B) = (Fp C Fy C --- C F,,) is a flag of affine subspaces of V
with dim F; = j (0 < j < n). This flag is called the flag associated with B.

For an edge F of A, remember that I(F) = {i € I | F C H;}. Introduce a
differential one-form

wa(F,A): Z aidf—'ﬁ.
i€I(F) ‘

For a basis B = (H;,,--- ,H; ), let &(B) = (Fy C F;y C --- C Fy) be the
associated flag. Introduce a differential n—form Z(B,A) = wa(Fo,A) A -+ A
wa(Fn_l,A).
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If ,Ban(A) = {Bl, s 7Bﬁ(A)} and (Z’)]' = ¢J(A) = E(BJ,A) for
7 €{1,...,8(A)}, define

(5) Q(A) ={o1, -~ , s }-
EXAMPLE. For an arrangement A of p hyperplanes in general position, the set
Bnbc(A) coincides with the set {(H;,,... ,H; )|2 <1 <--- <1i, < p}. The lat-

ter corresponds to all vertices of A away from the hyperplane H;. The differential
n—forms are
fi

®(A4) = {a, ...aindfil Ao AR |2< iy <o < 4y < p)

f‘i1 f’in

5.2. The definition of the hypergeometric period matrix. Let £ = (F C

Fic-.-CF,)beaflagofedgesof Awithdim F; =4 (:=0,... ,n—-1; F, = V).

Let A be a domain of A and A its closure in V. We say that the flag is adjacent

to the domain if dim(F; N A) =i fori=0,...,n.

The following proposition from [DT, Proposition 3.1.2] allows us to enumerate

the bounded domains of a configuration A by means of Snbc(A).

Proposition 5.1. There ezists a unique bijection
C : fnbc(4A) — Ch(A)

such that for any B € fnbc(A), the associated flag £(B) is adjacent to the bounded
domain C(B).

Let ¢t > 0 be a number which is larger than the maximum of fy on the closure of
any bounded domain of A. Then the hyperplane H; = {fo = ¢} does not intersect
the bounded domains of A. Consider the affine arrangement A, = AU {H;}. The
set of its bounded domains consists of two disjoint subsets: the first is the subset
of all bounded domains of A; the second is formed by the domains of A, which are
intersections of unbounded domains of A and the half-space { fo < t}. Notice that
the intersection of an unbounded domain A of A and the half-space {fy < t} is
nonempty and bounded if and only if A is a growing domain. Thus 5(4;) = v(4).

Define an order < on A; as H, < Hy < ... < Hp. Consider the set Snbc(A)
with respect to this order. If B € Snbc(A;), then H, ¢ B because of condition (4)
and the minimality of H; with respect to the order <. This observation implies
that Snbc(A;) and ®(A;) do not depend on t. Denote them Gnbc(4; fy) and
®(A; fo) respectively. Notice that Snbc(A4) and ®(A) are subsets of Snbc(A4; fo)
and ®(A; fo) respectively because the order on A is a restriction of the order
on A; to its subset A and because of condition (4). We also have an analog of
Proposition 5.1.
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Proposition 5.2. There ezists a unique bijection
C : fnbe(4; fo) — Ch(4; fo)

such that for any B € fnbc(A4; fo), the associated flag £(B) is adjacent to the
domain C(B). Moreover, Clgabe(a) = C.

Let the set Bnbc(A4; fo) = {Bi1,...,B,} be lexicographically ordered as in
section 5.1. For i = 1,... ,7, define a domain A; € Ch(4; fo) by A; = C(B)).
This gives us an order on the set of the growing and bounded domains of A. The
order is called the Snbc-order.

We give an orientation to each domain A € Ch(4; fy) as follows. Let A = C(B)
with B € fnbc(A4; fo). Let £(B) = (Fo € F1 C -+ C F,) be the associated flag.
The flag £(B) is adjacent to the domain B and defines its intrinsic orientation
[V2, 6.2]. The intrinsic orientation is defined by the unique orthonormal frame
{e1,...,en} such that each e; is a unit vector originating from the point Fy in
the direction of F; N A.

Let 3 = B(A). Assume that Ch(A) = {Ay,... ,Ag} is the Snbc-ordered set of
the bounded domains of A and ®(A) = {¢1,... , ¢} is the Gnbc-ordered set of
differential n—forms constructed in Section 5.1. Assume that the weights {a; }ier
have positive real parts. For every : € I and j € {1,...,3}, choose a branch
of f** on the domain A; and the intrinsic orientation of the domain A;. Let
Uy = fi* -+ fp®. The choice of branches of the functions f** on all bounded
domains defines a choice of branches of the function U, on all bounded domains.
Define the hypergeometric period matriz by

B
(© PM(4;) = [ /. ansk}

7 k,j=1

Since Re ; > 0, all elements of the period matrix are well defined.

Let v = v(A). Let Ch(4;fo) = {A1,...,A,} be the fnbc-ordered set of
the bounded and growing domains of A and let ®(4; fo) = {#1,... , ¢~} be the
Bnbe-ordered set of differential n—forms constructed in Section 5.2. Assume that
the weights {a; };cs have positive real parts. For every i € I and j € {1,... ,7},
choose a branch of f* on the domain A; and the intrinsic orientation of each
domain A;. The choice of branches of the functions f;** on all bounded and
growing domains defines a choice of branches of the function U, on all bounded
and growing domains. Define the hypergeometric period matriz with respect to fo
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by
Y

(7) PM(4; o5 fo) = l/A e Uy

J

k,j=1
Since Rea; > 0 and fy tends to +oco on the growing domains of A, all elements
of the period matrix are well defined.

6. THE MAIN THEOREM
In [DT], Douai and Terao proved the following theorem, cf. also [V1,V2].

Theorem 6.1. Let A be a weighted arrangement given by functions {f;};c; and
weights o = {a;}ier such that Rea; > 0 for all i € I. Fiz branches of the
multivalued functions {f },e1 on all bounded domains of A. Then

(8) det PM(4; o) = c(A; a) B(4; a).
The main result of this paper is the following theorem.

Theorem 6.2. Let A be a weighted arrangement given by functions {f;}icr and
weights o = {;};er such that Rea; > 0 for all i € I. Let an additional non-
constant linear function fo be given. Denote Hy the hyperplane {fo = 0}. Fiz

branches of the multivalued functions {f7*},c1 on all bounded and growing do-
mains of A. Then

(9) det PM(4; ; fo) = c(A; o; fo) B(A; o; Hy).

We will deduce this formula for the determinant of the period matrix with
respect to fyp from Theorem 6.1 by passing to a limit.

7. PROOFS

7.1. Proof of Theorem 3.1.

Lemma 7.1. Let A be a growing face. Then tr(A)YN Hy = B, i.e. tr(A) is a
bounded face at infinity.

PRrROOF. Let zg,...,z,_1 be affine coordinates on V such that fo(z) = zg. Let
(to : t1 : --- : t,) be the corresponding projective coordinates in V: {z; =
ti/ta}o). Let A be a growing face. Assume that tr(A) N Hy # @ and P =
(po : p1 ¢ -+ : D) is a point of this intersection. Thus, pg = p, = 0. Let
Q =1(q :q1: - :qy,) be any point inside A. Thus g, # 0. Since A is a closed
polyhedron in V it contains the segment PQ. This segment is parametrized by
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the points Py = (Apg+ (1 — N)go : Ap1 + {1 — N)q1 : -+ : App + (1 — A)gy,), for
A € ]0,1]. The point Py tends to P € H,, when A+ 1. We have
Apo+(1-XNgo _ o
fo(P\) = ——————"— = = = constant.
( ) )‘pn + (1 - )‘)(In qn
This contradicts to the assumption that A is a growing face. So tr(A) N Hy = 0.
Part (¢) of Theorem 3.1 is proved. O

Lemma 7.2. Let A be an unbounded domain of A. Let tr(A) be a bounded face
at infinity with respect to fo. Let fo be unbounded on AN{fy > 0}. Then A is a
growing domain of A.

PROOF. Since tr(A) is bounded at infinity, we have AN H,, N Hy = 0. For a real
t, let H; = {fo = t}. Then

(10) ANH.NH, =0.

Let {z;}5°, be a sequence of points in A such that z; tends to co when i — occ.
Choose a positive T. Assume that T is larger than the supremum of fy on all
bounded domains of A. Consider the arrangement Ay = AU{Hr}. Formula (10)
implies that Hr N A is a bounded domain of the section (Ar)py,. Since Ar is
essential, Proposition 9.9 [BBR] is applicable. It implies that there is a bounded
domain At of the arrangement Az, such that HrNA is a subset of the boundary
of Ar. This bounded domain must be A N{fy < T}, because of the choice of T'.

Since A7 is bounded, there exists a positive integer Np such that for every
integer n > Np we have z, € A — Ar. Since A — Ar = AN{fy > T}, we have
fo(zn) > T for all n > Nr. This proves that A is a growing domain. O

Lemma 7.3. For any bounded face at infinity, 3, there exist exactly s(X) growing
domains with trace 3, where s(X) denotes the discrete width of this face.

PROOF. Let ¥ be a bounded face at infinity of codimension k. Choose projective
coordinates (to : t; : ---: t,) on V such that Hy = {tc = 0}, Ho = {t, = 0}, and
Fyisgivenby ¢t =--- =t =1t, =0.

Let v be a point in ¥ and B an open ball around v. If the ball is sufficiently
small, then the domains of A which intersect B are precisely those for which v
belongs to their closure in V and the hyperplanes of A which intersect B are
exactly those belonging to A" Local affine coordinates on B are given by
{y; = ti/to}",. Since Fx is given by the equations y; = -+ = yx—1 = Yy, = 0,
the subspace L through v spanned by the coordinate vectors e;,... ,ex_1,en is a
normal subspace to Fx. Then the number of open domains in B is equal to the
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number of open domains of the arrangement induced in the tangent space T, L
by the arrangement 4™ On B the function fo has the form fo(y) = 1/y,. We
are interested in the domains in B on which fy — 400 when y, — 0. So, on
this domains we must have y, > 0. If the codimension of ¥ in H, is 0, then the
number of such domains is equal to 1, which is exactly the discrete width of the
empty configuration. Assume that the above codimension is positive. Then the
number of domains in B on which y, > 0 is equal to the number of the domains of
the projective normal arrangement PA . Finally, we want to count only those
domains for which ¥ is the only part of their closure in V, lying in Ho,. Thus,
they are the projective domains away from the hyperplane y, = 0. Their number
is equal to the discrete length of PA™. By definition this number is equal to the
discrete width of ¥. Lemma 7.2 implies that the corresponding domains of A are
growing. O

Lemma 7.4. The number of growing domains of A is equal to the sum of the
volumes of all edges of A at infinity which do not lie in Hy.

PRrROOF. Let F be an edge at infinity with non-zero volume which do not lie in
H,y. Then, by definition, there are exactly I(F) bounded faces at infinity which
generate F. For each of them, 3, there exist exactly s(F) growing domains of
A with trace . Thus there exist exactly vol(F) = I(F)s(F) growing domains
whose traces generate I'. Finally, in order to count all growing domains of A, we
have to sum over all edges at infinity which have non-zero volume and do not lie
in Hy. Theorem 3.1 is proved. O

7.2. Asymptotic behavior of critical values. Let A be an arrangement in
the affine space V. Let fy be an additional non—constant linear function on V.
Define f; = 1— 1%1 and H; = {f; = 0}. Consider a new weighted arrangement A, =
AU {H;} where we assume that the weight of H; is equal to ¢. For a sufficiently
big t, the hyperplane H; intersects only some of the unbounded domains of the
arrangement A. Moreover, the intersection creates a new bounded domain if and
only if the intersected domain is a growing one. So if A is a growing domain,
we will denote the corresponding bounded domain of A; by A, and will call it
a growing bounded domain. If A is a bounded domain of A, then it is also a
bounded domain of A;. This correspondence between the bounded domains of A,
and the bounded or growing domains of A is a bijection.
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Lemma 7.5. Let A be a bounded domain of the arrangement A;. Let A be the
corresponding bounded or growing domain of A. Ift > 0 and (1— fo/t) is positive
on A¢ choose the positive branch g, of (1 — fo/t)t on A;.

Then the external support of Ay with respect to f; is a face of the arrangement
A. For every big enough t this external support coincides with the support face,
XA, of fo on A. Moreover, limy,, o ¢(gs, A¢) = e~ Ffo(Fa),

PrOOF. For a fixed t, the external support of A; with respect to f; lies outside
H;. Thus, it is a face of the arrangement A.

The set of all critical faces of A with respect to fy is finite. Let M be the
maximum of fy on this set. Assume that ¢ > M. Then all bounded domains of
A; lie inside the positive half-space with respect to f;. Let f; = 1 — fo/t attains
its maximum on a critical face £a of A;. This is equivalent to the condition that
fo attains its minimum on the same face. So ¥ o is the support face of A with
respect to fg. On the other side, it is the external support of A; with respect to

ft- Hence
t
m (1 _ fO(EA)) — e—fo(EA)_

tl:-i—moo C(gt, At) - tl)l—f—oo t

[

Lemma 7.6. Let the hyperplane H = {f = 0} belongs to the arrangement A. Let
A be a growing domain of A and A; the corresponding growing bounded domain
of As. Let |f| be unbounded on the growing domain A.

Then there exists a unique face ¥ of highest dimension, belonging to the closure
of A, such that for every big enough t, the external support of the face A, with
respect to f is Ly = LN A;. Moreover, tr(X) is the external support of tr(A) with
respect to h in the affine space W = Hoo—HoNHy,, where h = f0/f§. The asymp-
totic behavior of f(X:) whent tends to +oo is given by f(2;) = h(tr(X))t(1+0(1)).

PROOF. The set of critical faces with respect to f of the arrangement A is finite.
|f] is bounded on this set. Since |f| is unbounded on A the external support of
A; with respect to f lies on H, for ¢ big enough.

Let 3;, be a critical face of A, which lies on Hy, for some t; fixed. Then
¥, = Hy, NX, where ¥ is a face of A. Consider the face &, = H;NX of A, for an
arbitrary t. It is a critical face of A; because X, is parallel to ¥, and the latter
is parallel to H. Let us compute the asymptotic behavior of f(X;) when ¢ tends
to +oc.

Choose affine coordinates {z; ?:_01 in V such that fo(z) = zo. Let f = fO+b
be the sum of the homogeneous part of f and the constant term. Then f =
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zo(f°/0 + b/z0) = wo(f°/ f§ + b/x0). Since Hy = {zo = t}, F(Be) = t(h(Sy) +
b/t) = h(tr(X))t(1 + o(1)).

Let %' be the external support of ¢tr(A) relative to tr(H). Let ¥ is the face of
A for which ¥’ = tr(X). Then the previous computation shows that for every t
big enough ¥, is the external support of A; with respect to f. O

Corollary 7.7. Let the conditions be as in Lemma 7.6. In addition, assume that
« 15 a complexr number. Fiz a branch of f* on A and denote it g. Fiz a branch
of (f/fo)* on A as in Section 4 and denote it §. Fiz branches of t* and (1 +
0(1))* using the branch of the logarithm with zero argument. Then the asymptotic
behavior of c(g, A¢) when t tends to +oo is c(g, Ay) = c(g, A, fo)t*(1+ o(1)).

ProOF. Use the notation of the previous proof. Since c(g, A;)

= g(%¢), (g, A, fo) = §(tr(X)) and the arguments of g and § are the same on A,
the asymptotic formula for f implies the statement of the corollary. O

Lemma 7.8. Let the hyperplane H = {f = 0} belongs to the arrangement A. Let
o be a complex number. Let A be a growing domain of A and A, the corresponding
growing bounded domain of A;. Fix a branch of f* on A and denote it g. Then

|f| is bounded on A if and only if tr(A) C tr(H). The latter condition is
equivalent to the equation h(tr(A)) = 0 where h = fO/f is a linear function of
the arrangement tr(A)p,. Moreover, if |f| is bounded on A, then for every big
enough t, c(g, A¢) equals the constant c(g, A, fo).

PROOF. |f|is bounded on A if and only if A is placed between two hyperplanes
H’ and H” parallel to H. Denote the domain between these two hyperplanes by
D. Since A C D we have tr(A) C tr(D) = tr(H).

The reverse part is a consequence of Lemma 7.6.

Let ¥ be the external support of A with respect to f. Then for every big
enough £, ¢(g, A¢) = g(2). The latter equals c(g, A, fo). O

7.3. Proof of Theorem 6.2. We prove Theorem 6.2 applying Theorem 6.1 to
the arrangement A; and then passing to the limit when ¢ — +oo.
First study B(A; a,t).

Lemma 7.9. (i) The only factor in the numerator of B(A;; a,t) depending on t,
when t is big enough, is the factor corresponding to the edge H;. It contributes
D(t + 1)#, where # is the number of growing domains of A.

(i1) The factors in the denominator depending on t come from the edges at
infinity with non-zero volume which do not lie in Hy. Each of them, F', contributes
T(t+ 14 o/ (F))""F) | where o (F) = Y Hea FgH OH-
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(2ii) The asymptotic behavior of B(As; a,t) when t tends to +oc is given by
B(4sat) = B(AjesHo) [T e/ (1 4 0(1)).

FeL_;F¢Ho
PROOF. Recall that
B(Asa,t)= [ T(«F)+1)""F)) T] T(-a(F)+ 1)),
FelL,, FeL,.
Blsiasto) = T] Ta(F) + 0™/ T T(-a(k) + 1),
FeLy FeL_;FCH,

where L;_, L_ denote the set of all edges at infinity of the arrangements A, and
A, respectively, and L;;, L_ denote the set consisting of all the other edges of
the same arrangements.

(4} Since the only weight depending on ¢ corresponds to Hy, the factors in the
denominator that depend on ¢ correspond to the edges of A; lying in H;. If such
an edge F is a proper subspace of H;, then it is decomposable [STV, Section 2],
that is the localization of the arrangement A; at the edge F is a product of two
nonempty subarrangements where one of the subarrangements is equal to {H,}.
According to [STV, Proposition 7], the discrete width of a decomposable edge is
zero. Thus its discrete volume is zero.

The volume of Hy is the number of bounded domains of the section arrangement
(A¢)m, which is exactly the number of growing domains of the arrangement A.

(1) If F' is an edge at infinity of A¢, then a(F) = ~t=3",c; ap+Y yea,. peg @H-
The last sum depends on ¢t if and only if ZHeAt;Fcﬁ apg does not depend on ¢,
i.e. if and only if F ¢ H;. Since H, N Hoo = Ho N Hoo, the weight «(F) depends
on t if and only if F ¢ Hy. So a(F) = —t — o/(F). Notice that such an edge is
also an edge of the arrangement A.

(#é1) According to Theorem 3.1 the number of growing domains of the ar-
rangement A is equal to the sum of the volumes of all edges at infinity of the
arrangement A which do not lie in Hy. Thus the number of factors in the nu-
merator and in the denominator containing ¢ is equal. Sterling’s formula gives
us I'(t+1)/T(t+ 1+ a) = t7*(1 + o(1)) when ¢t tends to +oo. So we obtain the
required formula.

Now consider the limit of the product of the critical values, ¢(A¢; a,t). For
every i € I and every bounded or growing domain A of the arrangement A,
choose a branch of f** on A and denote it g; . This also fixes branches of f**
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on the bounded domains of A; independently on ¢. Notice that for every big
enough ¢, f; is positive on all bounded domains of the arrangement A;. Choose
the positive branch of (f;)! on this domains and denote it g;. O

Lemma 7.10. c¢(A; a,t) has the following asymptotic behavior when t tends to
+oo:

(Ao t) =c(Aies fo)  J[ NP1 +0(1)).
FeL_;F¢Ho

PrROOF.

C(At'a Q; t) = H <C(gt7 A) H c(gi,Av A)) = H C(gt’ A)

AECh(Ay) el AECh(A,)

H Hc(gi,A,A) (HHc(gi,A“At)>,

A€Ch(A) i€l A, i€l

—_
—
—

N
X

where A, in the last product ranges over the growing bounded domains of A;.

We are going to describe the asymptotic behavior of each of the three products
in formula (11).

Assume that A is a bounded domain of A;. Lemma 7.5 asserts that
Wime_, oo ¢{gs, A) = e~ Fol=ar) where A’ is the domain of A (bounded or growing)
which corresponds to the domain A of A; and YA/ is the support face of fy on
A

If A is a bounded domain of A and ¢ € I, then c(g;a,A) = c(gia, A, fo) by
definition.

Let A; be a growing bounded domain of A; and A the corresponding growing
domain of A. Let i € I. If tr(A) ¢ H;, then c(gi a,, At) = (g0, A, fo)t* (1 +
o(1)), by Corollary 7.7. If tr(A) C H;, then c(g; a,,At) = c(gin, A, fo) by
Lemma 7.8. Let F be an edge at infinity. Assume that F does not lie in Hy and
has a non-zero volume. According to Theorem 3.1, there exist exactly vol(F')
growing domains of the arrangement A, whose traces generate F'. Every term in
the last product of formula (11) depends on a growing bounded domain. Collect
all the terms such that the trace of the corresponding growing domain generates F.
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Then for the product of the chosen factors we have [] 5 For(ay=F [Lierclgia., A)

i

I  Ilca A, f) I I t~a+o)

A, Fioay=F i€l A, Fyray=F i, FgH;
’
= [I Ieas f [T #Pa+o)
A,FtT(A):F el AaFtr(A):F

= O o)) I [lelsia, b fo)

A, Ftr(A)zF el

Collecting the asymptotic behavior for the three products in (11), we obtain
the statement of the lemma.

PrROOF OF THEOREM 6.2: Apply formula (8) to the weighted arrangement
A;. Lemmas 7.9 and 7.10 show that the terms dependent on ¢ in the asymptotic
formulas for B(A;; o, t) and ¢(A¢; e, t) cancel out. Thus,
hm c(As; o, t)B(Ayg; a,t) = (A o; fo) B(A; a; Hy),

ts 4

which gives us the right hand side of formula (9).

Let us study the entries of the period matrix PM(4;; a, t):

PMg;(¢) fA ,t9K(At), where A; is a bounded domain of A; and ¢x(A4,) is
one of the n—forms constructed in Section 5.1. Remind that for a fixed k and a
big enough ¢, the form ¢x(A¢) is independent on t and equals ¢g(A4; fo). Since
Ust = (1 — fo/t)!Uq, we have limy,, 4 oo Uqt = e foU,.

Since A, is a bounded domain of Ay, there exists a unique bounded or grow-
ing domain, A, of A such that A; = AN {fo < t}. Extend f; as zero on
A — Aj. Then PMg;(t) = [u(fi)!Ua dk(4; fo). Since (fi)f < e7f on AN
{fo > 0}, Lebesgue’s convergence theorem is applicable and lim;, ;oo PMy ;(t) =
fa e oUa di(A; fo) = PMy j(A; ; fo). These limits give us limg, 1o PM(A¢; )
= PM(4; ¢; fo). Theorem 6.2 is proved.

8. DETERMINANT FORMULAS FOR SELBERG TYPE INTEGRALS

Let z; < -+ < 2, be real numbers. Let oy, ... ,ap,7 be complex numbers with
positive real parts. For t € R" define
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The branches of z** and z®7 are fixed by —7/2 < arg z < 37/2 for all s €
{1,...,p}.

Let Z8 = {l = (I1,...,l,) € Z°|l; > 0, Iy +--- 4+ I, = n}. For every
s € {1,...,p} denote I°* = 377 1 1;,1° =0. Let m € 2P and 5 € {1,...,p}.
Denote I'm,s the set of integers {m*~! 4+ 1,... ;m*} and d"t = dt; A ... A dt,.
Define the following n—forms

wm(tv z) = Z H H d"t.

g€eSn s=1 ms! F€E M UJ —ZS)

If m € ZP~1, then we identify m with the p~tuple (m,0) € Z2.
Forl € ZP~1 let

UG={t=(01,...,ta) ER* |2, <tpo-111 < <t < zgyy fors=1,... ,p—1}.

Assume that all domains in the formulas below inherit the standard orientation
from R™. O

Theorem 8.1. , cf [VS6].

(12) det[ ®(t, 2)wmlt, z)] =
U l,mez?!
ﬁ D((s + 1))?~! T(L+ ap + s9) [ Doy + 7)1 7 )
5=0 Pyr=t DA+ 35 05+ (2" —2-s)7)

s=1 1<a<b<p
Notice, that formula (12) is not symmetric with respect to a1, ... ,@,. To make
it symmetric we introduce new differential n—forms, wp,, for m € ZP~!. Namely

p—1
Wm(t,2) = {H(ms!)O‘S(as +7) . (as + (ms — 1)7)]wm

s=1

p—1 1
= Z H as(as+7) ... (as + (ms — 1)) H —d"t.
. (ta- - Zs)
oc€S™ s=1 JE€Em,s 7

Theorem 8.1 implies

(13) det [ /U ()t z)] _

I,mezE™ !
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H [r«s Ty 1Pt T Ty + sy +1) )

5=0 Iy +1)p-! P+ 7005+ (2n—2=5))

4
exp (iﬂ' (P—!— n : 2) Z(S _ 1)01s) H (Zb N Za)(aa+ab)(v+n 2)+27(p+n 2)
p- s=1 1<a<b<p

Lemma 8.2. For everyle ZF~1, i,5 € {1,... ,n}, s € {1,... .p}, fiz branches
9j.s» hji of the multivalued functions (t; — z,)™ and (t; — ;)27 ,respectively, on
the domain Uy as at the beginning of the current section. Then the product

en(ir(7E7 2 Sl ) T (et

1<a<b<p

equals the product of critical values of the chosen branches

(14) IT T ctese ) I]  ethisun)

tezz-1 [j=1s=1 1<i<j<n

The critical values were defined in Section 4.

Lemma 8.2 allow us to replace the last lines in formulas (12) and (13) by the
product of critical values (14), cf. [V6].
For 1€ 22, let 20 = —oo and

[E:{t:(tl,... tn) ER™ 250y Stpomiy <o <t <z forall s=1,... ,p}.

Theorem 8.3. Let a be a complez number with positive real part. Then

(15) det /exp( i ) (t, 2)wmlt, 2) =(-1)" n("327h)

L,meZ?
(5o
n—1 14 -
I((s + 1
H H oz] + s7)
s=0 j=1
P
H (Zb _ Za)(aa+ab)(p+:_1)+27(p:zl—l) exp (iﬂ [(p tn- 1) Z SC!S])
1<a<b<lp p s=1

14
exp (mr (P o 1) > zs> a= () Bl san-2(" 1)y
P

The next lemma allow us to replace the last line in formula (15) by the product
of critical values (16).
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Lemma 8.4. For everyl € 2P, i,j € {1,... ,n}, s € {1,... .p}, fix branches
9j,s, hji of the multivalued functions (t; — z,)* and (t; — t;)*7 respectively, on
the domain Uy as in the beginning of the current section. Then the product

exp(iﬂ[(p + Z - 1) isas])

P
exp (a7r (P o 1> > Zs) =) X sae—2p(PE1T )y
p s=1
equals the product of critical values of the chosen branches with respect to the
" linear function —aty.

n p
16) I C(eaz’:ltijl)HHc(gj,SuUla_atl) II chis U, —aty)
j=1s=1

1€ 28 1<i<j<n

The critical values were defined in Section 4.

9. PROOFS OF THEOREM 8.1 AND THEOREM 8.3

Theorem 8.1 is a direct corollary of Theorems 5.15 and 7.8 [TV]. The compu-
tations are long but straightforward.
The correspondence in notation between the current paper and [TV] is as

follows:

Object current notation | [TV] — article
Dimension of the vector space n 1
Number of points p n
Coordinates t U
Weights ! 2A/p

gl ~1/p
Points z€R y/h=z¢ciR
Parameter a in/p

Forle 22, let zp = —o0 and

Vi = {t: (tl,... ,tn) ER”|ZS_1 Stjs <zVs=1,...,p and Js GFl,s}-
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Theorems 5.15 and 7.6 [TV] imply the following formula

(17)
n P n
det / exp(aztj) H H(tz — zs)as H (tl - tj)z'Ywm(t, Z) =
Vi i=1 s=1i=1 1<i<j<n Lmez?
l; nfl ( + 1 14 (p+z:i72
(*+*7%) sin(—sm s
(-1~ T11] St 511 P I +sm)
1€ 22 j=1s=1 s=0 j=1
expam (p+ > 1) S z)a U T
s=1
P
. p+n—-1 ofp+n—1
exp(m[( ) sag +p < ’y])
p SZ::I ° p+1

[T (= za)fentan(F5 4,

1<a<b<p
In order to obtain Theorem 8.3 we have to pass from ”rectangular” domains
V} to "triangular” domains Uj. For any 1, m € ZP we have

/Vn eXp(aZn:tj) ﬁ l_n[ ti — 25)” H (t; — t]-)27wm =

j=1 s=1i=1 1<i<j<n

= Z /aﬁ exp(azn:tj) ﬁ ﬁ(ti — z,)%s H (ti = ;)% wm

geSlx.- xSl j=1 s=1i=1 1<i<j<n

14
— n(n 1)1,7r'y H 1 14 e—27rz'y . (1 + e—27ri'y 4ot e—27ri'y(lj—1))]
J=1

/ exp(azn:t]> O (t, 2)wm(t, 2)

7=1
14
- n(n 1)imy Sln SW7 —imyli(l;—1)/2
[ ] S sin(=m) 1€
j=1ls=1 i=1
/~ exp (ath)(I’(t, 2)wm(t, 2)
Uy =1

This proves Theorem 8.3.
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